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Abstract

In this paper, we define R-norm entropy and conditional R-norm entropy of partitions of algebraic structures, and we
establish some of their basic properties. We show that the Shannon entropy and the conditional Shannon entropy of
partitions can be derived from the R-norm entropy and the conditional R-norm entropy of partitions, respectively, by
letting R tend to 1. Finally, using the notion of entropy for partitions, we define the R-norm entropy of a dynamical
system. We prove that the R-norm entropies of isomorphic dynamical systems are equal.
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1 Introduction

The notion of entropy plays an important role in uncertain dynamical systems. It has been applied to information
theory, physics, computer science, biology, statistics and many other fields. The classical approach in information
theory is based on Shannon’s entropy [25]. Shannon’s entropy has been studied on different structures. We refer the
reader to Ebrahimi and Mosapour [2], Eslami Giski and Ebrahimi [9], Khare [I3], Markchova [I8], and Ellerman [7].
Extensions of Shannon’s original work have resulted in many alternative measures of entropy. To be used in the study
of natural phenomena, some extensions of Shannon’s entropy were developed. As an instance of such extensions, we
can mention the Renyi entropy.

There are other notions of entropy, including logical entropy and R-norm entropy, that include more details of
the aforementioned phenomena. Logical entropy has been studied on various algebraic structures, including fuzzy
sigma-algebras [4] [13], quantum systems [5] 6], fuzzy dynamical systems [20], D-posets [22], effect algebras [8, 9], and
MV-algebras [16]. The definition of R-norm entropy with Minkowski’s inequality was presented in 1980 [I]. R-norm
entropy has been discussed on fuzzy information [10], information measures [I4], information measures of type a, fuzzy
probability spaces [I7], and generalized measures [I1]. In this article, we introduce and study the notion of R-norm
entropy.
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In this article, we introduce and study the notion of R-norm entropy. If p = {p1,p2,...,pn} is a probability
distribution and R is a positive real number other than 1, then the R-norm entropy is defined by

R R 1
Hg(p) = ﬁ(l — [Ziipi 7).

This entropy has found applications in coding theory, statistics and pattern recognition. In this paper, we prove
some results similar to those of Markechova, Mosapour and Ebrahimzadeh obtained in [I7] for the case of R-norm
entropy on an appropriate algebraic structure. We define this entropy on algebraic structures and find its basic
properties.

The paper is organized as follows. In the next section, we recall the required preliminaries and discuss some of
the related work. Our main results are obtained in the next two sections. In fact, in Section 3 we define R-norm
entropy and conditional R-norm entropy of finite partitions of an algebraic structure, and we present some of their
basic properties. In Section 4, we use the proposed concept of R-norm entropy of finite partitions to define the notion
of R-norm entropy for dynamical systems. The last section contains a brief conclusion outlining our achievements.

2 Preliminaries and related work

We begin with the definitions of basic terms and recalling some of the known results that will be used in this
article.

Definition 2.1. A quadruple (F,®,®, 1r) is said to be an algebraic structure if F' is a non-empty partially ordered
set, @ is a partial binary operation on F', ® is a binary operation on F', 1z is a fixed element of F', and there exist
mappings m : F — [0,1] and S : F — F for which the following conditions are satisfied.

(F'1) The operations @ and ® are m-commutative, that is, m(f ® g) = m(g ® f) for any f,g € F, and if f @ g exists,
then g @ f exists, too, and m(f ® g) = m(g ® f).

(F2) The operations @ and ® are m-associative, that is, m(f ® (9 ® h)) = m((f ® g) ® h) for any f,g,h € F, and if
(f ®g) ® h exists, then f @ (g @ h) exists, too, and m(f & (g ® h)) = m((f & g) D h).

(F3) The operations & and ® satisfy the m-distributive law, that is, for any f,g,h € F, if (f @ h) ® (¢ ® h) exists,
then f @ g exists and m(f @ g) @ h) = m((f @ h) ® (9 ® h)).

(F4) Forevery f,ge F, fg< f=1prQ f.

(F5) If @, f; exists, then m(@l, f;) = Tm(f;).

(F6) If f,g € F and f < g, then m(f) < m(g).

(F7) If f e F and m(f) =m(1p), then m(f ® g) = m(g) for every g € F.

(F8) For any f,g € F, if f @ g exists, then S(f) ® S(g) exists, too, and m(S(f ® g)) = m(S(f) & S(g))-
(F'9) The mapping S : FF — F is an m-preserving transformation, that is, m(S(f)) = m(f) for every f € F.

Example 2.2. Consider a triple (Q,p(2),m), where p(€2) is the power set of a finite set 2, that is, the set of all
subsets of Q. Let the mapping m : p(2) — [0,1] be defined by m(A) = %, where n(A) is the number of elements

of the set A. Also, suppose that S : p(Q) — p(Q) is defined by S(A) = A for any A € p(Q), and 1) = Q. Then
the binary operations @ and ®, defined by A®@ B=AUBif ANB=0and A® B= AN B for any A, B € p(Q),
together with the mappings m and S satisfy the conditions (F'1) — (F9).

Remark 2.3. In this paper, the latter F' means an algebric structure.

Definition 2.4. A partition of F' is a finite collection A = {f1, fa, ..., fn} C F such that &}, f; exists, and m(1p) =
m(®iz, fi) = X m(fi).

If A={fi1, f2,.... fn} and B = {g1, g2, ..., gp} are partitions of F', then
AVB={fi®g;:i=1,..,n, j=1,..,p}

We say that B is a refinement of A, and we write A < B, if there exists a partition I(1),1(2),...,I(n) of the set
{1,2,...,p} such that m(f;) = X;criym(g:), for every i € {1,2,...,n}.

Fact [3]. If A and B are partitions of F, then AV B is a partition of F, too. Fact [3]. If A and B are arbitrary
partitions of F', then A < AV B.
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Definition 2.5. Partitions A = {f1, f2, ..., fn} and B = {g1, g2, ..., gp} of F are said to be statistically independent
if m(f®g)=m(f)m(g) fori=1,2,...,nand j =1,2,...,p.

Definition 2.6. Let A = {f1, fo,..., fn} and B = {g1,92,...,9,} be partitions of F, and consider the mapping
m : F — [0,1]. Then, the entropy of A with respect to m is defined by Shannon’s formula

Hpy(A) = =Sisim(fi).log m(fi).
The conditional entropy of A given B is defined by

m(f; ® g;)

Hn(A/B) = ~SLy S m(, g5) 1o ™,

with the convention that 0. log% =0ifz>0.

In the proofs of our results, we will use the well-known Jensen inequality. It states that for a real, convex function
¢, real numbers x1, x2, ..., Z, in its domain, and non-negative real numbers ¢y, ¢y, ..., ¢, satisfying 7, ¢; =1,

P(Eicixy) < il icid(x;).

Moreover, the inequality is reversed if ¢ is a real, concave function. Equality holds if and only if 21 = 2o =--- =z,
or ¢ is linear. In addition, we will use Minkowski’s inequality. This says that for non-negative real numbers z; and y;,
ie{l,...,n},
> (S0 (2 + ) B, for R > 1,

=

[Er,af % 4+ [0yl

and
a7+ Syl < (D0 (i + ) F]F, for 0<R < 1.

i

Also, we will use L’Hopital’s rule, which can be stated as follows. Let f and g be functions that are differentiable

on an open interval u, except possibly at a point a € w. If lim f(z) = lim g(z) = 0 when x — a, ¢'(z) # 0 for every z
f(z) f(x) f'(z)

(@) ) 7(z) When z — a.

= lim

in v with x # @ and lim exists, then lim
3 The R-norm entropy of a partition of F
In this section, we introduce the R-norm entropy of a partition of an algebraic structure, and we study its properties.

Definition 3.1. Let A = {f1, fa,..., fn} be a partition of F, and R be a positive real number other than 1. The
R-norm entropy of A with respect to m is defined by

1
R

HR(A) = 2 1 FL (Z<(£)>>R

Theorem 3.2. For an arbitrary partition A of F', the R-norm entropy H}'(A) is non-negative.

Proof . Let A = {fi, fa,-.., fu}, and R > 0. Then, m(f;))® < m(f;) for i = 1,2,...,n. Hence, 37 m(f;)F <
Y2 ym(f;) = m(1lp). This implies that [£7, ::((ﬁ))i]% < 1. Since % > 0 for R > 1, it follows that H}(A) =

(1 -2, Z((f;);]%) > 0. On the other hand, when 0 < R < 1, m(f;))® > m(f;) for i = 1,2,...,n. Thus,

S ym(f)® = S0 m(f;) = m(Lp). It follows that [£7, U907 1% > 1. Since 7% < 0 for 0 < R < 1, we obtain
R m(f;) R
HMA) = —— [1- |2 > 0.
FA) =5 [ =1 <m(1F) =
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Example 3.3. Consider the measurable space ([0, 1],5), where g is the o-algebra of all Borel subsets of the unit
interval [0, 1]. Let F be the family of all Borel measurable functions f : [0,1] — [0, 3]. For every ¢ € [0, ]; we define
(t)o,1) = [0,1] — [0, %] by t(z) = t. We define binary operations @ and ® by f®g = f+gif f+ g § (%)[071] and
f®g=max(f+9g—(3)0,1:00,1)- If we define the mappings m : F — [0,1] and S : F — F by m/( fol

and S(f) = f for any element f of F, then (F,®,®, (3)[,1)) is an algebraic structure. The set 4 = {fl, f2}, where
fi(@) =]z — | and fo(z) = 3 — |z — 3|, is a partition of F. To calculate the R-norm entropy of A we write

HR() = 5 (1 “ Al

+(folfz(:ﬁdﬂr)Rr2 _ R (1-2"%").

)R l)R

[V

If we let R =2, then H}}(A) = /2(v/2 - 1).

Definition 3.4. Let A = {f1, f2,..., fn} and B = {g1, g2, ..., g } be partitions of F, and R be a positive real number
other than 1. Then, the conditional R-norm entropy of A given B with respect to m is defined by

HP(A/B) = % <[2§1( m(g;) )R} " [E%E?I(WMM)R} é) |

m(1r)
Remark 3.5. Let A be a partition of F. If B = {g}, where g € F, then HZ(A/B) = HZ}(A).

Theorem 3.6. If A={f1, fo,..., fn} and B = {g1, g2, ..., gr } are partitions of F'| then
lim Hy (A/B) = C.H,,(A/B)

when R — 1, C = and H,,(A/B) = S, S m(fi ® g;). log "L:29:)

1
m(lp).loge m(g;)

Proof . For every R € (0,1) U (1, 00),

? m(gj)Rr . [Zk_ o m(fz-@gj)Rr) _ R

j=1i=1 m(lF)R

m 1
HE(A/B) = ([2
where the continuous functions f and g are defined by

F(R) = ([2;«_1;1((19;);} " [zf-lz?_lw] ,;>

and g(R) = 1 — %. The functions f and g are differentiable and evidently, lim g(R) = g(1) = 0. It can be easily
verified that

lim f(R) = f(1) = {z’? m(9;) i s 1m<fi®gj)] —1-1=0

=im(1p) I=TEL m(1p)
when R — 1. Using L’Hopital’s rule, this implies

lim f'(R)

lim Hi (A/B) = Tim g/ (R)

when R — 1, assuming that the right-hand side exists. To find the derivative of the function f(R), we use the identity
a® = e*"¢ Now,

d m(g;)" \ ™ 1 m(g) 1 1 m(g;)" m(g;)
A (J_lm(lp)R R te) R s w1 (e
s ®g;)F 7 m(fi ® g;)*
_ (xk oy m(fi ©g;)" (~—g.Inxh_wn O]
( IS )R ( RZ =1TEL m(1p)R

: m(fi®gj)R lnm(fi®gj))
- m(1p)® T m(lp) 7
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Since lim ¢'(R) = lim 7 = 1 when R — 1,

lim HZ(A/B) = lim f'(R)
_ k m(Qj)) n<m(gj))_ ( k yn m(fi®gj)) nm(fi®gj)
- 1 <0+1.2]_1 o 1 ) (o 1 .
_ sk mlg)) nm( 9i) sk o mMfi®g;) | mlfi®g))
= () Mty T i) (i)
_ n mfi®g;) , mlg;) n mfi®g) . mfi ®g;)
= E?ZlEizl m(lp)j 'lnm(lj:)_zlezi:l m(lp)j .In m(lp)j
sk yn mfi®gs)  m(fi ©g;)
B e TIPS TR
1 ; ,
= m(lnFe) 2?212;?:17”(]02' @ gj)' IOg m%(ijgj)
= CHm(A/B)v
where C' = loge. O

m(1 m(1lp)’

Corollary 3.7. Let A = {fi1, fo, ..., fn} be a partition of F. Then, lim H}(A) = C.H,,(A), where H,,(A) = =X m(f;) log m(f;

and O = o

Proof . By the previous theorem and Remark, it suffices to let B = {1p}. Then, lim H}(A) = C.H,,(A) when
R—1.0

Theorem 3.8. If A, B and C are partitions of F', then

HI(AV B/C) = H(A/C) + HP(B/AV C).

Proof . Let A = {flvf?a ...,fn}, B = {917927 ~'~7gp} and C' = {h17h27 ...7hq}. Then,

HR(AVB/C) = R(i‘? mEh’“H [2” D20 (fi®9j®hk)R:|R>
m(hy)

Ym(1p)B m(1p)f

_ R [y mln v wg MU © )R]
- R—1<-E’“‘1m<1F>R} - et )

R @ h R 1 " : ) h )P ®
o (o M oy 0 S ] )

= HIA/C)+ HZ(BJAVC).

O

Corollary 3.9. For arbitrary partitions A and B of F,
HE(AvV B)=Hg(A)+ Hg(B/A).
Proof . By the previous theorem and Remark, it suffices to let C' = {1r}. Then,
HEF(AvV B)=Hg(A)+ HE(B/A).
O

Corollary 3.10. Let Ay, Ao, ..., A, and C be partitions of F. Then, for n = 2,3, ...,
()HP(ALV AV ..V A,) =HF(A)+ X HE (A/v; Ar);
(i) HE (Vi Ai/C) = Hp (A1/C) + SP,Hp (Ai/ (Vi Ap) V ©).
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Proof . The proof is straightforward and uses Theorem [3.§ and Theorem [3:9} O
Proposition 3.11. Let m and ! be mappings from F to [0, 1]. Then for every A € [0, 1], the mapping Am + (1 — A)! :
F — [0, 1] satisfies all conditions of an algebraic structure F' i.e, the convex linear combination of these two maps

can be used in definition as well as the m map.

Proof . It is easy to see that the mapping Am + (1 — A)l : FF — [0, 1] satisfies the conditions (F'1) — (F'9) presented
in Definition B.11} O

Theorem 3.12. Let A be a partition of F', and m, [ be partial binary operations on F. Then for every X € [0, 1],
MHF(A) + (1= N Hp(A) < HZM TV (4),

Proof . Let A ={f1, fa,..., fu} and X € [0,1]. Letting 2; = Am(f;) and y; = (1= N)I(f;) for i = 1,2, ..., n, by applying
Minkowski’s inequality we find that for R > 1,

NS m(f) % 4+ (1= NS ()T > (S0 an(f) + (1= M)

==

1 n 1 n \R1L 7 1 n (£, B \RYE
/\(lm(lF)[E Lm(fi) )R > (1-X) <1m = L) )gl Ty (B O (fi) + (1= M) .

|

Thus, Ay (1= s (Sm(f) A1) + (1= A) g (1 — s (S0 F) < 7l (1L — s (52, () + (1 -
MI(f;)B) %, and for 0 < R < 1,

=

A im(f) 7 + (1= N[EE ()% < [SE () + (1= M)

==

Thercore, A1k () 1) (1)L g A1) = (1 ks 92, Q)+ (-5
Hence, )\%(1 ( )[En 1m(fz) ] )+ (11— )‘) (1 - m(lF)[En 1l(f2)R] r) < %(1 m(1F)[Ez‘=1(>\m(fi) +(1-
MI(f:))R]%. We find that for every R € (0,1) U (1,00), the function ¢(m) = HP(A) is concave on the family of all
mappings m : F — [0, 1] in Definition Thus, for every A € [0, 1],

AHP(A) + (1= N HL(A) < HY" 024y,
O

Theorem 3.13. Let A, B and C be partitions of F.

(i) If A < B, then HJ(A) < H(B).

(i3) HR(A) < HF(AV B).

(t9i) HR'(AV B) > max(Hp (A), HY(B)).

(iv) If A< B, then HF(A/C) < HF(B/C).
Proof . Let A= {f1, fo,.... fn} and B = {g1,92, ..., 9p}

(i) If A < B, then there exists a partition I(1),(2),...,I(n) of the set {1,2,...,p} such that m(f;) = X;crym(g;),
for i = 1,2,...,n. Therefore, for any R > 1 and ¢ € {1,2,...,n},

m(f) = (Sjermm(9)) = Zjermm(g)™

Consequently,

Hence,
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Since % >0 for R > 1,

R 1 , R 1 ,
HZ(A) = 1— . DR ) < 1— P VE® ) = H?(B).
R = o (1= g Pt ) < g (1 s I mlan) 1 ) = R ()
If0< R<1,then fori=1,2,...,n,

m(f:)" = (Zjeraym(g;))" < Sjeraymlg)*™.

Consequently,
Sim(fi) < E?:lm(gj)R'

Therefore, ) L
[(Simam(f) 7 < [25_m(g;) "7

Since%<0f0r0<R<1,

o R 1 VAL R\ 1 o md) _ pgm
) = 5 (1= () < 2 (1o e ) - ()

(74) Since A < AV B, the desired result follows from (7).
(#47) This follows from (i1).
(iv) By the assumption A < B we obtain AV C' < BV C. Therefore,
HE(A/C) = HR(AV C) - Hg(C) = HE(B/C).
(]

Theorem 3.14. Let A and B be statistically independent partitions of F'. Then,

H(A/B) = m(1p). HR (4) ~ "= Lm(1 ¢ HE (A HE (B) + (1~ m(15) <ij1 - H}?(B)) .

Proof . Let A = {fi, fo, ..., fn} and B = {g1, g2, ..., gp }. By the assumption, m(f;®g;) = m(f;).m(g;) fori =1,2,...,n
and j = 1,2, ..., p. Therefore,

HRA/B) = g (o Bemlon T = — [ S 05)F )
— et (o o) T S (g TR () )
= (1)~ [P m(f) T - (1)
b Bm )N s S m(a) T s () (7))
= gmlte) (1= B () )
- e (1= st ) S (G (1 e ) )
+ mZS)F) R TSami)
— WA HRA) - S (R HR AR E) + (1= m(1e) (g - HE(B)).

O

Theorem 3.15. Let A and B be statistically independent partitions of F'. Then,
R-1 m m R
Tm(lF)HR (A).HE (B) + ﬁ(l —m(1lF)).

Proof . This follows from Theorem [3.9] and Theorem B.141 [

HE (AV B) =m(1p)HE (A) + m(1p)HE (B) —
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4 R-norm entropy of a dynamical system

In this section, we define and study the R-norm entropy of a dynamical system (F,m,.S).

Proposition 4.1. Let (F,m,S) be a dynamical system, and A = {f1, fa,..., fn} be a partition of F. Then, SA =
{S5(f1),S(f2),-.-,S(fn)} is a partition of F'.

Proof . Since @, f; exists, &, S(f;) exists by (F8). By (F9),
m(@;=15(fi)) = m(S(®iL1 fi) = m(BiL, fi) = m(1p) = B ym(fi) = T m(S(fi).
U

Definition 4.2. Let 52 =S oS and S* = S0 S¥! for k = 1,2, ..., where S° is an identical mapping on F.
Proposition 4.3. Let (F,m,S) be a dynamical system, and A, B be partitions of F. If A < B, then S(A) < S(B).

Proof . The proof can be found in [3]. O

Theorem 4.4. Let (F,m,S) be a dynamical system, and A, B be partitions of F'. Then, the following statements
are true.

(i) For k= 0,1, ..., H®(S*A) = HP(A).

(ii) If S is invertible, then H%(S~*(A)) = H@(A) for k = 0,1, ....
(#ii) For k=0,1,..., HR(S*A/S*B) = Hm(A/B).

(iv) HE (Visg S'(A )) = Hp(A) + S)2 HE (A) Vi, S'A).

Proof . Let A= {f1, fo, ..., fn}
(i) Since m(S(f)) = m(f), for every f € F, m(S*(f;)) = m(f;) fori =1,2,...,nand k =0,1, ...,

:U""

m( gk _ R o 1 "o ki R & — R o 1 o —_ gm
HR(A) = g (1 s (S ) ) = 5 (1= s Em() T ) = HR(A),
for k=0,1,....

(i), (i17) These can be proved similar to ().

(iv) We use mathematical induction. The assertion is true for n = 2 according to Theorem and the previous
part of this theorem. Assume that the assertion is true for some n € N. Since by (7)

HI?(\/?:lsiA) = H,’?(S(v?;olsiA) = HI?(\/?;&SI'A),
by Theorem and the induction hypothesis,
HR(VLS'A) = HE((VLS'A)V A) |
HR (ViZ,S*A) + HR (A/ Vi, 5°A)
HE (ViZ 015Z )+ HE (A Vie, 5'A)
(
(

= HT A3 —LHT(A) VI STA) + HT(A) VI, STA)
= HT A)+Z” VHT (A VI SPA).
O

Definition 4.5. Let (F,m,S) be a dynamical system, and A be a partition of F. The R-norm entropy of S with
respect to A is defined by

1 A
HE(S, A) = limsup EH,Z’(\/?:‘(}S’A),
when n — co. The R-norm entropy of a dynamical system (F,m,.S) is defined by
HE(S) = sup{HF (S, A)},

where A runs over all partitions of F.



R-norm entropy for partitions of algebraic structures and dynamical systems 365

Example 4.6. Consider a triplet (F,m,s) from example and the partition A = {f1, fo} of F. Then the R—norm
entropy of S with respect to A is calculate

HE(S,A) = limsup— HA (\/ St )

1
li —HY A
im sup — Hy (l_\/o )

1
= limsup —H}(A)
n

= hmsup% [RRil (1 — 21}1{)}

= 0

where n — oo. Since for every partition A of F', H} (\/?;01 SiA) is constant. Thus H}} (S, A) = 0. Hence

HE (S) = sup {HE (5, 4)} =0

where A runs over all partitions of F.

Theorem 4.7. Let (F,m,S) be a dynamical system, and A, B be partitions of F. Then, the following statements
are true.

(i) HF (S, 4) =0
(17) If A < B, then Hp'(S, A) < m( B).
(iii) For p = 1,2, ..., HR(S, A) < HB(S,VE_,S* A).

Proof . (i) If O = V") S'A, then C is a partition of F. By Theorem HE(C) > 0. Hence, HF (S, A) > 0.

(#4) The assumption A < B implies VITESIA < VIS LSIB for n = 1,2, ... Thus, by Theorem 3.13|(i), H (Vi S'A) <
H?(\/?:_OIS’B) for n =1, 2, .... Therefore, Hp'(S,A) < HEF (S, B).

(iii) By Definition

HP(S.V_gS'A) = limsup H (V2487 (VE_, S A))

+n 1
——HRPE S
R )

Hi (ViZg ™' 5'4)

_ oy p
= limsup

li !
= limsu
Pp+
= HEZ(S,A4),
when n — oco. O

Definition 4.8. [3]. We say that dynamical systems (Fy,mq,S1) and (Fz,ma, S2) are isomorphic if there exists a
bijective mapping v : F} — F3 satisfying the following conditions.

(¢) The diagram Sy : Fi — F1,¢ : Fy — F», Sy : F» — Fy is commutative, that is, ¥(S1(f)) = S2(¢(f)) for
every f € Fi.

(ii) For every f,g € F1, Y(f ® g) = ¢(f) @ ¥(g).

(ii7) For any f,g € Fy, f @ g exists if and only if ¥(f) @ ¢ (g) exists. In this case, ¥(f @ g) = ¥(f) @ ¢¥(g).
(i) mi(1p,) = ma(lg,).

(v) For every f € Fi, mi(f) = ma((f))-

Lemma 4.9. Let (Fy,m,51) and (Fy, ma, S2) be isomorphic systems, and ¢ : F; — F5 be an isomorphism. Then,
the following statements are true for the inverse ¢p~! : Fy — FJ.
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(i) For every f,g € Fa, v~ (f® g) = ¢~ (f) @ ¥~ !(g).
(i) For any f,g € Fy, if £ @ g exists, then ¥~'(f) & 1~ (g) exists, too, and $1(f @ g) = ¥='(f) @ ¥~ (g).
(iii) For every f € Fy, mi(v=(f)) = ma(f).
(iv) For every f € Fp, mi((~! 0 S2)(f)) = ma((S1 097 H)(f)).
Proof . The proof can be found in [3]. O

Theorem 4.10. If dynamical systems (Fy,mq,51) and (Fa, mo, S2) are isomorphic, then

HE'(S1) = HE (S2).

Proof . Let ¢ : F; — F5 be an isomorphism. If A = {f1, fa, ..., fn} is a partition of F}, then it is easy to verify that
P(A) ={Y(f1),...,¥(fn)} is a partition of Fy. Indeed, since @], f; exists and

ma (@219 (fi) = me(V(®iL1 fi) = ma(®iL1 fi) = mi(lr) = ma(1p,)
by Definition ®n_1(f;) exists. On the other hand,

ma(®i10(fi)) = mi(Di fi) = Bioyma(fi) = Bi_ ma (P F).

So,
. R %
HE(A) = o 1—[2?—1 (WH
o L (om0
~ R 1‘[2“(77@”
— HI(A).

Therefore, using conditions (¢) and (i¢) of Definition [4.8| we obtain

HE(S2 0(4)) = Timsup - HJS (Vi) S5 (4)
= limsup ~ HR (VIS 6(S1A4))
= limsup - HR (6] S1A))
= limsup %Hﬁ’(\/?;oleA)
= HE (51, 4),

when n — oco. Hence, {HF (51, A) : Ais a partition of F} is a subset of {H}(S2, B) : B is a partition of F5}. Thus,
HE (S1) = sup{HE' (51, A)} < sup{HFE (52, B)} = HE'(S2)-

The reverse inequality can be proved in a similar way by the previous lemma concerning the isomorphism ! :
Fy — Fy. Therefore, HF(S2) < HE(S1). This completes the proof. O

Example 4.11. Consider the measurable space ([0, 1], B) where B is the o—algebra of all Borel subsets of the unit
interval [0,1]. Put Fi = {xg: E € B}, where xg : [0,1] — [0,1] is the characteristic function of the set E € B. We
define binary operations @1 and ®1 by f@®1 9= f +gand f+ g < (1)jp1) and f ®1 g = max (f + g — (1)0,11,00,1])-

If we define the mapping mq : Fy — [0,1] and s; : Fy — Fy by my(f) = fol f(z)dx and dy(f) = f for any element
f of F. Then (F1,@1,®1, (1)[0)1}) is an algebric structure. Let us consider triplet ([0, 1], B, ) where p is lebesque
measure. Put 5 = B. We define binary operation @3 and ®; by A@®; B=AUBif ANB=0and AR, B=ANB
where A,B € B and 1p, = [0,1]. If we define the mapping ms : F» — [0,1] and F» — F3 by ma(4) = pu(A4) and
S2(A) = A for any element A of Fy. Then (Fy, B2, ®1, 1,) is an algebric structure. The dynamical system (Fy, mq, s1)
and (Fy, ma, s2) because bijective mapping and ¢ (s1(xg)) = ¥(xg) = s2(¢¥(xg)) therefore the diagram
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is commutative.

'Fl = ¥ 1

Uj

F——>F,

i “

w

ii) For every f,g € Fi,

P(f®g)

Y(xXE ®1XE,)

¢ (max [xg,uE, — (10,17, 00,11 )
EiNEy

V(xE) ®2 ¢(XE,)

Y(f) @2 9(g).

iii) For any f,g € Fi,

V(f ®19)

Y(XE, P1 XE,)
Y(XE, + XE,)
Y(XE,UE,)

By UEs,

if X, + XE, < (1)0,1) hence Ey N Ey = (. On the other hand

Y(f) = ¥(9) = V(X)) O2 ¥(XE,) = E1 ©2 B2 = Ey U Es.

Hence

Y(f ©19) =P(f) D2 (g)-

(iv) mi(1r) = [, 1de =1 and ma(1g,) = u([0,1]) = 0 = mq(1F) = ma(1x).

(v) For every f € Fy, mi(f) = mi(xg) = u(E) and ma(P(f)) = ma(Y(xr)) = ma(E) = p(E). Then my(f)

ma((f)). If A= {f1, f2,..., fn} be a partition of Fy where f; = xp,, for i =1,2,..

HE* (s1,4)

when n — oco.

n—1
1 .
= limsup —Hp" (\/ siA)
n

=0

1
limsup —H ;" (A)
n

i [ n R %
— tmsup [ (1 <m§ﬁ>)]
n i - Lim1 m( F1)
o 1| R (& (malee) \ "
= hmsupn -1 1 Z_1< 1
. 1 R (& r|"
=1 — =11~ E;
imsup [ 1 > () )]

367

., m, then

(4.1)
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If A={FE4,Es,...,E,} be a partition of F, then

=0

n—1
mo : 1 mo 7
Hg?(Sy, A) = limsup —Hy (\/ 52A>
. 1 ..
= hmsupﬁHRz(A)
, 1| R "o (E) \ T
1msupn R_1 LZ_; <m2(1F2)>

= dimsup - |21 1[Z<M<Ei>>’% (4.2)

when n — oo.

By (1) and (E2), we get
Hg" (S1,A) = HF?(S2, A).

Hence
Hp (S1) = HF?(S2).
If A= {f1,fe,..., fn} be a partition of F} where f; = xg, fori=1,2,...,n.

Conclusion

In the second section of this paper, we introduced and studied the notions of R-norm entropy and conditional
R-norm entropy of finite partitions of algebraic structures. In Section 3, we observed that the R-norm entropy was
non-negative and did not satisfy the property of additivity. In addition, it was shown that the conditional Shannon
entropy of finite partitions in an algebraic structure could be derived from the conditional R-norm entropy by letting
R tend to 1. In Section 4, using the proposed concept of R-norm entropy of partitions, we defined the R-norm entropy
of a dynamical system and proved that such an entropy was invariant under isomorphisms. In the proofs, the Jensen
inequality, L’Hopital’s rule and Minkowski’s inequality were used.
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