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Abstract

In this paper, we study the spread of COVID-19 and its effect on a population through mathematical models. We
propose a Caputo time-fractional compartmental model (SEIR) comprising the susceptible, exposed, infected and
recovered population for the dynamics of the COVID-19 pandemic. The proposed nonlinear fractional model is
an extension of a formulated integer-order COVID-19 mathematical model. The existence of a unique solution for
the proposed model was shown by using basic concepts such as continuity and Banach’s fixed-point theorem. The
uniqueness and boundedness of the solutions of the proposed model are investigated. We calculate a central quantity
in epidemiology called the basic reproduction number, R0 by the concept of the next-generation matrices approach.
The equilibrium points of the model are calculated and the local asymptotic stability for the derived disease-free
equilibrium point is discussed.
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1 Introduction

The name ”corona virus,” coined in 1968, is derived from the ”corona” like or crown-like morphology observed for
these viruses in the electron microscope. The families of this viruses are circulating among animals and sometimes can
also be found in humans [3]. The novel corona virus (COVID-19) was initially identified in late December of 2019 in
Wuhan, China. It is an infectious disease caused by severe acute respiratory syndrome corona virus 2 (SARS-CoV-2)
a beta corona virus [15, 48]. COVID-19 also has similarities to the severe acute respiratory syndrome (SARS) of 2003
[49]. With SARS there were more than 8,000 cases and 774 deaths [49]. However, within 2 months of the COVID-19
outbreak, there were more than 82,000 cases and more than 2,800 deaths [49].

Most of the initial stages were usually incorporated to the wholesale Human seafood market, which also traded
live animals. The continuing novel corona virus or SARS-CoV-2 epidemic has been declared a pandemic by the World
Health Organization (WHO) on March 11, 2020 [19, 35, 45]. Novel corona virus has already exceeded the earlier
records of two life-threatening outbreaks, namely Severe Acute Respiratory Syndrome Corona virus (SARS-CoV) and
Middle East Respiratory Syndrome Corona virus (MERS-CoV), posing the major warning to the global public health
and economy after the 2nd world war [42].
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With little information about this new virus, no known cure or effective therapies, and an incubation period of
approximately 14 days, the virus rapidly spread globally [16]. The virus can be transmitted from an infected person
to other people, through direct contact with handshakes and by touching surfaces contaminated with the disease, and
then it affects parts of the body such as the eyes, nose and mouth [47]. Due to heavy mobility of human from continent
to continent through air transportation, the disease has extremely spread throughout the world [51].

This communicable corona virus disease has traits like fever, dry cough, sore throat, breathlessness and fatigue
[53]. While COVID-19 can be deadly, symptoms, however, vary greatly from person to person [17].

While some may experience mild symptoms such as fever, coughing, and shortness of breath, others may face more
severe complications, including damage to the lungs, acute respiratory failure, or sometimes even death [30, 37]. Other
symptoms may also include difficulty breathing, fatigue, muscle or body aches, headaches, loss of taste or smell, sore
throat, congestion, a runny nose, nausea or vomiting, or diarrhea [17]. In addition, COVID-19 can have serious effects
on anyone, but tends to have more serious effects on older people or people with compromised immune systems.

With both asymptomatic and symptomatic infectious carriers with a 14-day incubation period, high transmission
rate, and high numbers of fatalities, COVID-19 is deadly and extremely hard to track and contain. At the beginning of
the pandemic, the number of hospitalizations increased at an alarming level in multiple regions of the world [44, 26, 13].

To control the spread of the virus, governments worldwide started implementing non-pharmaceutical interventions.
These included temporary closures of schools and non-essential businesses, the use of face masks, and social distancing
while the world waited for a vaccine that could be used to minimize the spread of the virus [14, 50].

Although the spread of COVID-19 began to slow as a result of these new containment measures, the fight against
the virus was far from over. Having a vaccine seems to be the only long-term solution that can stop the virus from
devastating people’s lives and the global economy further.

Researchers from fields such as epidemiology, genetics, and related fields have been working diligently since the
disease outbreak to gain a thorough understanding of the virus’s mechanism [27, 39, 8]. This helps medical teams
understand how the virus spreads biologically, which can lead to the development of viable therapeutic treatments
such as vaccines. On the other hand, mathematical models have been shown to be effective methods for imparting
knowledge about the nature of infectious diseases. They also contribute insights to help develop optimal controls and
facilitate non-pharmaceutical interventions to minimize the spread of a virus [30].

In other words, through epidemiological models we are able to get a better understanding of the disease, how it
works, how to contain it, and how it can be cured. In fact, since the outbreak of COVID-19, numerous mathematical
studies by fractional calculus have been carried out and provided predictions of the spreading of COVID-19 [7].

The study of disease dynamics has been made to models described by fractional differential equations, recently
receive many attentions [5, 40, 34, 27, 32, 39]. Many biological problems have been modelled by fractional-order
derivatives and various mathematical modelling have been proposed and analysed to explore the consequence of
transmission dynamics of COVID-19 among population. The most essential property for using fractional order systems
is their memory, history and non local effects which exist in many biological systems [23]. These effects can be seen
as a hereditary property or a variety on strains and genomes of viruses, which is useful for epidemic model. In recent
years, the fractional extensions of mathematical models of Corona virus are show the natural fact in a very systematic
way. (see, for examples [1, 4, 5, 6, 7, 8, 10, 22, 28, 34, 41, 40]). Many researchers have been worked on the subject of
Caputo fractional derivative. Mathematical models by fractional system of ordinary differential equations are used to
simulate the transmission of corona virus [10, 22, 29, 18, 9, 36, 43, 52].

As identified by the World Health Organization (WHO), the mathematical models, mainly those formulated in
a timely manner, can play a crucial role in allowing public health decision and policy makers with evidence based
statistics [24, 31].

The progression of any outbreak depends on the infectivity of pathogens as well as the available uninfected individ-
uals. For a novel infection, when the transmission dynamics of an epidemiological disease is unknown, mathematical
models play a crucial role to estimate the worst and best scenarios [2, 11].

It can also aid in estimating the effect of precautionary measures adopted against disease. With preventive
techniques, the main object is to preserve the basic reproduction number R0 below 1, to control further development
of infection, whereas in a mitigation policy, the main object is indelicate the effect of outbreak [25].

The structure of the paper is organized as follows: In Section 2, we give the essential preliminary results and
definitions from fractional calculus. Section 3 is devoted to the formulation of the SEIR model of Caputo fractional
order for Covid-19 transmission by considering four compartments: Susceptible-Exposed- Infected and Recovered
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populations. In Section 4, the properties and theoretical analysis of the proposed model such as existence and
uniqueness of the solution to the proposed model and positivity and boundedness of solutions are investigated. In
Section 5, the basic reproduction number R0 and the equilibrium points are calculated. Also the stability analysis of
the disease-free equilibrium point is analysed therein. Conclusions are included in Section 6.

2 Preliminaries

In this section, preliminary definitions and results in fractional calculus are given.

2.1 Definition

For any t¿0, the Caputo-fractional derivative of order α, (n < α ≤ n− 1, n ∈ N) of function f(t) is defined as [12]:

t0D
α
t f(t) =

1

Γ(τ − α)

∫ t

t0

(t− τ)n−α−1f (n)(τ)dτ,

where Γ(.) is gamma function.

2.2 Definition

The two parameter Mittag-Leffler function is defined as [38]:

Eα,β(z) =

α∑
κ=0

zκ

Γ(ακ+ β)
, α ∈ Rt, β ∈ Rt, z ∈ C

Remark 2.1. The Mittag-Leffler function has the following preperties

1. Eα,β(z) = zEα,α+β(z) +
1

Γ(β)

2. 0D
α
t e

λt = t−αE1,1−α(λt)

3. 0D
α
t Eα,1(λt

α) = λEα,1(λt
α)

3 Fractional Model Formulation

In this section, we consider the fractional order SEIR model to study the spread of corona virus on a population.
Here, S,E, I and R represent the susceptible, exposed, infected and recovered compartments, respectively. The model
is designed based on the following assumptions.

(i) The size of the total population remains constant.

(ii) Susceptible individuals are recruited into the S compartment at a constant rate Λ.

(iii) The transmission rate from an exposed person to a susceptible is β1 and the transmission rate from an infectious
person to susceptible person is β2. Also, we assume that β1 < β2.

(iv) The transmission rate from an exposed compartment to the infected compartment is γ and the transmission rate
from exposed compartment to recovered compartment is σ.

(v) The transmission rate from an infectious person to recovered person is κ. Some people in infectious compartment
perish by the virus at the rate δ.

(vi) Recoveries are assume to be permanent.

(vii) Natural morality occur in all compartment at the rate µ.
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(viii) All parameters in this model are positive.

By given the above assumptions, we propose a fractional order model using the following system of oDEs
0D

α
t S(t) = Λ− β1S(t)E(t)− β2S(t)I(t)− µS(t)

0D
α
t E(t) = β1S(t)E(t) + β2S(t)I(t)− γE(t)− σE(t)− µE(t)

0D
α
t I(t) = γE(t)− κI(t)− σI(t)− µI(t)

0D
α
t R(t) = σE(t) + κI(t)− µR(t)

(3.1)

The system has the associated initial conditions S(0) = S0 > 0, E(0) = E0 > 0, I(0) = I0 > 0 and R(0) = R0 > 0.
The operator 0D

α
t denotes Caputo-fractional derivative of order 0 < α ≤ 1. The diagram for the proposed model is

shown in figure 1.

Figure 1: The diagram of SEIR model

4 Qualitative Analysis of the Model

In this section, we study the mathematical and biological properties of the fractional order model. The analysis of
the model includes the existence, uniqueness, positivity and boundedness of the solutions of the model (3.1).

4.1 Positivity and Boundedness of Solution

Since the fractional-order model (3.1) to be biologically well-posed, its solution is expected to be positive and
bounded at all time.

Theorem 4.1. There exist a unique solution to the system (3.1) and the solution is positive and bounded for any
given initial conditions (S0, E0, I0, R0) ≥ 0 ∈ R4.

Proof . By applying [33], we prove the existence of the solutions. To show the uniqueness and boundedness of
solution, it sufficient to show by [33], if X (t) = (S,E, I,R)T and K (t,X (t) = (ϕ1, ϕ2, ϕ3, ϕ4)

T , the K (t,X (t)) is
locally Lipschitz continuous where

ϕ1 = Λ− β1S(t)E(t)− β2S(t)I(t)− µS(t),

ϕ2 = β1S(t)E(t) + β2S(t)I(t)− γE(t)− σE(t)− µE(t),

ϕ3 = γE(t)− κI(t)− σI(t)− µI(t),

ϕ4 = σE(t) + κI(t)− µR(t).

Let X (t) = (S,E, I,R)T and ∥.∥ denotes the Lα norm,then

∥K (t,X (t))−K (t,X (t))∥ ≤ LK∥X −X ∥
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and

∥K (t,X (t))−K (t,X (t))∥ ≤ ∥ϕ1(t,X (t))− ϕ1(t,X (t))∥+ ∥ϕ2(t,X (t))− ϕ2(t,X (t))∥
+ ∥ϕ3(t,X (t))− ϕ3(t,X (t))∥+ ∥ϕ4(t,X (t))− ϕ4(t,X (t))∥
≤ L1∥X −X ∥+ L2∥X −X ∥+ L3∥X −X ∥+ L4∥X −X ∥ ≤ LK∥X −X ∥

where LK = max1≤i≤4 Li and L1 = β1 +β2 +µ,L2 = β1 +β2 + γ+σ, L3 = γ+κ+ δ+µ and L4 = σ+κ+µ. Thus K
satisfies the local Lipschitz conditions with respect to X , which proves the uniqueness and boundedness of solution.

Now, we prove the positivity of solutions. We start by considering the trajectory of solution along the S-axis where
E(0) = I(0) = R(0) and 0 < S(0) = S0 ≤ N, then 0D

α
t S(t) = Λ− µS, S(0) = S0, where solution is given by

S(t) = S0Eα(−µtα) +
Λ

µ
(1− Eα(−µtα)) > 0

since Λ > 0 and t > 0. In a similar manner, moving along each of the other respective axis yield

E(t) = E0Eα(−(γ + σ + µ)tα) > 0,

I(t) = I0Eα(−(κ+ δ + µ)tα) > 0,

R(t) = R0Eα(−µtα) > 0,

showing non-negative invariance of the axes. Now, since the solution to the model (3.1) is positive in the E − I − R
plane, let S(t∗) = 0 for t∗ > 0 and E(t∗) > 0, I(t∗) > 0, R(t∗) > 0 and S(t) < S(t∗). On this plane,

0D
α
t S(t) |t=t∗= Λ > 0 (4.1)

By Caputo-fractional mean value theorem [12], it holds S(t)−S(t∗) =
1

Γ(α)
0D

α
t (τ)(t− t∗)α, τ ∈ [t∗, t]. Therefore,

using equation (4.1) we obtain S(t) > S(t∗), contradicting our assumption for t∗. Thus, any solution S(t) is non-
negative for all t ≥ 0. Other variables can be treated similarly. Hence, solution X (t) remains positive for all t ≥ 0.

Finally for boundedness, using the fact that N(t) = S(t) + E(t) + I(t) +R(t), it follows from (3.1) that

0D
α
t N(t) =0 Dα

t S(t) +0 D
α
t E(t) +0 D

α
t I(t) +0 D

α
t R(t)

= Λ− µ(S(t) + E(t) + I(t) +R(t))− δI(t)

≤ Λ− µN.

Thus considering the initial value problem 0D
α
t N(t) = Λ− µN , N(0) = N0, and invoking comparison theorem, it

follows that

N(t) ≤ N0Eα(−µtα) +
Λ

µ
(1− Eα(−µtα)),

and consequently lim supt→α N(t) ≤ Λ

µ
. □

5 Stability Analysis

5.1 Equilibria and computation of the basic reproduction number R0

By setting the left hand side of equation (4.1) to zero, one can obtain the equilibria points. Disease-free equilibrium
(DFE) points are these where I = 0. These immediately imply E = 0 and R = 0. Thus, we obtain Λ − µS∗ = 0 or

S∗ =
Λ

µ
. Consequently, the DFE point of the fractional model is Y0 = (S0, E0, I0, R0) = (

Λ

µ
, 0, 0, 0).

The dynamics and stability of a disease model are governed by the basic reproduction number R0. It determines
the spread a otherwise of the infection into the entire population. The approach to compute the R0 is based on
next-generation matrices [20, 46, 21]. Now, following the next-generation matrix technique, we consider the two
compartments Y = (Y1,Y2) = (E, I) containing the infected individuals. We consider the following subsystem

0D
α
t E(t) = β1S(t)E(t) + β2S(t)I(t)− γE(t)− σE(t)− µE(t),

0D
α
t I(t) = γE(t)− κI(t)− δI(t)− µI(t).
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The equations can be written in the form 0D
α
t Yi = Fi(Y)−Vi(Y) for i = 1, 2, where Fi(Y) is the rate of appearance

of new infections in compartment i, and Vi(Y) is the rate of other transitions between compartment i and other infected
compartments. Then

F1 = β1S(t)E(t) + β2S(t)I(t),

F2 = 0,

and

V1 = γE(t) + σE(t) + µE(t),

V2 = −γE(t) + κI(t) + δI(t) + µI(t).

Next, we further define

F =

[
∂Fi(Y)

∂Yj

]
and V =

[
∂Vi(Y)

∂Yj

]
, i, j = 1, 2,

then, the matrices F and V evaluated at the disease free equilibrium point are

F =


∂F1

∂E

∂F1

∂I

∂F2

∂E

∂F2

∂I

 =

[
β1S

0 β2S
0

0 0

]
,

V =


∂V1

∂E

∂V1

∂I

∂V2

∂E

∂V2

∂I

 =

[
γ + σ + µ 0

−γ κ+ δ + µ

]
=

[
k1 0
−γ k2

]
,

where k1 = γ+σ+µ and k2 = κ+δ+µ. Then ρ(FV−1) is the basic reproduction number R0, where ρ(x) is the spectral

radius of x and FV−1 is the next-generation matrix. Thus, the basic reproduction number is R0 =
β1

k1
S0 +

β2γ

k1k2
S0 or

R0 =
1

γ + σ + µ
β1S

0 +
γ

γ + σ + µ

1

κ+ δ + µ
β2S

0. (5.1)

Here, β1S
0 is the contraction rate of the virus of S0 susceptible persons from on exposed person,

1

γ + σ + µ
is

the meantime in compartment E. In addition, β2S
0 is the contraction rate of the virus of S0 susceptible from an

infectious individual,
γ

γ + σ + µ
is the fraction progressing from compartment E to I, and

1

κ+ δ + µ
is the meantime

in compartment I. Thus R0 is the expected number of secondary infectious produced in compartment E by an exposed
person or an infectious.

5.2 Endemic Equilibrium Point

The endemic equilibrium point denoted as Y∗ = (S∗, E∗, I∗, R∗), where the disease persists in the population. For
the endemic equilibrium we consider I∗ ̸= 0, E∗ ̸= 0 and R∗ ̸= 0. The solution of system (3.1) is

S∗ =
Λ

β1E∗ + β2I∗ + µ
,

E∗ =
Λβ1 + Λβ2

γ

k1
− k1µ

k1β1 + k1β2
γ

k2

,

I∗ =
γ

k2

Λβ1 + Λβ2
γ

k2
− k1µ

k1β1 + k1β2
γ

k2

 ,

R∗ =
1

µ
[σE∗ + κI∗] .
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The endemic point can be written in terms of R0, as follows

S∗ =
Λ

µ

1

R0
,

E∗ =
Λ

k1

(
1− 1

R0

)
,

I∗ =
γ

k2

Λ

k1

(
1− 1

R0

)
,

R∗ =
Λ

µ

1

k1

(
σ +

k1γ

k2

)(
1− 1

R0

)
.

By the above equations, the endemic equilibrium point exists only when R0 > 1. When R0 < 1, this point become
biologically irrelevant.

5.3 Stability

Theorem 5.1. The DFE point Y = (S0, E0, I0, R0) =

(
Λ

µ
, 0, 0, 0

)
is locally asymptotically stable if Ro < 1 and is

unstable if R0 > 1.

Proof . The Jacobian matrix evaluated at the DFE point is given as

V =


−µ −β1S

0 −β2S
0 0

0 β1S
0 − k1 β2S

0 0
0 γ −k2 0
0 σ k1 −µ

 .

The eigenvalues of the Jacobian matrix are given as λ1 = −µ < 0 and the roots of the equation

λ2 + λ(k1 + k2 − β1S
0) + k1k2 − β1S

0k2 − β2S
0γ = 0

where

λ2,3 =
1

2

[
−(k1 + k2 − β1S

0)±
√

(k1 + k2 − β1S0)2 − 4(k1k2 − β1S0k2 − β2S0γ)
]
.

To show that there are real eigenvalues we need to prove that ∆ ≥ 0. That is

∆ = (k1 + k2 − β1S
0)2 − 4(k1k2 − β1S

0k2 − β2S
0γ),

= (k1 − k2)
2 − 2k1β1S

0 + 2β1S
0k2 + (β1S

0)2 + 4β2S
0γ,

= (k1 − k2)
2 − 2(k1 − k2)β1S

0 + (β1S
0)2 + 4β2S

0γ,

= [(k1 − k2)− β1S
0]2 + 4β2S

0γ > 0.

Since all the parameters are assumed to be positive, the eigenvalues λ2, λ3 are distinct real eigenvalues. λ2,3 =

−(k1 + k2 − β1S
0)±

√
∆.

Finally, we show that λ2 and λ3 are negative eigenvalues when R0 < 1. Suppose that λ2 < 0, we have −(k1 + k2 −
β1S

0) +
√
∆ > 0. Then

√
∆ > (k1 + k2 − β1S

0). Thus

(k1 + k2 − β1S
0)2 − 4(k1k2 − β1S

0k2 − β2S
0γ) > (k1 + k2 − β1S

0)2,

− 4(k1k2 − β1S
0k2 − β2S

0γ) > 0,

1− β1S
0

k1
− β2S

0γ

k1k2
< 0,

R0 > 1.

So, the DFE is unstable when R0 > 1. □
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6 Conclusions

In this work, the SEIR epidemic compartmental model is proposed to the study of transmission of COVID-19 using
the Caputo fractional derivative based on the integer order model. The existence of a unique solution for the model
by using Banach fixed-point theory has been proved. The basic reproduction number R0 of the model was computed
by the concept of next-generation matrices method and the equilibrium points of the model have been calculated. The
model qualitative analysis reconfirm local stability at the disease free equilibrium point for the fractional-order model,
whenever the threshold condition R0¡ 1 holds.

For future research efforts in this direction, we can consider the following improvements of the present work:

• extension of the model capture stochastic dynamics;

• parameter estimation of model parameters, including the order of the fractional derivative, based on the available
data on COVID-19 and the impact of vaccination process.
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