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Abstract

This paper deals with the existence and exact controllability of a class of non-instantaneous impulsive stochastic
integro-differential equations with nonlocal conditions in a Hilbert space under the assumption that the semigroup
generated by the linear part is noncompact. A set of sufficient conditions are generated using the stochastic analysis
technique, Kuratowskii’s measure of non-compactness, a resolvent operator and a generalized Darbo’s fixed point
theorem to obtain existence and controllability results of mild solutions for the considered system. Examples are also
given to illustrate the effectiveness of controllability results obtained.
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1 Introduction

In this article, we discuss the existence of mild solutions for the following non-instantaneous impulsive stochastic
integro-differential equations with nonlocal conditions in the abstract form:

dz(t) = Ax(t)dt + /t Y(t — s)x(t)dsdt + f(t,z(t))dWt, t € 6 (Sks tht1]s
0

_ m k=0 (1.1)
z(t) = gk(tvl'(tk )it € Uk:l(tk’ skl
x(0) + h(z) = 2 € H,
where the state x(-) takes values in a real separable Hilbert space H with inner product (-,-) and norm || - ||, A4 :

D(A) C H — H is the infinitesimal generator of a strongly continuous semigroup {T'(¢),t > 0}. T is a closed linear
operator on H with domain D(A) C D(Y). Let K be another separable Hilbert space with inner product (-,-)x and
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norm || . ||[g. Assume that {W(t) : ¢ > 0} is a given K-valued Brownian motion or Wiener process with a finite trace
nuclear covariance operator () > 0 defined on a complete probability space (€2, F,P) equipped with a normal filtration
{Ft}t>0 which is generated by the Wiener process W. f is a given nonlinear function satisfying some assumption
to be specified latter. Let 0 = sg = tp < t1 < 51 < t2 < ... < S, < tiny1 = b, where b > 0 is a constant and
9k © (tg, sx] x H — H is called non-instantaneous impulsive function, for all k = 1,2...,m. x is an Fp-measurable
random variable with E||zo||? < cc.

Stochastic differential and integro-differential equations have attracted a lot of attentions of works because of
potential applications in many problems in control theory, physics, biology, mechanics and etc. A lot of qualitative
properties such as existence, uniqueness and stability for various stochastic integro-differential systems have been
obtained, see for instance [23] 9, 13}, 14, 15 (211 26| 38| 37, [4] BT] and the references therein.

Controllability is one of the fundamental concepts of mathematical control theory. First introduced by Kalman
[20] in 1963, it has since received great influence both in differential equations and in the theory of stochastic pro-
cesses. For different types of controllability such as exact, approximate or null controllability, the problem is to
find a control function which steers the solution from the initial state to a desired final state. The controllability
of nonlinear stochastic integro-differential equations has recently received a lot of attentions (see [35, Bl [18]). Yan
and Jia [34] presented the controllability of the controlled fractional impulsive stochastic partial integro-differential
systems with non-instantaneous impulses. Youssef and El Hassan [35] studied the controllability of a class of im-
pulsive neutral stochastic integro-differential systems driven by fractional Brownian motion and Poisson process in
a separable Hilbert space with infinite delay. Liu et al. [24] studied the existence and approximate controllability
for a type of non-instantaneous impulsive stochastic evolution equation excited by fractional Brownian motion with
Hurst index H € (0,%). Alnafisah and Ahmed [2] investigated the sufficient conditions for null controllability of
non-instantaneous impulsive Hilfer fractional stochastic integro-differential system with the Rosenblatt process and
Poisson jump. Sunkavilli [33] examined the controllability for a class of multi-valued Sobolev type neutral stochastic
differential equations driven by fractional Brownian motion B} with non-instantaneous impulses for H € (%, 1).

On the other side, the state of many evolutionary processes experiences suffered with small abrupt changes at
certain moments and it is expressed as impulses. According to the duration of the change, there are two specific cases
for this impulse. One is called instantaneous impulse in which the duration of changes is relatively short compared to
the overall duration of the whole process (see [22, [28]). The other is called non-instantaneous impulse (see [I],[19]), i.e.,
impulse starts at any fixed point and remains active in a finite period. Several authors have investigated controllability
of impulsive stochastic integro-differential equations. For instance, we refer the reader to [35], 30} B} 29].

In 1990, Byszewski and Lakshmikantham [§] introduced nonlocal problems for abstract evolution equations. As is
noted in [7], nonlocal problems have better effects in applications than classical Cauchy problems, i.e., the nonlocal
condition z(0)+g(t1,t2, -+ , k), x(t1), z(t2), - ,x(tx)) = 0, 0 < t1 < --- <ty < T is usually more precise for physical
measurements than the classical Cauchy condition x(0) = z. In [I1], the nonlocal condition is used to describe the
diffusion phenomena of a small amount of gas in a transport tube. Meraj and Pandey [27] given the existence of mild
solutions for fractional non-instantaneous impulsive integro-differential equations with nonlocal conditions by using
noncompact semigroup and Darbo-sadovskii fixed point theorem.

In recent years, several papers related to stochastic differential equations have been given without the compact
semigroup assumption. Zhang et al.[36], studied the mild solution of stochastic partial differential equation with
nonlocal conditions using an equicontinuous semigroup and a generalized fixed point theorem introduced by Liu et al.
[25]. In [27] the existence of mild solutions for fractional non-instantaneous impulsive integro-differential equations
with nonlocal conditions is given by using noncompact semigroup and Darbo-sadovskii fixed point theorem. Recently,
Diop et al. [I3] established the existence and controllability results for nonlocal stochastic integro-differential equations
with noncompact semigroup.

However, the exact controllability of non-instantaneous impulsive stochastic integro-differential equations with
nonlocal conditions with noncompact semigroup has not been discussed in the standard literature. Motivated by the
above consideration, in this paper, we consider the existence and exact controllability of a class of non-instantaneous
impulsive stochastic integro-differential equations with nonlocal conditions with the assumption of noncompact semi-
group. Our approach here is based on a generalized Darbo’s fixed point theorem based on the technique of measure
of non-compactness and combined with the resolvent operators theory.

The rest of this paper is organized as follows. In section 2, we present some preliminaries. In section 3, we prove
the existence of mild solutions of (|1.1)) using a generalized Darbo’s fixed point theorem. In section 4, an application
is given to ensure the exact controllability of the problem (4.1)).
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2 Preliminaries

Let (H, (-,-), ] - |), and (K, (-, )k, || - |lx) be two real separable Hilbert spaces. L(K,H) be the space of all bounded
linear operators mapping K into H and L(H) whenever K = H. Let (Q, F,P) be a complete probability space equipped
with a normal filtration {F;},>¢ satisfying the usual conditions (i.e it is right continuous increasing family and Fg
contains all P null sets), let W be a Q-Wiener process on a complete filtered probability space (Q, F, {F;}t>0, P) with
the covariance operator @ such that Tr Q) < oo. We assume that there exists a complete orthonormal system {e, }52,
in K, a bounded sequence of nonnegative real numbers {);}°2; such that Qe, = A\,e,, n € N and a sequence j,, of
independent Brownian motions such that

W(t) =V AnBuen, te0,b],
n=1
and F; = FV, where F\" is the o-algebra generated by {W(t) : 0 < s < t}. For o, ¢ € L(K,H), we define

Lg = Lo(Q'/?K, H) the space of all Q-Hilbert-Schmidt operators from Q'/?K to H with the inner product (p,v)q =
Tr(pQy*), where ¢* is the adjoint of the operator ¢. Clearly, for any bounded operator ¢ € L(K, H), we have

193 = Tr(vQy*) }jnvf*w@m

The collection of all strongly measurable square integrable, H valued random variables denoted by L?(Q,H) is a
Banach space equipped with the norm

|22 0,m = (Ellz]?)?,
where E(z) = / x(-)dP(-). The subspace LZ(Q2, H) is given by
)
L2(Q,H) = { FELXQH) : fis .Fo—measurable}.

Now, we define the space of piecewise continuous functions PC([0, b], H) formed by all F;-adapted measurable, H
valued stochastic process {z(t) : t € [0,b]} such that z is continuous at t # t, z(t; ) = x(t;) and z(¢]) exist for all
k=1,2,3...,m endowed with the norm

1

2

lellpe = ( sup Bll2(®)]?)",
0<t<b

it is easy to see that (PC([0,b],H), || - |pc) is a Banach space. The following result is very important to prove our main
results.

Lemma 2.1. ([I0]) For 7' > 0, let
M(K,H) = {@(~, ) : @ is an L(K, H)-valued stochastic process on [0,T] x € such that
T
®(t) is measurable relative to F; for all ¢ € [0, T7, / E||®(t)|%dt < oo}.
0

If ® is an element of M (K, H), then we have the following property

EH/ $)dWs

Now, we introduce some basics about the Kuratowskii measure of non-compactness. Which will be needed through-
out this paper.

<ﬂQ/‘M@ )||ds.
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Definition 2.2. ([5]) The Kuratowskii measure of non-compactness a(-) defined on a bounded set U of Hilbert space
H by

a(U):inf{5>0 U= UU” with diam(Uy,) < 4, forn:1,2,...7m}.

Theorem 2.3. ([5]) Let H be a Hilbert space and U,V C H be bounded, then the following properties are satisfied:
(a) a(U) =0« U is compact;

(b) a(U) = a(U) = a(co(U)), where co(U) means the convex hull of U;

(¢) a(AU) = |Na(U), for any X € R;

(d) a(U) a(V), when U C V;

() (U UV) = max{a(U), a(V)};

() a(U+V)§ a(U)+a(V), where U+ V ={zlr=y+2ycUzeV}

(g) a(U +z) =a(U), for all x € H;

(h) if the map @ : D(Q) C H — K is lipschitz continuous with constant &, then a(Q(U)) < ka(U) for any bounded

subset U C D(Q), and K is another Hilbert space.

The notation a(-) a(-)¢ a(-)pc are the Kuratowskii measure of non-compactness on the bounded set of H,
C([0,b], H), and PC([0,b], H), respectively.

For more details see([5]).

Lemma 2.4. ([B]) If U C PC(]0,b],H) is bounded, then a(U(t)) < apc(U) for all t € [0,b], where U(t) = {z(t) :
x € U} € H. Furthermore, if U is piecewise equicontinuous on [0,b], then U(t) is continuous for ¢ € [0,b], and
ape(U) = sup;cjo 5 a(U(1))-

Definition 2.5. ([12]) A continuous map @ : U C H — H is said to be a-contraction if there exists a positive
constant k € [0,1) such that for any bounded set Q C U

a(Q(R)) < ka(92).
Theorem 2.6. (Generalized Darbo’s fixed point theorem [25] [32]) Let E be a closed and convex subset of a real

Banach space H. Suppose that @ : E — FE is a continuous operator and Q(F) is bounded, for any bounded subset
DCE,

Ql(D):Q(D)7 Qn<D):Q(E(Qn_l(D)))’n:273"'-7m

If there exists a constant 0 < ¢ < 1, and a positive integer ng such that for any bounded subset D C E.

a(Q™ (D)) < 6a(Q(D)).

Then @ has at least one fixed point in D.

Theorem 2.7. (Darbo’s fixed point theorem []) Let H be a Banach space. If U C H is a bounded closed and convex
subset, the continuous map @ : U — U is a a-contraction.

Then @ has at least one fixed point in U.

In this part, we introduce some basic notions about resolvent operators for integro-differential equations.

In what follows, H is a Banach space, A and Y(t) are closed linear operators on H. And K be the Banach space
D(A) equipped with the graph norm defined by

lyllx = 1Ayl + lyll, v € K.

Let us consider the following Cauchy problem



Impulsive stochastic integro-differential equations with noncompact semigroups 5

() = Ax(t)+ /t YT(t—s)z(s)ds, t>0, (2.1)
0
z(0) = =zo€H.

Definition 2.8. ([16]) A resolvent operator for problem (2.1)) is a bounded linear operator R(t) € L(H) for ¢t > 0,
having the following properties:

(i) R(0) = I (The Identity operator of H) and || R(t)|| < MeP* for some constants M > 0 and 3 € R.
(ii) For each x € H, R(t)z is strongly continuous for ¢ > 0.
(iii) For z € K, R(-)z € C}(RT,H) NC(R",K) and

R'(t)r = AR(t)z + Tt—s s)x ds

t

t)Ax + R(t — s)Y(s)x ds,for t > 0.

S— —

Next, we make the following hypotheses:

(H1) The operator A is the infinitesimal generator of a strongly continuous semigroup (7'(t));>o on H.

(Hs) For all t > 0, T(t) is a closed linear operator from D(A) to H and Y(t) € L(K,H). For any 2 € K, the map
t — Y(t)z is bounded, differentiable and the derivative ¢ — Y (t)a is bounded and uniformly continuous on R*.

Theorem 2.9. ([16]) Assume that (Hj)-(Hz) hold. Then there exists a unique resolvent operator to the Cauchy

problem(2.1)).

More details can be found in [16] 17].

Definition 2.10. ([36]) A semigroup T'(t)(t > 0) in H is said to be equicontinuous if the operator T'(¢) is uniformly
continuous by operator norm for every t > 0.

Theorem 2.11. ([I4]) Let A be the infinitesimal generator of a Cy-semigroup T'(¢)(¢ > 0) and let Y(¢)(¢t > 0) satisfy
(Hz). Then the resolvent operator R(t)(¢ > 0) is operator norm continuous (or continuous in the uniform operator
topology) for ¢t > 0 if and only if T'(t)(¢t > 0) is operator norm continuous for ¢ > 0.

Now, we can get the definition of mild solution for our main problem.

Definition 2.12. A F;-adapted stochastic process z(t) : [0,b] — H is called a mild solution of (1.1)) if z(0) + h(x) =
xog € H, z € PC([0, b], H) and

R(t) (w0 — h(x)) +/0 R(t — 5)f (s, 2(s)) dWs, teo,t],
l‘(t) = gk(t7x(tl;))7 te U;nzl(tlﬁ SkL (2.2)

t
R(t — sk)gr(sk, x(ty,)) +/ R(t —s)f(s,2(s)) dWs, te Uy, (sk,trs1]-
3 Existence results

In this section, we prove the existence of mild solutions for the system (1.1)). The following assumptions will be
needed throughout the paper:
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(H3) The resolvent operator R(t),t > 0 is continuous in operator norm topology, and there exists a constant M > 0
such that
[R(@)] < M.

(Hy4) The nonlinear function f : [0, 6] x H — L(K, H) satisfying the following conditions:

1. f(+,u) is strongly measurable for x € H.

2. f(t,-) is continuous for any ¢ € [0, b].

3. For some positive number ¢ > 0, there exists a constant p > 0, Lebesgue integrable function ¢ : [0,b] —
[0, 4+00) and a non-decreasing continuous function ¢ : [0, +00) — (0, +00) such that

E( £t 2)]?) < elthop(Ellal?).  lim mf%@

n—-+oo

= p < +o00.

(Hs) The impulsive function gy : (tg, sk] x H — H is continuous and compact, and there exist constants Ny, > 0,k =

1,2,3,...,m, such that for all x € H

Ellgi(t, z)|I* < Ny, E||z]*.

(Hg) The nonlocal function h : PC([0,b], H) — H is continuous and compact, and there exists a constant N;, > 0,

such that for all z € H

B|h(@)[I* < Ni.
(H7) There exists a positive constant L such that for any bounded set U C H
a(f(t,U)) < La(U).

For simplicity of notations, we denote

Ng - max mNgka A= kzoflll,%}f..,m ||@||L[Sk,tk+1}'

Theorem 3.1. Assume that the conditions (H;)-(H7) are satisfied, then the problem (1.1) has at least one mild
solution provided that

202 (TrQ pA + Ng) <1 (3.1)
Proof . Consider the operator = : PC([0, b], H) — PC([0,b], H) defined by
R(#) (20 — hi(x)) +/ R(t — 5)f(s,2(s)) dWs, teo,t],
0
=x(t) = {9kt @(ty)), t € U=y (b, sk, (3.2)

R(t = sk )gr(sk, x(t},)) +/ R(t = s)f(s,2(s)) dWs, t € ULy (sk: trra]-

Sk

Obviously, the fixed point of Zxz(t) is the solution of the problem (|1.1)). For each finite constant r > 0, let

Q, = {z e Pe([0,01. 1) : o3 < 7}.

It is clear that €, is a bounded closed and convex set in PC([0, b], H)). The proof falls naturally into four steps.

Step 1: We prove that there exists a constant r > 0 such that E(Q2,.) C €,. Assuming the opposite, for each
r > 0, there would exist x,. € Q, and t, € [0,b] such that E|Z(z,)(t,)||> > r. For that, we consider three cases.
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Case 1: For t, € [0,1], by Lemma [2.1] (3.2) and assumptions (H3)-(Ha), (He), we obtain

tr 2
BI(Ee)(t)|* < 2MEllo — e + 202E| [ f(s,m0(5) avis]
0
i,
< 2Bl + Elh(z)|?) + 22 TrQ [ Bl 7 (s, (o) ds
0
ty
< (Bl + M) + 20 TrQ [ pls)us (Bl ) ds
0
< 202 (Bllaoll® + Na) +2M TrQ () |elluio.,

so we have
Bl|Ea) (t)]1? < 202 (Ellzoll? + No +TrQ () [ellio.n)- (33)

Case 2: For t, € (t, s,k =1,2,...,m, by(3.2) and assumption (H5), we get

E||(Ez,)(t)* = Ellgr(tr, z(t))I°
< N Ellz,(t:)?
< Ngr.

Then

B||(Zx,)(t,)|* < Ny . (3-4)

Case 3: For ¢, € (sk,tk+1],k=1,2,...,m, by Lemma (13.2), and assumptions (Hs)-(Hs), we obtain

B||(Zz,) ()]

IN

tr
IM? E|gi (i, x(t)||? + 207 TrQ / E|lf(s,2.(5))|? ds

< 2MPNgr +2M? TrQ ¢y () llLs, b

Hence
Ell(Ea,) (t)]I* < 2002 (Ny 7+ TrQ s (]|l isp ) (3.5)

from (3.3)), (3.4) and (3.5), we have for a.e t € [0, D]

r < Bl(E2n)(t)]2 < 2M2 (Elao|l? + N + Nor + TrQ wy(r)A)

Dividing both sides by r and taking the lower limit as r — +o0, we get
1< 2M2 (TrQ oA + Ng),

which contradict with condition (3.1), hence E(Q,.) C .

Step 2: We prove that the operator Z is continuous in (2,.. Let us consider a sequence {z,}> C PC([0,b], H)
such that lim, 4. x, = & € PC([0,b],H). Since f is a Carathédory function and using the fact that the nonlocal
function h, and g are continuous, we have

Jm  f(s,2a(s)) = f(s,2(s)), (3.6)
i g(s. (7)) = gu(s.2(67)) (37)
ngar_loo h(zy) = h(x). (3.8)

By assumption (Hy), for a.e t € [0, b], we obtain

8] s, wa()) ~ F(s ()| < 2] 1o 2al )| + 28] f(s. 2] < Apls)ors (). (3.9)
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Case 1: Fort € [0,], using the fact that the function s — 4¢(s)y;(r) is Lebesgue integrable for s € [0,¢] and
t € (0,t1], so by Lemma (3-6)), (3.8) and the Lebesgue dominated convergence theorem, we obtain

2

E|Eea)t) - EnO)| < 2M2(EHh(a:n)—h(m)H2+T7~Q/'EHf(s,a:n(s))—f(s,x(s))Hst)

— 0 as n — 4o0.
Case 2: Fort € (tg, skl k=1,2,...,m, by (3.7), we get
E|[(Ezn)(t) — (Z2)(t)

Case 3: For t € (sg,tgr1),k = 1,2,...,m, by Lemma (3.6), (3.7), (3.9) and the Lebesgue dominated

convergence theorem, we have

? < EHgk(s,xn(t,;))—gk(s,x(t;))Hz—>0 as n —> +00.

E||(Zz,)(t) - (Ex)(0)||” <2M2E||gi(s, 2a(t;)) — gx(s, 2((t))||” + 2M>*TrQ /: E||f(s,20(5)) = f(5,2(5))|| ds
— 0 as n — +o0. k
Thus
|22, — Ex||5¢ —> 0 as n — +oo.
Therefore = is continuous in €2,..

Step 3: Now, we prove that the operator = : ., — . is equicontinuous. Since the impulsive function gj is
compact, then Z(€,.) is equicontinuous on (t, s,k = 1,2,...,m.

Case 1: For any z € Q, and 0 < 71 < 7» < t;, by Lemma 2.1} (H3)-(H4) and H(6), we obtain

B|(E2)(m) - (Em)(n)HQ <38 (B(r — )~ B(ri — 5)) o - h(@}HQ + 31| /T R(rs — s) f(s,2(s)) dWsH2
+ 3EH/OTI (R(T2 —$)— R(n — s)) F(s,2(s)) dWs ]2
<3| (e~ 5) = Rir = )| (Bllool? + EWW@I) +33270Q [ Bl (s ) s
+3TrQ /0 (R(r2 — ) = Riry = 8) ) B f (s, 2(s) s
<h+ D+,
where

1 =3||R(rs — ) = R(ma - S)HQ(EH%HQ + N,
I, =3M? TrQ /T2 o(s)y(r)ds,

Is =3TrQ /ST1 (R(TQ —s)—R(my — s))g@(s)wf(r)ds.

2
In order to prove that EH (Ex)(72) — (Bx) (1) H — 0 as 7 — 7 — 0, we only need to check independently of z € Q,

when 79 — 7 — 0. For I, since the resolvent operator solution is continuous in operator norm topology for ¢ > 0
and the nonlocal function h is compact, we can easily see that I; — 0 as 75 — 73 — 0. For I, using the fact that the
function s — 4¢(s)1Y¢(r) is Lebesgue integrable, we get

I, = 3M?>TrQ z/)f(r)/ p(s) ds — 0 as 1o — 711 — 0.

T1
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For I3, since the resolvent operator R(¢)(t > 0) is operator norm continuous, and using the fact that the function
s — 4p(s)y(r) is Lebesgue integrable, we get

I3 = 27TrQ /TI (R(TQ —s)—R(m — s)) H2 o(s)Yp(r)ds — 0 as o —7m — 0.

Consequently, E||(Z27)(m2) — (E22)(71)||*> — 0 independently of x € Q, as 7 — 75 — 0, it follows that Z(£2,.) is
equicontinuous on [0, #1].

Case 2: For any z € Q, and s <71 < 7> <tpy1,k=1,2...,m, by Lemma 2.1} (H3)-(H5), we have

E‘ (Bg2)(72) — (EQ$)(T1)H2 SSEH (R(TQ —s)— R(ry — 8)) g(s,nc(t;;))H2 + SE‘

/: R(ma — s) f(s,z(s)) dWsH2

2
+3E‘

/;1 (R(TQ —s)—R(np — s)) f(s,z(s)) dWs

SSEH (R(TQ —8)—R(m — s))Ngr

2 T2
‘ +3M? TrQ/ o(s)y(r)ds

+37rQ / E (R(T2 —§)— R(m — s))g@(s)l/)f(r)ds.

2
(Ea)(r2) ~ Eo)(m)| — 0

independently of x € Q, when 75— — 0. Which implies that Z(€2,.) is equicontinuous on (s, txt1] for k =1,2...,m.

Under the same argument as in case 1, and the fact that g is compact, we see that E‘

2
As a result, E‘ (Ex)(12) — (Ex)(ﬁ)” — 0 on each interval on [0,b]. For this reason Z(£,) is equicontinuous on
each [0, b].
Step 4: Denote E = ¢o Z(£2,.). Where @0 is the closure of convex hull, it can be shown that the map Z: E — E
is equicontinuous on each interval, and F C 2, is also equicontinuous.

In what follows we will prove that there exists a constant 0 < § < 1 and a positive integer ng such that for any
bounded and nonprecompact subset D C F

apc(E™ (D)) < Sape(D). (3.10)

For any D C F, by the definition of operator =" and the equicontinuity of FE, we get that =" C €, is also
equicontinuous. It follows by Lemma [2.4] that

apc(E"(D)) = tren[g?g} a(Z2"(D)(),n=1,2...,m. (3.11)

And there exists a countable sequence D1 = {xl } C D such that

a(E(D)(t)) < 2a<E(D1(t))). (3.12)

Furthermore, for any bounded set Dy, Dy C D, by Lemma and H(4) we can deduce that

t

R(t = s)[(s, Da(s) dWSH - (‘

/t R(t —s)f(s,D1(s) dWs 7/

Sk Sk

<M (TTQ/S: (5, D1(5)) ff(s,DQ(s))HQ ds)%.

Then, by Theorem [2.3}(viii), we get

/t <R(t —s) [f(s, Di(s)) — (s, DQ(S))] dWs) HQ)é

a(/t R(t — s)f(s, D(s)) dWs) <M (TrQ/: [a(f(s,D(s)))]z ds)%. (3.13)

Sk
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Therefore, by Lemma [2.1} Theorem [2.6] (3.11), (3.12)), (3.13)), condition H(3)-H(7), we get for ¢ € (0,¢;] that

o(2HD)W) =

IN

IN

IN

o(2D)) <2 a(2(D1)®)
2 a(R(t— $)[xo — h(w}n)]) +2 a / R(t—s)f(s,zL.(s)) dWs)

2 M( TrQ /Ot {a(f(s,xkl(s»)]rz ds)l < 2M< TTQ/O [La(Dl(s))r d8>;

2ML( Ter1> %apc(D).

And similarly, for ¢ € (sg, tg+1],k =1,2...,m, we have

a(El(D)(t)) -

<
<

<

Meanwhile, we have

20(R(t ~ s)u(s, 28 (1)) +2 04(/: R(t — 3)f(s. 21, (s) dVWs)

2M( TTQ/S: {O‘(f(s,x}n(é’)))r ds)é < 2M< TTQ/SI; [La(Dl(s))r d8>§

2ML< TTQ(tk+1 - Sk)) Eapc(D).

set Dy = {22} C o E}(D) such that

a(EY(D)(t)) =0,
since gy (t, z(t; )) is compact for t € (si,tr41] and t € (¢, ),k = 1,2...,m. Furthermore, there exists a countable
a(E(E El(D))(t)) < QQ(E(DQ(t))>. (3.14)

Therefore, by Lemma [2.1] (3.14) and (Hy)-(Hs), (Hy), for ¢ € (s, tg41),k =1,2...,m, we obtain

o(EAD)W) =

IN

IN

IN

IN

IN

a(E(?El(D)) ><2a< (Da(t) )
2a(Rt $)gr (s, {zh, }(tr —l—2a(/ —8)f(s, 22, ())dWs)

)
2M<TrQ / )} ) ML(TrQ / )]2 ds)é
2ML(T7’Q / [a(co = )} >

2ML(TTQ / [QML TrQ(spe1 — Tk))%] ds)lapc(D)

2

(QML\/TT )2 t’““Q ) e (D).

Proceeding with this iterative method, we shall get for a.e ¢ € [o, b]

o(z0)0) < (20 LVTQ ) V Eape().
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And from (3.11)), we get

a(E"(D)) < <2ML\/W> n\/zapc(p).

n bn
<2ML TrQ> \/—'—>0a5n—>—|—oo.
n!

Then, there exists a large enough positive integer ng such that

Since

<2ML\/TTQ>HO (?—"f _ <.
0!

Therefore, we showed that there exists 0 < § < 1 and a positive integer ng such that (3.10) is satisfied. It follows
from Theorem [2.6] that the operator = has at least one fixed point, which is a mild solution of (1.1]). O

The second result will be established using the Darbo’s fixed point theorem.

Theorem 3.2. Assume that (Hy)-(H7) are satisfied, then the problem (1.1) has at least one mild solution provided
that

2M? (TTQ pA + Ng) <1, (3.15)

and
2ML\/Tr@Qb < 1. (3.16)

Proof . We know from the proof of Theorem that the operator = : ), — €, is bounded and continuous and that
{Ex : 2 € Q,} is a family of equicontinuous functions in PC([0, b], H).

Using the same method as in the proof of Theorem for any bounded set D € €., we have for ¢t € [0, b]

apc(2(D)) < 2M L/TrQbapc (D). (3.17)

It follows from condition (3.16) that the operator E : 2, — Q.. is a a-contraction. Therefore, by Theorem the
operator = has at least one fixed point z € Q,.. [

Remark 3.3. It is clear that in Theorem the condition(3.16) can be dropped compared with Theorem

Example 3.4. Let us consider the following problem

a 82 t 82 67t m
av(t,z) = @U(tvz) +/o ¢t — 5)@”(572)@ + mdwﬂ (t,z) € ]CL:JO(Si,tHﬂ x [0, 1]
o(t,z) = gito(t;,2), tel s (3.18)
i=1

1 b
v(t,0) + /0 /0 Ma(r, 2) sin(u(t, r))dtdr = 0,

v(t,0) = wo(t,1)=0.

Where W(t) is a standard Brownian motion on a complete probability space (2, F, {F: }iejo,1), P)-
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1
Let H = L2([0,1]) a Hilbert space with the inner product (u,v) = / u(z)v(x) dz. It is well known that H is a
0

Banach space. We define A: D(A) C H — H by Au = u', with
D(A)={ue H, u,u are absolutely continuous ,u’ € H,u(0) = u(1) = 0}.

Then Au = X5 n%(u,e,)en, u € D(A), where e, (s) = \/gsin(ns), n € N is the orthogonal set of eigenvectors. A
is the infinitesimal generator of a strongly semigroup T'(¢)(¢ > 0) in H, which is an equicontinuous analytic semigroup
for t > 0, then T(t)u = £ e " (u, e, )en.

The corresponding resolvent operator is norm continuous for ¢ > 0, furthermore, we suppose that ¢ : RT — R¥ is
bounded and C! continuous function, with ¢ is bounded and uniformly continuous then (H;)-(Hjz) are satisfied.

To rewrite (3.18]) in an abstract form we put

£(1)(2) = vlt ), 2 (1)) = 282 for 1,2) € 0.6 x 0,1]

We introduce the functions f : [0,0] x H — L(K,H), g5 : (tx,sx] x H — H and the nonlocal function h :
PC([0,b], L?(Q,H)) — H such that

—t

e =
1 t
ge(t, oty ,2) = /0 tMl(s,z)Hil(lfﬁ’(gL)>dsdr,/~$>1,

1 b
h(v)(2)) /O /0 Ma(r, 2) sin(v(t, 1)) dtdr,

where My, My : [0,b] x [0,1] — R* are continuous functions such that M (¢,1) = Ma(t,1) = 0.

Lemma 3.5. Let h: PC([0,b],H) — H be an operator defined by

1 b
hiv s h© = [ [ ACOg(ott,r)itar
o Jo
where A : [0,b] x [0,1] = R and ¢ : H — H are continuous functions where g satisfies

lg()||2 < M(|lv]|2 +1), for all v € PC(]0,b],H), for some M > 0.

Then, h is a compact.

Proof . Let B € C([0,b],H) be a bounded set, then there exists K > 0 such that

[Vl = sup [[v(t)|lz2m < K, vE€B.

)

Let v € B, then

/o1 /Ob/\(ra O)g(v(t, r))dtdr 2
| /\”io /01 /Ob lg(v(t,r))|dtdr

)P =

2

IN
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By Hoélder inequality and Fubini’s theorem, we get

bH/\H [ latete g
1>H/\HOOM

h(v) (&)

IN

IN

Hence,
2
In@IE < 2+ AL M
Then A(B) is bounded.

Now we show that h(B) satisfied the “integral” equicontinuity condition. Let [, € [0, ], thus
2

N+ = N\, )g(o(t, r))dedr| dg

sz(K2+1)/O /0 ’/\(r,ﬁ—kl)—/\(r,f)rdfdr.

1
/0 h(o)(€ +1) — h(o) ()P =

IN

As a result, we get
| mih(v) — h(v))||E& — 0as 1 — 0,

independently of v € B, where, 7;h(v)(§) = h(v)(§+1), &, 1 € R. We conclude, from Kolmogorov-Riesz-Fréchet theorem
[6, Theorem 4.26], that h(B) is relatively compact in H. O

Corollary 3.6. Let L : [0,b] x H — H be a operator defined by

L: (t,v) — L(t,v) / / v(s))dsdr
where A : [0,b] x [0,1] = R and ¢ : H — H are continuous functions where g satisfies

llg(v)]|E < M(HUH% +1), for all v € H, for some M > 0.
Then, for all bounded set B C H, L([0,b] x B) is a relatively compact in H.

Proof . We use the same proof technique used in Lemma O
We can verify that the assumptions (Hs)-(H7) hold with
e 2t 1
ot) =, Ys(x)=1, L=3.

By Lemma and Corollary h and gi are compact. Then, (Hg) and (Hs) are satisfied. From the fact
that p = 0, one can easily verify that condition (3.1 hold. Therefore, all assumptions of Theorem are satisfied.
Consequently, the problem (3.18) has a mild solution on [0, b].

4 Application: Controllability Results

In this section and as an application of Theorem [3.I] we consider the controllability of the non-instantaneous
impulsive stochastic integro-differential equation with nonlocal initial conditions of the form:

dz(t) / Y(t — s)x(s)ds + Bu(t)]dt + f(t,z(t)) dWt t € Ujo(sk, trt1),
k(t l‘( te Uzlzl(tk,sk],
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Definition 4.1. A F;-adapted stochastic process z(t) : [0,b] — H is called a mild solution of (4.1) if 2(0) + h(x) =
xo € H, and for each ¢ € [0, b]

R(t)(zo — h(z)) + /0 R(t — s)Bu(s)ds + /0/ R(t— 8)f(s,z(s))dWs, for t € [0, 4],
x(t) = gk(tvx(tlz))’ . . te U;cnzl(tkv Sk]’ (42)
R(t — si)gr(sk, xz(t;)) + / R(t — s)Bu(s))ds + / R(t—s)f(s,z(s)) dWs, t e Ui (sk,tht1]-

Sk

Definition 4.2. The stochastic control system (4.1]) is called controllable on the interval [0, b] if for every initial state
xo, 1 € H there exists a suitable stochastic control u(-) € L?([0,b], U) such that the mild solution of (4.1)) satisfies
x(b) + h(z) = x1, where x; and b are preassigned terminal state and time, respectively.

To prove the controllability result, the following hypotheses are necessary:

(Hg) The linear operator W : L2([0,b], U) — H defined by
b
Wu = / R(b — s)Bu(s)) ds,
Sk

has a bounded invertible operator W~! which takes values in L?([0, b], U)/KerW, and

1. There exist two positive constants oy, 09 such that
IB|? < o, IWH? < oa.

2. There exists K, Kw(t) € L1([0,b],R") such that for any bounded set D; C U, Dy C H
a(B(D) < Kpa(Dy),  a(WH(D2)(1)) < Kw(t)a(Da(t)).

Theorem 4.3. Assume that the hypotheses (Hy)-(Hg) are satisfied. Then the stochastic integro-differential system
(4.1) is controllable on [0, b] provided that

3M2 (Ng v TerA) (1 + 3M20102b) <1 (4.3)

Proof . To prove our result, we transform (4.1]) into a fixed point problem. Consider the operator = € PC(]0, b], H)
defined by

R(t)(wo — h(x)) + [y R(t — s)f(s,2(s)) dWs + [} R(t — s)Bus(s) ds, te[0,t],
Eax(t) = gk(tax(t;»’ te U;gn:1<tk73k],
R(t — si)gr(sk, x(ty, ) + fstk R(t—s)f(s,z(s)) dWs + f:k R(t — s)Bug(s) ds, t e Up_;(sk,trs1].

(4.4)

Using (Hs), we define for an arbitrary function z(-) the following control

b
u,y (t) =W=! (ml — h(x) — R(b— sk)gr(sk, z(ty, ) — / R(b— s)f(s,m(s))dWs) (t). (4.5)

sk

for u, € Q,, using Lemma [2.1] (H3)-(Heg) and (Hs), we obtain the following result
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b
Blusl? < doa(Ellar|? + Elb@)|* + M° Elgi(sw,altp )P + M TrQ [ E|f(s,(5)P ds)
Sk

IA

b
409 (EH$1H2 + Np + Mz(NngHm(t,;)Hz) + M? TTQ/ cp(s)wf(EHxHQ) ds)

IN

405 (Ellar||? + No + M2Nyr 4+ M TrQ 6 (r) ¢l joe )

Hence
Blluy | < 405 (Ellaa |2 + Ny + M2 (Nyr + TrQ vy ()| @llguc ) )- (4.6)

The proof is similar as in problem (1.1). Here, we only prove that there exists a constant r > 0 such that
E(Q) C Q,. Suppose that this is not true. Then for each r > 0, there would exist z, € 2, and ¢, € [0, ] such that
E||E(z,) ()] > 7.

Case 1: For t, € [0,t1], from LemmaR2.1] (£.6) and assumptions (Hj)-(Hs), (Hs), we have

t t,
BIZG@) < 8V Blleo —h@)? + 307 TrQ [ EIf (s, ds 307 o0 [ Bl (o) ds
0 0
tr
< 3M2(E||xo||2+Nh)+3M2TrQ/ o(s)05 (Ellz,|?) ds
0

tr
+12M%0,05 / (Bl + Nu + M2Nyr + TrQu ()|l ) ds
0

IN

BM2(E||zo|* + Ni) + 3M*TrQ v (r) [ @lcio.n)
+120020305t1 (Bl | + Ni+ M2Nyr +TrQ 5 ()| lliny 1)

So we have

BIIE () (0) 2 <3M2 (B> + Nu + TrQus(r) [elluio. )

+12M301 00t (E||x1||2 + M2 (Ngr + Trwa(r)||¢||L[w)). (4.7)

Case 2: For t, € (tg,sg],k=1,2,...,m, we have

E|E(z)(t)I1* = Ellgr(tr, 2 (8)]1?
< Ngr. (4.8)

Case 3: For t,. € (sg,tgr1],k =1,2,...,m, we get

t, ty
BIE(@)(0)[ <3M* Elgy(sn,alt0 )P+ 302 7rQ [ E|f(s,a(6))P ds+30° [ Eluns)|P ds
Sk Sk
tr
<3M?N,r + 3M> TTQ/ p(s)0¢ (Elz,||) ds
Sk

tr
+12M° 710, / (Bll1ll? + Ny + M2Ngr +TrQ 6 (r)l|lluise ) ) ds

Sk

§3M2 (Ng’f' + T""Q¢f (T) HSOHL[Sk,thrl])

+12M? 0105 (tggr — Sk) (EHﬂClH2 + N + M?*(Ngr + TrQ wf(T)HSOHL[Sk,b]))-



16 Melati, Slama, Ouahab

Hence

Bl|Z () ()2 <38M2 (Ngr + TrQuy (1) 1ise 1)

+12M2 0105 (tisr — 1) (E||w1|\2 + Np + M2 (Nyr + TrQ wf(r)||¢||usk7b])). (4.9)

Combining the three cases (4.7)), (4.8), (4.9), we obtain
r <B||E(z.)(t,)]?
<302 (E||;z:0||2 + Nyr+ Np, + TrQ¢f(r)A) +12M? 0102b<E||g:1||2 + Nj + M2(Nyr + TrQ ¢f(r)A)>.

Dividing both sides by r and taking the lower limit as » — 400, we have

1 < E||2(z,)(t,)]? < 3M2 (Ng + TerA) + 1204 Jlozb(Ng +TrQ pA)

1< 302 (N, + TrQpA) (14 4Ma103D),

which is contradicted with (4.3]), hence, there exists a constant r > 0 such that E(2,.) C Q,. Using the same method
as in problem ([1.1]), we shall see that the operator Z is continuous in €2, and equicontinuous for each [0, b]. Also that,
there exists a large enough positive integer ng such that

no no [ pno
(2 ML TrQ) (1 + MKBHKWHLM) =

where 0 < § < 1. Then condition (3.10) is satisfied. It follows from Theorem (2.6)), the operator E has at least one
fixed point. Hence, the system is controllable on [0,b]. O

Example 4.4. Let us consider the following problem

0 et
av(t z) = v(t, z) / C(t—s)q(z)v(s, z)ds + dezﬁ (4.10)
+mo(t,z), (t,2) € [si,tiv1] X [0,1],
u(t,z) = gi(t,u(t;,2), te (tisil,

1 b
v(t,0) + /0-/OMg(r,z)sin(v(t,r))dtdr:07

v(t,0)

v(t,1) =0,

where W(t) is a standard Brownian motion on a complete probability space (€0, F, {Fi}eo], P)- vo(-) € L2([0,1]).
Let H = L2([0,1],C) a space of all integrable complex functions on [0, 1], we assume that ¢ : RT — RT is bounded
and C! continuous function, with ¢ " is bounded and uniformly continuous, and ¢ : R — C is a continuous function, we
define the multiplicative operator A as follows

D(A) = {A e H,¢A € H}, AA = gA,

A generates a norm continuous multiplication semigroup T,(¢)(¢ > 0) on H, given by T, (t)A = e’A. The corresponding
resolvent operator is norm continuous for ¢t > 0, thus (Hy)-(Hj) are fulfilled. Furthermore, Y(¢)A = ((¢)AA, for t > 0,
and A € D(A). To rewrite (4.10) in an abstract form we put

SL’(t)(Z) = U(t,Z) (t,Z) € [Ovb] X [07 ]-]a
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We introduce the functions f : [0,0] x H — L(K,H), g5 : (tk,sx] x H — H and the nonlocal function h :
PC([0,b],H) — H such that

—t

FEo2) = s
gr(t,v(t,,2)) = /0 ) M1(3,Z)K_1~_ 10 ffjiz?L))der,m >1

h(v)(2))

/01 /Ob Ma(r, 2) sin(v(t, ) didr,

where My, My : [0,b] x [0,1] — R™ are continuous functions such that M (¢,1) = My(¢,1) = 0. The control function
B : U — H is defined by Bu(t)(z) = muv(t, z), where z € [0,1], u € L2([0,1],U). For z € [0, 1], the operator W is given
by

1
W(z)(u) = /0 R(1 — s)u(s) ds.

By Lemma [3.5] and Corollary we get that h and g, are compact. Therefore, one can verify that assumptions
(H3)-(H7) and condition (4.3]) hold, and assuming that W fulfilled (Hg). Then the problem (4.10]) is controllable on
[0,].

5 Conclusion

In this article, we gave appropriate conditions to establish the existence of mild solutions and the controllability for
a class of non-instantaneous impulsive stochastic integro-differential equations with nonlocal conditions in a Hilbert
space by using the resolvent operator, a Kuratowskii measure of non-compactness, and a generalized Darbo’s fixed
point theorem. The use of generalized Darbo’s fixed point theorem instead of the famous Darbo’s fixed point theorem
allows to weak the conditions to ensure the existence of mild solution and controllability of the system. The approx-
imate controllability of a class of non-instantaneous impulsive stochastic integro-differntial equations and inclusions
will be the topic of our future work.
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