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Abstract

This paper adopts the extended rational sinh-cosh as well as sine-cosine procedures to find precise solutions to the
Hirota equation and Hirota-Maccari equation. It is illustrated that seeking the precise solutions for these equations
plays a foremost and effectual role in solving the numerous kinds of PDEs applied in optics, fluid mechanics, plasma
physics and solid physics. Furthermore, we are able to obtain some consequences of dark and cusp wave solutions.
Besides, two-dimensional and three-dimensional surfaces have been drawn in order to acknowledge the concept of the
acquired equations
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1 Introduction

In the last decades, research on nonlinear partial differential equations has been one of the most effectual and
exciting fields of research in the numerous areas of sciences and engineering [12} 13, 14} B} 1T} [5, [7, 8, 9] 2, 10]. A wide
range of powerful approaches are intermittently used and a diversification of perspectives have been studied.

The evolution of mathematical techniques, that give readers more accurate consequences for the extraction of solitons,
is a highly salient area of applied physics, fluid mechanics, and optics. A graceful way of seeking the precise soliton
solutions of nonlinear sciences and fractional systems is to propose a transformation to obtain a solvable ODEs
( ordinary partial differential equations) employing analytical methods such as Hirota bilinear transformation, the
(G/G)-expansion technique and the other ones [4 [Il 6] I5]. In this article, we employ these methods for looking
for the precise solutions of two fundamental and important of these (Hirota equation and Hirota-macarri equation)
physical models.

Assume that the Hirota equation has the subsequent formation:

101 + 02z + 2|0|%0 + Q042 + 6iQ|0|% 0, = 0, (1)

in which x, ¢t and  illustrates the spatial and temporal variables, {2 is a small parameter respectively. Secondly,
assume that the Hirota-macarri system in the following formation:
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i0t + Oy + 10z2x + 09 — il0]* 02 = 030, + (|0]*)y = 0, (2)
in which o(z,y,t) and (z,y,t) demonstrate the filed of complex scalar and the real one. Temporal variable and
spatial variables are illustrated by ¢, z and y. The residual sections of this paper are conformed as follows: in section
2, the algorithms of the extension rational sin-cos as well as sinh-cosh techniques are presented, in section 3 and 4,
these techniques are represented with the Hirota equation and Hirota-macarri system respectively. Furthermore, the
representation of some acquired solutions in section 5 will be considered.

2 General solution of the technique

Consider the nonlinear partial differential equation (PDE) be of the form

H(9,94,Ys, 0sz,-..) = 0, (3)
in which traveling wave solution is denoted by ¥ = ¥(z,t). By using the subsequent transformation:
Ha,t) =9(), &=ma+gt, (4)
where wave speed is illustrated by g. Equation (3) can be turned into the subsequent ordinary differential equation:
GW,9',9",..)=0. (5)

2.1 The extension rational sin-cos technique

Pacel. Assume that Equation (5) has the solution in the conformation of

_ o sinh(¢§) B
YO B oy Y7 T ©
or
_ Bo cosh(¢§) in B
79(5) - BZ + 51 Slnh(Cé)’ S h(Cg) ﬂl’ (7)

where ( is the wave number and the parameters of 5y, 81,and B2 will be determined.

Pace 2. In this pace, we concatenated one of the equations mentioned above into Eq.(5), then by gathering all
words with the identical powers of cosh(C€)" or sinh(C£)" and equalling to zero, all the coefficients of cosh(¢£)" or
sinh(C€)" leads to a set of algebraic equations. By using mathematics software, algebraic equations’ solutions will be
found.

Pace 3. In this step, by concatenating the values of By, £1 and f2 and ¢ in Eq.(6) or Eq.(7) the solution to the
Eq.(5) will be resolved.

2.2 The extension rational sin-cos technique

Pace 1. Assume that Equation (5) has the solution in the conformation of

_ B sin(¢¢) B
19(5) - /82 + /81 COS(C&)’ COS(C&) # /81 ) (8)
or
_ oeos®) o B
19(6) - ﬂQ + ﬁl Sin(<£)7 S (Cg) # 51’ (9)

where ( is the wave number and the parameters of 5y, 81,and B2 will be determined.

Pace 2. In this pace, we concatenated one of the equations mentioned eralier into Eq.(5), then by gathering all
words with the identical powers of cos(C€)" or sin(C£)" and equalling to zero, all the coefficients of cos(¢€)" or sin(¢€)"
leads to a set of algebraic equations. By using mathematics software, algebraic equations’ solutions will be found.

Pace 3. In this step, by concatenating the values of 8y,81,52 and ¢ in Eq.(8) or Eq.(9) the solution to the Eq.(5)
will be resolved.
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2.3 The implementation of the extension rational sinh-cosh technique
Assume that Eq. (12) has solutions in the conformation of

_ Bo sinh(¢¢)
) = 5, B cosh ()

By concatenating Eq. (13) into Eq. (12) and then gathering all words with the identical powers of cosh((€)" as well
as calculating all the coefficients of cosh((£)" to zero, then we have:

(10)

cosh(¢€)? : —Bo ((—839 + 52+ r) B2 4 6Q8%s — Qﬁoz)
cosh(CE)' : —2BpB1 (—s*Q — %s(QQ + 2+ 1 +7) By

cosh(¢€)Y 1 —By ((35(29 —s30 - +s2+ 7") B22 —6 (Qs — %) (512@ + 502))
These algebraic equations will be solved by software and then we have the subsequent solutions:
part 1)

3 —s2—r —53Q + 52 41
=t ""Gas—2 Bo \/ 60— 2 pr =P, P2=0

(11)
part 2)
253Q) — 282 — 2r B0+ 2+
C_i\/_iiQs—l’ 5o—i\/—698_262 fr= B2, 2= P2 (12)
part 3)
25300 — 252 — 2r B0+ 2+
C_i\/_BQS—l’ ﬂo_i\/_wﬁz Pr=—PB2 B2=p2 (13)

Case 1: Taking part 1 into consideration, and the solution of (12) can be obtained as

-3+ s2 47 3N —s2—r
S (N e LA, N Y (. S L 14
(1) \/ 695 — 2 tan( 695 — 2 5) 1)

by merging the equations (10) and (17), we get

-3+ 82+ 30 —s2—r - )
=44 /——2 """ T 4onh 20wt i(rt+sz) 15
o, 1) \/ 6Qs—2 (\/ s 2 tro e (15)

Case 2: Likewise, for part 2, the solutions of (12) can be obtained as

—1
B 530+ 82471 | \/ 253Q) — 252 — 2r \/ 253Q) — 252 — 2r
02@’”‘*%&25—2&“}1( ‘395_15> (1“05}1( IR

by merging equations (10) and (19), we get

-1
_ g3 2 30) — 942 _ 30) — 942 _ .
o3, 1) = + /| 36%:5 2+r sinh (\/_ 2s %in . 2r (vt—l—x)) (1 + cosh <\/_ 2s QgQSQil 27 (vt+$)>> oilrttsa)

(17)

(16)

Case 3: Likewise for part 3, the solutions of (12) can be obtained as

-1
-3+ 52+ | \/ 2530 — 252 — 2r \/ 253Q) — 252 — 2r
Os(z,t) = £14/——— 7 Tlginh /-2 22 T e} (1 —cosh [ /-2 =2
3(@?) \/ 60s—2 o8 ( 30s — 1 5) ( € ( 305 -1 °
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by merging equations (10) and (21), we get

-1
a3 2 3 _ 2 __ 3 _ 2 __ R
os(e.t) = & /_%Mh W_W(m”)) (1_Cosh W—W@M))) -
S — S — S —

(19)

OR

Assume that Equation (12) has solutions in the conformation of

_ Bo cosh((¢)
N = 5 5, snh ()

By concatenating Eq. (23) in Eq. (12) and then gathering all terms with the iden- tical powers of sinh(¢£)" and
equating to zero. All coefficients of sinh(¢€)” will obtain and we have the subsequent set of algebraic equations in the
following stage:

sinh(C€)? + =2 ((—3s°Q+ 352+ 1) B1” + 3Q80°s — Bo”) Bo

sinh(C6)' : —2B281 (=520 — 3Q¢Cs + s + 3% +7) Bo

sinh(C€)% :+ — (827 (3Q¢%s — s%Q — (2 + 82 +7) + 6 (B12C2 + Bo”) (s — 3)) Bo

These algebraic equations will be solved by software and then we have the subsequent solutions: part 4)

Q-2 —r —83Q + 52 41
C_i\/_(isT’ ﬁo—ﬁ:\/—mgl pr =51, P2=0 (21)
253Q — 252 — 2r 30 _ 52 _r
¢= i\/gQS_l’ Bo = mﬁb Pr=102, B2=72 (22)

Case 4: we take part 4 into consideration, the solution of (12) can be obtained as

—s3Q0 4+ 52 +7r s3Q) —s2 — 7
)=y ot TS T g S T 2
Yafa,1) \/ 602 ( 650 — 2 f) (23)

by merging equations (10) and (26), we get

B —s3Q+ 5247 [ $3Q—s2—7r i(rt+sa)
Q4(.T,t) = i\/_m_zcoth ( —m (Ut + x) (] (24)

Case 5: Likewise, for part 5, the solutions of (12) can be obtained as

1
$3Q0) —s2 —r 28300 — 252 — 2 . 253Q) — 252 — 2
Us(@,t) = i\/ 605 —2 cosh (\/393—1§> (1 +isinh <\/3§23—1§>>

by merging equations (10) and (28), we get,

-1
_ | 83 —s2—7 253Q) — 252 — 2r . 2530 — 252 — 21 i(rttsa)
QS(.’L‘,t) == mcosh <\/ W (t’U"‘l’)) <1+Zslnh <\/ 3&9_1(1;1)"'1‘))) e

(20)

part 5)

(25)

(26)
2.4 Extension rational sine-cosine method
Assume that Equation (12) has solutions in the conformation of
Bo sin(¢€
(e = 0 (27)
B2 + B cos((€)

By concatenating Eq. (30) in Eq. (12) and then gathering all terms with the identical powers of cos((£)" and equalling
to zero. All coefficients of cos(C€)" will obtain and we have the subsequent set of algebraic equations in the follow-
ing stage:
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cos(C€)? = —Bo ((=s°Q+ s> + 1) B1* — 6Q50%s +260°)
cos(CE' 1 =2BpB1 (—s*Q+ 2s(2Q+ 52 — 2% +7) B2

cos(¢€)° : —By ((—33(29 — 30+ 5%+ r) B2 +6 (Qs - %) (ﬁ12g2 + ﬁ02))

These algebraic equations will be solved by software and then we have the subsequent solutions: part 6)

—s3Q0 + 5% + 1 30 —s2—r
:l: B ::I: —_—————— p— =
¢ \/ cs 3 Bo 60— 2 pr Pr=p1, P2=0 o)
28
part 7)
—253Q0 4+ 252 4+ 21 30 —s2 —r
C:i\/_ 30s — 1 3 BO:ﬂ: _6987—262 512527 /82=ﬁ2
(29)
part 8)
—2530 4+ 252 4+ 21 s30 —s2 —r
C:i\/_ 30s — 1 3 BO:ﬂ: _6987—262 ﬁlz—ﬁ% ﬁ2252
(30)

Case 6: Taking part 6 into consideration, the solutions of (12) can be obtained as

[ 830 —s2 —7r —53Q + 52+

by merging equations (10) and (34), then we get

[ $3Q—s2—r -3+ s2 47 i(rttsz)

Case 7: Likewise, for part 7, the solutions of (12) can be obtained as

-1
3 —s2—7r —2s3Q0 + 252 + 2r \/ —2s3Q0 + 282 + 2r
=y - T - 1 -
Ve 1) 6Qs —2 <\/ 30— 1 5) < +eos ( 30s — 1 5))

by merging equations (10) and (36), then we get

-1
30— s — —2830) + 252 4 2 —2830 + 252 + 2 ;
o7(w,t) = i\/_SGQSS_QT sin (\/— i 39_: _51 i T{) (1 + cos <\/— 5 SQ_: _81 + 7"£>> oi(rt+sz) (34)

Case 8: Likewise, for part 8, the solutions of (12) can be obtained as

1
s3Q —s2 —7r —253Q0 + 252 + 2r \/ —253Q + 252 + 2r
— T T _ 1— _
Us(@,t) = £/~ 5 sin (\/ 305 1 5) ( o8 ( 30s 1 5))

by merging equations (10) and (38), then we get

30) — g2 — 943 2 _ 963 2 -1 i<7't+s:c>
Qs(x,t):i\/—%sin<\/—W(I+v-t>)<l—COS<\/—W<$+U-t>) e

(36)

(33)

(35)

OR
Assume that Equation (12) has solution in the conformation of

_ Bo cos(¢§)
O = 3, Brsin(co)
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By concatenating Eq. (40) into Eq. (12) and then garthering all words with the identical powers of sin(C€)" as well
as equalling all the coefficients of sin(¢£)" to zero, then we have:

sin(C)? : 2 (= (35°Q — 357 — £) B1* — 3Q2B0%s + Bo”) Bo

sin(C)! ¢ 26182 (—33(2 + %Q{zs + 52— %§2 + r) Bo

sin(¢6)? : (B2 (=302 — $*Q+ (2 + 5% + 1) +6 (s — 3) (81°C2 + Bo?)) Bo

These algebraic equations will be solved by mathematics software and then we have the subsequent solutions:

set 9)
—s3Q + 2 41 \/m
C_i\/_(isQ—z’ Po=F\——a 5 Pb=5, f=0 (38)
part 10)
—253Q0 + 252 + 2 \/m
C_i\/_ 30s — 1 y Po=E\ a5 Phi=PF =5 (39)
part 11)
—283Q + 252 + 21 30 — 52 _
¢ \/ 30s — 1 » Bo Gs_o P2 Bi=—P B=5 (40)
Case 9: we take set 9 into consideration, the solutions of (12) can be obtained as
$3Q0 —s2 —7r B0t 241
= o2t 7 TSt st )
Yo(x,1) j:\/ 60— 2 cot <\/ 3 5) (41)

by merging equations (10) and (44), then we get

30— 52 — —53Q) + 52 .
o) =y o (g g ) e @
st} — s —

Case 10: Likewise, for part 10, the solutions of (12) can be obtained as

—1
[ 830 —s2—7r —253Q + 252 + 2r . —253Q + 252 + 2r
ﬁlO(m,t) =+ 76(237—2 COS (\/35}5—1§> (1+Sln (\/3&]5—15)> (43)

by merging equations (10) and (46), then we get

~1
3 _ o2 _ 3 2 _ 3 2 .
Qm(x,t):b/,%cos (\/W(’””'”> <1+sin (\/ %5 §Q+ 251+2r (m+v‘t)>> Jilrthen)
S — S — S —

(44)
Case 11: Likewise, for part 11, the solutions of (12) can be obtained as
-1
$N—s2—r —283Q0 + 252 + 21 \/ —283Q0 + 252 + 2r
L e A P <\/ 305 — 1 5) ( Sm( 3051
(45)

by merging equations (10) and (48), then we obtain

—1
300 — 52 — —253Q0 + 252 4+ 2 —253Q0 + 252 42 i
Qn(fat):i\/%cos <\/—S?)Qt_sl+r(x+v~t)> <l—sin <\/— 5 3QJ;_31+ r(a:—!—vqj))) gi(rttsz)

(46)
3 Implementation of these methods on Hirota-maccari system
Suppose the Hirota-maccari equation, then by adopting the following transformations
o(a,y,t) = e V&), @la,y,t) = V(E), E=z+y+kt, (=sz+ry+ht (47)
Then, we have the subsequent ordinary differential equations:
,02
3(1—3s)0" +3(s° —sr —k)d+(3s— 19> =0 ¥ = 3 (48)

where s # %
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3.1 The implementation of the extension rational sinh-cosh technique

Assume that Equation (51) has solutions in the conformation of

_ Bo sinh((¢)
) = B, B cosh(CE)

By concatenating Eq. (52) in Eq. (51) and then gathering all terms with the identical powers of cosh((£)" and
equating to zero all coefficients of cosh(¢€)", the subsequent set of algebraic equations are obtained in the following
stage:

cosh(¢€)? : =3By ((—s® +sr+k) B2 — Bo? (s—3))

cosh(CE)' : —680f2 (= + (=3¢ +7) s+ 3 +k) A

cosh(¢€)" : =363 — 6 (s — 3) (B1Bo ((—s* + (32 +7) s — 2 + k) 22 — £50°))

These algebraic equations will be resolved by mathematics software and then we have the subsequent solutions:

(49)

set 1)
=+ sS—sr—k 5_:|:\/ w5 Bi =051, B2=0
= 6s_o = 0= 351 1 pr=p1, P2=
(50)
set 2)
283 — 251 — 2k \/ 3s3 — 3sr — 3k
=4y = = =4/ = = 1
¢ \/ 3.1 Bo p— B2 P1=P2, P2=Pe (51)
set 3)
283 — 2s1 — 2k \/ 353 — 3sr — 3k
ST ST _— - 2
¢ \/ 3s-1 0 ss_1 P2 Pi=—bBy B=5 (52)
Case 1: Taking set 1 into consideration, and then the solutions of equation (51) can be obtained as
3s3 — 3sr — 3k s —sr—k
ST A N N
V1(z,y, 1) \/ 5.7 tan ( - E) (53)
by merging the equations (50) and (56), we get
353 — 3sr — 3k s —sr—k ,
=4t/ h _ —i(kt+ry—sx) 4
o01(z,y,1) \/ 5.7 tan < - (k’t‘i‘fﬂ‘f'y))e (54)
the second part of (51) is expressed as follows:
2
1353 —3sr — 3k s —sr—k
o S A L L (O N (O
s oy ([T ) -

Case 2: Likewise, for set 2, the solutions of (51) can be gained as

1
3s3 — 3sr — 3k . 283 — 2sr — 2k 253 — 2sr — 2k
192($, y,t) = j:\/_?)s—l sinh (\/_33—1£> <1 + cosh (\/_33—1§>> (56)

by merging equations (50) and (59), we get

-1

3 _ — 3 _ — 3 _ — .
oalw,y,t) =y |- 23Tk 353irl 3 inh ( St ® 3525r1 2 kit y)) (1 + cosh < e 3S2irl 2 (ki + o+ y))) o Ry Ten)

(57)
The second part of (51) is expressed as follows:

2 —2
13s® — 3sr — 3k 2% — 2sr — 2k 2s% — 2sr — 2k
v =+-———  — |sinh = == = 1 h b S
a(z,y,t) :I:3 35— 1 (sm < Y (kt+:r+y)>> ( + cos ( 35— 1 (kt+x+y)>>
(58)
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Case 3: Likewise for set 3, the solutions of (51) can be got as

-1
3s3 — 3sr — 3k . 283 — 2sr — 2k 253 — 2sr — 2k
Va(@,9,8) = i\/‘?,s_ls““h (\/‘38_15> (1 —cosh <\/‘3_15>> (59)

by merging equations (50) and (62), we get

—1
3 _ — 3 _ — 3 _ — .
oa(w,y,t) =y |- 23—k 383frl 3 Ginh ( S oo B 382irl 2 (kt+ 2+ y)) (1 — cosh ( e Sszirl 2kt + o+ y))) o7 k)

the second part of (51) is expressed as follows:

2
3 _ _ 3 _ _ 3 _ _
Uy (z,y, 1) = 4138 —3sr =3k (smh< _M(ktﬂﬂ))) (1_Cosh< _M(kt”ﬂ))

3 35 —1 3s—1 3s—1
(60)
OR
Assume that Eq.(51) has solutions in the conformation of
cosh

B2+ Bisinh(C¢)

By concatenating Eq. (65) in Eq. (51) and then gathering all terms with the identical powers of sinh((¢)" and equating
to zero all coefficients of sinh((£)", the subsequent set of algebraic equations are obtained in the following stage:

sinh(C€)2 : =68y ((—1s® + Lsr+5) 81> — 380° (s — 3))
sinh(C€)* : =686z (—s* + (=32 +7) s+ 5% +k) B
sinh(C6)° :+ =300 (82" (=5 + (33 +7) s = (2 + k) +6 (B1°C* — §h0”) (s — 3))

These algebraic equations will be solved by mathematics software and then we have the subsequent solutions:

set 4)
s3—sr—k 3s3 — 3sr — 3k
¢ 6a o Bo \/ Cy— fr =P, B2=0 (62)
set 5)
283 — 281 — 2k —3s3 + 3sr + 3k
Ci\/fﬂs—l’ 50\/38_152, pr =162, P2=p2 (63)
Case 4: we take set 4 into account, the solutions of (51) can be obtained as
Da(z,y,t) = i\/—Mcoth _wg (64)
nne = 3s— 1 65 — 2
by merging equations (50) and (68), we get
353 — 3sr — 3k s3 —sr—k ,
ty=+4/——— — coth 7 " (kt —i(kt+ry—sz) 65
Q4(l’,y7 ) \/ 35— 1 co ( 6s — 2 ( +x+y)>e ( )
the second part of equations (51) is expressed as follows:
2
1353 —3sr — 3k s —sr—k
v t)=-———— th —— (kt 66
ey ) = 5= (CO ( 6s—2 | +x+y>>> (66)

Case 5: Likewise, for set 5, the solutions of (51) can be gained as

-1
B —3s3 + 3sr + 3k \/ 253 — 2sr — 2k .. \/ 283 — 2sr — 2k
?95(]},:/./,75) = i\/_Ss—]_ cosh ( _33—1£> (1 + i sinh ( _33——15 (67)
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by merging equations (50) and (71), we get,
o05(z,y,t) =

-1
— 2.3 3 _ _ 3 _ _ )
i \/_ 383 + 3sr + 3k cosh ( _2s 2sr — 2k (bt +z + y)> (1 4 isinh ( _2s 2sr — 2k (kt+z+ y))) o—ilkttry—sa)

3s—1 3s—1 3s—1
(68)

the second part of equations (51) is expressed as follows:

2 —2
_3¢3 3 _ _ 3 _ _
Us(z,y,t) = :I:l—ss +3sr + 3k (cosh ( 257 —2sr =2k 2k (kt +x + y))) (1 + ¢sinh < _ 257 —2sr =2k 2k (kt+ =+ y)))

3 3s—1 3s—1 3s—1
(69)
3.2 extension rational sine-cosine method
Assume that Equation (51) has solutions in the conformation of
Bo sin(¢€
() = _fo sinlct) (70)
B2 + Bicos(CE)

By concatenating Eq. (74) into Eq. (51) and then gathering all words with the identical powers of cos((£)" and
equalling to zero all the coefficients of cos(C€)" , then we have:

cos(GE)?  —3f0 (= +rs-+8) Bi% + B (s 1)
cos(CE) 1 =68y (—=s® + (22 +71) s — 22+ k) B1Be
Con(GE)Y =3 (= + (=37 + 1) 5+ €7+ ) 2 + 6 (s ) (3°C7 — %)) o

These algebraic equations will be solved by mathematics software and then we have the subsequent solutions:

set 6)
—s3+rs+k —3s3 + 3rs + 3k
C—im, ﬁo_i\/_&s—lﬂl Br=p1, P2=0 (71)
set 7)
—283 + 257 + 2k —3s3 4+ 3sr + 3k
g:i\/—g, ﬁozi\/—ﬂz Bi=F Br=rh (72)
s—1 3s—1
set 8)
—283 4+ 251 + 2k —3s3 + 3sr + 3k
C_i\/_?)s—l’ Bo_i\/—gs_152 p1=—P2, B2=p2 (73)

Case 6: Taking part 6 into consideration, the solutions of (51) can be got as

—3s3 + 3rs + 3k —s3+rs+k
SR B G N o Y B 4
196(3371/775) \/ 35— 1 tan ( 6s — 2 5) (7 )

by merging equations (50) and (78), then we get

—35 + 3rs + 3k —s K |
o6(x,y,t) = i\/—w tan < —% (kt +x + y)) eilkt+ry—sz) (75)
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the second part of (51) is expressed as follows:

2
—38% + 3rs + 3k -3 +rs+k

Case T7: Likewise, the solutions of (51) for set 7 can be got as

—1
_ —383 +3sr + 3k . \/ —283 + 251 + 2k \/ —283 + 257 + 2k
197(m,y,t) = :l:\/igs——l sin < 33—15> <1+COS ( 7T§ (77)

by merging equations (50) and (81), then we get

o7z, y,t) =

-1
—3s3 +3sr + 3k . —253 + 251 + 2k —2s3 4+ 2s1 + 2k —i(kttry—sz)
:t\/ 3318m<\/ M(kt—l—x—i—y)) <1+cos<\/ M(kt—i—m—i—y))) e

(78)

the second part of (51) is expressed as follows:

2 2
_ —3s3+3sr+3k [ . \/ —2s3 + 251 + 2k \/ —2s3 + 2s1 + 2k
\117(:c,y,t)—:|:1/3T <sm< —T(kt—i—x—ky) 1+ cos —38—_1(k‘t+m+y)
(79)

Case 8: Likewise, the solutions of (51) for part 8 can be obtained as

-1
—3s3 + 3sr + 3k . \/ —283 + 2sr + 2k \/ —2s83 + 2sr + 2k
198(1'7y,t) = :l:\/_SS—l S < _35—15> <1 — COS < _33——16 (80)

by merging equations (50) and (84), then we get

os(x,y,t) =

-1

—35% + 3sr + 3k . \/ —25% + 251 4 2k \/ —2s% + 257 + 2k —i(kt+ry—sz)

+ — — 1— o fo Tael T aen i(kt+ry—sx
\/ - sm( - (kt+a:+y)>< cos< - (kt+z+y) e

(81)

the second part of (51) is expressed as follows:

2 -2
1 —3s3 k —253 +2 2k —253 +2 2k
ey, t) = £ L2334 3k (Sm <\/S+ST+ (kt+x+y)>> (1 s <\/S+Sr+ (kHHy)))

3 3s—1 3s —1 3s—1
(82)
OR
Assume that Eq.(51) has solutions in the conformation of
Bo cos(¢§)
V) = —F— 83
© = B+ Brsinco) =

By concatenating Eq. (87) in Eq. (51) and then gathering all terms with the identical powers of sin(¢€)" and
equating to zero all coefficients of sin((€)", the subsequent set of algebraic equations are obtained in the following
stage:

S(CEP 6 (= (55° — Jor = §) AP+ § (= 3) A7) o
sin(Ce)" = 65182 (—s° + (3¢ +7) s — 5¢° + k) fo

sin(C€)Y : 380 ((—s* + (=3¢ +71) s+ (2 + k) Ba® +6 (512C2 - %502) (s—3))-

These algebraic equations will be solved by mathematics software and then we have the subsequent solutions:

set 9)
—s3+sr+k \/ —383 4+ 3sr + 3k
::t _ ::t _ - O = :0 84
(=49 P 351 pr PL=Pp1, B2 (84)
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set 10)
—283 + 257 + 2k —3s3 4+ 3sr + 3k
C:i\/—?), 60:i\/_ﬂ2 Bl :627 ﬂQZBQ (85)
s—1 3s—1
set 11)
—283 4+ 257 + 2k —3s3 4+ 3sr + 3k
C:i\/_Ssl7 ﬁozi\/—&slﬁ2 B1=—PB2, [Bo= P (86)

Case 9: we take set 9 into consideration, the solutions of (51) can be obtained as

—3s% 4 3sr + 3k [ —sd+sr+k

by merging equations (50) and (91), then we get

—3s3+3 3k [ —s3 k ; X
QQ(CL', Y, t) = i\/_S;‘S?i“r cot ( _% (k’t + x4+ y)> e—z(kt+ry—sx) (88)
S — S —

the second part (51) is expressed as follows:

2
1—3s% + 3sr + 3k [ —s3+sr+k

Case 10: Likewise, for set 10, the solutions of (51) can be obtained as

-1
_ —3s3 + 3sr + 3k \/ —2s3 + 2s1 + 2k . \/ —253 + 251 + 2k
1910(1',1/, t) = :t\/ T COS < 35_15> <1 =+ sin < T& (90)

by merging equations (50) and (94), then we get

o10(z,y,t) =

-1

—3s3 k —253 42 2k —253 +2 2k ikt ry—sz

i\/_w \/_&(mﬁy) | +sin wﬁ(mﬂy) o-ilktry—s2)
3s—1 3s—1 3s—1

(91)

the second part of (51) is expressed as follows:

. 2 —2
1 —3s% + 3sr + 3k \/ —2¢3 + 231 + 2k ) \/ —2s3 + 281 + 2k
T =428 TOTOR ST ATk 1 e A i i
10(z,y,t) 3 31 (cos( ry— (kt+x+7v) + sin ry— (kt+x+7y)
(92)

Case 11: Likewise, for set 11, the solutions of (51) can be gained as

-1
—3s3 + 3sr + 3k \/ —283% 4 2sr + 2k ) \/ —283% 4 2sr + 2k
7911(.@, y,t) = :l:\/_?)s—l COS ( _38_1£> (1 — Sin ( _Tf (93)

by merging equations (50) and (97), then we obtain

911(m7 Y, t) =

—1
343 943 — 943 )
i\/f 3s ;;Eis:+3k cos (\/ 25 ;;2_SZ+2]€ (kt+x+y)> <1sin <\/ 2s ;;2_s:+2k (kt+:r+y)>> o i(kttry—sz)

(94)

the second part of (51) is expressed as follows:

‘1’11(%%75) =

2 2
1 —3s% + 3sr + 3k \/ —283 + 257 + 2k . \/ —283 4+ 2sr + 2k
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4 Graphical Representation

In this section, by drawing two-dimensional and three-dimensional shapes based on the appropriate values of the
parameters to some of the acquired results as well as by describing their values in their captions we finalizes the last
section. By employing the extension rational sin-cos as well as sinh-cosh techniques the wave behaviours of the Hirota
equation and Hirota-maccari system have been checked.

In this section, Figure 1 demonstrates the two-dimensional and three-dimensional surfaces of the dark wave soliton
solution of the Eq. |g1(z,t)| for the values r = 0.5, s = 0.5, and Q = 1. In Figure 2, by adopting the appropriate
values of s =1, r = 0.5 and Q = 1 the 2D and 3D surfaces of the cusp wave solution of the Eq. |o4(x,t)| has drawn.
Figure 3 illustrates two-dimensional and three-dimensional dark wave surfaces of Eq. |gg(z,t)| for the proper values of
s=1,r=0.5 and Q = 1 for the Hirota equation. The three-dimensional and two-dimensional of Figure 4 illustrates
the behaviours of cusp wave soliton solution of the Eq. |gg(z,t)| by the proper values of s =1, r = 0.5 and Q = 1.
Figure 5 demonstrates the two-dimensional and three-dimensional surfaces of the dark wave soliton solution of the
Eq. |o1(z,y,t)| for the values r = 0.5, s = 0.5, k = 0.5.

The three-dimensional and two-dimensional of Figure 6 illustrates the behaviours of the Eq. |¥;(z,y,t)| by proper
values of s = 0.5, r = 0.5, £ = 0.5 which has dark wave soliton solution. In Figure 7, by adopting the appropriate
values of r = 0.5, s = 0.5, k = 0.5 the 2D and 3D surfaces of the cusp wave solution of the Eq. |¢4(x,y,t)| has drawn.
In figure 8, by indicating the 2D and 3D surfaces of the cusp soliton solution of the Eq. |¥4(x,y,t)| by the values
of r = 0.5, s = 0.5, k = 0.5 the visualization of the Hirota-maccari equation will be completed. Figure 9 illustrates
two-dimensional and three-dimensional dark wave surfaces of Eq. |pg(x,y,t)| for the proper values of r = 0.5, s = 0.5,
k = 0.5 for the Hirota-maccari system.

Figure 10, by adopting the suitable values of r = 0.5, s = 0.5, £k = 0.5 we could draw the 2D and 3D dark wave
solution surfaces of the Eq. |¥g(z,y,t)|.
The three-dimensional and two-dimensional of Figure 11 illustrates the behaviours of cusp wave soliton solution of the
Eq. |p9(z,y,t)| by the proper values of r = 0.5, s = 0.5, k = 0.5. Figure 12 demonstrates the two-dimensional and
three-dimensional cusp wave soliton solutios surfaces of the Eq. |Ug(x,y,t)| for the values r = 0.5, s = 0.5, k = 0.5.

(a) "

Figure 1: The three-dimensional surfaces of the Equation (18) by regarding the values r = 0.5, s = 0.5, 2 = 1 in
figure. (a) and fig. (b) represents the two-dimensional surface of the Equation (18) by regarding the values of r = 0.5,
s=050=1.
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(a)

Figure 2: The three-dimensional surfaces of the Equation (27) by regarding the values r = 0.5, s = 1, Q = 1 in figure.
(a) and fig. (b) represents the two-dimensional surface of the Equation (27) by regarding the values of r = 0.5, s = 1,
Q=1

Figure 3: The three-dimensional surfaces of the Equation (35) by considering the values r = 0.5, s =1, Q = 1 in
figure. (a) and fig. (b) represents the Equation (35) by considering the values of r = 0.5, s =1, Q = 1.
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Figure 4: The three-dimensional forms of the Equation (45) by considering the values r = 0.5, s = 1, Q = 1 in figure.
(a) and fig. (b) represents the Equation (45) by regarding the values of r = 0.5, s =1, Q = 1.

DB e e e

(a)

Figure 5: The three-dimensional forms of the Equation (57) by considering the values » = 0.5, s = 0.5, k = 0.5 in
figure. (a) and fig. (b) represents the Equation (57) by regarding the values of r = 0.5, s = 0.5, k = 0.5.

0.8

Figure 6: The three-dimensional surfaces of the Equation (58) by considering the values r = 0.5, s = 0.5, k = 0.5 in
figure. (a) and fig. (b) represents the Equation (58) by regarding the values of » = 0.5, s = 0.5, kK = 0.5.
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-4 =3 2o =iF 1] 1 2 3 4
(b) )

Figure 7: The three-dimensional forms of the Equation (69) by considering the values r = 0.5, s = 0.5, k = 0.5 in
figure. (a) and fig. (b) represents the Equation (69) by regarding the values of r = 0.5, s = 0.5, k = 0.5.

2001

150

100

Figure 8: The three-dimensional surfaces of the Equation (70) by considering the values r = 0.5, s = 0.5, k = 0.5 in
figure. (a) and fig.(b) represents the Equation (70) by regarding the values of r = 0.5, s = 0.5, k = 0.5.

e Do

(a)

Figure 9: The three-dimensional forms of the Equation (79) by regarding the values » = 0.5, s = 0.5, k = 0.5 in figure.
(a) and fig. (b) represents the Equation (79) by regarding the values of r = 0.5, s = 0.5, k = 0.5.
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124

0.8

Figure 10: The three-dimensional surfaces of the Equation (80) by considering the values r = 0.5, s = 0.5, k = 0.5 in
figure. (a) and fig. (b) represents the Equation (80) by regarding the values of r = 0.5, s = 0.5, k = 0.5.

254
20

159

Figure 11: The three-dimensional surfaces of the Equation (92) by considering the values r = 0.5, s = 0.5, w = 1 in
figure. (a) and fig. (b) represents the two-dimensional surface of the Equation (92) by regarding the values of r = 0.5,
s=0.5,w=1.

200
1501
1001
50
G S 48 4B 0 1 2 3 4
(b) :

Figure 12: The three-dimensional forms of the Equation (93) by considering the values r = 0.5, s = 0.5, k = 0.5 in
figure. (a) and fig. (b) represents the two-dimensional form of the Equation (93) by considering the values of r = 0.5,
s =0.5, k=0.5.



Precise solutions to the Hirota equation and Hirota-maccari system 17

References

[1]

2]

H. Alotaibi, Traveling wave solutions to the nonlinear evolution equation using expansion method and addendum
to Kudryashov’s method, Symmetry 13 (2021), no. 11, 2126.

Z. Avazzadeh, O. Nikan, and J.A.T. Machado, Solitary wave solutions of the generalized Rosenau-KdV-RLW
equation, Mathematics 8 (2020), no. 9, 1601.

H. Chen, O. Nikan, W. Qiu, and Z. Avazzadeh, Two-grid finite difference method for 1D fourth-order Sobolev-type
equation with Burgers’ type nonlinearity, Math. Comput. Simul. 209 (2023), 248-266.

M.M. El-Borai, H.M. El-Owaidy, H.M. Ahmed, and A.H. Arnous, Soliton solutions of Hirota equation and Hirota-
Maccari system, New Trends Math. Sci. 4 (2016), no. 3, 231-238.

T. Guo, O. Nikan, W. Qiu, and D. Xu, Localized meshless approaches based on theta method and BDF2 for
nonlinear Sobolev equation arising from fluid dynamics, Commun. Nonlinear Sci. Numer. Simul. 117 (2023),
106989.

R. Hirota, Direct method of finding exact solutions of nonlinear evolution equations, Backlund Transformations,
the Inverse Scattering Method, Solitons, and Their Applications: NSF Research Workshop on Contact Transfor-
mations, Springer, 2006, pp. 40—68.

M. Li, O. Nikan, W. Qiu, and D. Xu, An efficient localized meshless collocation method for the two-dimensional
burgers-type equation arising in fluid turbulent flows, Engin. Anal. Boundary Elements 144 (2022), 44-54.

O. Nikan and Z. Avazzadeh, A locally stabilized radial basis function partition of unity technique for the sine—
Gordon system in nonlinear optics, Math. Comput.Simul. 199 (2022), 394-413.

O. Nikan, Z. Avazzadeh, and M.N. Rasoulizadeh, Soliton solutions of the nonlinear sine-Gordon model with
neumann boundary conditions arising in crystal dislocation theory, Nonlinear Dyn. 106 (2021), no. 1, 783-813.

O. Nikan, A. Golbabai, and T. Nikazad, Solitary wave solution of the nonlinear KdV-Benjamin-Bona-Mahony-
Burgers model via two meshless methods, Eur. Phys. J. Plus 134 (2019), 1-14.

L. Qiao, O. Nikan, and Z. Avazzadeh, Some efficient numerical schemes for approzimating the nonlinear two-space
dimensional extended Fisher-Kolmogorov equation, Appl. Numer. Math. 185 (2023), 466—482.

J. Rashidinia, Y. Karamipour, and O. Nikan, The meshless methods for numerical solution of the nonlinear
klein-gordon equation, 11 (2021), no. 2, 436-447.

M.N. Rasoulizadeh, M.J. Ebadi, Z. Avazzadeh, and O. Nikan, An efficient local meshless method for the equal
width equation in fluid mechanics, Engin. Anal. Boundary Elements 131 (2021), 258-268.

M.N. Rasoulizadeh, O. Nikan, and Z. Avazzadeh, The impact of LRBF-FD on the solutions of the nonlinear
reqularized long wave equation, Math. Sci. 15 (2021), no. 4, 365-376.

M. Wang, X. Li, and J. Zhang, The (G’ G)-ezxpansion method and travelling wave solutions of nonlinear evolution
equations in mathematical physics, Phys. Lett. A 372 (2008), no. 4, 417-423.



	Introduction
	General solution of the technique
	The extension rational sin-cos technique
	The extension rational sin-cos technique
	The implementation of the extension rational sinh-cosh technique 
	Extension rational sine-cosine method

	Implementation of these methods on Hirota-maccari system
	The implementation of the extension rational sinh-cosh technique 
	extension rational sine-cosine method

	Graphical Representation

