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Abstract

In this paper, we present some gradient projection algorithms for solving optimization problems with a convex-
constrained set. We derive the optimality condition when the convex set is a cone and under some mild assumptions,
we prove the convergence of these algorithms. Finally, we apply them to quadratic problems arising in training support
vector machines for the Wisconsin Diagnostic Breast Cancer (WDBC) classification problem.
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1 Introduction

In this paper, we deal with a minimization problem of the form

min J (@), (1.1)

where  is a given non empty closed convex set of R and .J is a continuous differentiable function. A necessary
optimality condition for a solution & to (1.1)) is —V.J(&) € Nq(a), where Ng(&) is the normal cone to Q at &. This
optimality condition, which becomes also sufficient if J is convex on €2, is equivalent to the following Euler condition:

(VI(@),a—a) >0,Va €Q, (1.2)
where (.,.) designates the inner product in R™ [I5] [I6]. We denote by Pq the projection operator on {2, i.e. given
a€R”,

Po(a) = i —a?
(a) = argmin la —al%

where ||.|| is the Euclidean norm. Every optimal solution to the problem (1.1)) satisfies also, for all r > 0,

a = Po(a—rVJ(a)). (1.3)
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We recall that every point a satisfying and is a stationary for problem (1.1). Many numerical methods
can be adopted to solve problems of the form such as penalization method, Uzawa algorithm or interior point
method. The choice of each numerical method depends on the nature of Q. The gradient-projection algorithm (GPA)
is a powerful method for solving problems of type . This algorithm consists of:

e Choosing o € Q.

e For k > 0, computing o**! = Pq(a* — 7, VJ(aF))

The sequence of step sizes (ry) may be chosen in different ways and most of convergence results of gradient
projection algorithm suppose that the gradient of J is L— Lipschitz. The study of this algorithm for r; = r is
constant was the subject of many works [5, 3, [I5], where it was proven, for fixed r, = r €]0, 2], algorithm (GPA)
converges to @, the unique solution to the problem for every choice of initial vector a®. More generally, if the
sequence of step size (ry) is such that:

0 < liminfrg < limsupr < 37
k—+o0 k—+oo L
and if in addition, J is such that {a € R" / J(a) < J(a®)} is bounded, then, every cluster point of () is a stationary
point of and satisfies Euler condition [I5] [I6]. Convergence of (GPA) under different choices of the step size
sequence (ry) has been discussed in [I8].

In the case of relatively simple structure of €2, the authors in [I3] studied (GPA) with line search strategy using
exact minimization and r, = arg miﬂg J(Po(a® — rV.J(a*))). They proved that every cluster point of the sequence
re

(a*), generated by (GPA) is a stationary point of the problem . In the case of a general closed convex set, another
step size rule has been proposed in [2] called generalized Armijo step-size rule to be used with (GPA). This rule is
inspired by Armijo step-size proposed in [I] for unconstrained optimization problems. We propose in this work some
new algorithms and then we apply them to Support Vector Machine classification problems.

Support Vector Machines (SVMs), or Vast Margin Separators stem from the work of [2I] are a set of supervised
learning methods which allow to solve classification or regression problems. An SVM is defined by a separating
hyperplane. In the case of a binary classification, for a set of examples, each marked as belonging to one of two classes
(1 and -1), the SVM constructs a hyperplane with optimal margin which classifies or separates the data better while
maximizing the distance between the two classes.

Consider n training set D = {(x;,y;) | z; € RY, y; € {—1,1}},, where z; is the ith example of dimension d and
y; is the corresponding class. When the data is linearly separable, the goal is to find a linear separator

f(z:) = wlx; + b, with f(z;) > 0ify; = 1 and f(z;) <0ify; = —1, Vie {1,..,n},
where w is the weight vector and b is the bias. The problem is rewritten

yi(wlz; +b) >0, Vie{l,..n}.

The separating hyperplane is defined by
flzs) =wrz; +b=0.

If the data is linearly separable, we can find two parallel hyperplanes that separate the two classes, so that the
distance between them is as large as possible. The region bounded by the two hyperplanes is called the margin, and
the optimal (maximum margin) hyperplane is the hyperplane located midway between them. Hyperplanes are defined
by the equation

wla; +b=1y; (y; = +1), Vie{l,..n}

The problem is written as an optimization problem with inequality constraints

) 1 9
min §|Iw||2

st yi(wlha; +b) > 1, Vi€ {1,..n}.

In the non-linearly separable case, we use a nonlinear transformation

$: RI_—RP
x— ¢o(x)’
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which transforms the data points into a larger space RP for p > d, in which we have separability. The resolution of
the (L.4) (primal problem) can be done directly, However, it is very difficult to solve the primal problem when d is
much larger than n. One can however, pass to the dual formulation of the problem, which is easy to solve. One
of the main tasks in training SVMs is to solve its following dual quadratic optimization problem :

minJ(a) = (Ao, @) — (e, a)

a e : (1.5)

for @ = {a € R", (y,a) =0and 0 < @;, i=1,...,n}. Where A = (a;;) is a symmetric n-square matrix defined by
ai; = iy K(zi,25), i,5 = 1,2,...,n, where K : R? x R? — R is the Kernel function, and the vector e € R" is given
1

by e = - |. The construction of the kernel can be done using an implicit function ¢ which transforms the input

1

space R? into a Hilbert space H provided with a scalar product of higher dimension. Through this dot product, the
kernel is defined by K(z,2') = (¢(x), ¢(2")), (z,2") € R? x RY,

The linear kernel corresponds to K(z,z’) = (x,2') and the Gaussian kernel, using o radial basis function (RBF)
for which K (z,2") = exp(—7||x — 2'||?), where v > 0.

An advantage of using kernels is that they are typically tractable, even when ¢ is not. If & is a solution to the
quadratic minimizing problem (1.5)), then the decision function, applied to a test vector wiest, is expressed by the
kernel K and it is of the form:

f(wtest) = Z O_ézle(xu xtest) + ba
i=0
where b =y; — ZdiK(xi,xj), for a j for which a; > 0.
i=1

Many specific algorithms were proposed to solve this quadratic problem. The Sequential Minimal Optimization (SMO)
algorithm [I4] is the most used one to solve numerically such problem. The main idea of (SMO) consists of restricting
data to have only two elements in each iteration, it does not require any optimization software in order to solve a
simple two-variable problem.

In [4] the authors combined projection algorithms with SMO to solve different forms of SVMs problem.

The rest of the paper is organized as follows: In Section [3] the set 2 is supposed to be a convex cone and two
algorithms are proposed to solve the problem (L.I)). In Section [4] €2 is extended to be a convex set where we study
convergence of the generalized projection algorithm We establish convergence of different proposed algorithms under
different assumptions of the cost function J. In order to apply the proposed algorithms on SVM problem, we give
direct methods to calculate the projection on the corresponding feasible set. Proposed algorithms are implemented and
applied on breast cancer diagnosis problem. We start first by reconsidering the descent algorithms for unconstrained
minimizing problems.

2 A review of unconstrained descent algorithm

We consider here the case of an unconstrained problem where we have = RY. We begin this paper by revising
gradient and Newton descent algorithms with exact line search

We suppose that J is continuously differentiable and we recall that a direction d is said to be a descent to J at the
point « if it satisfies (VJ(a),d) < 0.

Lemma 2.1. If J is convex, then, for all & € R? and for every descent direction d of J on « satistying (V.J(a),d) < 0,
we have

in.J d) = in J d).
arg min (o +rd) argrnelﬂlg}r (v +rd)
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Proof . Let 7 € arg ggﬂrg J(a + rd). Then J(a + 7d) < J(«). Using convexity characterization It follows that
7(VJ(a,d)) <0 and then 7 > 0, since we have (VJ(«),d) < 0. O

Let consider the general descent with exact line search algorithm.

Algorithm (DA)

e Choose o’

e For k£ >0,

- Choose a descent direction d* of J at o

- Compute i € arg miﬂr{} J(a® +rd").
re
- Compute ot = o + rpd*,

- k:=k+1; go to step 2.

Results of the above lemma and the next proposition, which are valid for constrained or unconstrained optimization
problems, will be useful for most proposed algorithms in this paper .

Proposition 2.2. Let J be a convex function of class C' admitting at least a minimum. We suppose that, for a same
subsequence n(k), (o*) and (d*) generated by algorithm (DG), converge respectively to & and d. Then, (V.J(a),d) =0

Proof . Since J is convex and continually differentiable, then, ¢ : 7 € R; > J(a® + rd¥) is convex and of class 1 on
R and from lemma , 7% > 0. Moreover, ¢’ (1) = (VJ(a + r.d¥),d*) = 0. If for a subsequence (Tn(k)) converges
to 0, from the last optimality condition and continuity of VJ, and passing to the limit for this subsequence, we get
easily (VJ(a),d) = 0. Otherwise, there exists 7 > 0 such that Tn(k) > T-

We have, by construction, the sequence .J(a*) is decreasing and it is lower bounded, it is then convergent. For all
0 < r < 7, using real value theorem, there exists 0 < 7y < r such that

J(akth) J(aF 4 ripd®)
ak 4+ rdk)

(
(
(a®) + (VI (aF + 7rdk), d¥)
(
(

A

aF) 4! (1) < J(aF) + 4/ (ri)

J
J
J
J(a¥)

«

It follows:
J(@Mh — J(ak) < J(* +rd¥) — J(F) <0.

Passing to the limit when n(k) converges to +0o, we obtain

J(@a+rd)— J(@) =0.

Since last equality is true for all » > 0, dividing by r and passing to the limit when r tends to 0T we obtain

(VJ(a),d)=0.0

In particular, for the standard gradient descent algorithm with exact line search (DA), the descent direction is
d* = —VJ(a*). If J is convex and if the sequence (a¥) generated by this algorithm is bounded, then for all & a limit
of a subsequence of (a¥), @ satisfies necessary and sufficient optimality condition for convex minimization problem,
Vf(a) = 0, since we have |VJ(a)||? = 0. Therefore, from convexity assumption, & € arg min,egra J(a). We retrieve
convergence result of gradient descent algorithm with line search line for convex problem.

Also note that if J is twice continuously differentiable, in newton method, we choose the descent direction d* =
~V2J(a*)VJ(a*), where we denote by V2J(a) the Hessian of J at a. In the case of the constant step size rj, = 1,
under some assumptions of J, we have local convergence of Newton method to a minimum of J on R%.

If J is convex and if a cluster point @ of the sequence (o), generated by Newton method with exact line search
Tk, is such that V2J(a) is a definite symmetric matrix, we have then @ is a minimum of J on R

Indeed, Newton method with exact line search rj is algorithm (DA) with d* = —V2J(a*)VJ(a*). Since J
is convex and twice continuously differentiable, and for a subseqeunce (a*) converging to @, then (d*) converges to
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—V2J(a)VJ(a) and from proposition (2.2)), we have (VJ(a), V2J(a)VJ(@)) = 0 and therefore V.J (@) = 0. Convexity

of J implies that & is a minimum of J.

Global convergence of Newton method with exact line search is guaranteed if for example J is strongly convex on
R? because:

- J is coercive and strictly convex, it has a unique minimum &

- The sequence (J(a)) is decreasing by construction and lower bounded by J(@&), as it will be clarified later, () is
then bounded.

Since, J is strongly convex, then V2.J(a) is definite positive for all a € R?

- (a®) converges to & the unique minimum of .J, due to the fact that (a*) is bounded, and every convergent subsequence
of (a¥) converges to the unique minimum of J which is a.

3 Optimization problem on a convex cone

We suppose in this section that @ C R™ is a non empty closed convex cone.

3.1 Optimality condition and projection algorithms

If the feasible set is a closed and convex cone, Euler Inequality optimality condition for problem (1.1)) is equivalent
to the following optimality condition :

Proposition 3.1. We suppose that J is a differentiable function.

i) If @ € Q is a solution to the problem (1.1)), then

(VJ(a),a) =0 and Po(—VJ(a))=0. (3.1)
ii) If in addition J is convex, then & € Q is a solution to the problem (1.1) if and only if conditions in (3.1) are
satisfied.
Proof .

i) Let @ be an optimal solution to the problem . Then & satisfies the Euler condition:
(VJ(a),a—a) >0, Vaecq.
Since €2 is a cone, a = ra € (), for all @ € Q) and for all r > 0. We have then,
(r—1)(VJ(a),a) >0, Vr>0.

Choosing first > 1 and then 0 < r < 1, we deduce easily that (VJ(&),a) = 0.

The second property is satisfied since we have
(00— (-VJ(@)),0—a)=—(VJ(@),a—a) <0, Yaec.
From projection operator characterization we deduce that 0 = Po(—VJ(&)).
ii) If J is further convex on the convex set {2, and if & satisfies , then
(VJ(a),a—a)=—-(0-VJ(@),0—a) >0, Vael
Therefore, & is a solution to the problem .

O

The next lemma proves that Po(—VJ(a)) is a descent direction of J at «, for every point « € Q.



202 Radhia, Soumare

Lemma 3.2. For all o € R", we have:
i)
(Pa(a) —a, Po(a)) =0
ii)
(Pa(=VJ(@)),VJ(a)) = =[|[Pa(=VJ(a))]* < 0.
Proof . Let a € R".

i) The projection Po(a) of a € R? on ) satisfies
(PQ(Q)—Q,PQ(OK)—B)SO, \V/ﬂEQ
In particular by choosing 8 = rPq(a) € Q, for first r > 1, then for 0 < r < 1, the result follows.

ii) In particular, we have
(Po(—VJ () + VJ(a), Pa(—VJ(a)) —0) = 0.

Therefore,
(Po(=VJ(a)),VJ(a))) = [ Pa(=VJ(a))|?* < 0.

O

Remark 3.3. From property (3.2) we can deduce that projection on the closed convex cone Py, satisfies :
(Po(a) —a, 8) 20, V3 €9,

And hence
Po(ra) = rPo(a),, Ya € RY, and ¥V r > 0.

We now present an optimal descent projection algorithm where the descent direction is the projection of the
opposite of the gradient on the feasible set Q. Since Po(—V(«)) is a descent direction of J on «, we have first the

idea to consider the following algorithm:
Algorithm (0)
e Choose a € Q.
e For k>0,
- Compute g¥ = VJ(aF), d¥ = Po(—g*) and ry, € argrrneiﬂg J(a® 4+ rd").
- Compute ot = o + rpd*,

k =k + 1; go to step 2.

Remark 3.4. From lemma (2.1)), it follows that 7, > 0 and consequently, ag 1 = oy + rp Po(—=VJ(a¥)) € Q when f

is convex differentiable function.

Proposition 3.5. We suppose that J is C' and convex on . Then, any cluster point @ of the sequence (a*)

generated by the last algorithm satisfies Po(—VJ(&)) = 0.

Proof . Let & a cluster point of (o). Then @& is a limit of a subsequence of (o). If for this subsequence, d* =
Po(—V.J(a*)) = 0, then the sequence (a*) becomes stationary and equals to @ satisfying obviously Po(—VJ(a@)) =

0. Otherwise, d* is a descent direction of J at a*

(Pa(—=VJ(a*)) converges to (Po(—VJ(a).

. Using continuity of the two operators VJ and P, we have,

Since 1 = arg miﬂral J(a*4rd"), and thanks to proposition (2.2)) and lemma (3.2)), we have (Po(-V.J(a)), VJ(@)) =
re

—[|[Po(=VJ(&)||? = 0. Therefore, Po(—V.J(&)) = 0 as was to be proved.
U
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Remark 3.6. We have proved that @ the cluster point of (o) satisfies only one of the two optimality conditions:
Po(—VJ(&)) = 0 and not necessary (@, V(J(a)) = 0. As we have seen in proposition (3.1f), this in general is not
sufficient for @ to be a minimum of J as shown in the following example.

Example 3.7. Consider the following minimization problem

min J(a)

where J : R? = Ry 3(af + a3) — a1 + a2 and the convex cone
Q={a=(o,a3) €R?, a; >0and ay > 0}.

It is clear that that (1,0) is the unique minimum of J on Q. For a® = (1.5,0)”, we have ¢° = VJ(a°) = (3,1)”
«

and d° = Po(—g¢°) = (0,0). Then the sequence generated by the last algorithm gives a stationary sequence o = o
which is not the minimum of J.

To ensure the second part of optimality condition, and in order to improve the last algorithm, since €2 is a cone, at
iteration k, knowing o*, we slightly modify the last algorithm by minimizing the cost function .J from 0 in the direction
o to obtain 4*. Then we compute the optimal step size 73 corresponding to the direction d* = Po(—V.J(8%)). We
obtain the following steepest descent algorithm :

Algorithm (1)
e Choose a € Q, such that J(ag) < J(0)
e For k > 0,

- Compute t;, = arg min J(ta*), g% = tpaF.
teR,

- Compute g¥ = VJ(B*), d* = Po(—g")) and r; = arg miﬂrg J(BE + rd").
re
- Compute a**! = ¥ 4 rpd*,

k =k + 1; go to step 2.

Proposition 3.8. We suppose that J is C!, p- convex and that the operator g = V.J is L-Lipschitz continuous.
Then, the sequence (a*) generated by the algorithm (1), converges to @, the unique solution to problem (I.1)).

Proof . Since J is strongly convex, it is then coercive and strictly convex, it admits then a unique minimum & on 2.
We have,
J(M) < J(BY) < J(ah) < J(B*TY), Yk eN.

The decreasing real sequences (J(a*)) and (J(3*)) are lower bounded by J(a@), they are then convergent. Last

inequalities prove that
lim J(a®) = lim J(B%).

k— o0 k—+oo

On the other hand, from p-convexity assumption and using Cauchy-Schawrtz inequality, we deduce, Va € §)
p p
(@) 2 J(0) + (VJ(0), @) + S llall* = J(0) = VIO lle| + Z fleol|*.

J is then coercive. Since J is coercive and the decreasing sequence satisfies J(8%) < J(@), the sequence (8%) is
bounded. For a sub-sequence if necessary, it is then convergent to .

Clearly, 3 € Q. The function J is convex and 7, = arg miﬂr{} J(B* + rd"), using lemma (2.1)), it follows that 5 > 0.
re
oftt = gF 4 ppdf and lim J(oFY) = lim J(BF), we check easily like in proposition (2.2) that j is such that:
k——+oco k—+oco

Pqo(—V.J(B)) = 0. First part of optimality condition is well satisfied.
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On the other hand, for all k, using - convexity of J we get

1—t)?

Tk = I8 = (1 )(VI(8),0b) + LI e

By construction, we have : t; = arg Itn>1(1)1 #(t), for ¢(t) = J(ta*). Applying optimality condition, ¢’ (t;)(t —tx) >0
for t =1 > 0, we deduce that (VJ(5%), 047“)(1 —tx) > 0. Moreover, we have proved that i lirf J(a®) = J(B%) =0, it
— 400

follows that
lim (1 —t#)%|la"|? = 0.

Obviously, either (1 — )2 converges to 0, or (a¥) converges to null vector.

If the last one is satisfied, continuity of VJ yields Po(—VJ(0)) = 0. In this case 0 is the solution to problem
(L.1), since it satisfies the two necessary optimality conditions Po(—VJ(0)) = 0 and (V.J(0),0) = 0. Otherwise, (t;)
converges to 1 and (af) = (%) converges to 3. Since we have (VJ(8%),a”) = 0, passing to the limit to deduce that
(VJ(B),8) =0 and the necessary optimality condition is satisfied. Uniqueness of optimal solution of problem
(PG) implies that 8 = @. Convergence of the sequence («”) to the unique solution to the minimizing problem is

then proved. O

We initialize the algorithm by choosing a® such that J(a®) < J(0) in order to grantee that a* # 0, since we have
J(a*) < J(0), for all iteration k. This is due to the fact that ¢, can not be defined if a¥ = 0. We can choose o
arbitrary in €. In such case, we just take ¢, = 1 and g* = o = 0 if o* = 0.

If we take back example (3.7) and we apply algorithm (1) for the same initialisation o’ = (1.5,0)7, we obtain
BY = (1,0) which is the optimal solution of problem. Solution is obtained here with just one iteration.

We can accelerate convergence of sequences (a*) and (%) in algorithm (1) by combining algorithm (1) and classical
gradient projection algorithm (GPA) to obtain the following algorithm (2).

Algorithm (2)
e Choose a € Q, such that J(ap) < J(0)
e For k>0,

- Compute t;, = arg min J(ta*), g% = tpa*.
teR,

- Compute g¥ = VJ(8*), d* = Po(—g")) and r; = arg mﬁl{l J(B* + rd").
relR4

k k : k k k k

) 1 _ B +rid it J(BY +rpd) < J(Po(B" + red”))
Compute a™" = { Po(B* + rpd*) otherwise

k =k + 1; go to step 2.

Under the same assumptions of algorithm (1) we have exactly the same steps to prove convergence of algorithm
(2) to the unique solution of problem (I.1)). In order to prove that Po(—VJ(@)) = 0, we use in algorithm (2) this
inequality J(a**1) < J(B* + rpd"®) which was an equality in proposition ([3.8]).

3.2 General applications

Projection on the closed convex constrained set should be easy to implement in order to be able to apply algorithms
(1) or (2). Let consider the minimizing problem of the form:

in J 3.4
Juin, Jo() (3.4)
with C. € R™ x R" is a rectangular matrix of size (m,n) and b € R™. With the change of variable @« = a — ay, for a
feasible point a ¢, the problem takes the form:

Juin J(a), (3.5)
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where J(a) = Jo(a — ay).

The projection on the feasible convex set = ker(C.) is not difficult to compute and we have: Pqo(a) = a + CT\,

for all vector A solution to the system CZC.\ = —C,a. In particular, if C., € R" is a line vector, then
C..a
PQ a)=a— T.
@)= qop

For inequality constraints of the form Cra > 0, projection becomes less obvious. As examples of problem (3.4]) we
can find problems related to active set or to interior point methods [6]. In particular, for quadratic problem:

min J(a) = 3(Aa, @) — (e, q)
Cea=0 (3.6)
Dia>c

at each iteration k, we have to solve the constrained problem

min J(3) = 3(AB, ) — (e, B)
Cef=0 ) (3.7)
(di, B) = ¢, fori € Ayg

where Ay, = {i / (D18); = (d;, B) = ¢;} is the index set of active inequality constraints. In the case where the matrix
Dy = —I and the inequality constraint is a > 0, interior point methods consists to solve

min %(AB,B) — (e, B) — log(3;)
M; SCON (3.8)

Cef=0b

We can also apply algorithms (1) and (2) to solve quadratic sub problems in Sequential Quadratic Programming
(SQP) method.

3.3 Application to hard-margin SVM problem

Here, we are interested to the quadratic programming problem arising in training hard-margin Support Vectors

Machines (4.4]) :

min J(«)

e (3.9)

where J(a) = $(Aa, @) — (e, a) and
Q:{aERi/(y,a):O, a; >0, Vizl,...,n}.

It is clear that 2 is non empty closed convex cone. We propose first a direct algorithm to calculate the projection
on the feasible set €.

3.3.1 Projection algorithm on 2

Computing Pq(a), the projection of a on the closed convex set 2, for a given vector a € R™, is based on optimality
conditions of the operator Pq.

Let a = Po(a) = arg mig |z — al|*. From Karush- Kunh and Tuker condition, there exist A € R, 4 € R% such that:
(¢S

a—a+AXy—pu=0 i=1,...,n

uidi:(), i:l,...,n
i >0, i=1,...n (3.10)
(y,a)=0

In order to calculate @ = Pqu(a), we have to establish first some of its properties. We denote the set indices of
inactive inequality constraints and its length by :

I. ={ie[l,..,n] /a; > 0.} and np = |I4|.
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Lemma 3.9. If a = Py(a) and ) its Lagrange multiplier associated to the equality constraint, then we have :

i)

a; > Ay iffa; >0, vV1<i<n
ii)
a; < ajiffa; <a;,vi,j [ yiyj =1
iii)
1
A= — Z a;yi.
npi€I+

Proof .

i) For ¢ € [1,...,n] such that a; > 0, due to condition (3.10) , we get u; = 0 and @; = a; — Ay; > 0 which yields
a; > Ay;. Inversely, if a; > Ay;, then a; = a; — A\y; + p; > py. If p; > 0, necessarily a; > 0 which is impossible
since a;u; = 0. It follows that p; = 0 and a@; = a; — Ay; > 0. The first property is proved.

ii) The condition y;3; = 1 means that y; = y; = 1 or y; = y; = —1. In both cases, let a; < a;. If @; > 0, then
a; > A\y; = Ay;. Therefore, a; > Ay; and a; > 0. Then

ai:ai—)\yi:ai—)\yj Saj—)\yj:@j.
If a; = 0, clearly a; > 0 = a;.
iii) Since we have, Vi, a; = a; — Ay; + p, it is enough to multiply by a; and next to sum to get easily the expression

of \.

O
According to the previous lemma, we can deduce that it is sufficient to compute A to determine @ = Pq(a) The

algorithm (3) is a direct method to compute a : Without loss of generality we can suppose that

max{a;; y; = 1} > max{as; y; = —1}.

Otherwise we change y by its opposite.

Algorithm (3)
e Fix a;, = max{a,;; y; =1} and aj, = max{a;; y; = —1}.
e Determine

Ip ={i/a;>—a; andy; =1}, ny = |I]
I_={j/aj, >a;andy; = -1}, n_=|[I|

e Compute

Z a;yi + Z a;Yi

i€l iel_
ng =n4 +n_and A =

Ns

if min a; <\, take k1 = n,, a;, = mina;
i€l i<ng =7 +5 Wi il 7

while k; > 0 and @iy, < A, take

nsA—ai,
=—— " ki=k —landns=ns—1
else:
ke =n_, aj,, = Jnel}r_l a;
while £k > 0 and a;,, < A, take
A= s =ns— 1, ks = ks — 1.

ns—1
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e Compute a :
for i=1,... kq,
dik = A5, — A
for j=1,.. ko,
aj, = aj, + A

Knowing how to compute projection on the constrained set €2, we can use algorithms (1) or (2) to solve the

quadratic problem (4.4)).

3.3.2 Experiment results

Practically, to train the SVM problem we test algorithm (1) and (2) for linear kernel, then we chose radial basis
function (RBF) for proposed method in our experiments where the kernel:

K(z,2") = exp(—7[z — 2||*).

The dataset used here was taken from the website of Wisconsin Prognostic Breast Cancer (WPBC) which was used
in several publications in the medical literature. SVM algorithms have been applied many times on (WPBC) datasets
[20, 19, [7, 12 22 B]. Data consists of 569 observations with 357 negative (benign) and 212 positive (malignant)
observations. Each observation has 30 attributes. The data is split into a training set (80%) and testing set (20%)
and it is invariant for different kernel.

Python programming language is used to code and apply different algorithms in this paper. Our objective is
to compare different algorithms with K.K.T method which is in particular used and implemented in the function
‘solvers.qp’ of the open source software package CVXOPT of python environment for solving convex optimization
problems.

For linear kernel, we tested the two algorithms comparing their results with one of numerical solution obtained with
python. Using the python function ’solvers.qp’ for minimizing quadratic problems, objective function value obtained
is not decreasing and it reaches —1249457.382 after number of iterations N.I = 20, —1249440.5701 for N.I = 100
and —1249411.396 after 500 iterations. But obtained solutions do not satisfy the fist part of optimality condition
cited in for different tested iterations. For example, if we denote by (8 the obtained numerical solution, we get
(8,VJ(B)) = —47 for N.I = 100 and 72.09 for N.I = 2.10*. For both cases, cost value function ~ —1249.103.

This can be explained by the fact that the hard SVM problem does not have an optimal solution and the data are
not linearly separable or by the fact that the matrix A of our data is ill-conditioned and it satisfies Ajin(A) << 1 <<
Amaz (A), where Apin(A) and A,q.(A) are respectively the smallest and largest eigenvalues of A. More precisely, for
this example, calculated with python, cond(A) = 3.84.20 x 10%°.

However, we obtain good accuracies for training and testing sets. For example, for number iterations equal to 20
or 500, we obtain same results with training accuracy equals to 1 and testing accuracy is 0.9298.

Applying algorithms (1) and (2), experiment results give a decreasing sequence (J(a*)) whose speed of variation
depends on the initialisation of the corresponding algorithm.

Table (1)) and figure (1] illustrate these results. In table (I} we present 'qp.solver’ optimal value using the K.K.T
method, numerical optimal value by algorithm (1) or (2), number of iterations and maximum accuracy for training
(train acc) and testing set (test acc) registered for different iterations. In figures and we plot accuracy variation
and loss function with respect to the number of iterations for respectively algorithm (1) and (2). In the case of a
number of iterations larger then 100, we present accuracy and cost value function after each 10 iterations.

Initial value | Numerical optimal value | Iterations ’s’ number | train accuracy | test accuracy
qp.solver’ -2.499128 -1249457.382865 100 1 0.93
—2.1076 -1249457.382865 100 1 0.93
Alg (1) -2.499128 -1246189.161718 100 0.94 0.96
—2.1076 -4.118085 1000 0.94 0.95
Alg (2) -2.499128 -1246662.90 100 0.93 0.96
—2.1076 -4.538499 2000 0.92 0.965

Table 1: Results of linear kernel
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Figure 2: Algorithm (2): Cost function and accuracy for linear kernel

With RBF kernel, and for the same split of data set we apply algorithms (1) and (2) to measure the accuracy
of the classification for different values of the parameter v € {0.1,0.01,0.0001}. For v # 0.0001, we obtained 100%
classification accuracy for training set. Accuracy for testing set depends on ~ as follows table and figures (3) to
(6). Iteration number depends on matrix condition number of the matrix A.

0% Initial value | Numerical optimal value | iterations ’s’ number | train accuracy | test accuracy

, , 0.1 -26354.728 15 1 0.956
ap-solver’|l - -870282.990 20 1 0.947
0.0001 -476414440.850 26 1 0.91

Alg (1) 0.1 -0.5297 -23894.962 12 1 0.956
0.01 -17.628 -517786.968 40 0.997 0.964

0.0001 -117.1588 -6735414.960 40 0.971 0.947

Alg (2) 0.1 -0.5297 -26352.0235 12 1 0.973
0.01 -17.628 -860188.953 20 0.996 0.964

0.0001 -117.1588 -11245752.089 40 0.985 0.96

Table 2: Results for v € {0.1,0.01,0.0001}
0.1 0.01 0.005 0.0001
Cond(A) || 1933719617 | 1137659878224 | 7320547409175 | 2.90866490774744110""

Table 3: Condition number of A

The two algorithms gave a good classification for both testing and training set where the accuracy is better for
~ = 0.01. Notice also that algorithm (2) is faster than algorithm (1).
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4 Optimization problem on a convex set

We suppose here that €2 is only a closed convex set, not necessary a cone.
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4.1 Generalized projection algorithm

In what we call generalized gradient projection method, the descent direction is d¥ = §* — o, for §* = Pq(a* —
VJ(a%)). Let’s first check that for all a € Q, d = Po(a — V.J(a)) — « is a descent direction.

Lemma 4.1. For all « € R", we have

(Po(a—VJ(Q)) —a,VJ(a)) < —||Pola — VJ(a)) — al? (4.1)

Proof . Let a € Q and let d = Po(a — VJ(a)) — a. From projection operator ’s’ characterization, and since « € €,
we get
(Po(a—VJ(a)) — (o = VJ(a)), Pola — VJ(a)) —a) = (d+ VJ(a),d) <0.

Then, if d # 0,
(VJ(a),d) < —(d,d) = —||d||* < 0.

O
We propose the following gradient projection algorithm of type minimization rule :
Algorithm (4)

e Choose o € Q.

e for k>0,

e Compute §* = Py(af — VJ(aF)) and d* = §% — ok,
e search for ry solution of n%in] J(a* +rd"),

rel0,1
e Compute a1 = o 4 rd*

We study convergence of this algorithm for a function J with Lipschitz gradient. If for an iteration k& we have
d* = 0, then the sequence (a*) becomes stationary and converges to @ a stationary point of problem (PG). Otherwise:

Proposition 4.2. 'We suppose that J is C!, lower bounded on €2 and with gradient g = VJ is L-Lipschitz. we
suppose that d* # 0 for all k. Then,

i) if L<1,r,=1forallkeN.

ii) If 1 < L, then ry > 1

iii) Every cluster point @ of the sequence (a*) is a stationary point of problem (PG).

Proof . By construction, 0 < rp < 1. If ry < 1, since rp = arg rr%in] J(ak + rdk), then
rel0,1

(VI (0¥ +rgh), (r —ri)d*) > 0, V7 € [0,1].

In particular, for » = 1, we get
(VJ (e 4 rpd®),d") > 0. (4.2)

On the other hand, from property (4.1) we have :
[d*][* < =(VI(a®),d*) < (VI(a* +rd®) = (VI (F),d*) <L) d"||*. (4.3)
Since d* # 0, simplifying by ||d*|| # 0, we deduce that 1 < r4L.

i) If L <1, then necessary rp = 1. Otherwise, 1 < rpL < ri. Contradiction, since we have 0 < r, < 1. .

ii) In the case where 1 < L, if 0 < r; < 1, we have already % <rg. Ifry, =1, obviously rp, =1 > %
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iii) If L < 1, we retrieve the classical gradient algorithm with fixed step size ry = 1 < % and convergence is then
satisfied. If 1 > L, then we prove that (d¥) converges to 0.

Since L > 1, choosing r = ﬁ < 1, and from real value theorem and inequality (4.2)), there exists 0 < rp < r = %,

such that :
J(@k ) < J(aF +rd¥) = J(F) +r(VJI(aF + 7rdb), d¥)
= J(a®) +r(VJ(aF),d*) + (VI (B 4 rd*) — VJ(aF),d*)
< J(a*) = r||d*||* + r2L||d"||? '
< J(a*) = Fr[ldF]2.

The function .J is lower bounded, then, the sequence (.J(a*)) which is decreasing by construction and lower
bounded is convergent. It follows that

0< ﬁHdkH2 < J(F) - J(* ) =0
k— 400’

Finally, if @ a limit of a subsequence of (a*), then & € €2 since, ) is a closed set. Passing to the limit and using
continuity of V.J and of the operator Py we obtain @ = Po(a — VJ(@)) and & is then a stationary point of
problem (PG).

O

Remark 4.3. If further .J is convex on , then, every cluster point of (o) is a minimum of .J. If moreover J is
strongly convex, then the sequence (a*) converges to the unique minimum & of J.

4.2 Soft SVM problem

For soft margin SVM problem, the cost function J(a) = %(Aa, @) — (e,a) is exactly the same for hard SVM
problem. The constrained set §2 is slightly modified:

Q={aeR" (e,a)=d, 0<; <C,Vi=1,...,n},
where C' > 0 is fixed non negative real. The corresponding dual quadratic problem is:

min J(«)
a e

We propose first the projection algorithm over the convex of feasible solutions set €.

4.2.1 Projection on 2
For a given a € R", if we denote a = Pq(a), and
Iy = {i such that a; = 0}, I, = {i such that a; = C} and ¢ = |I|,
I, = {isuch that 0 < a; < C}and p = |I;;|.

Writing Karush- Kunh-Tuker optimality condition for this convex problem, we can prove the following lemma.

Lemma 4.4. There exists a unique A € R such that

1.
A= and{ A<a;<CH+X iff 0<a; <C (4.5)
p C+rx<aq iff @=C

2. If a; < a;, then a; < a;-
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Proof . Since the cost function is differentiable, and the minimized problem is with linear equality and inequality
constraints, Karush- Kunh-Tuker condition is satisfied and it can be written as:

zn:&i =d
=1

&i—ai—i—_/\—ui—&—vizo 1=1,...n,
ui&i:O, ’Ui(O—(_li) =0 1= 1, , N,
UZZO, v; >0 t=1..,n

1. If i € I,,,, then 0 < a; < C and therefore u; = v; =0 and a; = a; — .
Z a; —d+qC

i€Lin

n

By summing these equalities for ¢ € I;;,, and using the fact that Z a; = d, we deduce that A\ =

i=1

P
In this case A < a; < C + .
If 7 € Iy, then 6; =0 and a; — A = u; > 0.
Ifiel., theny;, =0and —C+a; — A=v; >0 and follows.

2. Let a; < aj, if i € Ip, then a; =0 < a;. If i ¢ Iy, then A < a; < aj. a; —a; = a;, — a; if i,j € I;;, and therefore
a; < aj. But if j € I, a; = C and a; < aj.

O

It is sufficient to compute A in order to determine a. The next algorithm allows to determine A. For this end, to
simplify, we begin by ordering components of a as follows a;;, < a;, < ... <a;, , < a;,.

Algorithm(5)
> a-d
1. Compute \g = %; k:=1,pp=1,qg=N. Ng=N
2. For k>0,

.1f>\k <aij <)\k+07 ka S]qua stop,

e else, compute
N)\k—az-p’c _N)\k—(C’—aiqk)
N,—1 M7 N_1 '
if a;,, < By + C, take A1 = By and N1 = Ny — 1,
else : if @i, > M1, take A\g+1 = nr and Ngq1 = N — 1.
NeAp — ai,, + C—a;
N —2

Br =

Otherwise, take \gy1 = % and N1 = Np — 2

Remark 4.5. It is obvious that this direct method stops at most in ks < n iterations. In the case where ks < n,
then, at the iteration ks, the multiplier A = A, with I;;, = {i;/pr, < j < qx.} and the projection a of a on Q is given
by
0 if J < Pk.,
a;; = ai; — A it pr, <j<q,,
C if 7> qr,

Otherwise for k =n —1, ap, , < A\g—1 or ap, , > C + \g_1, necessary in this case I;,, = () and % =qge{l,..,n}
Clearly

a — 0 if j<n-—p,
) C it ji>q

4.2.2 Experimental results

We consider the same data set of breast cancer problem where the data is split into a training set (80%) and testing
set (20%). With linear kernel we have the same ill -conditioned matrix A. On the contrary of the case of hard SVM,
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numerical solution obtained using the function ’solvers.qp’ of python is the same after a few number of iterations (12
for C =1, 13 for C' =10 and 18 for C' = 18).

We tested algorithm (4) for different values of C' € {1,10,200}.. The initial vector a° is taken equal to null vector.
For C' = 100, we present accuracy and cost value function after each 5 iterations.

Classification results are provided in table and in figures below.

C Numerical optimal value | iterations ’s’ number | train accuracy | test accuracy
qp.solver’ 1 -57.219 12 0.417 0.447
10 -311.543 13 0.5 0.526
100 -2062.733 18 0.575 0.587
1 -57.219 20 0.909 0.929
Alg (4) 10 -311.543 100 0.91 0.93
100 -2052.307 500 0.909 0.92

Table 4: Results of linear kernel for C' € {1,10,100}
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We can remark from experimental results that for considered values of C, algorithm (4) reaches the optimal solution
in less then 18 iterations for C' = 1. However, it is very slow for C' = 10 and C' = 100. But classification is not perfect
for testing and training sets for the number of iterations assuring convergence of the algorithm. A technique of early
stopping may be necessary here to choose the o which can perform the test classification.

Conclusion

In this work, three descent projection optimization algorithms are proposed to solve a constrained minimization
problem on a convex set. These algorithms were applied for classification of breast cancer using SVM method. Both
linear and RBF kernel yield very promising results, in term of performance algorithm (2) for hard SVM is better and
converge faster than algorithm (1). We tested algorithm (4) only for linear kernel. Despite that classification is better
for algorithm (1) and (2), convergence is fater for algorithm (4).
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