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Abstract

In this present article, we introduce the notion of oriented 2-simplexes and the notion of oriented 3-simplexes and we
use them to create a new framework that we call a weighted geometric realization of 2-simplexes and 3-simplexes.
Next, we define the weighted geometric realization Gauss-Bonnet operator L. After that, we present and study the
non-parabolicity at the infinity of L. Finally, we develop general conditions to ensure semi-Fredholmness of L based
on its non-parabolicity at infinity.
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1 Introduction

The concept of non-parabolicity at infinity was investigated in [T}, B]. The weighted geometric realization associated
with the set of 2-simplexes and 3-simplexes is a notion of algebraic topology, see for instance [2 6] [7, [§]. In this present
work, we construct a weighted geometric realization of the set of 2-simplexes and 3-simplexes and its Gauss-Bonnet
operator. Next, we study the non-parabolicity at infinity of the weighted geometric realization Gauss-Bonnet operator
and we use it to ensure semi-Fredholmness of the weighted geometric realization Gauss-Bonnet operator. This current
paper is structured as follows : In the second section, we introduce the notion of oriented 2-simplexes and the notion
of oriented 3-simplexes, we refer to [2, [6] [T, 8] for surveys on the matter. After that, we create a new framework
that’s we call the weighted geometric realization of 2-simplexes and 3-simplexes. In the third section, we create the
weighted simplexes cochains spaces and the weighted simplexes operators. Next, we construct the weighted geometric
realization Gauss-Bonnet operator. In the fourth section, we introduce and study the non-parabolicity at infinity
of the weighted geometric realization Gauss-Bonnet operator. In the last section, we develop general conditions to
ensure semi-Fredholmness of the weighted geometric realization Gauss-Bonnet operator based on its non-parabolicity
at infinity.
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2 Weighted geometric realization of 2-simplexes and 3-simplexes

The aim of this section is to create a new framework that’s we call the weighted geometric realization of 2 and
3-simplexes, see [2l, 4, 5] 6], [, 8, 011 [13].

Let V be the set of vertices at most countable, E be the set of oriented edges and (V, E) a graph. We take F
symmetric, i.e., if (z,y) € E, then (y,z) € E. We take E irreflexive, i.e., if z € E, then (z,z) ¢ E. Let (ET,E™)
be a partition of E. If (z,y) € E, then (x,y) € ET or (z,y) € E~. We have (x,y) € ET if and only if (y,z) € E~.
Orient the graph (V, E) means define the partition (E*, E~) of E. For e = (z,y), we set e~ = z and e™ = y.
The path between x and y is a finite set of oriented edges e1,es,es,...,e, such that k£ € N*,e; = x,ez = y and
Vi e {1,2,3,....k — 1}, e;-" = €;,,- The simple path is a path where each edge appears only once time. The cycle is
a path where the origin and the end are identical. The connected graph is a graph such that for all z,y € V', there
exists a path between x and y. The locally finite graph is a graph such that each vertice belongs to a finite number
of edges. In our paper, we work with a graph that’s oriented, connected, irreflexive, symmetric and locally finite.
An oriented 2-simplex is a surface surrounded by a simple cycle of length equals 3 and it is an element of V3. Let
So = {(x,y, 2) € V3| (x,y,2) is an oriented 2-simplex} be the set of oriented 2-simplexes. An oriented 3-simplex is
a volume surrounded by four oriented 2-simplexes and it is an element of V4. Let S3 ={(z,y,2,t) € V* | (2,9, 2,t)
is an oriented 3-simplex} be the set of oriented 3-simplexes. The odd permutation means we change the positions
of two vertices an odd number of times. The even permutation means we change the positions of two vertices an
even number of times. Let (o, 3) € S3 or (a,3) € S3. We have a = J if we use the even permutation to pass
from a to 8. We have a = —f if we use the odd permutation to pass from « to 5. The geometric realization
of 2-simplexes and 3-simplexes, denoted by R, is the pair (S2,S3). We define a weight on Sz by w3z : S3 — R%
such that V(a,b,c,d) € S3, w3 (—(a,b,c,d)) = ws(a,b,c,d). We define a weight on Sy by wy : S — R such
that ¥ (a,b,c) € Sa, wa (— (a,b,¢)) = wa (a,b,c). The weighted geometric realization of 2-simplexes and 3-simplexes,
denoted by R,,, is the quadruplet (S2, S3, w2, ws) that’s equals to (R, wa, ws). The sub-weighted geometric realization
RM of R, = (S, S3,ws,w3) is the quadruplet RM = (M, Sé\/[,wg,wg) where M C S5 and

SM = {(a,b,c,d) € S3 | (b,c,d),(d,c,a),(a,b,d),(c,b,a) € M}.
The 3-simplexes boundary, denoted by 9537, is defined as

oSM = {(a,b,c,d) € S5 | ((b,c,d) € M and (d, c,a), (a,b,d), (c,b,a) ¢ M) or
((d,c,a) € M and (b, c,d), (a,b,d), (c,b,a) ¢ M) or ((a,b,d) € M and (b, c,d), (d,c,a),
(¢,b,a) ¢ M) or ((¢,b,a) € M and (b, ¢,d), (d,c,a), (a,b,d) ¢ M)}.

The 2-simplex path from (z,y, z) to (zo, Yo, 20) is a finite sequence of 2-simplexes (a1,b1,¢1),...; (@m, by, Cm) such
that
('75797 z) = (a1, b1, Cl) ) (5507?}0’ ZO) = (am, b, cm)
and
Vj e {1, 2, ...,m— 1} , (aj“, bj+1, Cj+1) € S (aj, bj, Cj) s

where

Sa (aj,b5,¢;) ={(z,y,2) € S2 | (x € {a;,bj,¢;} and y, 2 ¢ {a;,bj,¢;}) or
(y € {aj,b;,c;} and =,z ¢ {a;j,bj,c;}) or (z € {aj,b;,c;} and
z,y & {a;,bj,¢; 1}
The 2-simplex connected weighted geometric realization is a weighted geometric realization such that for all (z, y, z),

(20,Y0,20) € S, we have a 2-simplex path from (z,y, z) to (2o, Yo, 20). In the sequel of this work, we suppose that
R, is a 2-simplex connected weighted geometric realization.

3 Weighted geometric realization Gauss-Bonnet operator
The aim of this section is to construct the weighted geometric realization Gauss-Bonnet operator, see [9] [10] [12] [14].

We start by introducing the following simplexes functional spaces associated to the weighted geometric realization
Ry, :



Semi-Fredholmness on a weighted geometric realization of 2-simplexes and 3-simplexes 21

» The 2-simplex cochains set, denoted by C' (S2), is defined as
C(SQ) = {f : 52 —+R | f(_ (a’7bac)) = —f(a,b,C)}~

We set
Co(S2) = {f € C(S2) | f has a finite support} .

Let (f,g) € Cy (S2) x Cp (S2). We define an inner product on Cjy (S2) as

<fa g>52 1 Z w2 (aabv C)f(a7b7 c)g(a,b, C) .

6 (a,b,c)€S>

Then
[flls, =/ (fs fhs,-

The Hilbert space associated to Sa, denoted by H (Ss), is given by
H(S2) = {f € Co(S2) | lIflls, < oo}
» The 3-simplex cochains set, denoted by C (S3), is defined as
C(S3) ={f: 93 = R| f(=(a,b,¢,d)) = = f(a,b,c,d)}.

We set
Co(S3) ={f € C(Ss) | f has a finite support}.

Let (f,g) € Cy (S3) x Cp (S3). We define a scalar product on Cj (S3) as

<fa g>53 Z w3 (CL,b, & d) f(aaba ¢, d)g(aaba ) d)

B 24 (a,b,c,d)ES3

Then
Hf”sd =/{fs f>sj

The Hilbert space associated to Ss, denoted by H (S3), is given by
H(S3) ={feCo(S3)|fllg, <oc}.
» We define the direct sum of H (S3) and H (S3) as
H(Ry)=H(S2)® H(S3) ={(f.9) | f € H(S2) and g € H (S3)},
where it’s associated norm is given by

2 2 2
1> Dk, = [1f1ls, + llglls, -

In the next, we define the weighted simplexes operators.

» Let S be the operator defined as
S : OO (52) — CO (53),

such that
S(f)(a,b,c,d) = f(b,c,d) + f(d,c,a) + f(a,b,d) + f(c,b,a),

for all f € Cy (S2) and (a,b,¢,d) € Ss.
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» Let 0 be the adjoint operator of S defined as
§:Co (S3) = Co (S2),

such that

<S (f) ’g>53 = <f7§(g)>,5‘2 ]
for all f e Cy (Sg) and g c Cy (Sg)

Theorem 3.1. Let R,, be a weighted geometric realization. Then, we have

5(F)(boed) = —

w3 ((1, b7 c, d)f(a7 ba c, d)?
w2 (ba & d) a;(a,b,c,d)€S3

for all f € Cy (53) and (b, c, d) € .5s.
Proof . Let (g, f) € Cy (S2) x Cp (S3). We have
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1
(9(9): f)sy =55 > wslabe.d)S(g)(abedflabed
(a,b,c,d)ES3
1
= o1 Z [g(b7 (&) d) +g(d7 C, a) —i—g(a,b, d) +g(cv b, a)] wg(a,b7 C, d)f(a,b, c, d)
24 (a,b,c,d)€S3
1 1
= o1 Z w3(a7b7 (&) d)f(a7 b, c, d)g(bacv d) + 57 E w3(a7bv <) d)f(a,b, & d)g(d» c, a)
24 (a,b,c,d)ES3 24 (a,b,c,d)€S3
1 1
+— > wsla,bed)f(ab,c,d)gla,b,d)+=— > ws(a,b,c,d)f(a,b,ec,d)glc,b,a).
24(a,b,c,d)€5'3 24 (a,b,c,d)ES3

Since we have four similar parts,

S@). s, == ¥ wslabe,d)glb,e,d)f(ab,e,d)

6 (ab.c.d)€55

1
=- 3 > ws(a,b,c,d)g(b, c,d) f(a,b,c,d)
6(b,c,d)GSga;(a,b,c,d)GSg

Z g(bv C, d) Z w3 ((L, bv C, d)f(a7 ba c, d) .
(b,c,d)ES2 a;(a,b,c,d)€S3

=2

Moreover, we have .
(9,0(fNs, == 2 wabc,d)g(b,c,d)d(f)(b,c,d).

(b,c,d)ES>

Since
(9:0(f s, =(5(9): s,
we get

1

6 (b,c:d)e5: a3(a,b,c,d) €S (besd) €S2

Therefore, we obtain
1

ma;(a,b,c,d)653

0(f)(b,e,d) = ws(a,b,c,d)f(a,b,c,d).

O

Now, we present the weighted geometric realization Gauss-Bonnet operator.

> g(b,c,d) > ws(a,b,e,d)f(a,b,e,d)| = 1 S we(bye,d) g(b,e,d)d (f) (byc,d).

Definition 3.2. The weighted geometric realization Gauss-Bonnet operator, denoted by L, is defined as

LZS—F(S:C()(SQ)EBO()(S?,)%Co(SQ)EBCo(S:;),

such that
L(f.9)=5(f)+0d(9),
for all (f, g) e Cy (Sg) @ Cy (Sg)
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4 Non-parabolicity at infinity of the Gauss-Bonnet operator

This section is devoted to introduce and study the concept of non-parabolicity at infinity of the weighted geometric
realization Gauss-Bonnet operator. The concept of non-parabolicity at infinity was investigated in [11 [3].

In the next, we give a useful theorem in the study of non-parabolicity at infinity.

Theorem 4.1. Let R, be a weighted geometric realization and (z,y, z), (z0,y0,20) € S2. Then, 337 € R* such
that
|g (£C7y,2)‘ < BQI:(] (|g (£C07y0,2’0)| + ||Sg||53) )

for all g € Cy (Sa).

Proof . Let (x,y,2), (z0,y0,20) € Se and g € Cy(S2). Since R, is a 2-simplex connected weighted geomet-
ric realization, then we have a 2-simplex path from (z,y,z) to (xo,%0,20), i-e., there exists a finite sequence of
2-simplexes (a1,b1,¢1)seer; (Qm,bm,Cm) such that (z,y,2) = (a1,b1,¢1) and (xo,Y0,20) = (@m,bm,cm) and Vj €
{1,2,...,mm — 1}, (aj+1, bjt1, Cj+1) €5y (aj, bj, Cj), where

Sz (aj,bj,¢5) ={(z,y,2) € S2 | (x € {a;,bj,¢;} and y,z & {a;,bj,¢;})
or (y € {aj,bj,c;j} and x,z & {a;,b5,¢;})
or (z€{aj,bj,c;} and z,y ¢ {a;,bj,¢;})}.

Moreover, we have

lg (z,y,2) — g (0,Y0, 20)| <1Sg(a1,b1,c1,dr)| +|Sg (az, b, c2,d2)|
+ ISg (CL3,b3,C3,d3)| + ...+ |Sf (amvbmacmydm)‘ )

where
Vi € {17 2, e, M — 1} s dz S {ar1'+1, bi+1, Ci+1} \ {ai, bi, Ci}
and
dm S {amfla bmfla cmfl} \ {am7 bmacm} .
We set
ﬂ-:aéo = {(a17 b17cl7d1) ) (a27 627627d2) ’ ((13, b37 C3, d3) PR (a"la bﬂ’h Cm, dm)} .
So, we get
1 1
9 (x,y,2) — g (@0, p0,20)| < > ———— (w3(a,b,c,d))? [Sg(a,b,c,d).

ol

(a.b,c,d)ens (w3 (a,b,c,d))
We use the Cauchy-Schwarz inequality, we find

1
2

[N

( > ws (a,b,¢,d) (Sg (a,b,c, d))2>

(a,b,c,d)Eﬂzo

|9($,y72)—g(xo,yo,zo)| < ( Z 1)

(avb:C,d)Eﬂ";O w3 (a7 ba &) d)

=
NI

( > wy(a,b,c,d) (Sg(a,b,ec, d)>2>

(a,b,c,d)ES3

1
< - -
N ((a,b,c,zd:)Eﬂ'go w3 (a7 ba ¢, d) >

1 2
< S T
< <(a,b,c%eﬂ:0 ws (a,b,c, d)> I1SFs,
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Then, we get

|g (x,y,z)| < |g (xvyaz) -9 (370,21072’0)| + |g (x07yOaZO)|

We set

Therefore, we obtain

0

1
<

1
2
- ————— | 159lls, +19 (z0, %0, 20)]
((a’b,c,d)efrgo ws (a,b,¢,d) S3

1 2
< max > ———— | 1] (IS9lls, + g (zo,v0,20)l) -
<(a,b,c,d)€ﬂ'g0 w3 (a7 ba c, d) ) ( 53 )

1

1 2
T = max > — ] 1
0 ((a,b,c,d)eﬂ'jfo w3 (a7 ba c, d) >

|9 (z,,2)| < Bz, (I9 (0,90, 20)] + 1S9l s,) -

We want now define the non-parabolic at infinity for L and study it.
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Definition 4.2. The couple N = (S5, SY) is a finite subset of R, = (Sa,53) if S is a finite subset of Sy and S%¥

is a finite subset of S3.

For all (f,¢) € N = (SY¥,SY), we have

2 2 2
1 @)% = 1713y + lel3y -

Definition 4.3. The weighted geometric realization Gauss-Bonnet operator L is said non-parabolic at infinity if
there is a finite sub-weighted geometric realization RM = (M ,SM ) of Ry, = (53, 53) such that for all finite subset N
of R, \ RM, 38 = Bx € RT such that

Bl M)l < L (g, h)ll g\ gas ¥ (9. ) € Co (S2\ M) x Co (S5\ 857) .

Definition 4.4. The combinatorial simplexes neighborhood of RY = (M, S}7), denoted by RM™ = (M*,53"), is a
finite sub-weighted geometric realization of R,, satisfies the following :

1. M c M* finite.
2. SMUASM C SM"

3‘ (x’y7z7t)esé\/[* :> (y7z7t)7(Z’x’t)7(x’y7t)7(z7y7x)GM*'

Definition 4.5. The smallest combinatorial simplexes neighborhood of R} denoted by Rﬁq , is a finite sub-weighted
geometric realization of R,, contains RM and its 3-simplexes boundary.

e The mean value of g € Cy(S2), denoted by g, is defined as

for all (a,b,c,d) € Ss.

g(b,c,d) + g(d, c,a) + g(a,b,d) + g(c,b,a)

g(a7 b’ C? d) = 4

= 15(0) (@.b,c.d)

Theorem 4.6. Let R,, be a weighted geometric realization and L be non-parabolic at infinity. Then VN C R, and
N is finite, 38" = 8}, € R such that

B (g, Mllx < 1L (g: W)l g, + (g, 9l gar . ¥ (g, h) € Co (S2) © Co (S3) -
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Proof . We have N is a finite subset of R,,, then we can reduce it to a 2-simplex or a 3-simplex. Let (z,y,2) € Sa,
(70,90, 20) € M* and RM" be a finite sub-weighted geometric realization of R,,. We show that

B9 (@,y,2)] < 159lls, + llgllar- Vg € Co (S2)-
We use Theorem 361 € R such that
¢ (2,9,2) < 81 (gl + 159113,

and
T 2
¢ (2,9,2) < B2, (6* (20,50, ) + 159113, )

Moreover, we have

wa(zo, Yo, 20)9° (¢, y, 2) < B, (wz(l“myo, 20)9> (20, Yo, 20) + w2 (20, Yo, 20) ||59||233)

2 2
< 82, (Ilgll3s- + walao, 90, 20) ISg1%, ) -

We take
/B;f) = max (/6507 U)Q(IO, Yo, ZO)/BQI:O) .
‘We obtain
2 2
ws (0, w0 200”2,y 2) < B (gl + 1513,
Then, we find
lx
2 zo 2 2
r,y,z) < ——2—— ( .+ S ) .

¢ @.9,2) < gt (gl + 1101,

We take

lx

fr=— 2

w2('r07y05 Zo)'

Therefore, we obtain
12 9,2) < Br (gl + 15913, ) -

We show that
/8// |h (aab, C, d)‘ S ||hHSé”* + H(Sh”,s‘2 ,VQD € CO (53) ,V(a,b, c, d) € S3~

Let (a,b,c,d) € SM < SM™ finite. We have

2 2 2
B (a,b,e,d) < Bl 3y < B3y + 150]2,

If (a,b,¢,d) € S3\ SM, the indicator function of M¢, denoted by Y, is defined as

X (@,y,2) = { 1 otherwise .
So, we find
0if (a,b,c,d) € SM
Sx (a,b,c,d) =4 =+1if (a,b,c,d) € 0SM
0 otherwise
and

0if (a,b,c,d) € SM
X(a,be,d) =14 Lif (a,b,c,d) € 0SY
1 otherwise.
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If h € Cy(S3), then Xh is with a finite support in S3 \ S3. Then, we apply the definition of the non-parabolicity
at infinity of L to the function (0, xh), we get

X% < B8 (X5, ,
where 8 = ﬁ We have (a,b,c,d) € S5\ S, then

h* (a,b,¢,d) < 816 (XD)[3, -

Moreover, we have

1
6 (xh)(bc,d) = ———— b,c,d) (xh b,c,d
(X ) ( e ) wo (b, c, d) a;(mb%;d)e&;w:i (a7 , G ) (X ) (a7 e )
1
=— > ws (a,b,¢,d) X (a,b,c,d) h(a,b,c,d)
w2 (b7 ) d) a;(a,b,c,d)€S3
1

= ws (a,b,¢,d) S (x) (a,b,¢,d) h(a,b,c,d).
4 X wo (b7 &) d) a;(a,b,c,d)€S3

Furthermore, we have

SGIE, =L 5w (bre.d) (3 Rh) (b))

(b,c,d)ES>
<16 Y wa(be,d) (8 (Xh)(be,d)’
(b,c,d)ES>
) 2
=16 >, ws(becd)|—Fi——r ws (a,b,¢,d) S (x) (a,b,c,d) h(a,b,c,d)
(b,c,d)€S2 4 x w2 (b7 ¢, d) a;(a,b,c,d)€S3
- 12
1
= Z 7 Z w3 (CL, b7 c, d) S (X) ((l, b7 c, d) h (CL, ba c, d)
(b,c,d)€ S, W2 (b, c,d) | a:(a,b,c,d)ESs ]
- ~2
1
S Z 2N Z w3 (avby C, d) S(X) (a7b7 c, d) h ((l,b,c, d)
(b,c,d)yeM w2 (b7 Cy d) | a;(a,b,c,d)ESs ]
- 42
1
+ _ > ws (a,b,c,d) S (x) (a,b,¢,d) h(a,b,c,d)
(bedyes\M W2 (0,6, d) | 40 bdyess ]

We use supp(dy) = SM c SM" | we obtain

2

1
T w (a7b7cad S(X (aab,cad @(aﬁbacad

e.dem Wz (b, ¢, d) L;(a,b,%:d)esa ’ )5 () ) )

1

wedemws (b,¢,d) L;(a,b,c,d)ess and (a,b,c,d)€supp(dx)

2
w3 (CL, b, c, d) 2 (CL, b, c, d)‘|

2
1
= max ——— ws (a,b,¢,d) o (a,b,c,d)
(b,c,d)eM w2 (b’ & d) La,bﬁ,d)Esupp(S)O
1
< max ——— ws (a, b, c,d) ws (a,b, ¢, d) h? (a,b, c,d)
(b,c,d)eM W (b’ ¢, d) |fa,b,c,d)€supp(5x) (a,b,c,d)Esupp(Sx)
1 .
< max ——— x #SM max ws (a,b,c,d ws (a,b,¢,d) h? (a,b, ¢, d).
~ (be,d)eM wa (b, e, d) 753 (a,b,c,d)€SM™ 3 )(a,b,c,%:esgf* 3( YR )
We set 1
By = max ————— X #Séw max  ws(a,b, ¢, d).

(b,e,dyeM wa (b, ¢, d) (a,b,e,d)yeSM*
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Then
1

2
——T w3 (a,b,c,d)S(x) (a,b,c,d)h(a,b,c,d) :52 ||90||2M* :
(b,c,d)EMrw2 (b7 G, d) |Jl;((1,b,0,d)€5’3 &

In addition, we have

1

2
_ ws (a,b,¢,d) S (x) (a,b,¢,d) h(a,b,c,d)
(b,c,d) €S2\ M W2 (byc,d) L;(a,b,c,d)es3

1

(b,c,d)yedM w2 (b7 Cy d) |fz;(a,b,c,d)€S3 and (a,b,c,d)€Esupp(Sx)

2
w3 (a, b7 (&) d) h ((1, b7 &) d)‘|

1
= max — X
(b,e,d)EOM W2o (b7 C, d) [(a7b,c,d)€supp(sx)

1
< max —
= (be,d)edM wa (b, ¢, d) La,b,c,d)esupp(sx)

2
w3 (a,b,c,d) h(a,b,c, d)]

ws (a, b, ¢, d)]

1 .
ws (a,b,¢,d)h? (a,b,c,d)| < max —— #SM max ws (a, b, c,d
3 ( )R )1 ~ (b,c,d)edM wy (b, c,d)# 3 (a,b,c,d)eSM™ 3 ( )

(a,b,c,d)Esupp(Sx)
Z w3 (av ba c, d) h2 (aa b, & d) .
(a,b,c,d)eSM™

We set )
b = _ SM* b,c,d).
B e S b.od) X #5S3 (a,bgiz)mgséw ws (a, b, ¢, d)
Hence
) 2
_— > ws (a,b,¢,d) S (x) (a,b,¢,d) h(a,b,c,d)
(b,C,d)GSQ\MwQ (b7 () d) [a;(a,b,c,d)€S3
= By |IP5pe -
We take R
/62 = max (52755) .
We find

16 G, < Bo lhlZye- < mac (1, Ba) (IRI13, + [1h]2y0- )

Therefore, we get

h? (a,b,¢,d) < 86 (X)II3,

and
18 (Rm)IZ, < max (1,2) (II5RIZ, + 1Al ) -
We put
8 max (1, Bz)
a B
Thus, we find

2 (abre.d) < 6 (16013, + 1l ).
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Theorem 4.7. Let R,, be a weighted geometric realization and L be non-parabolic at infinity. Then, we can construct
a Hilbert space P satisfies the following :

1. Cp(S2) ® Coy (S3) is dense in P.
2. The injection of Cy (S2) ® Co (S3) to Coy (S2) ® Cp (S3) extends by continuity to P.
3. L: P— H(R,) is a bounded operator.

Proof . Let RM™ be a combinatorial simplexes neighborhood of R,,. We take P the closure of Cy (S2) @ Cj (S3) under

the norm )
3

Nar- (9.7 = (19, W) + 129, I, )
Aim 1 We have Ny« is a norm on P. Then, we look only at the nullity. we have

Nar- (9:0) =0 <= (g, ) paa= = 0, 1L (9, W)l g, =0 <= llgllas- =0,
17l g2 = 0, [1Sgllg, = 0 and [|hl|s, = 0.

We have #M* < oo, we use Theorem we find

g (@) < B (Ilgll3- +11Sll%, ) ¥ (2.9, 2) € S

Moreover, we have ||g||,,. = 0 and [|Sg[lg, = 0. So, we get f = 0 on S;. We show that if ||hHSéw = 0 and

[6h]|g, = 0, then h = 0. Let h # 0. We have h is a finite support function in Sz \ SM” . We apply Theorem 3
with N equals to the support of i, then 33 € RT such that

BlIRllsy < [1Pllgp + lI0R]s, -
3 3

We have Hh||séw + [|0h]|g, = 0, then we obtain h =0 on S¥ . which is impossible.

Aim 2 We prove that the space P is independent of the choice of R " We take Rb T another combinatorial simplexes
neighborhood of R,, such that M C Mg C M;. We have

Nz (9,h) < Num; (g h) -
To prove that 33 € R? such that
Nurs (g,h) < BNy (9, h),
we need to prove that 33 € R% such that
(g, ) 3ss\as; < BN (9, 1)
We have
Niz; (9:1) = (g, W) 5as; + 1L (g, W[,
= 10 M) g + 10 )i + 12 0, I,
= [l(g, h)”?wl*\Mg + NI%/I(;‘ (9,h)-

Since #M7 \ M < oo, using Theorem [4.6| we obtain

2 2 2
9lars\arg < B (Nl9llag; + 11595,
1\ 0 0

and
2 2 2
101 g5 < 8 (1825 + 1001, )

where 8 = (M7 \ M§, M§).
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Then, we get
2
1g I s < BN (9:1).

Therefore, we have proved that the construction of a norm on P is independent of the choice of the combinatorial
simplexes neighborhood associated to the sub-weighted geometric realization RM. We put

1g: Wl = (g, Wl + I (g W%, )™ ¥ (9, h) € Co (S2) @ Co (S5).

Aim 3 We use Theorem the injection of Cy (S2) @ Cy (S3) to Coy (S2) @ Co (S3) extends by continuity to P.
Aim 4 Since

1L (9, W), < (g 2| T + 1L (g, D) 17,
=1l(g. )1 -

We obtain that L : P — H (R,,) is a bounded operator.

5 Semi-Fredholmness of the Gauss-Bonnet operator
The purpose of this section is to develop necessary and sufficient conditions for semi-Fredholmness of the weighted
geometric realization Gauss-Bonnet operator by using its non-parabolicity at infinity.

Definition 5.1. An operator is semi-Fredholm if its range is closed and its kernel is finite dimensional .

Theorem 5.2. Let R, be a weighted geometric realization and P be a Hilbert space satisfies the following :

1. Cy (S2) ® Cp (S3) is dense in P.
2. The injection of Cp (S2) @& Co (S3) to Co (S2) ® Cp (S3) extends by continuity to P.
3. The operator L : P — H (R,,) is bounded.

Then, the following two conditions are equivalent :

i) The operator L : P — H (R,,) is semi-Fredholm.

ii) There exists a finite sub-weighted geometric realization RM of R, and 8 = By € R such that

w

Bllg. W)lp < L (g, h)llg, ,¥g € Co(S2\ M),Yh € Co (S5 \ S57).

Proof . We show the direct implication, we suppose that the conclusion is false. So, we find an increasing sequence
of finite sub-weighted geometric realization {R% }n such that R,, = |JRM" a sequence {¢n},, with finite support in
n

So \ M, satisfies for all n € N* the following :

¢n - (gnahn) € CO (SQ \ Mn) X CO <S3\Sé\/[n>
[énllp =1

I1L6ullr,, < 5-

We suppose that the operator L : P — H (R,,) is semi-Fredholm. We use [I5], there exists a bounded operator
A : H(Ry) — P satisfies
AoL=1Idp—T,
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where T is the orthogonal projection onto the KerL, T is an operator with finite rank. Therefore, we find

[énllp < [I(Ao L) gullp + 1 Tonllp
<A Lnll g, + [T ¢nllp

A
< < I, ||T¢n|p)-

n

If lim ||[T¢n|p =0, then lim |¢,|, =0, which contradicts the assumption ||¢,||, = 1. The aim now is to show
n— oo n—00

that {T'¢, }, converges to 0 in P. We take ¢}, = T'¢, € KerL, ¢2 € (KerL)* and

such as
(Ao L), =2
1A 0 Lol p < (Al |1L¢nl, > 0.

For the norm of P, we have lim ¢2 = 0. The sequence {d)}L}n is bounded of kerL which is of finite dimension.
n—oo

Then, we can extract a subsequence converging to ¢ in P, denoted by {(bi(n)} . Since ¢,, = ¢ +¢2 and lim ¢2 = 0,
n n—oo

the sequence {¢j(n)}, converges in P to ¢ and we get that ||¢||, = 1. We prove that
_ . _ . 1 _
¢ =l one) = lim oy =0

We assume that ¢ # 0. Since P is injected continuously in Cy(S2) & Co (S3), I(x,y,2) € Sz such that
{¢h(n) (z,y, z)}n converges to ¢ (z,y, z) # 0. We have {qﬁh(n) }n converges ponctually to 0 by construction. Then, we
find that ¢ (x,y, z) = 0 which is absurd. We remain to show i) = 1).

First step To prove that L : P — H (R,,) has a finite kernel and a closed range, we need to build a bounded operator
U:H(Ry,)— P such that Uo L — Idp is a compact operator. We have

P(R,\RM)={¢=(f,9)eP|p=00nRY

Let Ly = Lig,\rv : P(Ry\R)) — H(Ry) be the restriction of the operator L on R, \ Rj. Using the
assumption we have

Bl Wl < L (g, M)llg, ¥ (g.h) € Co (S2\ M) x Co (S5 \ S37) .

Thus, we get that the restriction operator L; is injective with closed range. So, there exists a left inverse A;
satisfies
Al o L1 = Id.

Let Mg be the smallest combinatorial simplexes neighborhood of M and M{ be a combinatorial simplexes
neighborhood of M. We denote
Ly : H(M{)— H(Ry).

We have Ly is continuous with closed range, as H (M7) is a vector space of finite dimension. We take a continuous
operator Ao satisfies
AQOLQ :Id*UQ,

where Uj is the orthogonal projection onto kerLs. We define the indicator function y on MS‘C as

0if (z,y,2) € Mg
1 otherwise.

o=

So, we get

0if (a,b,c,d) € S0 0if (a,b,c,d) € S0
Sx(a,b,c;d) = +1if (a,b,¢,d) € 3550 X (a:b,¢,d) =< Lif (a,b,¢,d) € DGy
0 otherwise 1 otherwise
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and .

1if (a,b,c,d) € Séw‘)

,(172)((1,1),0,(1): %lf (mb,c,d)EE)Sém
0 otherwise.

1if (z,y,2) € M§
0 otherwise

(1= (@2) =

We consider the operator x* depending on the domain as:

If X* : CO (52) — CQ (SQ), then
X"g=xg,Yg9 € Co (S2).

If X* : Cy (53) — Cy (53), then
X*h = %h,Vh e Cy (53) .

If X* : CO (52) (&) CO (53) — Co (52) ©® C() (Sg), then
X" (9, 1) = (xg,Xh),V (g, h) € Co (S2) & Co (S3).

We put
Up=2(1—-x)¢+Aixo,

where ¢ = (g, h).
Second step We prove that the operator U o L — Id is compact. We set
[E,F|=EF - FE,
for any two operators F and F. We have
=AoL (1 —x)+ A2l —x, L]+ A1 Lx + Aq [x, L]
=AoLa (1 —x)+A2[1—x, L]+ ArLix + Aq [x, L]

={d—T2) (1 —x) + A2 [1 = x, L] + Id (x) + A1 [x, L]
=1d—To(1—x)+ A2 [1 - x, L]+ Aq [x, L].

We caleulate Ag [1 — x, L] and A, [x, L], we find
1—x,L]=[1-x,S]+[1—-x,9].
We have
(1=, 8] g (@bee.d) = (1= %) (@b, d) S (9) (a,b,e,d) — S (1= x) 9) (@b, d)
= 25 (LX) (a,b.e.d) S () (a,b,,d) — (1 - X) (b, D)g(b, . d)
- (1=x)(d ca)g(d c,a)—(1-x)(ab d)g(a,b d) —(1—x)(c,ba)g(c,b,a).
We have

[(1 - X)* 75] h(x,y,z) = (1 - X) ($,y,2)5 (h) (JL‘,y,Z) + 6((1 - %) h) (x,y,z)
= (1 - X) (x’yaz)é (h) (x’y7z) +
1
w2 (.13, Y, Z) t;(t,x,y,z)ES3
=1 =x)(z,y,2) 0 (h) (x,y,2) +
1

4 x w2 (2177 Y, Z) t;(t,x,y,2)ESs

w3 (x,y,z,t) (1 - %) (xvya th) h (m,y,z,t)

w3 (2,9, 2,8) S (L= X) (2,9, 2, 1) X h(z,y,2,1) .

The support of S (1 — x) is included in 85;”5 C M{ which is finite. So, A has a finite range then it is a compact
operator. We use the same method, we prove that A; has a finite range so it is a compact operator. Therefore,
we get that U o L = Id + T where T is a compact operator.
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O

Theorem 5.3. Let R, be a weighted geometric realization and P be a Hilbert space satisfies the following :

1. Cp(S2) @ Coy (S3) is dense in P.
2. The injection of Cy (S2) ® Co (S3) to Coy (S2) ® Cp (S3) extends by continuity to P.
3. The operator L : P — H (R,,) is a bounded.

So, if there exists a finite sub-weighted geometric realization RM of R, and 8 = Bas € R such that
Bll(g:Mlp < IL(g:Wlg, .V (g.h) € Co (S2\ M) x Co (S3\ 537),
Then, the operator L : P — H (R,,) is semi-Fredholm.

Proof . First result : We show that if ¢, = (gn,hn) € Cy (S2) X Cy (S3) is P-bounded and (L¢y,), is convergent
in H (R,,), then (4), has a P-convergent subsequence. We take a combinatorial simplexes neighborhood RM"™ of the
sub-weighted geometric realization R,,. The sequence (¢,, |pr+)n is bounded in a vector space with finite dimension.
Therefore, the sequence (¢, |a+)n has a convergent subsequence. We define the indicator function xy on M * as

0if (z,y,2) € M*
1 otherwise.

o=

So, we have

0if (a,b,c,d) € S} 0if (a,b,c,d) € S}
Sx (a,b,c,d) = *1if (a,b,¢,d) € dSM X (a,b,c,d) = % if (a,b,c,d) e dSM
0 otherwise 1 otherwise.

Thus, we get a function x¢,, with finite support in R, \ R} . We apply the inequality 3|/(g,h)|» < |IL (g, Pz,
to x¢n, exactly to (xgn,0) and (0, X¢,), we find

Ixgnllp < BIS (xgn)lls, -

Since the sequence (S (g,))n is convergent and supp(Sx) C SM" is finite, g,(z,y,2) |am- has a convergent sub-
sequence. Therefore, we obtain that xg, has a P-convergent subsequence, i.e., (g |s,\a+)n hass a P-convergent
subsequence. Moreover, we have

IXhallp < B (XPn)llg, -

Using the assumptions, we have (6 (h,)), is a convergent sequence and supp(Sx) C SM" is finite, thus (hy, | sy* Yn
has a convergent subsequence. So, we deduce that the sequence (Xh,,), has a p-convergent subsequence. As a result,
the sequence (A, [g,\ g )n has a P-convergent subsequence.

Now, we prove that the weighted geometric realization Gauss-Bonnet operator L is semi-Fredholm.

1. We prove that kerL is finite dimensional, which is equivalent to prove that {¢ € kerL | ||¢||, = 1} is compact.
We take (¢n,), C kerL such that
[6allp =1 and Lé,, = 0.

We use the first result, we get that the sequence (¢,), admits a convergent subsequence. So, the result occurs.
2. We prove that ImL is closed.
We take the sequence (¢,,), of ImL such that

lim ¢, =¢ € H(Ry).

n—oo

We have (¢,), C ImL, then 3(¢,), C kerL* and ¢,, # 0 Vn, such that ¢,, = L¢,. The sequence (¢,,), must
be bounded. If not, we construct f, = H¢¢7n\|p such that

(fn), C kerL+

[fullp =1
Lf,— 0.
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We use the first result, we get that the sequence(f,), has a convergent subsequence with limit denoted by ¢

such that
f € kerL*

||fn||P =1
Lf =0.

Therefore, we obtain
f € kerL NkerL* = {0} .

Thus, we find f = 0, which is absurd. So, the sequence (¢,,),, is bounded and since
lim Lo, =
n—oo

We use the first result, the sequence (¢,), has a convergent subsequence, we denote this limit by ¢. We have
the operator L is bounded. Then

lim L¢, = Lo.

n—oo

Using the uniqueness of the limit, we get ¢ = L.

O

Corollary 5.4. Let R, be a weighted geometric realization and P be a Hilbert space. The weighted geometric
realization Gauss-Bonnet operator L is non-parabolic at infinity if and only if there exists a finite sub-weighted
geometric realization RM of R,, such that if we complete Cy (Ss) x Cp (S3) by the following norm

1

2 2
Ry )

1.l = (g, W)= + 12 g, )

to get a Hilbert space P satisfies the following :

1. The set Cy (S2) @ Cp (Ss3) is dense in P.
2. The injection of Cp (S2) ® Co (S3) to Co (S2) ® Cp (S3) extends by continuity to P.
3. The operator L : P — H (R,,) is semi-Fredholm.

Proof . Let L be non-parabolic at infinity. We use Theorem [£.7] we find that P is well defined. We remain to
prove that the operator L : P — H (R,,) is semi-Fredholm. The definition of the non-parabolicity at infinity gives the
existence of a finite sub-weighted geometric realization R such that VN € R, \ RM,38 = By € R%,

B9, Mllx < L (g:M)llg, .V (g,h) € Co(S2\ M) @ Co (S5 \ S57) -
Let N = RY" and (g,h) € Cy (S2 \ M) & Cy (S5 \ S37). Then, we obtain
Bl(g: W)l gar- < 1B (9, h) IR, »

B N[(g, W) [feae + 1L (9 W) 1%, < 211L (g, 1)

2
Ry

and
B'11(g:Mllp < IIL (g, M), -

We apply Theorem we have the operator L : P — H (R,,) is semi-Fredholm.

Inversely, if the operator L : P — H (R,,) is semi-Fredholm. By Theorem there exists a finite sub-weighted
geometric realization R such that 38 = By € R%,

Blg.mlp <L (g Mg, .V (9,h) € Co(S2\ M) ® Co (S3\ S37) -
The injection of Cy (S2) ® Cp (S3) to Cy (S2) ® Cp (S3) extends by continuity to P, implies VN € R,, \ RM,

Bllg Mlx < BllI(g: M)l p
<L (g, h)|l g, ¥ (9,h) € Co (S \ M) & Co (S5 \ S3").

Then, we get that the operator L is non-parabolic at infinity. [J
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