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Abstract

In this paper, we study Lipschitz global error bounds for lower semi-continuous convex-along-rays (l.s.c. CAR)
functions. We find a condition that ensures the existence of a global error bound for a CAR function. Moreover, we
find a condition under which an l.s.c. CAR function does not have a Lipschitz global error bound. Finally, we survey
Lipschitz’s global error bounds of an l.s.c. (in particular, an l.s.c. CAR) function from the perspective of abstract
convexity.
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1 Introduction

An error bound is an inequality that restricts the distance from a vector z in a set X to a set S by a residual
function. If X is the whole space, the error bound is called a global error bound, and if X is a neighborhood of the
vector x, the error bound is said to be a local error bound. The study of error bounds has received growing attention
from the community of mathematical programming. Error bounds for convex functions have been studied by many
researchers. We refer the reader to [0} [7, 10, 1T}, 12} 16, 18], 19} 21} 22] 27]. For l.s.c. functions, error bounds have been
studied in [2 22} 26]. When the residual function has a linear form, the error bound is called a Lipschitz error bound.
Throughout this paper, by an error bound we mean a Lipschitz error bound. When the residual function has a power
form, the error bound is called a Hélderian error bound (or, an error bound with exponent). See [4} 8, [I5, [I7], 24]. To
the best of our knowledge, error bounds for CAR functions have not been studied so far. Therefore, we investigate
Lipschitz error bounds of l.s.c. CAR functions on R™. The rest of this paper is organized as follows. In Section 2, the
required preliminaries are presented. In Section 3, the properties of CAR functions are used to find a condition that
ensures the existence of a Lipschitz global error bound. Also, a condition is found under which a lower semi-continuous
CAR function does not have a global error bound. Finally, some examples are given in this section. In Section 4, error
bounds are investigated from the perspective of abstract convexity.
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2 Preliminaries

This section defines the basic notions that will be used in the rest of this paper.

Definition 2.1. A function f : Q@ C R"™ — R, is called convex-along-rays if the functions f, : Ry — Ry
defined by f,(t) = f(tx) are convex for all x € @, where @ is a cone and Ry, = (—o0, +00].

Definition 2.2. A function f: R™ — R, has a Lipschitz global error bound with constant g > 0 if
ds(x) < puf s (@) (2.1)

for every x € R", where f4(z) = max{0, f(x)}, S ={z € Q : f(z) <0} and dg(z) = inf ||z — s||. By li it suffices
ses
to have dg(x) < pfy(z) for all z € R™\ S, and in our argument, for all x € Q \ S.

Definition 2.3. A function f : R™ — Ry, has a Lipschitz local error bound with constant p > 0 if there exists
e > 0 such that dg(z) < pufi(z) for all z € f71(0,¢), where f~1(0,e) = {z e R": 0 < f(z) < €}.

Definition 2.4. A set U C R" is called downward if
xeU, zeR”and T <z imply T € U,

where z < x, that is, 7; < x; for all i = 1,...,n. Welet R} = {z €e R" : 2, >0 V 4 = 1,...,n} and
R, ={zeR":2; >0 V i=1,...,n}. Also, we say that the set A C R" is proper if A # () and A # R".

Definition 2.5. A collection G of subsets V; of R™, where i is in an index set I, is called linearly regular if there

exists o > 0 such that d n v, (z) < osup dy,(z) for all z € R™. See|25]. The function dc(x) = { 0 ved is
ier iel +00, o.w.

called the indicator function of the set C' at the point x.

Definition 2.6. The Dini lower directional derivative of the function g at the point x in the direction v is defined by

d+g(,0) = liminf &) = 9().
t—0+ t

Definition 2.7. Let C be a subset of X, let x € X and p € C. Then p is best approximation to = from C (or a
projection of z onto C) if ||z — p|| = do(x). If every point in X has at least one projection onto C, then C' is called
proximal. See [3].

Definition 2.8. Let X be a metric space with metric d. The diameter of a subset C' of X is diamC = Sup d(z,y).
z,yeC

See [3].

3 Error bounds for l.s.c. CAR functions

In this section, we find a condition that ensures the existence of an error bound for an l.s.c. CAR function. Also,
we find some conditions under which an l.s.c. CAR function does not have a global error bound. For an l.s.c. CAR
function f, consider S = {z € @ : f(x) < 0} and define S, = {t € Ry : f,(t) < 0}. The following lemma reveals the
relationship between S and 5.

Lemma 3.1. Let f: Q C R® — R, , be a proper L.s.c. CAR function. Then, S # ) if and only if S, # @ for some
T € Q.

Proof . If S # 0, then there exists £ € @ such that f(z) < 0. Then fz(1) < 0, that is, 1 € Sz. This shows that
Sz # (0. Conversely, let Sz # (0 for some T € Q. Then, there exists ¢ € Ry such that fz(#) < 0, that is, f(tz) < 0.
Since @ is a cone, tZ € Q. Therefore, tT € S. O

Throughout this paper, we assume that S is non-empty. It is well-known that on a normed space, a proper convex
function f has a local error bound if and only if it has a global error bound. See [26] Proposition 2]. But, this is not
true for a CAR function. The following example reveals this fact.
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Example 3.1. Consider @ = R and the CAR function

f(z)z{ z+1, z<0,

1, x> 0.

1
If e = 3 then dg(z) < pfy(z) for all @ € f71(0,¢) and 4 = 1. But, by taking (zx)k>1 = (k)k>1 we obtain

ds(xp) — +o0 as k — 400, while fi (zx) =1 for all k > 1. Then f has a local error bound, but it does not have a
global error bound. Define A, = 2.5, for each z € Q. Then, A, C S and A, is on the ray R, = {tx : t > 0}.

Lemma 3.2. (i) Given 0 # 2/ and 0 # 2" on the ray Rz = {tZ : ¢t > 0}. Then A,» = A,».
(ii) If 0 # 2’ and 0 # 2" satisty Ay = Ay # {0}, then 2’ and 2 are on the same ray, that is, Ry» = R,.

Proof . (i) Let 0 # 2’ and 0 # 2" be on the ray Rz. Then, 2 = £% and 2’ = #z for some ¢ > 0 and # > 0, respectively.
If 4/ € A, then there exists € S,/ such that y’ = t’z’. Then ¢y’ = t'tz. Since ¢’ € S,, thus, fu(¢) < 0 which
) . 1 't
implies f(t'tz) = f(t'z’) = fw(t') < 0. Since z” = ¢Z, it follows that T = ;x”. This implies y' = ?x”. Since
t't _ t't t't
fpp(a”) = f(?z”) = f(t'tz) < 0, we obtain 7 € Sy, which implies 3y’ = ?x” € Ayn. Then, Ay C Agr. The

inclusion A,~» C A,  can be proved similarly.

(ii) Assume, on the contrary, that 2’ and 2" are not on the same ray. Then, no ¢ > 0 exists such that 2’ = t2”.

1
Consider 0 # y € Ay = Ay, Then y = t'2 for some t' > 0 and y = t”"z” for some t” > 0. So, 2’ = ?m” = ta”,
1
where t = — > 0. This contradiction shows that 2’ and " are on the same ray. [0 The following lemma gives us a

relationship between the distance from a point on the ray R, to the set A, and the distance from a point on R, to
the set .S,.

Lemma 3.3. For each z € Q, let A, and S, be defined as above. If S, # () for some = € Q, then

da, (t2) = |elds, (t) ¥t e R, (3.1)

Here, ||.|| refers to the Euclidean norm.

Proof . Let T € Q and S; # 0. If £ = 0, then Az = {0} and ¢tZ = 0 for all ¢ > 0. Thus, (3.1)) holds. Let Z # 0. Since
Sz #0, Sz CRy and f; is l.s.c., Sz is closed and has one of the following forms.

(i) Sz = [a,b] with 0 < a < b < oo. Then Az = Z[a,b]. Now, let t € R\ Sz. If t > b, then dg_(t) =t —b= |t — }|
and dg, (t7) = ||tz —bZ| = ||Z|||t—b] = ||Z||ds, (t). If t < a, a similar reasoning shows d 4, (tZ) = ||Z|||a—t| = ||Z||ds, (t).

(ii) Sz = [a,+00) with a > 0. If a = 0, then Sz = R4 and A; = Rz, which imply . If a > 0, then similar to
(i), for each ¢t < a we obtain da, (tZ) = ||Z|||a —t| = ||Z||ds, (t). O To find a condition under which f has a global error
bound, we need to find some conditions under which f, has a global error bound. First, similar to the notations used
n [22], for each ¢ € Ry and Z € @ define

N§_(t) = {v e {-1,1} : ds, (t + av) = a for some o > 0},

OnSz = {t €0S; : N§_(t) = {-1}},
858z = {t € 08z : NL_(t) = {+1}}

and

where 05z denotes the boundary of the set Sz.

Theorem 3.1. Let f: Q@ C R®" — R, be a proper Ls.c. CAR function, Z € @ and Sz be proper. Then, for a
constant vz > 0, the following statements are equivalent.
(i) The global error bound
ds, (1) < 7z(fz)+(t) V teRy (3:2)
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holds.
(ii) For each t € 0% Sz, f(#) >~ for all v > 4, and for each t € Oy Sz, f5 () < —~~1 for all v > ~;. Here,
@ = 1im+M and f; () = 1im+w are the right and left derivatives of f; at the point ¢,
a—0 a—0
respectively.

Proof . Let Z € Q and Sz be proper. Consider all the cases in which Sz is proper: Sz = [t1,t2] with 0 < ¢; < t3 < +00,

(i)= () Let (i) hold for vz > 0 and Sz = [t1, t2] with t2 > 0. Ift; =0, then t1 ¢ OnSz. Thus, let t; >0 andt =t.

Then, N (£) = {—1} and for each a € (0,7], (—a) € Ry \ Sz. Hence, by ), fz(t—a) >7I1ds (t—a) =5 'a, for
each o € (0,%]. Then, —fz(f — o) < —; 'a. Since fz(f) = 0, we obtain f; (f) = hn}ﬁw < —ypl< At
o—

for all v >~z > 0.

If t = t5, then Néi (t) = {+1} and for each a > 0, t+« € R4\ Sz. Thus, by 1' fe(t4a) >z tds, (F+a) = v 'a,
for each o > 0. Since fz(f) = 0, similar to the above argument we can write f7 (f) >y~ ! for all ¥ > vz > 0.

For the other cases considered for Sz, similar arguments allow us to conclude (ii). Note that for the case Sz = {t},
where ¢ > 0, one has N§ (t) = {—1,+1}.

(ii)=(i): Let (ii) hold and, Sz = [t1,t2] with ¢t; > 0 and ty < +oco. If I = to, then N§ (f) = {+1}. Since
by the hypothesis lim M >~ fa M

a—s 0t
fz(t+a) — fz(£) > v ta for all @ > 0 and all v > 7. Consequently, fz(f+a) >y ta=~"tds, (f+ ) for all @ > 0
and all v > ;. Set t + =t > ty. Then, fz(t) > v 'dg, (t) for all ¥ > vz. As v — 7z one has

ds; (1) <vafa(t) =72 (fa)+ () V t>ta. (3.3)

is convex, and the fraction is increasing relative to «,

Now, let ¢ = ¢; > 0. Then N{ (f) = {—1}, which implies (f — o) € Ry \ Sz for each o € (0,#]. Since by

the hypothesis lim M < —v~! for all v > vz, and the fraction W

a— 0t

fit—a) >y ta=v"1ds, (f — ) for all « € (0,] and all v > ;. Set £ —a =t € [0,¢1). As v — vz, one has

ds, (t) < vzfz(t) = vz (fz)+(¢), for all t € [0,¢1). Then, by (3.3, we obtain dg, (t) < vzfz(t) = vz(fz)+(t), for all
t € Ry \ Sz. Since this inequality holds for each t € Sz, holds.

For the other cases considered for Sz, arguments similar to the one above imply (3.2). Hence, (i) holds. O

is decreasing relative to a,

The following theorem, which can be applied to find a global error bound for each function f,, is a special case of
[22] Theorem 3.3].

Theorem 3.2. Let f: Q C R® — R, be a proper Ls.c. CAR function, and Z € Q with Sz # (. Then, f; has a
global error bound if and only if there exists a constant 5 > 0 such that

lEl =B VEefz(t) VieRy\ Sy, (3.4)

where Jfz(t) is the classical subdifferential of the function f; at the point ¢.
Proof . Let (3.4) hold. Consider ¢t € Ry \ Sz fixed and arbitrary. By (3.4), (—3,8) N dfz(t) = 0. Then, for some
hi € {1,—1} one has
su hy < inf  why=—p. 3.5
£eaf§(f)€ z weCB 1p) 3 (3.5)
Since fz is convex, for each t € int(dom(fz)),

[ ) = sup Ehy. (3.6)
£€fz(l)

Here, f (, hz) is the right directional derivative of the function f; at the point £ in the direction hz. Thus, by (3.5)),

fi(, ht) < —f. For each t ¢ dom(f3) one has f. f) +00. Then, fi (£, hf) = —oo for each hy € {—1,+1} and we can
write dfz(f) = (). Consequently, by (3.5 and (3.6) one has f7 (¢, ht) = —o00 < —f3. Hence, for each point t mentioned

above there exists hy € {—1,+1} such that fi (¢, hs) < —3. Then, by [22, Theorem 3.1, dg, () < — B fz)+ (D).

Now, consider the case ¢ € bd(dom(fz)), where bd refers to boundary. Since fz is proper, l.s.c. and convex, dom(fz)
is a non-empty, closed and convex subset of Ry, and it has the form [¢,d] or [¢, +00) with d < +00 and 0 < ¢ < +0o0.
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Then, bd(dom(fz)) has at most two points. Consider ¢ = ¢ and ¢ = d. Since by the hypothesis ¢ € Ry \ Sz, we

find that (fz)4(c) = fz(c) > 0 and (fz)4(d) = fz(d) > 0. Consider 1/ = max{ (;fj)ﬁ)c) (;:;E‘Z;)

1
Hz = max{g,/i’}. On the other hand, since dg, (t) = 0 for all ¢ € Sz, we obtain dg, (t) < pz(fz)+(¢) for all t € Ry,

} < 400 and

that is, fz has a global error bound.
Conversely, let fz have a global error bound with constant v > 0. Then, by [22, Theorem 3.1 (i)= (v)], for each
-1
t € Ry \ S; there exists hy € {—1,+1} such that fi (¢, h¢) < - Then for each hy € {—1,+1},

-1

sup{—[&[|] : § € fz(t)} < sup{€hs : & € Ofs(t)} < f (t, 1) < el

Thus,

inf{[¢] : £ € 0fa(t)} = —sup{—|¢| : £ € Ofa(t)} = —sup{—[¢][he| : £ € Ofa ()} =

2|

1
Then, by choosing 8 = —, 1) holds. OO In the following example, we use the above theorem to find p, for each
'Y

z € Q. Also, we show that if f,
bound is not necessary.

as a global error bound for each x € ), then the condition that f has a global error

Example 3.2. Consider Q = R? and f(z) = 21 + /2?2 + 23. Then, S = {x € R? : 21 < 0,25 = 0}. Consider the
following cases for any x € Q.

(i) {x = 0}. (ii) {z € R? : 21 > 0}. (iii) {z € R? : 7 < 0,29 = 0}. (iv) {x € R? : 7 < 0,29 # 0}. (v)
{x € R? : 21 = 0,2 # 0}.

In (i), (i), (iii), (iv) and (v), Sz = Ry, S = {0}, Sz = R4, S, = {0}, and S, = {0} for each x, respectively. Then,
Sy # 0 for each z € Q. In (i) and (iii), for each z, f, has a global error bound for all constants y, > 0. For the other

cases, we use the subdifferential. For each x in the other cases, 0f,(t) = {z1 + ||z||}. By Theorem for each such

x, fr has a global error bound with constant u, = m Thus, for each z in each case, f, has a global error bound.

On the other hand, by taking z; = (—k,2)r>1, ds(zx) — 2 and f(ap) = —k+ VE2+4 — 0 as k — +oo.
Thus, f does not have a global error bound, while for each = € @, f, has a global error bound.

Assume that for each z € Q, f, has a global error bound. Here, we consider the collection {B; : i € I'}, where [ is
an index set, as a partition of @\ S, that is, Q\ S = _gIBi, B;,NB; =0, for all i # j, where each B; is a set of elements
of @\ S such that for each x € B;, u, is attained in the same form. For instance, in Example Q\S= U B,

1<i<3
where By, By, B3 contain all x in the cases (ii), (iv) and (v), respectively.

In the following theorem, a condition is given that ensures the existence of a global error bound for an L.s.c. CAR
function f.

Theorem 3.3. Let f: Q CR"™ — R, be a proper l.s.c. CAR function. Also, assume that for each x € Q, f, has

a global error bound with constant p, > 0. Finally, let sup sup (||z||p#z) < +0o. Then, f has a global error bound.
i€l x€B;

Here, the collection {B; : i € I'} is a partition of @ \ S, mentioned above.
Proof . One has S = gQA”C' Indeed, let 2’ € S. Then f,/(1) = f(z') < 0 which implies 1 € S, and accordingly,
¢ =2'1€A, C U A,

z€EQ

= Z.Sz. Therefore, there exists t € Sz

such that 2’ = tZ. Since ¢ € Sz, it follows that fz(f) < 0. Thus f(z') = f(tz) = fz(f) < 0 and so, 2’ € S. Hence,
S = EJQAI.

Conversely, let 2’ UQAm. Then, there exists T € @ such that 2’ € A
e

Now, suppose that S # R™ and 2’ € Q\ S. Otherwise, the inequality of error bound holds. Consider the collection
{B; :i € I} as a partition of @\ S. Then, there exists an index ¢’ € I such that 2’ € B;,. By the equality S = UQAI,
[AS
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Lemma [3.3] and the hypothesis, one has

ds(a) <da,, (2') = [|2']|ds,, (1)
§||m/||:uz’(fm’)+(1) = ||x/||M$’f+(m/)

< sup (||zf|pz) f1 (2)
zEB,/

i

<sup sup (||z[|pz) f+ ().
i€l z€B;

Since by the hypothesis sup sup (||z[|pz) < 400, and since dg(z) = 0 for all 2’ € S, we conclude that dg(z’) <

i€l zeB;
wfy(x), for all 2’ € @ with p = sup sup (||z||pe) < +oo. O
i€l z€B;

Note that using the non-emptiness of S and the hypothesis of the theorem, p > 0. Also, when the set S is not
clearly given (in which case @\ S cannot be clearly determined), we may use a collection {B; : i € I'} for the whole Q.

The above theorem is applicable and gives us the constant of the global error bound. In the following examples,
we obtain the constant of the global error bound using the above theorems.

i + 3|z

Example 3.3. Consider @ = R? and f(z) = lza| 2270, Then, S = {x € R? : 1 € R, x5 = 0}. Here,
0 Ty = 0.
; : xf + 3|z
the partition of @\ S has one element B = {x € R? : 1 € R, 25 # 0} = Q\ S. For each z € B, 0f,(t) = {ﬁ}
X2
Then for each © € B, f, has a global error bound with constant p, = 2|9672|2 Now, consider sup(||z||u:) =
a1 + 3|z weB

llllza] | _ 1

sup (———-5) = —.
S (2 a2 = 3

1
Then, f has a global error bound with constant p = 3

x%+x§+oj§

, I3 > T2,

Example 3.4. Consider Q = R? and f(z) = 0 T3 — T2 g —
) 3 — 42,

—+o0. T3 < X9

Then, one has S = {z € R3 : 29 = x3}. Consider B; = {z € R3 : 23 > x5} and By = {z € R3 : 23 < x5}. For
each © € By we can write S, = {0}. Also, for each x € By one has S, = {0}. Since f(z) = +oo for each z € By,
the inequality of error bound holds for such points. Thus, it suffices to check theorems and for each x € B;.

24 .2 4 2
i +zs+x
For such = we can write f,(t) = {M} Then, by Theorem fz has a global error bound with constant
T3 — T2
T3 — Tg . ||| (x5 — x2) T3 — Tg
Uy = ————= for each € B;. Now, consider sup (||z|ps) = sup “o——s—"2 = SUPp ———————o_ = /2.
2t 4 a3 + ok zeBl(H lis=) veB, T + 73 + 23 w€By /21 + 23 + 73

Then, f has a global error bound with constant /2.
Note: It is clear that x € S if and only if 1 € S,. In particular, when S, = R, we conclude that x € S.

Example 3.5. Consider Q = {z € R? : 0 < xy < 21} U{z € R? : 21 < 25 < 0} and f(z) = 2% — 2% + 1.
Then, S = {z € Q : -1 <27 < 0,21 <22 <0}U{z € Q : 21 < 1,21 < 23 < —\/2?+21}. Consider
Bi={z€Q:0<zs<zi}and Bo={r € Q:2; < -1, < —\/2? + 21 <29 <0}. Here, Q \ S C By U Bs. Then,

it is sufficient to apply Theorem and Theorem for By and Bsy. For each « € B; one has S, = {0}, and for each
x € By one has S, = [0, t], where ¢t = % > 0. For each = € Q, 0f,(t) = {2t(z} — 23) + 21 }. By Theorem for
x

1775
each x € By, || > x; for all £ € 9f,(t) and each t € Ry \ S,.

For each x € By, |{| > —x1 > 0, for all £ € 0f,(t) and each t € R \ [0,¢], with ¢ = % > 0. Then for each
x

1 2
1

x € By, f; has a global error bound with constant p, = — > 0, and for each x € By, f, has a global error bound with
x
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-1 —
constant p, = — > 0. Now, consider sup (||z|p,) = sup (” H) V2 and sup (||z||ps) = sup (M =
T reBy r€B, xr€Ba r1<—1 x1

21 <—y/ef+z) <zp<0
sup sup ([[z][) = max{ sup ([[zllpsz), sup (lllp)} = max{v2,v2} = V2.
rE B2

icl xeB; r€EBq

V2. Then,

Thus, f has a global error bound with constant /2.
Example 3.6. Consider Q = R_ x R x Ry and f(r) = —$ — 123 + ||2|| + x3. By checking that S, = {0} for each
x € @, we obtain A, = {0} for each x € . Then, S = U A, = {0}. We obtain Q\ S = B ={z € Q:x # 0}

Consider z € Q \ S. Then, df,(t) = {3t*(—23 — z123) + ||x|| + a3} for each x € @\ S. Therefore, |£] > ||z|| + z3
for each € € f,(t) and each ¢t € Ry \ S,. This implies that for each 2 € Q \ S = B, f, has a global error bound

and sup (||z||nz) = sup( ) = 1. Consequently, f has a global error bound with

1
ith tant TR TR =l + =3
with constant (i, ||(£|| + 3 z€EB x€B ||.’EH +x3

constant p = 1.

It is important to determine the conditions under which an l.s.c. CAR function does not have a global error bound.
The following theorem presents a necessary condition for an l.s.c. CAR function f to have a global error bound (or
equivalently, a sufficient condition for f to have no global error bounds).

Similar to the definitions of N§ () and dySz, we define
Ni(z) = {v € R" : ||v|| = 1 and ds(z + av) = « for some a > 0}
and OnS = {z € 0S : Ni(x) # 0}. Here, 0S refers to the boundary of the set S.

Theorem 3.4. Let f: Q C R" — R, be a proper ls.c. CAR function that has a global error bound with con-

stant 4 > 0. Let 0 # 7 € Q,n Sz # 0 and for each t € ISz, ”2” H ” € N&(tz). Then, fz has a global error bound.
Proof . Let t € OySz. Then t € 953 and so, tx € 0S. Since ﬁ ” ” € Ni(tz), we find that tT € Oy S. Since f
has a global error bound with constant g > 0, by [22] Corollary 2.8] one has
1
inf{d" f(tz,u) : u € Ni(tz)} > " (3.7
Here d+ f(tZ,u) is lower Dini directional derivative of the function f at the point tZ in the direction w.
Now, if — H ” € NL(tz), then by (3.7),
T 1
dHf(tE, ) >
1z~ p
Thus, ~
[tz + f—=) — f(tZ) 1
: 1]l z
lim inf >
B—s0+ B %
which implies
s
filt+ or ) - 1)
lim inf >
B—07F )
Set v = ”ﬁ” Then,
i 2+ () = fo(t) [z
a— 0t « M
This implies
d* fo(t,1) > L2 (3.8)
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€ Ni(tz), then similar to the above argument we obtain

1
f o falt+a(=D) — fa(®) 17l

a— 0t « 7]

Then,

Since fi (t,1) > dt fz(t,1), and fF(t,—1) > d* fz(t,—1) (where fi (¢,.) is the right directional derivative of fz),
and since for each ¢t € xSz, 0 # N (t) € {1,—-1},

inf{f3 (t,u) 1 u € Ng (1)} = min{fF (t,1), £ (t, 1)} >

t\g

Since t € Oy Sz is arbitrary and the function fz is proper, l.s.c. and convex, by [22] Theorem 3.1 (iii)=-(i)], fz has

£ o
lz ||

The following corollary has an applicable role for an l.s.c. CAR function.

a global error bound with constant pz =

Corollary 3.1. Let f : Q C R" — R, be a proper Ls.c. CAR function. Also, let 0 # T € Q,0nSz # 0 and for
each t € Oy Sz, ”fcf” H ” € Ni(tz). If fz does not have a global error bound, then f does not have a global error
bound.

The following two examples show that under the conditions presented in Corollary when f, does not have a
global error bound for some x € @, f also does not have a global error bound.

ef1r2 —1—333 -1, 120,20 <0,

_ 2 .
+00. otherwise. Then § = {z € R® : @y =

Example 3.7. Consider Q = R? and f(z) = {

In(1 — a3
u,—l <29 < 0}U{r € R?: 27 > 0,79 = 0}. Consider B = {z € Q : 1 = 0,22 < 0}. For each

T2
x € B one has S, = {0} and 9f,(t) = {2tx3}. If ¥ € B, then by Theorem no pz > 0 exists such that || > uz
for each £ € 0fz(t) and each t € Ry \ Sz = Ry . Then, for such Z (and for each z € B), fz (also, each f,) does not

have a global error bound. Now, consider T = (0, —1) € B. Then, - (0,—1) and Sg—c = {0}. Since Ng_(0) = {1},

Tal
T = Al

—— € Ni(tz) for t = 0 € Oy Sz = {0}. Since f; does not have a global error bound, by Corollary I f does not

t =0 € OySz = {0}. By checking, there exist a > 0 with ds({Z + « ) ds((0,—a)) = a. Then

have a global error bound.

Example 3.8. Consider @ = R_ x R_ and f(z) = z122 + 2. Then, S = {r € Q : 1 = 0}. Consider B ={x € Q :
x1 # 0} = Q\S. Then for each z € B, S, = {0} and df,(t) = {2t(x122+27)}. By Theorem[3.2] for each z € B, f, does

not have a global error bound. Counsider T = (—2,0) € B. Then, ”fcf” = (—1,0) and S; = {0}. Since Ng (0) = {1},

t=0¢€ xSz = {0}. For @ =1 one has ds({Z + a-— ) = dg((—«,0)) = a. Then, (—1,0) € Ni(tz) and f;

x p—
1] [l

does not have a global error bound. Thus, f does not have a global error bound.

Note that if Sz = @) for some Z € Q, then f; does not have a global error bound (dg(t) = +oo by convention). But,
f may or may not have a global error bound. To see this, consider the following two examples.

— <
Example 3.9. Consider Q = R? and f(z) = 0 el + 1, il > 1’ Then, S ={z € R?:2; < —1,25 e R}U{z €
) 1 .

R2: 2y > +1,29 € R}. Consider B = {z € R? : 2y = 0,75 € R}. For each z € B, S, = (). Then, f, does not have a
global error bound for such z. But, it is easy to check that f has a global error bound with constant = 1.

Example 3.9 shows that if f has a global error bound,it may happen that for some € @ \ S, f; does not have a
global error bound.
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—2

Example 3.10. Consider Q@ = R2 UR? and f(z) = 2120 — 21 + 2. Then, S={z € Q:0 <2y < 1,21 > 1}.
Xro —

Consider B = {z € Q : 1 < 0,z9 = 0}. For each z € B, S, = 0. Then for such z, the function f, does not have
a global error bound. On the other hand, by taking z = (0,k)k>1, as k — 400 one has dg(xy) — +o0, while
f(xg) =2 for all k > 1. Thus, f does not have a global error bound.

The following theorem shows that under some conditions different from those presented in Theorem when the
function f has a global error bound, f, also has a global error bound.

Theorem 3.5. Let f : Q C R" — Ry, be a proper l.s.c. CAR function which has a global error bound with
constant g > 0. Assume that the set S is bounded, 0 # Z € @, and there exists M > 0 such that fz(t) > M for all
t € Ry \ Sz. Then, f; has a global error bound.

Proof . Let 0 # Z € Q and t € Ry \ Sz be arbitrary, and assume that the above condition holds. Then tz € Q \ S
and since S is proximal (is closed in R™), there exists ' € 95 such that dg(tz) = ||tz — 2’||. Since Sz # 0 and it is
closed, there exists ¢ € Sz such that ¢z € 0A; and da, (t%) = |[tT — tZ|. Then,

da, (t2) = ||tz — t2]| < ||tz — 2'[| + ||2’ — t2]| = ds(t2) + ||’ — t2] < pfr(t2) + |2’ = t2]| < pfy(t2) + diam(S) =
diam(S) diam(S) diam(S) diam(S)

(n+ TN ) [+ (t2) = (1 )t ))(fx) +(t) < (ut+ =) (fo)+ (1), Thus, da, (t2) < (u+ —7)(fo)+ (D),
i diam(S)
where diam(S) is the diameter of the set S. Since d4, (tZ) = ||Z||ds, (t), it follows that dg, (t) < (Tﬁw)( z)+(t)
N diam(S)
for all t € R+ \ Sz. Setting pz = Tﬁ\/j > 0 we obtain dg, (t) < pz(fz)+(t) for all t € Ry \ Sz. Since this

inequality holds for all ¢t € Sz, we conclude that fz has a global error bound with constant pz. O
Using Theorem we obtain the following corollary. It shows that if T # 0 and f; does not have a global error
bound, then the l.s.c. CAR function f does not have a global error bound.

Corollary 3.2. Let 0 # Z € Q with S; # 0 and fz(t) > M, for all t € R, \ Sz and some M > 0. Let S be bounded,
and assume that fz does not have a global error bound. Then, f does not have a global error bound.

4 Error bounds from the perspective of abstract convexity

In this section, we focus on the error bounds of an l.s.c. (and in particular, an l.s.c. CAR) function from the
perspective of abstract convexity. The following notions and theorems can be found in the literature. We refer the
reader to [I0] and [25]. Consider Hy = {h : h(z) = _rrllin @),y —¢i), 3 <k, ¢ € RVi=12..75}, where

i=1...,7

(.,.) refers to the inner product. Consider the vector ¢ = (I(1),...,1(j)),7 < k, where each (i) belongs to R™ and
k =1,2,.... Define Ly as the collection of all vectors ¢ = (I(1),...,1(j)),j < k, such that each ¢ makes (at least) one
elementary function h € Hy,.

A function f is called abstract convex with respect to Hy, (Hpg-convex), if there exists a subset U C Hj, such that
f(x) = sup h(zx) for all x € R™. A particular case of Hy is when all the values ¢; are the same, that is, ¢; = ¢ for some
heU

¢ € Rand each i = 1,2,...,j. Consider ¢ : z — ({,z), = lgmj(l(z),x% j <k, £=(1),..1(j)) and the vectors
1(i) e R",i=1,2,...,j. Bach function ¢ : t — (¢, z), = zgmy(l(z), z) is called a min-type function. We focus on the
cases k=n+ 1 and k =n+ 2 (on R™) in this section.

We consider H, 11 = {h: h(z) = Irlun]((l(i),@ —¢)y j<n+1, ¢ eRVi=1,2,...,5} } and Hyy2 = {h: h(z) =
Zgunj((l(z), x)y—¢), j<n+2, ¢ €R Vi=1,2,..,75} The following two theorems hold for these cases.

Theorem 4.1. ([25, Theorem 5.16]). If f : R" — R is an l.s.c. CAR function with f(0) < 400, then f is
H,, ti-convex.

Theorem 4.2. ([25, Theorem 5.21]). A function f : R” — R, o, is Hp4o-convex if and only if f is proper and l.s.c.
Let f:R"™ — Ry be a proper Ls.c. (in particular, a proper Ls.c. CAR) function. We consider Uy as the collection

ofall h € Hi, k=n+1or k =n+ 2, such that f(z) = sup h(z) for all z € R", and Ly is the collection of all £ € Ly,
hEUf

such that each ¢ makes (at least) one elementary function h € Uy.
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Theorem 4.3. ([10]). Let A, B be matrices in R™*"™ and a,b be vectors in R™. Assume that S = {x € R" : Az <
a, Bx = b} is non-empty. Then, there exists ¢ > 0 such that dg(z) < ¢(||[Az — a]4+|| + || Bz — b||) for all x € R™. If
S ={z € R": Az < a}, the following characterization of ¢ in Theorem is often used in the optimization literature.
We refer the reader to [9], [13], [20] and [23].
1
c= max _ (4.1)

JC{1,2,.m} min [|[ATv|*
Ajg: full row rank yeRY

lv||*=1

Here, AT refers to the transpose of A and ||.||* refers to the dual norm.

Note that the Euclidean norm and its dual are the same. Thus, we use |.|| instead of |.|[*. Assumption A: There
exists M > 0 such that ||I()|| > M for all I(i) € £ and all £ € Ly.

Under some conditions, the following theorem presents an error bound for a proper l.s.c. (in particular, a proper
Ls.c. CAR) function using abstract convexity.

Theorem 4.4. Let f: Q C R® — R, be a proper Ls.c. (in particular, a proper Ls.c. CAR) function. Suppose
that Assumption A holds, and I(i) € R for all [(i) in Assumption A. Then, f has a global error bound.

Proof . Since f is a proper l.s.c. function, by Theorem (4.2} f is H,4o-convex, that is, f(x) = sup h(z) for all
hGUf

z € @Q, where Uy is as above. Consider h € Uy fixed (and arbitrary). Then h(z) = _rrllin ((l(i),z) — ¢;), where
i=1,....

,,,,

I(i) e R} fori =1,...,5, j <n+2 Sethi(zx) = ((i),x) —¢; foralli =1,...,5, 5, ={x € Q : hi(x) <0}
and S, = {z € Q : h(z) < 0}. Then S, = 1U Sh,, and Sy, is downward for each ¢ = 1,...,j. Indeed, for a
i J

.....

fixed i € {1,...,4}, let x € S, and Z € Q with £ < x. Since I(7) € R}, > ()2, < > 1.(i)z,. Then,

r=1,..., n r=1,..., n
hi(Z) = (1(3),z) — ¢; < (l(i),x) — ¢; = hi(x) < 0. Thus, € Sp,. Then for each i € {1,...,j}, Sy, is downward and
since Sy = 1U Sh,, it is clear that S} is downward for each h € Uy. Now, suppose that 2’ € @\ S is fixed (and
i=1,...,5

arbitrary), where S = {z € @ : f(z) < 0} is non-empty by the hypothesis. Since h(z') = rrllin hi(z"), there exists an
i=1,...j
index i’ € {1,...,5} such that h(z') = h;y(2’). Then, by the characterization of Theorem with A = 1(¢') in (4.1]),

since Sp = 1U Sh,, and using Assumption A one has,
1=1,...,7
ds, (1) < s, (') < (i (&))4 = ey (2f) < = ho (&) < o fy (&) (4.2)
ST =T A= T T @ T S M S M '

1
Since h € Uy is arbitrary, sup dg, (¢') < — f4(2’) for all 2’ € @\ S. On the other hand, since S = N S} and
heUf M hEUf

each Sj, is downward, the collection {S;, : h € Uy} is linearly regular (see [25]). Thus, there exists o > 0 such that

ds(z') < osupdg, (2') < %ﬂr(a:’). Since 2’ € Q \ S is arbitrary and dg(z’) = 0 for each 2’ € S, dg(z) < %ﬂr(x’)
heUy

for each 2’ € Q. O

. 0.521 +0.125292 + 0.123 23 <0 .

. _ 3 _ 1 2 3 3 >Y, . . _
Example 4.1. Consider @ = R?® and f(z) = 0.501 -+ 0.125 25 > 0. Then, f is an l.s.c. CAR func
tion. Consider ¢ = ((0.5,0.125,0.1),(0.5,0.125,0)) and h(z) = min{h,(x), ha(z)}, where hy(x) = 0.521 + 0.125z9 +

V17

0.1zs, ha(x) = 0.5z1 + 0.125z9. Then, min{|[I(1)|], [|I(2)]|} = 5 = M and by checking that f(z) = h(z) for all
z € Q,we obtain S = S,. Since 03 # I(i) € R} for i = 1,2, by Theorem ds(z) =dg, () < %ﬁr(x) and f has a

8
M 1T
Note that if {S}, : h € Uy} is a linearly regular collection, then using Assumption A, and in the absence of the
condition ”I(i) € R’}”, Theorem holds.

global error bound with constant y =

Corollary 4.1. Let f: Q C R® — Ry be a proper ls.c. (in particular, a proper l.s.c. CAR) function. Suppose
that Assumption A holds and the collection {S}, : h € Uy} is linearly regular. Then, f has a global error bound.

In the following two examples, Assumption A holds, but the assumption “I(i) € R’}” is not satisfied; instead,
"linear regularity” holds.



Error bounds of 1.s.c. CAR functions 11

Example 4.2. Consider Q = R? and f(x) = —0.2|z1| — 0.4|z2| + 0.523 — 5,
0= ((~0.2,0.4,0.5), (—0.2, —0.4,0.5), (0.2, —0.4, 0.5), (0.2, 0.4, 0.5))
and h(z) = min h,(x), where hy(z) = —0.2z1 + 0.4x2 + 0.5x3 — 5, ho(z) = —0.2z1 — 0.4xo + 0.5x3 — 5, hg(z) =

i€{1,...,4)
e V45
0.221 —0.4z2 +0.523 — 5, hy(z) = 0.221 + 0.4x2 +0.523 — 5. Then, M = min{||l(¥)|| : 1 = 1,2, 3,4} = o f(z) = h(x)

1
for all x € @, and by Theorem and Corollary ds(z) =dg, (x) < Mf+(x). The function f has a global error
10

NS

Example 4.3. Consider Q = R? and

bound with constant p =

. xr1 — O.S.TQ — T3, I3 Z 0
fla) = { z1 — 0.325 x3 < 0.

Then, f is an l.s.c. CAR function. Now, consider ¢ = (I(1),1(2)), where (1) = (1,-0.3,—1),1(2) = (1,—0.3,0), and
h(z) = min{hy(x), ha(x)}, where hy () = 21 —0.329 — 23, ha(x) = 21 —0.322. Then, M = min{||I(1)|, [|I(2)||} = v/1.09.
Since f(x) = h(x) for all x € @, by Theorem and Corollary f has a global error bound with constant

1 1

UM T VT

The above two examples show that in some cases, Uy is a finite collection of elementary functions h. The argument
of the rest of this section guarantees that when the collection {Sj : h € U} is finite, this collection is linearly regular.
The following notions and definitions can be found in the literature. We refer the reader to [5] and [14].

C—
The radial cone and the closed radial cone of a set C' at a point x € C are defined as Re(x) = tgo ; L and
Reo(z) = Y, t—a?7 respectively. The contingent cone of the set C' at the point x € C' is defined by K¢(z) = {u €

R™ : Jtp — 07, up, —> u such that z +tyu, € C V k > 0}. It is easy to check that Ko (z) C Ro(z) for all z € C. If
the last inclusion is an equality then C is said to be pseudo-convex at z. One finds that C' is pseudo-convex at z € C'
if and only if C — 2 C K¢(x) (see [1]).
When g is locally Lipschitz around z, the Clarke directional derivative of the function g at the point z in the
t —
direction v is defined by ¢°(z,v) = lim Supg(y—i-v—)g(y)

’
y—>x t
t—0t

z € C is defined by T&(z) = {v € R : d&(z,v) = 0} or T&(x) = {v € R" : Vt — 01,z S r 3o —
v such that xy + tyvy, € C' ¥V k > 1}. Here, xy <, x, that is, £ — v and zp € C for all £ > 0. Also, d refers to the
distance function. (Note that the distance function d is Lipschitz continuous. See [5].)

and the Clarke tangent cone of the set C' at the point

The Hadamard directional derivative of the function g at the point x in the direction v is defined by g}{(x, v) =
lim infg(x + 1) — 9(x)

v —v t
t——0t

lower directional derivative. See [Definition2.6]. The Dini normal cone of the set C' at the point x € C' is defined by
NG (z) =0 dc(z) ={y € X : (y,v) < ddc(z,v) Vv € X}, where X is the whole space (here, R™) and 9~ ¢ (x) is
the Dini subdifferential of the indicator function of the set C' at x.

The Frechet normal cone of the set C at the point x € C is defined by N& (z) = 876c(z). Here 07 6¢c(z) is the
Frechet subdifferential of the indicator function of the set C' at x. One has

{y, 2" — x)

|| ' a;H

. If g is locally Lipschitz around z, then one has g}, (z,v) = d*g(x,v).Where d* g(z,v) is Dini

NE(z) = {y € R" : lim sup < 0}. (4.3)

Remark 4.1. The following argument can be found in [I4]. When C is closed, by [I4, Lemma 2.1], (in a finite-
dimensional space, in particular, in R") N&(z) = N5 (), and whenever C is closed and convex, N& (z) = N&(z) =
Ng (z) = Ne(x), where NE(z), N&(x), N (z) and Ne(z) are the Frechet, Clarke, Dini and classical normal cones,
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respectively. Also, one has To(z) = Ko (z) = T (z) = Ro(x), where To(w) is the classical tangent cone of the set C'
at z. By (4.3), N (z) is convex and since (in our argument) N (z) = N (z), N (z) is convex. When Uy is a finite
collection, since S = , ﬂU Sy and Ng (x) is convex, it is easy to check that

cUy

Y Ng, (z) € Ny (@) (4.4)

heUy

By the definitions of the sets S, Sy, Sh,, for each h € Uy, define Ay, = {x € S : = € S,z ¢ Sy, for some i €
{1,2,...,7}}. Define A = hUU Ajp. Then, AC 9IS CS.
€Uy

The following theorem presents a property of the set S for each h € Uy.

Theorem 4.5. For each h € Uy, S, is pseudo-convex at each point of S\ A.
Proof . Let h € Uy be fixed. For each z € S\ A we must show that

Sh — X Q Ksh (.T) (45)

Since § = th Sp, it follows that T§(x) C T, (z) for each z € 5, and since ) = U Sh,;, we obtain
€Uy g g

TS, (x) C T§, () for each x € Sy. (Note that if x ¢ Sp,, then T§ (x) = 0.) Also, T§, (v)
On the other hand, since Sy, is closed and convex for each i € {1,..,5}, then Ts, (x) =T§, (x), where Tg, (z) is the

C Ks, (2) (sce [5)).

classical tangent cone of the set S, at the point z. Thus,

Ts,, (z) = Tgh’i (z) C Ts, () C Kg,(z) Yxe S,Vie{l1,...,5}. (4.6)
T§(x) CTg, (x) € Kg, (z) Vaels. (4.7)

Let x € S\ A be fixed (S is closed). Then, if x € int(S), one has T§(z) = R". Thus, by (4.7), Kg, () = R™ and
inequality (4.5 holds. If z € 0S5, since z € S = .\ ﬂU Spry x € Sp. Now, if x € int(Sh), then Tg (z) = R" and by
'eUy h

.....

Case 1: There exists an index i € {1,...,j} such that ¢ 9Sp,. Then, if z € int(Sh,) we obtain T, (x) = R".
Thus, using (4.6), inequality (4.5)) holds; otherwise © ¢ Sy, that implies € A, a contradiction.

Case 2: x € N 9Sy,. Then, it suffices to show that || holds for each x € N 9Sy,. Let z € N 95,

i=1,...,7 i=1,...,7 i=1,...,7
and consider y € S, — x. Then there exists u € Sj, such that y = u —x. Since u € Sj,, there exists i€ {1,...,5} such
that (I(7),u) — ¢; = {min }((l(i),u) —¢;) = h(u) <0. Thus,
ie{1,....j

ceey,

(1(1),u) < ¢ (4.8)

i=1,...,

Since = € 1ﬂ OSh,, x € dSp. and Sy is closed. Therefore, (I(i), z) = ¢;. Consequently, by 1) one has
J

U2),yy = (1),u —z) <0. (4.9)

On the other hand, since z € 95}, and Sy is closed and convex, ) # Ts, (x) = cl(Fs,_ (z)). Here, “cl” refers to
the closure, and Fls, (x) refers to the collection of all feasible directions of S;L at the poirit x. Since x € 95, it is
easy to check that chFShz (r)) = {v € R" : (I(i),v) < 0}. Hence, implies y € Ty, (x). Consequently, by , we
obtain . Since z € S\ A and h € Uy are arbitrary, the assertion is true. O

Let Uy be a finite collection of elementary functions h € Hy4o (h € Hy41). Then, the following theorem guarantees
the existence of an error bound for a proper l.s.c. (proper Ls.c. CAR) function f.

Theorem 4.6. Let f : Q C R” — Ry, be a proper ls.c. (in particular, a proper lLs.c. CAR) function, and Uy
be the finite collection defined as above. Also, suppose that Assumption A and the following conditions are satisfied.
Then, f has a global error bound.
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(i) At each pointhS— ﬂ Sh, s () C > Ng, (o).
heUy

(ii) At each point x € A = . U Ay, each S}, is pseudo-convex.
S

(iii) There exists r > 0 such that for each z € S and each z € heZU N, (2),
s

1n1n{max||zh|| zn € Ng, (T Z zp =z} <z
heUy

heUy
and on R™ the Dini normal cone coincides with the Frechet normal cone, by [14, Theorem 3.3] the collection {Sy : h €
Uy} is linearly regular. Since Assumption A holds, Corollary completes the proof. [J

Proof . Since by Theorem |4.5) each S}, is pseudo-convex at each point z € S'\ 4, and by (4 , > Ng ( ) € Ng (),

The following theorem provides a relationship between N§ (z) and NE (x) for each z € Sj.

Theorem 4.7. Let f: Q C R — R, be a proper ls.c. (in particular, a proper l.s.c. CAR) function. Then for

each h € Uy, N§ (x) = igp(m)NSFhi (x) for each x € Sy, where I(z) ={i € {1,...,5} : x € Sp, }.

Proof . First, we recall that S}, is the union of the collection of closed lower half spaces Sp,,% = 1,...,j. Then, each
Sh, is closed and convex, implying N§ (z) = N, (), where Ng, () is the classical normal cone of Sp,, at the point

x. Fix h € Uy and & € Sy,. Since S, € Sp, N§ (#) € N& (2) for each i € I(2). Hence, N§ (&) C p( )Ni_(ﬁt).
‘i i€ 4

Conversely, let u € p( )NSI,‘; (2) = p( )Nsh,(fc). Then u € Ng, (&) for each i € I(Z). Since & € Sj,, for each
icl(g) “hi iel(z) M i
i € I(&), if there is ¢ € I(Z) such that & € int(Sy.), then one has Ng, () = {0}. Since & € Sy, for each i € I(Z),

Ng, (%) # 0 and 0 € Ng, (&) that imply p( )Ngh_(a%) = {0}. Thus, u = 0 € Ng, (). (Note that since & € S,
i i i€l( ‘
NE (2) # 0 and it contains 0.) Otherwise, & € 9, for each i € I(Z). Now, we consider the following cases.

Case 1: |I(2)] = 1, where |I(Z)| refers to the number of elements of the set I(#). Then, for a single index
i e{1,2,...,5}1(2) = {z } and & € 0Sp,,,. Since & € S, and |[I(%)| = 1, we obtain & € 0Sy. Indeed, if & € int(Sy),
since Sy, = Y Sh, and Z € 98}, , there exists an index i€{l,...,5}, 1%, such that & € int(Sh.). Then [I(2)] > 1,

i=1,...]
which is a contradlctlon. Hence & € 05, which implies & € 95, N 0S5y, . Then, there exists € > 0 such that for the

neighborhood B(#,¢) of & one has B(&,e) N0S, = B(&,e) NS}, . On the other hand, since Sh , 1s a lower half space
and a subset of Sy, by the definition of the Frechet normal cone we obtain NV, Sh( %) = NY S, (#). (Note that by
the above argument, in lb o Sty & oag o S0y #.) Then, u € QA)NQY (#) = N§¢ (&) = NE (z)
el(z ? il
Case 2: |I(2)| > 2. Since & € OSh, for each i € I(2), N§, (&) = Ng, (#) = Ry(I(i)), where I(i) € R™ is the vector
for which h;(2) = (I(3), &) — ¢; holds for each i € I(Z). Now, we consider two sub-cases for Case 2.

Case 2.1: There exists an index i € I(A) such that (1) ¢ Ry (I(q)) for all i € I(Z). Since N, (&) =R (I(i)) and
Ns, (&) = Ry (I(i)), one has N, (&) n(, B Ns,, (2)) = {0}. Then, u =0 € Ng, (%).

Case 2.2: 1(i) € Ry(I(z)) for all + € I(Z) and for an index 7 € I(Z). Then, I(i) = a4l(i) for each i € I(Z), where
a; > 0. Since & € dSy, for each i € I(#), (I(i),2) = ¢; which implies (a;l(7),2) = ¢, and therefore (I(7),2) = —.
Q;
Consequently, all values Si are the same, meaning that all the sets Sy, are equal. Thus |I(z)| = 1, which is a
Py
contradiction. Since the inclusion holds for all cases, the proof is complete. [

Since on R™ the Frechet normal cone coincides with the Dini normal cone and S C S}, for each h € Uy, by Theorem
We obtain Ng (z) = rlw( )Nsh (z) for each x € S. We may replace (i) of Theorem.w1th the following statement.
el(x

At each point z € S= N Sp, N C N Ng .
P hev, h s( z) C hgjf iel(x)={ic {1 ... j}:xeSn,} Sh (z)

h(e)=,min_(1(i).2)

The above argument guarantees the linear regularlty of the finite collection Uy. If one guarantees the linear
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regularity whenever the collection Uy is infinite, then Theorem@ guarantees the existence of a global error bound for
a proper Ls.c. (in particular, proper Ls.c. CAR) function f in the absence of the condition "I(i) € R’} and (i) # 0,”.
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