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Abstract

In this paper, we introduce novel generating functions of the products of k-Fibonacci numbers, k-Lucas numbers, k-Pell
numbers, k-Jacobsthal numbers, k-Mersenne numbers and symmetric functions in multiple variables. Accordingly, the
novel generating functions are assigned to the other orthogonal Chebyshev polynomials with symmetric functions in
multiple variables.
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1 Introduction

Different applications of the generalization functions are assigned to several branches of mathematics and mathe-
matical physics. Previous studies show that the most commonly used classical orthogonal polynomials are Fibonacci
polynomials, Lucas polynomials, and Chebyshev polynomials of first, second kinds given by the following recurrences
relations respectively [7, 9, 24].

Fn(x) = xFn−1(x) + Fn−2(x) n > 2, F0(x) = 1, F1(x) = x,

Ln(x) = xLn−1(x) + Ln−2(x) n > 2, L0(x) = 2, L1(x) = x,

Tn(x) = 2xTn−1(x)− Tn−2(x) n > 2, T0(x) = 1, T1(x) = x,

Un(x) = 2xUn−1(x)− Un−2(x) n > 2, U0(x) = 1, U1(x) = 2x.

In [3, 15], The third and fourth kinds chebyshev polynomials are defined by

Vn(x) = 2xVn−1(x)− Vn−2(x) n > 2, V0(x) = 1, V1(x) = 2x− 1,

Wn(x) = 2xWn−1(x)−Wn−2(x) n > 2, W0(x) = 1, W1(x) = 2x+ 1.
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Now, the Jacobsthal polynomials Jn(x) are defined in [2], by the following recurrence relation as

Jn(x) = Jn−1(x) + 2xJn−2(x) n > 2, J0(x) = 0, J1(x) = 1.

Similarly, previous studies presented several kinds of generalizations of Fibonacci numbers, Lucas numbers, Pell
numbers, Jacobsthal numbers, and Mersenne numbers. One of the most recognised generalizations of these numbers
is k-Fibonacci numbers {Fk,n}n∈N, k-Lucas numbers {Lk,n}n∈N, k-Pell numbers {Pk,n}n∈N, k-Jacobsthal numbers
{Jk,n}n∈N, and k-Mersenne numbers {Mk,n}n∈N given by the following recurrence [14, 16, 17, 18, 26].

Fk,n = kFk,n−1 + Fk,n−2 n > 2, Fk,0 = 1, Fk,1 = k,

Lk,n = kLk,n−1 + Lk,n−2 n > 2, Lk,0 = 2, Lk,1 = k,

Pk,n = 2Pk,n−1 + kPk,n−2 n > 2, Pk,0 = 0, Pk,1 = 1,

Jk,n = kJk,n−1 + 2Jk,n−2 n > 2, Jk,0 = 0, Jk,1 = 1,

Mk,n = 3kMk,n−1 − 2Mk,n−2 n > 2, Mk,0 = 0, Mk,1 = 1.

In 1991, A. Lascoux and A. Abderrezzek defined the δ1p1p2
operator, which was applied starting in 2013 by many

researchers, as it enabled them to retrieve many identities and famous generating functions, using the symmetric
functions technique. For more information see [5, 10, 11, 12, 13].

In 2022, [27] H.Zerrouk et all, applied this operator to the invertible formal series
∞∑

n=0
hn(E)pn1 z

n of the alphabet

E of cardinal four, where they came up with new results about the generating functions of the products of certain
orthogonal numbers and polynomials.

In this paper, we generalize the last results by applying the same operator to the invertible formal series with a
change in the cardinal of the alphabet to five so that we can obtain other generating functions for the products of
certain orthogonal numbers and polynomials.

The rest of this paper is divided as follows: In section 2 we give a few basic of symmetric functions. In section 3, our
main result that associate the symmetric function defined in the previous section with the symmetrizing operator is
proved. Moreover, several previously recognized results on generating functions were unified due to this main theorem
which is used to find out the products of the symmetric functions in various variables with k-Fibonacci, k-Lucas,
k-Pell, and k-Jacobsthal numbers, and k-Mersenne numbers identities presented in section 4. Accordingly, section 5
represents the new generating functions for the products of some well-known polynomials with the symmetric function
in multiple variables. In section 6, We present some theory applications and we end up with a conclusion in section 7.

2 Preliminaries

In this section, we introduce some necessary definitions on the symmetric functions which will be used throughout
the paper. For the details see [6, 22, 23, 25, 28].

Definition 2.1. [20] Assume that k and n be two integers and {x1, x2, ..., xn} are set of given variable. The k-th
elementary symmetric function and The k-th complete symmetric function are defined respectively as follows:

ek (x1, x2, ..., xn) =
∑

i1+i2+...+in=k

xi1
1 xi2

2 ...xin
n (0 ≤ k ≤ n) ,

with ij = 0 or 1, j = 1 . . . n.

hk (x1, x2, ..., xn) =
∑

i1+i2+...+in=k

xi1
1 xi2

2 ...xin
n (k ≥ 0) ,

with ij ≥ 0, j = 1 . . . n.

Remark 2.2. For k > n or k < 0, we set ek(x1, x2, ..., xn) = 0 and hk(x1, x2, ..., xn) = 0.

Definition 2.3. [1] Considering two sets of undefined alphabets B and P , we define Sn(B − P ) as∏
p∈P

(1− pz)∏
b∈B

(1− bz)
=

∞∑
n=0

Sn(B − P )zn, (2.1)
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with Sn(B − P ) = 0, for n < 0.

Remark 2.4. Puting B = ∅ in (2.1), we get

∏
p∈P

(1− pz) =

∞∑
n=0

Sn(−P )zn.

In fact, the summation is specifically restricted to a finite number of non-zero terms.∏
p∈P

(x− p) = Sn(x− P ) = xnS0(−P ) + xn−1S1(−P ) + xn−2S2(−P ) + . . . . (2.2)

For 0 ≤ j ≤ n, the Sj(−P ) are the coefficients of the polynomials Sn(x− P ). These are therefore at the sign near
the elementary symmetric functions of the alphabet P ; who are void for j ≥ n. Specially, when P = {p, p, p, ..., p} (we
note P = np), we have Sn(x− np) = (x− p)n.

The binomial coefficients are determined by the specialisation p = 1, i.e P = {1, 1, 1, . . . } (we note P = n):

Sj(−n) = (−1)j
(

n
j

)
and Sj(n) =

(
n+ j − 1

j

)
,

and

Sj(−np) = (−p)j
(

n
j

)
.

Definition 2.5. [8] Given a function f on Rn; the divided difference operator is defined by

∂xixi+1
f(x1, ..., xi, xi+1, ..., xn) =

f(x1, ..., xi−1, xi, xi+1, ..., xn)− f(x1, ..., xi−1, xi+1, xi, ..., xn)

xi − xi+1
.

Definition 2.6. [21] Assume that n be a positive integer and P = {p1, p2} are set of given variables, then, the n-th
symmetric function hn(p1, p2) is defined by

hn(p1, p2) =
pn+1
1 − pn+1

2

p1 − p2
,

with

h0(p1, p2) = 1,

h1(p1, p2) = p1 + p2,

h2(p1, p2) = p21 + p1p2 + p22,

:

Definition 2.7. [4] The symmetrizing operator δkp1p2
is defined as

δkp1p2
f(p1) =

pk1f(p1)− pk2f(p2)

p1 − p2
, for all k ∈ N0. (2.3)

If f(p1) = p1, then operator (2.3) gives

δkp1p2
f(p1) =

pk+1
1 − pk+2

2

p1 − p2
= Sk(p1 + p2) = hk(p1, p2).

Proposition 2.8. Assuming P = {p1, p2} is an alphabet, we have the operator δkp1p2
as

δkp1p2
f(p1) = hk−1(p1, p2)f(p1) + pk2∂p1p2

(f) .
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3 Main theorems

In this section, we state and prove our new main theorems on the complete symmetric functions.

Theorem 3.1. Given two alphabets P={p1, p2} and A={a1, a2, a3, a4, a5}, we obtain

∞∑
n=0

hn(a1, a2, a3, a4, a5)hn(p1, p2)z
n =

 e
(5)
0 − p1p2e

(5)
2 z2 + p1p2(p1 + p2)e

(5)
3 z3

−p1p2

[
(p1 + p2)

2 − p1p2

]
e
(5)
4 z4

+p1p2(p1 + p2)
[
(p1 + p2)

2 − 2p1p2
]
e
(5)
5 z5


5∏

i=1

(1− aip1z)
5∏

i=1

(1− aip2z)

. (3.1)

Proof . Using the operator δ1p1p2
to the series f(p1z) =

∞∑
n=0

hn(a1, a2, a3, a4, a5)p
n
1 z

n, we get

δ1p1p2
f(p1z) =

p1
∞∑

n=0
hn(a1, a2, a3, a4, a5)p

n
1 z

n − p2
∞∑

n=0
hn(a1, a2, a3, a4, a5)p

n
2 z

n

p1 − p2

=

∞∑
n=0

hn(a1, a2, a3, a4, a5)
pn+1
1 − pn+1

2

p1 − p2
zn

=

∞∑
n=0

hn(a1, a2, a3, a4, a5)hn(p1, p2)z
n.

On the other hand, since

f(p1z) =
1

+∞∑
n=0

(−1)nen(a1, a2, a3, a4, a5)pn1 z
n

,

we have

∂p1p2
f(p1z) =

1

p1 − p2


1

∞∑
n=0

(−1)nen(a1,a2,a3,a4,a5)pn
1 z

n

− 1
∞∑

n=0
(−1)nen(a1,a2,a3,a4,a5)pn

2 z
n



=

1
p1−p2


∞∑

n=0
(−1)nen(a1, a2, a3, a4, a5)p

n
2 z

n

−
∞∑

n=0
(−1)nen(a1, a2, a3, a4, a5)p

n
1 z

n


( ∞∑

n=0
(−1)nen(a1, a2, a3, a4, a5)pn1 z

n

)( ∞∑
n=0

(−1)nen(a1, a2, a3, a4, a5)pn2 z
n

)

=

1
p1−p2


∞∑

n=0
(−1)nen(a1, a2, a3, a4, a5)p

n
2 z

n

−
∞∑

n=0
(−1)nen(a1, a2, a3, a4, a5)p

n
1 z

n


( ∞∑

n=0
(−1)nen(a1, a2, a3, a4, a5)pn1 z

n

)( ∞∑
n=0

(−1)nen(a1, a2, a3, a4, a5)pn2 z
n

)

=

−
∞∑

n=0
(−1)nen(a1, a2, a3, a4, a5)hn−1(p1, p2)z

n( ∞∑
n=0

(−1)nen(a1, a2, a3, a4, a5)pn1 z
n

)( ∞∑
n=0

(−1)nen(a1, a2, a3, a4, a5)pn2 z
n

) .
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It follows that, according to Proposition 2.8,

δ1p1p2
f(p1z) =


h0(p1,p2)( ∞∑

n=0
(−1)nen(a1,a2,a3,a4,a5)pn

1 z
n

)

−p2

∞∑
n=0

(−1)nen(a1,a2,a3,a4,a5)hn−1(p1,p2)z
n( ∞∑

n=0
(−1)nen(a1,a2,a3,a4,a5)pn

1 z
n

)( ∞∑
n=0

(−1)nen(a1,a2,a3,a4,a5)pn
2 z

n

)



=

 h0(p1, p2)
∞∑

n=0
(−1)nen(a1, a2, a3, a4, a5)p2z

n

−p2
∞∑

n=0
(−1)nen(a1, a2, a3, a4, a5)hn−1(p1, p2)z

n


( ∞∑

n=0
(−1)nen(a1, a2, a3, a4, a5)pn1 z

n

)( ∞∑
n=0

(−1)nen(a1, a2, a3, a4, a5)pn2 z
n

)

=

∞∑
n=0

(−1)nen(a1, a2, a3, a4, a5) [h0(p1, p2)p
n
2 − p2hn−1(p1, p2)] z

n

5∏
i=1

(1− aip1z)
5∏

i=1

(1− aip2z)

=



e
(5)
0 [h0(p1, p2)− p2h−1(p1, p2)]

−e
(5)
1 [h0(p1, p2)p2 − p2h0(p1, p2)] z

+e
(5)
2

[
h0(p1, p2)p

2
2 − p2h1(p1, p2)

]
z2

−e
(5)
3

[
h0(p1, p2)p

3
2 − p2h2(p1, p2)

]
z3

+e
(5)
4

[
h0(p1, p2)p

4
2 − p2h3(p1, p2)

]
z4

−e
(5)
5

[
h0(p1, p2)p

4
2 − p2h4(p1, p2)

]
z5


5∏

i=1

(1− aip1z)
5∏

i=1

(1− aip2z)

=


e
(5)
0 + e

(5)
2

[
p22 − p2(p1 + p2)

]
z2

−e
(5)
3

[
p32 − p2(p

2
1 + p1p2 + p22)

]
z3

+e
(5)
4

[
p42 − p2(p

3
1 + p21p2 + p1p

2
2 + p32)

]
z4

−e
(5)
5

[
p42 − p2(p

4
1 + p31p2 + p21p

2
2 + p1p

3
2 + p42)

]
z5


5∏

i=1

(1− aip1z)
5∏

i=1

(1− aip2z)

=

 1− p1p2e
(5)
2 z2 + p1p2(p1 + p2)e

(5)
3 z3

−p1p2 [(p1 + p2)− p1p2] e
(5)
4 z4

+p1p2 (p1 + p2)
[
(p1 + p2)

2 − 2p1p2

]
e
(5)
5 z5


5∏

i=1

(1− aip1z)
5∏

i=1

(1− aip2z)

.

As a result we have

∞∑
n=0

hn(a1, a2, a3, a4, a5)hn(p1, p2)z
n =

 1− p1p2e
(5)
2 z2 + p1p2(p1 + p2)e

(5)
3 z3

−p1p2 [(p1 + p2)− p1p2] e
(5)
4 z4

+p1p2 (p1 + p2)
[
(p1 + p2)

2 − 2p1p2

]
e
(5)
5 z5


5∏

i=0

(1− aip1z)
5∏

i=1

(1− aip2z)

.

□

We can conclude the following proposition from Theorem 3.1.

Proposition 3.2. Assume that {p1, p2} and {a1, a2, a3, a4, a5} be two alphabets, then we have
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∞∑
n=0

hn−1(a1, a2, a3, a4, a5)hn−1(p1, p2)z
n =


z − p1p2e

(5)
2 z3 + p1p2(p1 + p2)e

(5)
3 z4

−p1p2

[
(p1 + p2)

2 − p1p2

]
e
(5)
4 z5

+p1p2 (p1 + p2)
[
(p1 + p2)

2 − 2p1p2

]
e
(5)
5 z6


5∏

i=1

(1− aip1z)
5∏

i=1

(1− aip2z)

. (3.2)

Theorem 3.3. Assume that {p1, p2} and {a1, a2, a3, a4, a5} be two alphabets, then we have

∞∑
n=0

hn(a1, a2, a3, a4, a5)hn−1(p1, p2)z
n =


e
(5)
1 z − (p1 + p2)e

(5)
2 z2 +

[
(p1 + p2)

2 − p1p2
]
e
(5)
3 z3

−(p1 + p2)
[
(p1 + p2)

2 − 2p1p2

]
e
(5)
4 z4

+[(p1 + p2)
4 − p1p2

[
3 (p1 + p2)

2 − p1p2]
]
e
(5)
5 z5


5∏

i=1

(1− aip1z)
5∏

i=1

(1− aip2z)

. (3.3)

Proof . Using the divided difference operator ∂p1p2
on the series f(p1z) =

∞∑
n=0

hn(a1, a2, a3, a4, a5)p
n
1 z

n, we get

∂p1p2

( ∞∑
n=0

hn(a1, a2, a3, a4, a5)p
n
1 z

n

)
=

∞∑
n=0

hn(a1, a2, a3, a4, a5)p
n
1 z

n −
∞∑

n=0
hn(a1, a2, a3, a4, a5)p

n
2 z

n

p1 − p2

=

∞∑
n=0

hn(a1, a2, a3, a4, a5)
pn1 − pn2
p1 − p2

zn

=

∞∑
n=0

hn(a1, a2, a3, a4, a5)hn−1(p1, p2)z
n.

On the other hand,

∂p1p2

 1
∞∑

n=0
(−1)nen(a1, a2, a3, a4, a5)pn1 z

n

 =


1

∞∑
n=0

(−1)nen(a1,a2,a3,a4,a5)pn
1 z

n

− 1
∞∑

n=0
(−1)nen(a1,a2,a3,a4,a5)pn

2 z
n


p1 − p2

=

1
p1−p2

( ∞∑
n=0

(−1)nen(a1, a2, a3, a4, a5)p
n
2 z

n −
∞∑

n=0
(−1)nen(a1, a2, a3, a4, a5)p

n
1 z

n

)
( ∞∑

n=0
(−1)nen(a1, a2, a3, a4, a5)pn1 z

n

)( ∞∑
n=0

(−1)nen(a1, a2, a3, a4, a5)pn2 z
n

)

=−

∞∑
n=0

(−1)nen(a1, a2, a3, a4, a5)
pn
1 −pn

2

p1−p2
zn( ∞∑

n=0
(−1)nen(a1, a2, a3, a4, a5)pn1 z

n

)( ∞∑
n=0

(−1)nen(a1, a2, a3, a4, a5)pn2 z
n

)

=−

∞∑
n=0

(−1)nen(a1, a2, a3, a4, a5)hn−1(p1, p2)z
n( ∞∑

n=0
(−1)nen(a1, a2, a3, a4, a5)pn1 z

n

)( ∞∑
n=0

(−1)nen(a1, a2, a3, a4, a5)pn2 z
n

)
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=−


e0(a1, a2, a3, a4, a5)h−1(p1, p2)
−e1(a1, a2, a3, a4, a5)h0(p1, p2)z
+e2(a1, a2, a3, a4, a5)h1(p1, p2)z

2

−e3(a1, a2, a3, a4, a5)h2(p1, p2)z
3

+e4(a1, a2, a3, a4, a5)h3(p1, p2)z
4

−e5(a1, a2, a3, a4, a5)h4(p1, p2)z
5


5∏

i=1

(1− aip1z)
5∏

i=1

(1− aip2z)

=


e1(a1, a2, a3, a4, a5)z − (p1 + p2) e2(a1, a2, a3, a4, a5)z

2

+
[
(p1 + p2)

2 − p1p2

]
e3(a1, a2, a3, a4, a5)z

3

− (p1 + p2)
[
(p1 + p2)

2 − 2p1p2

]
e4(a1, a2, a3, a4, a5)z

4

+
[
(p1 + p2)

4 − p1p2

[
3 (p1 + p2)

2 − p1p2

]]
e5(a1, a2, a3, a4, a5)z

5


5∏

i=1

(1− aip1z)
5∏

i=1

(1− aip2z)

.

□

4 On the generating functions of some numbers

In this section, we take into account the previous theorems to create a novel generating functions for the products of
the symmetric functions in multiple variables with k-Fibonacci, k-Lucas, k-Pell,k-Jacobsthal and k Mersenne numbers.

In (3.1), (3.2) and (3.3), we get p2 replaced by (−p2). Then, we have

∞∑
n=0

hn(a1, a2, a3, a4, a5)hn(p1, [−p2])z
n =

 1 + p1p2e
(5)
2 z2 − p1p2(p1 − p2)e

(5)
3 z3

+p1p2

[
(p1 − p2)

2
+ p1p2

]
e
(5)
4 z4

−p1p2(p1 − p2)
[
(p1 − p2)

2 + 2p1p2
]
e
(5)
5 z5


5∏

i=1

(1− ai (p1 − p2) z − a2i p1p2z
2)

, (4.1)

∞∑
n=0

hn−1(a1, a2, a3, a4, a5)hn−1(p1, [−p2])z
n =


z + p1p2e

(5)
2 z3 − p1p2(p1 − p2)e

(5)
3 z4

+p1p2

[
(p1 − p2)

2
+ p1p2

]
e
(5)
4 z5

−p1p2 (p1 − p2)
[
(p1 − p2)

2
+ 2p1p2

]
e
(5)
5 z6


5∏

i=1

(1− ai (p1 − p2) z − a2i p1p2z
2)

, (4.2)

∞∑
n=0

hn(a1, a2, a3, a4, a5)hn−1(p1, [−p2])z
n =


e
(5)
1 z − (p1 − p2)e

(5)
2 z2 +

[
(p1 − p2)

2 + p1p2
]
e
(5)
3 z3

−(p1 − p2)
[
(p1 − p2)

2
+ 2p1p2

]
e
(5)
4 z4

+[(p1 − p2)
4 + p1p2

[
3 (p1 − p2)

2
+ p1p2]

]
e
(5)
5 z5


5∏

i=1

(1− ai (p1 − p2) z − a2i p1p2z
2)

. (4.3)

This case involves four related parts:
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Part 1: By replacing p1 − p2 = k et p1p2 = 1 in (4.1), we present

∞∑
n=0

hn(a1, a2, a3, a4, a5)hn(p1, [−p2])z
n =

1 + e
(5)
2 z2 − ke

(5)
3 z3 +

(
k2 + 1

)
e
(5)
4 z4 − k

(
k2 + 2

)
e
(5)
5 z5

5∏
i=1

(1− kaiz − a2i z
2)

=

∞∑
n=0

hn(a1, a2, a3, a4, a5)Fk,nz
n.

Consequently, The following Theorems are introduced.

Theorem 4.1. Provided that n ∈ N, the novel producing function for the sum of k-Fibonacci numbers and symmetric
function in multiple variables is

∞∑
n=0

hn(a1, a2, a3, a4, a5)Fk,nz
n =

1 + e
(5)
2 z2 − ke

(5)
3 z3 +

(
k2 + 1

)
e
(5)
4 z4 − k

(
k2 + 2

)
e
(5)
5 z5

5∏
i=1

(1− kaiz − a2i z
2)

.

Theorem 4.2. Provided that n ∈ N, the novel generating function for the product of k-Lucas numbers and symmetric
function in multiple variables is

∞∑
n=0

hn(a1, a2, a3, a4, a5)Lk,nz
n =

[
2− ke

(5)
1 z +

(
k2 + 2

)
e
(5)
2 z2 − k

(
k2 + 3

)
e
(5)
3 z3

+
(
k4 + 4k2 + 2

)
e
(5)
4 z4 − k

(
k4 + 5k2 + 5

)
e
(5)
5 z5

]
5∏

i=1

(1− kaiz − a2i z
2)

.

Proof . Observe that
Lk,n = 2hn(p1, [−p2])− khn−1 (p1, [−p2]) , (see [13]),

then
∞∑

n=0

hn(a1, a2, a3, a4, a5)Lk,nz
n

=2

∞∑
n=0

hn(a1, a2, a3, a4, a5)hn (p1, [−p2]) z
n − k

∞∑
n=0

hn(a1, a2, a3, a4, a5)hn−1(p1, [−p2])z
n

=

2

[
1 + e

(5)
2 z2 − ke

(5)
3 z3

+
(
k2 + 1

)
e
(5)
4 z4 − k

(
k2 + 2

)
e
(5)
5 z5

]
− k

[
e
(5)
1 z − ke

(5)
2 z2 +

(
k2 + 1

)
e
(5)
3 z3

−k
(
k2 + 2

)
e
(5)
4 z4 +

(
k4 + 3k2 + 1

)
e
(5)
5 z5

]
5∏

i=1

(1− kaiz − a2i z
2)

=

[
2− ke

(5)
1 z +

(
k2 + 2

)
e
(5)
2 z2 − k

(
k2 + 3

)
e
(5)
3 z3

+
(
k4 + 4k2 + 2

)
e
(5)
4 z4 − k

(
k4 + 5k2 + 5

)
e
(5)
5 z5

]
5∏

i=1

(1− kaiz − a2i z
2)

.

□

Part 2: If we assume that p1 − p2 = 2 and p1p2 = k in (4.2), we get

∞∑
n=0

hn−1(a1, a2, a3, a4, a5)hn−1(p1, [−p2])z
n =

z + ke
(5)
2 z3 − 2ke

(5)
3 z4 + k (k + 4) e

(5)
4 z5 − 4k (2 + k) e

(5)
5 z6

5∏
i=1

(1− 2aiz − ka2i z
2)

=

∞∑
n=0

hn−1(a1, a2, a3, a4, a5)Pk,nz
n.



Construction a novel generating functions in several variables 187

where the next Theorem is derived.

Theorem 4.3. Provided that n ∈ N, the novel generating function for the product of k-Pell numbers and symmetric
function in multiple variables is given by

∞∑
i=0

hn−1(a1, a2, a3, a4, a5)Pk,nz
n =

z + ke
(5)
2 z3 − 2ke

(5)
3 z4 + k (k + 4) e

(5)
4 z5 − 4k (2 + k) e

(5)
5 z6

5∏
i=1

(1− 2aiz − ka2i z
2)

.

Part 3: Puting p1 − p2 = 3k and p1p2 = −2 in (4.2), we get

∞∑
n=0

hn−1(a1, a2, a3, a4, a5)hn−1(p1, [−p2])z
n =

z − 2e
(5)
2 z3 + 6ke

(5)
3 z4 − 2

(
9k2 − 2

)
e
(5)
4 z5 + 6k

(
9k2 − 4

)
e
(5)
5 z6

5∏
i=1

(1− 3kaiz + 2a2i z
2)

=

∞∑
n=0

hn−1(a1, a2, a3, a4, a5)Mk,nz
n.

Thus, we get the following Theorem.

Theorem 4.4. Given n ∈ N, the novel generating function for the product of k-Mersenne numbers and symmetric
function in multiple variables is obtained by

∞∑
i=0

hn−1(a1, a2, a3, a4, a5)Mk,nz
n =

z − 2e
(5)
2 z3 + 6ke

(5)
3 z4 − 2

(
9k2 − 2

)
e
(5)
4 z5 + 6k

(
9k2 − 4

)
e
(5)
5 z6

5∏
i=1

(1− 3kaiz + 2a2i z
2)

.

Part 4: Selecting p1 and p2 such that p1 − p2 = k and p1p2 = 2 and replacing in (4.2), we get

∞∑
n=0

hn−1(a1, a2, a3, a4, a5)hn−1(p1, [−p2])z
n =

z + 2e
(5)
2 z3 − 2ke

(5)
3 z4 + 2

(
k2 + 2

)
e
(5)
4 z5 − 2k

(
k2 + 4

)
e
(5)
5 z6

5∏
i=1

(1− kaiz − 2a2i z
2)

=

∞∑
n=0

hn−1(a1, a2, a3, a4, a5)Jk,nz
n.

As a result, we have the following Theorem.

Theorem 4.5. Given n ∈ N, the novel generating function for the product of k-Jacobsthal numbers and symmetric
function in multiple variables is given by

∞∑
n=0

hn−1(a1, a2, a3, a4, a5)Jk,nz
n =

z + 2e
(5)
2 z3 − 2ke

(5)
3 z4 + 2

(
k2 + 2

)
e
(5)
4 z5 − 2k

(
k2 + 4

)
e
(5)
5 z6

5∏
i=1

(1− kaiz − 2a2i z
2)

.
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Set a5 = 0, we get the following generating functions. The acquired results are presented in Table 1.

Table 1: Generating functions of some numbers

.
p1 − p2 p1p2 Coefficient of zn Generating function

k 1 hn(a1, a2, a3, a4)Fk,n
e
(4)
1 z−ke

(4)
2 z2+(k2+1)e(4)3 z3−k(k+2)e

(4)
4 z4

4∏
i=1

(1−kaiz−2a2
i z

2)

2 k hn−1(a1, a2, a3, a4)Pk,n
z+ke

(4)
2 z3−2ke

(4)
3 z4+k(k+4)e

(4)
4 z5∏4

i=1(1−kaiz−2a2
i z

2)

3k −2 hn−1(a1, a2, a3, a4)Mk,n
z−2e

(4)
2 z3−6ke

(4)
3 z4−2(9k2−2)e(4)4 z5

4∏
i=1

(1−kaiz−2a2
i z

2)

k 2 hn−1(a1, a2, a3, a4)Jk,n
z+2e

(4)
2 z3−2ke

(4)
3 z4+2(k2+2)e(4)4 z5

4∏
i=1

(1−kaiz−2a2
i z

2)

Taking a4 = a5 = 0, we get the following generating functions. The acquired results are presented in Table 2.

Table 2: Generating functions of some numbers

.
p1 − p2 p1p2 Coefficient of zn Generating function

k 1 hn(a1, a2, a3)Fk,n
1+e

(3)
2 z2+ke

(3)
3 z3

3∏
i=1

(1−kaiz−a2
i z

2)

2 k hn−1(a1, a2, a3)Pk,n
z+ke

(3)
2 z3+2ke

(3)
3 z4

3∏
i=1

(1−2aiz−ka2
i z

2)

k 1 hn(a1, a2, a3)Lk,n
2−ke

(3)
1 z+(2+k2)e(3)2 z2+k(1−k2)e(3)3 z3

3∏
i=1

(1−kaiz−a2
i z

2)

3k −2 hn−1(a1, a2, a3)Mk,n
z−2e

(3)
2 z3−6ke

(3)
3 z4

3∏
i=1

(1−3kaiz+2a2
i z

2)

k 2 hn−1(a1, a2, a3)Jk,n
z+2e

(3)
2 z3+2ke

(3)
3 z4

3∏
i=1

(1−kaiz−2a2
i z

2)

Taking a3 = a4 = a5 = 0, we get the Table 3, which represents the generating functions of various numbers
obtained in previous works.

Table 3: Generating functions of some numbers

.
p1 − p2 p1p2 Coefficient of zn Generating function

k 1 hn(a1, a2)Fk,n
1+e2(a1,a2)z

2

2∏
i=1

(1−kaiz−a2
i z

2)

2 k hn−1(a1, a2)Pk,n
z+ke2(a1,a2)z

3

2∏
i=1

(1−2aiz−ka2
i z

2)

k 1 hn(a1, a2)Lk,n
2+ke1(a1,a2)z+(2−k2)e2(a1,a2)z

2

2∏
i=1

(1−kaiz−a2
i z

2)

3k −2 hn−1(a1, a2)Mk,n
z−2e2(a1,a2)z

3

2∏
i=1

(1−3kaiz+2a2
i z

2)

k 2 hn−1(a1, a2)Jk,n
z+2e2(a1,a2)z

3

2∏
i=1

(1−kaiz−2a2
i z

2)
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5 On the generating functions of some polynomials

In this section, we take into account the previous theorems to create a novel generating functions for the products
of the symmetric functions in many variables with Fibonacci polynomials, Jacobsthal polynomials and Chebyshev
polynomials of the first, second, third and fourth kinds.

• Case 1: In (3.1) and (3.2), we get p2 replaced by (−p2), this case involves three related parts:

Part1: By replacing p1 − p2 = x and p1p2 = 1 in (4.1), we present

∞∑
n=0

hn(a1, a2, a3, a4, a5)hn(p1, [−p2])z
n =

1 + e
(5)
2 z2 − e

(5)
3 xz3 +

(
x2 + 1

)
e
(5)
4 z4 − x

(
x2 + 2

)
e
(5)
5 z5

5∏
i=1

(1− aixz − a2i z
2)

.

Consequently, the following Theorems are introduced.

Theorem 5.1. Provided that n ∈ N, the novel generating function for the product of Fibonacci polynomials and
symmetric function in multiple variables is

∞∑
n=0

hn(a1, a2, a3, a4, a5)Fn(x)z
n =

1 + e
(5)
2 z2 − e

(5)
3 xz3 +

(
x2 + 1

)
e
(5)
4 z4 − x

(
x2 + 2

)
e
(5)
5 z5

5∏
i=1

(1− aixz − a2i z
2)

.

Theorem 5.2. Provided that n ∈ N, the novel generating function for the product of Lucas polynomials and sym-
metric function in multiple variables is

∞∑
n=0

hn(a1, a2, a3, a4, a5)Ln(x)z
n =

[
2− xz +

(
2 + x2

)
e
(5)
2 z2 − x

(
3 + x2

)
e
(5)
3 z3

+
(
x4 + 4x2 + 2

)
e
(5)
4 z4 − x

(
x4 + 5x2 + 5

)
e
(5)
5 z5

]
5∏

i=1

(1− aixz − a2i z
2)

.

Proof . Consider that
Ln (x) = 2hn (p1, [−p2])− xhn−1 (p1, [−p2]) , (see [9]),

then can be written by

∞∑
n=0

hn(a1, a2, a3, a4, a5)Ln(x)z
n =

 2
∞∑

n=0
hn(a1, a2, a3, a4, a5)hn (p1, [−p2]) z

n

−x
∞∑

n=0
hn(a1, a2, a3, a4, a5)hn−1 (p1, [−p2]) z

n



=

2

 1 + e
(5)
2 z2 − e

(5)
3 xz3

+
(
x2 + 1

)
e
(5)
4 z4

−x
(
x2 + 2

)
e
(5)
5 z5

− x

 z − e
(5)
2 xz2 +

(
x2 + 1

)
e
(5)
3 z3

−x
(
x2 + 2

)
e
(5)
4 z4

+
(
x4 + 3x2 + 1

)
e
(5)
5 z5


5∏

i=1

(1− aixz − a2i z
2)

=

[
2− xz +

(
2 + x2

)
e
(5)
2 z2 − x

(
x2 + 3

)
e
(5)
3 z3

+
(
x4 + 4x2 + 2

)
e
(5)
4 z4 − x

(
x4 + 5x2 + 5

)
e
(5)
5 z5

]
5∏

i=1

(1− aixz − a2i z
2)

.

□

Part 2: By replacing p1 − p2 = 2x and p1p2 = 1 in (4.2), we obtain

∞∑
n=0

hn−1(a1, a2, a3, a4, a5)hn−1(p1, [−p2])z
n =

z + e
(5)
2 z3 − 2xe

(5)
3 z4 +

(
4x2 + 1

)
e
(5)
4 z5 − 4x

(
2x2 + 1

)
e
(5)
5 z6∏5

i=1 (1− 2aixz − a2i z
2)

,
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where the next Theorem is derived.

Theorem 5.3. Provided that n ∈ N, The novel generating function for the product of Pell polynomials and symmetric
function in multiple variables is given by

∞∑
n=0

hn−1(a1, a2, a3, a4, a5)Pn(x)z
n =

z + e
(5)
2 z3 − 2xe

(5)
3 z4 +

(
4x2 + 1

)
e
(5)
4 z5 − 4x

(
2x2 + 1

)
e
(5)
5 z6

5∏
i=1

(1− 2aixz − a2i z
2)

.

Part 3: Selecting p1 and p2 such that p1p2 = 2x and p1 − p2 = 1 and replacing in (4.2), we get

∞∑
n=0

hn−1(a1, a2, a3, a4, a5)hn−1(p1, [−p2])z
n =

z + 2e
(5)
2 xz3 − 2xe

(5)
3 z4 + 2x (2x+ 1) e

(5)
4 z5 − 2x (4x+ 1) e

(5)
5 z6∏5

i=1 (1− aiz − 2a2ixz
2)

.

Hence, we arrive at the Theorem bellow.

Theorem 5.4. Given n ∈ N. The novel generating function for the Jacobsthal polynomials and symmetric function
in multiple variables is obtained by

∞∑
n=0

hn−1(a1, a2, a3, a4, a5)Jn(x)z
n =

z + 2e
(5)
2 xz3 − 2xe

(5)
3 z4 + 2x (2x+ 1) e

(5)
4 z5 − 2x (4x+ 1) e

(5)
5 z6

5∏
i=1

(1− aiz − 2a2ixz
2)

.

• Case 2: In (3.1), (3.3) and under the condition 4p1p2 = −1, we get p1 replaceb by 2p1 and p2 by [−2p2] then,
we have

∞∑
n=0

hn(a1, a2, a3, a4, a5)hn(2p1, [−2p2])z
n =


1 + 4p1p2e

(5)
2 z2 − 8p1p2 (p1 − p2) e

(5)
3 z3

+4p1p2

[
4 (p1 − p2)

2
+ 4p1p2

]
e
(5)
4 z4

−8p1p2 (p1 − p2)
[
4 (p1 − p2)

2
+ 8p1p2

]
e
(5)
5 z5


5∏

i=1

(1− 2p1aiz) (1 + 2p2aiz)

=

[
1− e

(5)
2 z2 + 2xe

(5)
3 z3

−
(
4x2 − 1

)
e
(5)
4 z4 + 4x

(
2x2 − 1

)
e
(5)
5 z5

]
5∏

i=1

(1− 2aixz + a2i z
2)

,

∞∑
n=0

hn(a1, a2, a3, a4, a5)hn−1(2p1, [−2p2])z
n =


e
(5)
1 z − 2 (p1 − p2) e

(5)
2 z2 + 4

[
p1p2 + (p1 − p2)

2
]
e
(5)
3 z3

−2 (p1 − p2)
[
4 (p1 − p2)

2
+ 8p1p2

]
e
(5)
4 z4

+
[
16 (p1 − p2)

4
+ 4p1p2

[
12 (p1 − p2)

2
+ 4p1p2

]]
e
(5)
5 z5


5∏

i=1

(1− 2 (p1 − p2) aiz − 4p1p2a2i z
2)

=

[
e
(5)
1 z − 2xe

(5)
2 z2 +

(
4x2 − 1

)
e
(5)
3 z3

−4x
(
2x2 − 1

)
e
(5)
4 z4 +

(
16x4 − 12x2 + 1

)
e
(5)
5 z5

]
5∏

i=1

(1− 2xaiz + a2i z
2)

.

Consequently, the following results are provided.
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Theorem 5.5. Given n ∈ N, the new generating function for the product of second kind Chebyshev polynomials and
symmetric function in multiple variables is obtained by

∞∑
n=0

hn(a1, a2, a3, a4, a5)Un(x)z
n =

[
1− e

(5)
2 z2 + 2xe

(5)
3 z3

−
(
4x2 − 1

)
e
(5)
4 z4 + 4x

(
2x2 − 1

)
e
(5)
5 z5

]
∏5

i=1 (1− 2aixz + a2i z
2)

.

Theorem 5.6. Given n ∈ N, the novel generating function for the product of first kind Chebyshev polynomials and
symmetric function in multiple variables is obtained by

∞∑
n=0

hn(a1, a2, a3, a4, a5)Tn(x)z
n =

[
1− xe

(5)
1 z −

(
1− 2x2

)
e
(5)
2 z2 + x

(
3− 4x2

)
e
(5)
3 z3

−4x
(
2x2 − 1

)
e
(5)
4 z4 + x

(
20x2 − 16x4 − 5

)
e
(5)
5 z5

]
∏5

i=1 (1− 2aixz + a2i z
2)

.

Proof . We observe that

Tn(x) = hn(2p1, [−2p2])− xhn−1(2p1, [−2p2]), (see [3])

then,

∞∑
n=0

hn(a1, a2, a3, a4, a5)Tn(x)z
n =


+∞∑
n=0

hn(a1, a2, a3, a4, a5)hn(2p1, [−2p2])z
n

−x
+∞∑
n=0

hn(a1, a2, a3, a4, a5)hn−1(2p1, [−2p2])z
n



=

 1− e
(5)
2 z2 + 2xe

(5)
3 z3

−
(
4x2 − 1

)
e
(5)
4 z4

+4x
(
2x2 − 1

)
e
(5)
5 z5

− x

 e
(5)
1 z − 2xe

(5)
2 z2 +

(
4x2 − 1

)
e
(5)
3 z3

−4x
(
2x2 − 1

)
e
(5)
4 z4

+
(
16x4 − 12x2 + 1

)
e
(5)
5 z5


5∏

i=1

(1− 2aixz + a2i z
2)

=

 1− xe
(5)
1 z −

(
1− 2x2

)
e
(5)
2 z2 + x

(
2− 4x2 + 1

)
e
(5)
3 z3

−4x
(
2x2 − 1

)
e
(5)
4 z4

+x
(
8x2 − 4− 16x4 + 12x2 − 1

)
e
(5)
5 z5


5∏

i=1

(1− 2aixz + a2i z
2)

=

 1− xe
(5)
1 z −

(
1− 2x2

)
e
(5)
2 z2 + x

(
3− 4x2

)
e
(5)
3 z3

−4x
(
2x2 − 1

)
e
(5)
4 z4

+x
(
20x2 − 16x4 − 5

)
e
(5)
5 z5


5∏

i=1

(1− 2aixz + a2i z
2)

.

□

Theorem 5.7. Given n ∈ N, the novel generating function for the product of third kind Chebyshev polynomials and
symmetric function in multiple variables is obtained by

∞∑
n=0

hn(a1, a2, a3, a4, a5)Vn(x)z
n =

 1− e
(5)
1 z − (1− 2x) e

(5)
2 z2 +

(
1 + 2x− 4x2

)
e
(5)
3 z3

+
(
8x3 − 4x2 − 4x+ 1

)
e
(5)
4 z4

−
(
16x4 − 8x3 − 12x2 + 4x+ 1

)
e
(5)
5 z5


∏5

i=1 (1− 2aixz + a2i z
2)

.
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Proof . We observe that

Vn(x) = hn(2p1, [−2p2])− hn−1(2p1, [−2p2]), (see [3]),

then

∞∑
n=0

hn(a1, a2, a3, a4, a5)Vn(x)z
n =


∞∑

n=0
hn(a1, a2, a3, a4, a5)hn(2p1, [−2p2])z

n

−
∞∑

n=0
hn(a1, a2, a3, a4, a5)hn−1(2p1, [−2p2])z

n



=

 1− e
(5)
2 z2 + 2xe

(5)
3 z3

−
(
4x2 − 1

)
e
(5)
4 z4

+4x
(
2x2 − 1

)
e
(5)
5 z5

−

 e
(5)
1 z − 2xe

(5)
2 z2 +

(
4x2 − 1

)
e
(5)
3 z3

−4x
(
2x2 − 1

)
e
(5)
4 z4

+
(
16x4 − 12x2 + 1

)
e
(5)
5 z5


5∏

i=1

(1− 2aixz + a2i z
2)

=

 1− e
(5)
1 z − (1− 2x) e

(5)
2 z2 −

(
4x2 − 2x− 1

)
e
(5)
3 z3

+
(
8x3 − 4x2 − 4x+ 1

)
e
(5)
4 z4

−
(
16x4 − 8x3 − 12x2 + 4x+ 1

)
e
(5)
5 z5


5∏

i=1

(1− 2aixz + a2i z
2)

.

□

Theorem 5.8. Given n ∈ N, the new generating function for the product of fourth kind Chebyshev polynomials and
symmetric function in multiple variables is obtained by

∞∑
n=0

hn(a1, a2, a3, a4, a5)Wn(x)z
n =

 1 + e
(5)
1 z − (1 + 2x) e

(5)
2 z2 +

(
4x2 + 2x− 1

)
e
(5)
3 z3

−
(
8x3 + 4x2 − 4x− 1

)
e
(5)
4 z4

+
(
16x4 + 8x3 − 12x2 − 4x+ 1

)
e
(5)
5 z5


5∏

i=1

(1− 2aixz + a2i z
2)

.

Proof . We observe that

Wn(x) = hn(2p1, [−2p2]) + hn−1(2p1, [−2p2]), (see [3])

then

∞∑
n=0

hn(a1, a2, a3, a4, a5)Wn(x)z
n =


+∞∑
n=0

hn(a1, a2, a3, a4, a5)hn(2p1, [−2p2])z
n

+
+∞∑
n=0

hn(a1, a2, a3, a4, a5)hn−1(2p1, [−2p2])z
n



=

 1− e
(5)
2 z2 + 2xe

(5)
3 z3

−
(
4x2 − 1

)
e
(5)
4 z4

+4x
(
2x2 − 1

)
e
(5)
5 z5

+

 e
(5)
1 z − 2xe

(5)
2 z2 +

(
4x2 − 1

)
e
(5)
3 z3

−4x
(
2x2 − 1

)
e
(5)
4 z4

+
(
16x4 − 12x2 + 1

)
e
(5)
5 z5


5∏

i=1

(1− 2aixz + a2i z
2)

=

 1 + e
(5)
1 z − (1 + 2x) e

(5)
2 z2 +

(
4x2 + 2x− 1

)
e
(5)
3 z3

−
(
8x3 + 4x2 − 4x− 1

)
e
(5)
4 z4

+
(
16x4 + 8x3 − 12x2 − 4x+ 1

)
e
(5)
5 z5


5∏

i=1

(1− 2aixz + a2i z
2)

.



Construction a novel generating functions in several variables 193

□

Theorem (4.1), (4.2), (4.3), (4.5) and (4.6), where a4 = a5 = 0 produce the generationg function of various
polynomial products and symmetric functions in multiple variables, respectively. The acquired results are presented
in Table 4.

Table 4: Generating functions of some polynomials

.
p1 − p2 p1p2 Coefficient de zn Generating Function

x 1 hn(a1, a2, a3, a4)Fn(x)
1−e

(4)
2 z2+xe

(4)
3 z3−(x2−1)e(4)4 z4

4∏
i=1

(1−aixz−a2
i z

2)

x 1 hn(a1, a2, a3, a4)Ln(x)
2+xe

(4)
1 z+(x2−2)e(4)2 z2−x(x2−1)e(4)3 z3+(x4+2)e(4)4 z4

4∏
i=1

(1−aixz−a2
i z

2)

2x 1 hn−1(a1, a2, a3, a4)Pn(x)
z+e

(4)
2 z3−2xe

(4)
3 z4+(4x2+1)e(4)4 z5

4∏
i=1

(1−2aixz−a2
i z

2)

1 2x hn−1(a1, a2, a3, a4)Jn(x)
z+2xe

(4)
2 z3−2xe

(4)
3 z4+2x(2x+1)e

(4)
4 z5

4∏
i=1

(1−aiz−2xa2
i z

2)

x − 1
4 hn(a1, a2, a3, a4)Un(x)

1−e
(4)
2 z2+2xe

(4)
3 z3−(4x2−1)e(4)4 z4

4∏
i=1

(1−2aixz+a2
i z

2)

x − 1
4 hn(a1, a2, a3, a4)Tn(x)

1−xe
(4)
1 z+(2x2−1)e(4)2 z2−x(4x2−3)e(4)3 z3+(8x3+1)e(4)4 z4

4∏
i=1

(1−2aixz+a2
i z

2)

x − 1
4 hn(a1, a2, a3, a4)Vn(x)

1−e
(4)
1 z−(2x−1)e

(4)
2 z2−(4x2+2x+1)e(4)3 z3+(8x3−4x2−4x+1)e(4)4 z4

4∏
i=1

(1−2aixz+a2
i z

2)

x − 1
4 hn(a1, a2, a3, a4)Wn(x)

1+e
(4)
1 z−(1+2x)e

(4)
2 z2+(4x2+2x−1)e(4)3 z3−(8x3+4x2−4x−1)e(4)4 z4

4∏
i=1

(1−2aixz+a2
i z

2)

For a3 = a4 = a5 = 0, we derive a novel generating functions of some polynomials attained in former works, and
present them in the Table 5.

Table 5: Generating functions of some polynomials

.
p1 − p2 p1p2 Coefficient de zn Generating Function

x 1 hn(a1, a2)Fn(x)
1+e2(a1,a2)z

2

2∏
i=1

(1−aixz−a2
i z

2)

x 1 hn(a1, a2)Ln(x)
2+xe1(a1,a2)z−(x2−2)e2(a1,a2)z

2

2∏
i=1

(1−aixz−a2
i z

2)

2x 1 hn−1(a1, a2)Pn(x)
z+e2(a1,a2)z

3

2∏
i=1

(1−2aixz−a2
i z

2)

1 x hn−1(a1, a2)Jn(x)
z+2xe2(a1,a2)z

3

2∏
i=1

(1−aiz−2xa2
i z

2)

x − 1
4 hn(a1, a2)Un(x)

1−e2(a1,a2)z
2

2∏
i=1

(1−2aixz+a2
i z

2)

x − 1
4 hn(a1, a2)Tn(x)

1+e1(a1,a2)xz−(2x2+1)e2(a1,a2)z
2

2∏
i=1

(1−2aixz+a2
i z

2)

x − 1
4 hn(a1, a2)Vn(x)

1+e1(a1,a2)z−(2x+1)e2(a1,a2)z
2

2∏
i=1

(1−2aixz+a2
i z

2)

x − 1
4 hn(a1, a2)Wn(x)

1−e1(a1,a2)z+(2x−1)e2(a1,a2)z
2

2∏
i=1

(1−2aixz+a2
i z

2)
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6 Theory applications

Definition 6.1. For all n ∈ N, we define

[n]q =
1− qn

1− q
= 1 + q + q2 + ...+ qn−1, (q ̸= 1).

Definition 6.2. Strling numbers of two kind s(n, k) are coefficients of polynomial (x)n defined by

(x)n = x(x− 1)(x− 2) . . . (x− n+ 1) =

n∑
k=0

s(n, k)xk.

Theorem 6.3. Let A =
{
1, q, q2, q3, q4

}
be an alphabet, we have

Sn(A) =

[
n+ 4
n

]
q

.

Proof . we have
{
1, q, q2, ..., qn−1

}
:= [n]q (see [1]), Gaussian polynomial is given by:

Sj

(
[n]q

)
=

[
n+ j − 1

j

]
q

,

so

Sj

(
[5]q

)
=

[
5 + j − 1

j

]
q

=

[
4 + j
j

]
q

,

that’s to say

Sn (A) =

[
n+ 4
n

]
q

.

that completes the proof. □

Theorem 6.4. Let A = {1, 2, 3, 4, 5} be an alphabet, we have

Sn (A) =
5n+2 + 1

24
− 2n+2 + 4n+2

6
+

3n+2

4

Proof . We have

∂en+1en∂enen−1
...∂e2e1f (e1) =

n∑
i=0

f (ei+1)

R (ei+1, Ei)R (ei+1, En+1\Ei+1)
(see [19]),

In the case of the alphabet: E = {e1, e2, e3, e4, e5} and f (e1) = en+2
1 the lagrange form is:

∂e5e4∂e4e3∂e3e2∂e2e1e
n+2
1 =

4∑
k=0

en+2
k+1

R (ek+1 − Ek)R (ek+1, E4+1\Ek+1)

=
en+2
1

R (e1 − E0)R (e1, E5\E1)
+

en+2
2

R (e2 − E1)R (e2, E5\E2)

+
en+2
3

R (e3 − E2)R (e3, E5\E3)
+

en+2
4

R (e4 − E3)R (e4, E5\E4)
+

en+2
5

R (e5 − E4)R (e5, E5\E5)

=
en+2
1

(e1 − e2) (e1 − e3) (e1 − e4) (e1 − e5)
+

en+2
2

(e2 − e1) (e2 − e3) (e2 − e4) (e2 − e5)

+
en+2
3

(e3 − e1) (e3 − e2) (e3 − e4) (e3 − e5)
+

en+2
4

(e4 − e1) (e4 − e2) (e4 − e3) (e4 − e5)

+
en+2
5

(e5 − e1) (e5 − e2) (e5 − e3) (e5 − e4)
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∂e5e4∂e4e3∂e3e2∂e2e1e
n+2
1 =

1n+2

(1− 2) (1− 3) (1− 4) (1− 5)
+

2n+2

(2− 1) (2− 3) (2− 4) (2− 5)

+
3n+2

(3− 1) (3− 2) (3− 4) (3− 5)
+

4n+2

(4− 1) (4− 2) (4− 3) (4− 5)

+
5n+2

(5− 1) (5− 2) (5− 3) (5− 4)

=
1

24
− 2n+2

6
+

3n+2

4
− 4n+2

6
+

5n+2

24

=
5n+2 + 1

24
− 2n+2 + 4n+2

6
+

3n+2

4
.

□

• Case 01: A = {1, 2, 3, 4, 5} and P = {1, q} := [2]q

We pose:

e
(5)
0 = 1,

e
(5)
1 = 15,

e
(5)
2 = 85,

e
(5)
3 = 225,

e
(5)
4 = 274,

e
(5)
5 = 120.

The following propositions are found in the relationships (3.1), (3.2), and (3.3):

Proposition 6.5.

+∞∑
n=0

[
5n+2 + 1

24
− 2n+2 + 4n+2

6
+

3n+2

4

] [
n+ 1
n

]
q

zn =


1− 85qz2 + 225q (1 + q) z3

−274q
[
(1 + q)

2 − q
]
z4

+120q (1 + q)
[
(1 + q)

2 − 2q
]
z5


∏5

i=1 (1− aiz) (1− aiqz)
,

+∞∑
n=0

[
5n+1 + 1

24
− 2n+1 + 4n+1

6
+

3n+1

4

] [
n

n− 1

]
q

zn =


z − 85qz3 + 225q (1 + q) z4

−274q
[
(1 + q)

2 − q
]
z5

+120q (1 + q)
[
(1 + q)

2 − 2q
]
z6


∏5

i=1 (1− aiz) (1− aiqz)
,

+∞∑
n=0

[
5n+2 + 1

24
− 2n+2 + 4n+2

6
+

3n+2

4

] [
n

n− 1

]
q

zn =


15z − 85 (1 + q) z2 + 225

[
(1 + q)

2 − q
]
z3

−274 (1 + q)
[
(1 + q)

2 − 2q
]
z4

+120
[
(1 + q)

4 − q
[
3 (1 + q)

2 − q
]]

z5


5∏

i=1

(1− aiz) (1− aiqz)

.
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• Case 2: A =
{
1, q, q2, q3, q4

}
and P = {1, 2}. We pose:

e
(5)
0 = 1,

e
(5)
1 = 1 + q + q2 + q3 + q4,

e
(5)
2 = q

(
1 + q + 2q2 + 2q3 + 2q4 + q5 + q6

)
,

e
(5)
3 = q3

(
1 + q + 2q2 + 2q3 + 2q4 + q5 + q6

)
,

e
(5)
4 = q6

(
1 + q + q2 + q3 + q46

)
,

e
(5)
5 = q10.

The following statements are found in the relationships (3.1), (3.2), and (3.3):

Proposition 6.6.

+∞∑
n=0

[
n+ 4
n

]
q

[
2n+1 − 1

]
zn =

 1− 2q
(
1 + q + 2q2 + 2q3 + 2q4 + q5 + q6

)
z2

+6q3
(
1 + q + 2q2 + 2q3 + 2q4 + q5 + q6

)
z3

−14q6
(
1 + q + q2 + q3 + q4

)
z4 + 30q10z5


∏5

i=1 (1− aiz) (1− 2aiz)
,

+∞∑
n=0

[
n+ 3
n− 1

]
q

[2n − 1] zn =

 z − 2q
(
1 + q + 2q2 + 2q3 + 2q4 + q5 + q6

)
z3

+6q3
(
1 + q + 2q2 + 2q3 + 2q4 + q5 + q6

)
z4

−14q6
(
1 + q + q2 + q3 + q4

)
z5 + 30q10z6


∏5

i=1 (1− aiz) (1− 2aiz)
,

+∞∑
n=0

[
n+ 4
n

]
q

[2n − 1] zn =

 (1 + q + q2 + q3 + q4
)
z − 3q

(
1 + q + 2q2 + 2q3 + 2q4 + q5 + q6

)
z2

+7q3
(
1 + q + 2q2 + 2q3 + 2q4 + q5 + q6

)
z3

−15q6
(
1 + q + q2 + q3 + q4

)
z4 + 31q10z5


∏5

i=1 (1− aiz) (1− 2aiz)
.

The following propositions are found in the relationships (3.1), (3.2), and (3.3):

Proposition 6.7.

∞∑
n=0

[
n+ 4
n

]
q

[
n+ 1
n

]
q

zn =

 1− q2
(
1 + q + 2q2 + 2q3 + 2q4 + q5 + q6

)
z2

+q4 (1 + q)
(
1 + q + 2q2 + 2q3 + 2q4 + q5 + q6

)
z3

−q7
[
(1 + q)

2 − q
] (

1 + q + q2 + q3 + q4
)
z4 + q11 (1 + q)

[
(1 + q)

2 − 2q
]
z5


5∏

i=1

(1− aiz) (1− aiqz)

,

∞∑
n=0

[
n+ 3
n− 1

]
q

[
n

n− 1

]
q

zn =

 z − q2
(
1 + q + 2q2 + 2q3 + 2q4 + q5 + q6

)
z3

+q4 (1 + q)
(
1 + q + 2q2 + 2q3 + 2q4 + q5 + q6

)
z4

−q7
[
(1 + q)

2 − q
] (

1 + q + q2 + q3 + q4
)
z5 + q11 (1 + q)

[
(1 + q)

2 − 2q
]
z6


5∏

i=1

(1− aiz) (1− aiqz)

,

∞∑
n=0

[
n+ 4
n

]
q

[
n

n− 1

]
q

zn

=


(
1 + q + q2 + q3 + q4

)
z − q (1 + q)

(
1 + q + 2q2 + 2q3 + 2q4 + q5 + q6

)
z2

+q3
[
(1 + q)

2 − q
] (

1 + q + 2q2 + 2q3 + 2q4 + q5 + q6
)
z3

−q6 (1 + q)
[
(1 + q)

2 − 2q
] (

1 + q + q2 + q3 + q4
)
z4 + q10

[
(1 + q)

4 − q
[
3 (1 + q)

2 − q
]]

z5


5∏

i=1

(1− aiz) (1− aiqz)

.
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7 Conclusion

In this paper, we generalize the previous main results [27] by extending the elements of the alphabet that enabled us
to derive new theorems by which we obtain many generating functions for the products of certain orthogonal numbers
and polynomials.
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