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Abstract

In this paper, we introduce novel generating functions of the products of k-Fibonacci numbers, k-Lucas numbers, k-Pell
numbers, k-Jacobsthal numbers, k-Mersenne numbers and symmetric functions in multiple variables. Accordingly, the
novel generating functions are assigned to the other orthogonal Chebyshev polynomials with symmetric functions in
multiple variables.
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1 Introduction

Different applications of the generalization functions are assigned to several branches of mathematics and mathe-
matical physics. Previous studies show that the most commonly used classical orthogonal polynomials are Fibonacci
polynomials, Lucas polynomials, and Chebyshev polynomials of first, second kinds given by the following recurrences
relations respectively [7], 9] 24].

Fo(x) =aF,_1(z) + Fo—2(x) n>2, Fy(z)=1, Fi(z) ==z,

L,(z) =xL,_1(x) + Lp—2(z) n>2, Lo(z)=2, Li(z) ==z,
T (x) =2z Tn 1(@) =Th_o(x) n>2 To(x)=1, Ti(z) ==,

Un(z) =220Up_1(z) = Up—a(z) n>2, Up(z)=1, Us(x) =2

In 3], 15], The third and fourth kinds chebyshev polynomials are defined by

Vo(z) =22V,_1(x) = Va—o(z) n>2, Wz)=1, Vi(z)=2x—1,
Wy(x) =2aeWy_1(x) — Wy_o(z) n>2, Wy(x)=1, Wi(z) =22+ 1.
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Now, the Jacobsthal polynomials .J,,(x) are defined in [2], by the following recurrence relation as

In(@) = Jno1(x) +2xdp_2(z) n>2, Jo(z) =0, Ji(z)=1.

Similarly, previous studies presented several kinds of generalizations of Fibonacci numbers, Lucas numbers, Pell
numbers, Jacobsthal numbers, and Mersenne numbers. One of the most recognised generalizations of these numbers
is k-Fibonacci numbers {Fy , }nen, k-Lucas numbers {Ly p }nen, k-Pell numbers {Py ., }nen, k-Jacobsthal numbers
{Jkntnen, and k-Mersenne numbers { Mg, }nen given by the following recurrence [14] 16, 17, [1I8] 26].

Fpn=kFyn 1+ Feno n>2, Fro=1, Fp1=k,
Liyw=FkLypn1+Lino n>2 Lpo=2, Lii=F,
Pon=2P,n1+kPyp2 n>2 Pro=0, P1=1,
Jen =kJgn—1+2Jpn—2 n>2, Jpo=0, Jy1=1,

)

My =3kMgpn1—2Mg o n>2, Myog=0, Mg =1.

In 1991, A. Lascoux and A. Abderrezzek defined the 611,1172 operator, which was applied starting in 2013 by many
researchers, as it enabled them to retrieve many identities and famous generating functions, using the symmetric

functions technique. For more information see [5], [10, [TT], T2] [13].

In 2022, [27] H.Zerrouk et all, applied this operator to the invertible formal series > h,(E)p7z" of the alphabet

n=
E of cardinal four, where they came up with new results about the generating functions of the products of certain
orthogonal numbers and polynomials.

In this paper, we generalize the last results by applying the same operator to the invertible formal series with a
change in the cardinal of the alphabet to five so that we can obtain other generating functions for the products of
certain orthogonal numbers and polynomials.

The rest of this paper is divided as follows: In section 2 we give a few basic of symmetric functions. In section 3, our
main result that associate the symmetric function defined in the previous section with the symmetrizing operator is
proved. Moreover, several previously recognized results on generating functions were unified due to this main theorem
which is used to find out the products of the symmetric functions in various variables with k-Fibonacci, k-Lucas,
k-Pell, and k-Jacobsthal numbers, and k-Mersenne numbers identities presented in section 4. Accordingly, section 5
represents the new generating functions for the products of some well-known polynomials with the symmetric function
in multiple variables. In section 6, We present some theory applications and we end up with a conclusion in section 7.

2 Preliminaries
In this section, we introduce some necessary definitions on the symmetric functions which will be used throughout
the paper. For the details see [6] 22] 23] 25] 28].

Definition 2.1. [20] Assume that k and n be two integers and {xi,x2,...,x,} are set of given variable. The k-th
elementary symmetric function and The k-th complete symmetric function are defined respectively as follows:

er (X1, T, .y y) = Z xR (0<k<n),
i1tiot...+in=k
withi; =0o0r1,j=1...n.
hi (21,29, ...y xy) = Z xia.am (k>0),
i1+io+...+in=k
with i; > 0,j =1...n.

Remark 2.2. For k > n or k < 0, we set ex(x1,x2,...,x,) = 0 and hg(z1, z2, ..., 2,) = 0.

Definition 2.3. [I] Considering two sets of undefined alphabets B and P, we define S,,(B — P) as

ple_[P(li—bz) = Z:Osn(B—P)z", (2.1)

beB
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with S, (B — P) =0, for n < 0.

Remark 2.4. Puting B = 0 in (2.1)), we get

H (1-p2)= Z Sn(=P)z".
n=0

peP
In fact, the summation is specifically restricted to a finite number of non-zero terms.

[[@—p)=Su(@—P)=2"So(~=P) + 2" ' S1(—=P) + 2" *Sa(~=P) + ... (2.2)
peP

For 0 < j < n, the S;(—P) are the coefficients of the polynomials S,,(x — P). These are therefore at the sign near
the elementary symmetric functions of the alphabet P; who are void for j > n. Specially, when P = {p,p, p, ..., p} (we

n

note P = np), we have S,,(x —np) = (r —p)™.

The binomial coefficients are determined by the specialisation p =1, i.e P = {1,1,1,...} (we note P = n):

si-m = (17 (7 ) ana sy = ("HITH )

and

(- = o ().

Definition 2.5. [8] Given a function f on R™; the divided difference operator is defined by

f($1, ey Li—1,Ljy Ti41, ,an) — f(ml, ey Lj—1, Lj41, Tgy ,J}n)

(‘3“““]"(3:1, ey Ly Lj41, ,xn) =
Ti — Ti41

Definition 2.6. [2I] Assume that n be a positive integer and P = {p;, p2} are set of given variables, then, the n-th
symmetric function h,,(p1,p2) is defined by

n+1l _  n+l
B (1, pa) = o TP
b1 — P2
with
ho(p1,p2) = 1,

hi(p1,p2) = p1 + p2,
ha(p1,p2) = pT + p1p2 + P3,

Definition 2.7. [4] The symmetrizing operator 6% is defined as

_ pif(p1) — P5 S (p2)

o8 . f(p1) P , for all k € No. (2.3)
If f(p1) = p1, then operator (2.3)) gives
Pt 2
(Szljlpzf(pl) = ﬁ = Sk(p1 + p2) = hi(p1,p2)-

Proposition 2.8. Assuming P = {p1,p2} is an alphabet, we have the operator 6511,2 as

58 o F(01) = h—1(p1,p2) (1) + D5 Opups (f)
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3 Main theorems

In this section, we state and prove our new main theorems on the complete symmetric functions.

Theorem 3.1. Given two alphabets P={p;,p2} and A={a1, a2, a3, as,as}, we obtain

e — pipaes” 2% + pipa(p1 + p2)el’) 2
5
—P1P2 {(pl +p2)2 - plpz} 651 )24
oo 2 (5) 5
+p1pa(p1 + p2) [(P1 +p2)? — 2pip2] €52
Z hn(ay, az, as, as, a5)hn(p1, p2)2" = 5 [ 5 ] ° : (3.1)
n=0 [1(1=aip12) [T(1 —aip22)
i=1 i=1
[e.e]
Proof . Using the operator 511,11,2 to the series f(p1z) = > hn(a1,as,as,aq,as)ptz", we get
n=0
[e.e] [ee]
P1 Z hn(ah a2, a3, a4, a’5)p?’zn — P2 Z hn(ala a2, as, a4, a’5)p7212n
b 012) = —=
P1 — D2
) n+4+1 n+1
p — D
= Z hn(a1,az, as, ag, as) —>—2—2"
0 p1—p2

o0
=Y hn(ar, a2, a3,a4,a5)hn (p1,p2)=".

n=0

On the other hand, since

1
f(p12) = :
ZO(—l)”en(ahazaa3,a4,a5)29?2”
e
we have
1
P f( ) 1 ZO(—l)"en(al,02,037047(15)13?2"
pz) = =
P1p2 1 — po - 1

> (—1)"en(a1,a2,a3,a4,a5)ph 2™
0

oo}

(=) "en(a1,a2,as, as,as)psz"
1 n=0

00
- Z (_1)77,6”(@17 ag,as, a4, as)p?zn
n=0

oo 0o
< Z (_1)nen(a17 az,as, a4, a‘5)p?2n) ( Z (_1)nen(a17 ag,as, a4, a5)p3’zn>
n=0 n=0

o
Z (_1)nen(a’1, az,as, a4, a5)pgzn

1 n=0
P1—p as
s - Z (—1)”en(a1,az,ag,a4,a5)p’1‘z”
n=0
(£ -0mentonanasanasipa ) (£ (17, oma asanpse
n=0 n=0

oo
- Z (_1)nen(a17 az, as, a4, a5)hn71(p17p2)zn
n=0

n=0

< Z (_1)nen(a17 az,as, a4, a5)pilzn) ( Z (_1)nen(a17 ag,as, a4, a5)p3’zn>
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It follows that, according to Proposition 2.8,

ho(p1,p2)
( ZO(—l)”Gn(111412@3,(14#15)??2")
1 _ =
5P1P2f(plz) - EO —1)"en(a1,a2,a3,a4,a5)hn—1(p1,p2)2"
D27 = = —
(ngo(—l)nen(al,a2,a3,ﬂ4,a5)p1‘zn> (ngo(_l)ﬂen(al,a2,a3,a4,a5)p;zn)
ho(p1,p2) > (—1)"en(ai, az,as, as, as)p22"
n=0
o0
—p2 Y (—1)"en(a1,az,as,as,as)h,_1(p1, p2)2"
n=0
( Z (_]—)nen(ala ag,as, a4, a5)p7llzn> < Z (_1)nen(a17 az,as, ay, 05)P32n>
n=0 n=0
> (=D)"en(a1, a2, a3, as,as) [ho(p1, p2)ps — p2hn—1(p1,p2)] 2™
_ n=0
B 5 5
[T(1—aip1z) [T(1 — aip2z)
i=1 i=1
i (5) h 7
€y [ O(p17p2) (plap2)
—655) [h()(P17P2)P2 P2h0(p17p2ﬂ z
JF@& ) [ho(p1, p2)ps — paha(p1,p2)] 22
5
el [ho(p1, p2)p3 — paha(p1,p2)] 2°
5
+€4(; ) [ho(p1, p2)ps — pahs(p1,p2)] 2*
5
L e [ho(py, p2)ph — paha(pr,p2)] 2° |
- 5 5
[T(T—aip1z) [T(1 - aip22)
i=1 i=1
685) + 6(5) [p3 — p2(p1 +p2)] 22
5
el [p3 — p2(p} + pip2 + p3)] 28

+elf 3 [pg p2(p} + pipo + p1p3 +p3)] 24

5
—e$) [p4 — pa(p? + P32 + D203 + pipd + pi)] 2°

1j (1—aip12) ﬁ (1—aip22)

1 —P1P2€§ )22 + pip2(p1 + p2)es (3,3

—p1pa [(p1 + pa2) — prpa) €82 ¥

+p1p2 (p1 + p2) [(pl +p2)? — 2p1p2} el 2
= 5 5
[T(1—aipiz) [T(1 = asp2z)
=1 =1

As a result we have

1 *p1P2€§ )2 + pip2(p1 +p2)6§ )2

—p1p2 [(p1 + p2) — pipa] €V 24
(5) 5

+p1p2 (p1 + p2) {(Zh +p2)’ — 2101])2} es %

> hn(ar, a2, a3, a4, as)hn (p1,p2)2" = 5 S
=0 [1(1—aipiz) [T(1 - aip2z)

0

We can conclude the following proposition from Theorem 3.1.

Proposition 3.2. Assume that {p1,p2} and {a1, as, a3, aq, a5} be two alphabets, then we have
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Z = p1p2€é5)23 + pip2(p1 + 102)

—p1p2 [(pl +p2) —p1p2} 6( )

e +p1p2 (p1 + p2) [(pl +p2)° — 2p1p2} €é ) 26
Zhn—l(a'17a‘27a‘37a47a5)hn—1(p17p2)zn - 5 5 . (32)
n=0 [I(T—aip1z) [T(1 - aip22)

i=1 i

Theorem 3.3. Assume that {p1,p2} and {aq,as, a3, a4, a5} be two alphabets, then we have

egs)z — (p1 +p2)eé5)z2 + [(p1 +p2)? — plpz] z(’)5)23

—(p1 +p2) [(pl +p2)’ - 2p1p2} 64(1 24
(5) 5

s +[(p1 + p2)* — p1po {3 (p1 +1p2)° *plpz]} es z
> (a1, a2, a3, a1, a5)hn 1 (p1, p2) 2" = 5 5 : (3.3)
=0 [T(1 = aiprz) [T(1 — aip22)

i=1 =

oo
Proof . Using the divided difference operator 9y, ,, on the series f(p1z) = > hp(a1, a2, a3, a4, as)pt 2", we get

n=0
o0 oo
o Y hnlar,az,a3,a4,a5)p2" — > hy(ar, az, a3, a4, a5)py 2"
E n_n n=0 n=0
aPlpZ hn(a17a27a37a47a5)p12 =
n=0 b1 — P2

[eS)

pl p2 n
E hn(alaa2aa3aa4aa5)
ne0 p1—Pp2

o0
= Z hn(a1, a2, as, as, as)hyn—1(p1,p2)z"

n=0
On the other hand,
1
o0
ZO(—l)"en(al7(127(137614,@5)197112”
ne
- 1
1 > (=1)"en(a1,a2,a3,a4,a5)py 2"
n=0
P1P2 00 =
P1— P2
> (=1)"en(ar, az, a3, aq, as)py 2"
n=0
oo oo
n .1
P1 p2 Z en alaa23a3aa4aa’5)p22 E(_l) en(a17a27a37a47a5)p12
_ n=0 n=0

oo oo
<Z ( 1 en ai,az,as, a4, a‘5)p1 Zn) (Z (_1)ne’n(a1) az, as, a47a5)p7212n)

n=0 n=0
. PI —D5
ngo(_l)nen(ala a2, a3, a4, (15) pll pz Z
- o0 o0
< Z (_1)nen(a17 az,as, a4, a5)p?zn) ( Z (—1)”€n(a1, az,as, a4, (15)]733”)
n=0 n=0

18

(—=1)"en(ar, az,as, as, as)hy,—1(p1,p2)2"
0

< Z (71)”‘6”(&1, az,0a3, a4, a5)p7llzn) ( Z (*1)”671((11, a2, a3, a4, 05)P32n>

n=0 n=0

n
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60(&1,&2,@3,@4,@0) (p17p2)
—e1(a1, az, as, as, as)ho(p1,p2)z

+es(ar, az, as, ag, as)hi (p1, p2)2>
—es(a1, as, as, as, as)ha(p1, p2)z*
+e4(a13 ag,a3,04,a 5)h3(p17p2)z4
_ —e5(an, a2, az, ay, az)ha(pr, p2)2°
- 5 5
[T(1=aip1z) [T(1 - aip22)
i=1 i=1

e1(a1,as, a3, as,as5)z — (p1 + p2) e2(a1, as, as, as, as)z*
+ {(pl +p2)2 —p1p2} es(ar, az, a3, aq, as)z>
— (p1 +p2) {(IH +P2)2 - 2171]?2} eq(ar,az,as, as, a5)z4

+ {(pl +P2)4 — p1p2 {3 (p1 +P2)2 - P1P2H es(ar, a2, a3, as, a5)z°
5

IT(1—aipi2) ﬁ (1 —a;p22)

=1 =1

4 On the generating functions of some numbers

In this section, we take into account the previous theorems to create a novel generating functions for the products of
the symmetric functions in multiple variables with k-Fibonacci, k-Lucas, k-Pell,k-Jacobsthal and k& Mersenne numbers.

n (3.1), (3.2) and (3.3), we get po replaced by (—p2). Then, we have
1+ pipaes”2® — pipa(p1 — p2)el
+p1p2 {(pl p2)? +p1p2} 6(

00 (5) 5
> - - —p2)?+2
hn(ala ag,as, a4, a5)hn(p17 [_pZDZTL = plp?(pl p2) [(pl pz) p1p2] % 2 (41)

5 )
=0 [T (1 =a;(p1 —p2) 2z — a?pip22?)
=1

5 5
2+ p1paes” 28 — pipa(pr — pa)el? 24

+p1p2 [(pl ) +p1p2} 6( )25

—p1p2 (p1 — p2) [(m —pa)’ + 2p1p2} e?) 20
Zhn—l(alaa23a3aa47a5)h’n—1(p1’ [7p2])zn = 5 ’ (42)

=0 [T (1—a;(pr —p2)z— a§p1p222)
i=1

e(ls)z — (p1 — p2)€g5)22 + [(pl —p2)2 +p1p2] B:(J,E))ZB
—(p1 — p2) [(pl —p2)’ + 2101102} ef?) 21
+[(p1 — p2)* + p1p2 [3 (pr — p2)° +p1pz]] ef?) 5
Z hn(ai,az, a3, as, as)hn—1(p1, [—p2])2" = 5 : (4.3)
n=0 IT (1 —ai(pr—p2)z— a?plpgzz)
i=1

This case involves four related parts:
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Part 1: By replacing p; —p2 = k et p1p2 = 1 in (4.1)), we present
00 () 2 (5) 23 4+ (k2 (5) 4 2 ()5
1+e — key k4+1)e; 2= —k(k“+2
Zh’n(a17a27a37a47a5)hn(p17[_pQDZ’n - 2 5 ( ) 4 ( )
n=0 IT (1 — ka;z — a2z?)
i=1

o0
n
= E hn(a1,a2,as,a4,a5)Fin2".
n=0

Consequently, The following Theorems are introduced.
Theorem 4.1. Provided that n € N, the novel producing function for the sum of k-Fibonacci numbers and symmetric
function in multiple variables is
> 1 +e 5) 22 ke(s) 3+ (k2 + 1) ef)z —k (k2 + 2) eéS)z5

E alaa2aa3aa4aa5)Fk nZ

5
IT (1 — ka;z — a22?)
i=1

Theorem 4.2. Provided that n € N, the novel generating function for the product of k-Lucas numbers and symmetric

function in multiple variables is

2 —kelVz+ (K2 +2) el 22 — k (K2 +3) el
+ (K + 4k + 2) D)2t — k (k* 4+ 5k2 4 5) o)

oo
n
E hn(a1,az2,a3,a4,a5) Ly n2" =

n=0 H (1 — ka;z — a?z?)

Proof . Observe that
Ly n = 2hp(p1,[—p2]) — khn—1 (p1, [—p2]), (see [13]),

then
Z hn(a1,az,a3,as, as)Li 2"
n=0
o0 (o)
=2 Z hn(a1, a2, as, a4, as)hy, (p1, [—pa]) 2™ — k Z hn(ay, a2, a3, a4, as)hn—1(p1, [—p2])2"
n=0 n=0
1+ 6(5) 2 ke(5) 3 e§5)z ke(5) 24 (k2 41) € (5) 3
(k2 + 1) efl )z —k (k2 + 2) (5)25 —k (k2 + 2) eff)z4 + (k4 +3k? + 1) 6%5)25
5
IT (1 —ka;z — a22?)
i=1
2— keg5)z + (k* +2) 6(25)2: — k (k*+3) ez(f)z?’
(B 4 4k2 + 2) eV 24 — k (K + 5k 4 5) )25
- 5
[T (1 — ka;z — a2z?)
i=1
t

Part 2: If we assume that p; — ps = 2 and p1ps = k in (4.2)), we get

2+ kel 23— 2keD A 4k (k+4) eV 25 — 4k (2 + k) el 2

> hnoilar, az, a3, a4, a5) b1 (p1, [=pa]) 2" =

n=0
7

(1—2a;z — ka?z?)

':jm

1

o0
N n
= E hn—1(a1, a2, a3, a4, as) Py n2".
n=0
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where the next Theorem is derived.

Theorem 4.3. Provided that n € N, the novel generating function for the product of k-Pell numbers and symmetric
function in multiple variables is given by

z+ keés)zg - leés)z‘1 +k(k+4) 6515)25 4k (2 + k) 65 ) 6

> hn-1(a1, a2, a3, a4,05) Py 2" = 5
=0 [T (1 - 2a;z — ka?z?)

i=1

Part 3: Puting p1 — p2 = 3k and p1ps = —2 in (4.2), we get

) (5) 3 (5) 2 (5) .5 2 (5) .6
z° + 6kes —2(9k* — 2% + 6k (9k* —4) ey’ 2

E hn—1(a1,az, a3, ag,as)hn_1(p1, [—p2])2" = ( 2)es ( )

n=0

:]cn

(1 —3ka;z + 2a222)

i=1

n
= E hn—1(ai,az, a3, as,as) My 2",
n=0

Thus, we get the following Theorem.

Theorem 4.4. Given n € N, the novel generating function for the product of k-Mersenne numbers and symmetric
function in multiple variables is obtained by

oo (5) .3 (5) 4 2 (5) .5 2 (5) .6
z—2e5” 2% + 6kes” 2t — 2 (9Kk2 — 2) e 2% + 6k (9k2 — 4) e/ 28
> hno1(ay, a2, a3, ag, a5) My 2" = : e ( )< ( 4es :

i=0 IT (1 — 3kaiz + 2a222)

i=1

Part 4: Selecting p; and py such that p; — p; = k and p1p2 = 2 and replacing in (4.2)), we get

o0 () 3 (5) 4 2 (3) 5 _ 2 (5) 6
z+2ey'2° —2key 25 +2(k*+2)e; '2° =2k (k°+4) ez’

> " hn1(ar, az, a3, a4, a5)hn 1 (p1, [~pa]) 2" = : 5 ( e ( )

n=0 H (1 — kaiz — 2&?22)

=1

n
= E hyn-1(a1,az,a3,a4,a5) Ik n2".
n=0

As a result, we have the following Theorem.

Theorem 4.5. Given n € N, the novel generating function for the product of k-Jacobsthal numbers and symmetric
function in multiple variables is given by

o0 2+ 26,3 _ 9ke (5) A 42 (k2 42 e 5 op (k2 +4 e 6
> hooi(ar, a2, a3, a4, 05) Jj 02" = 2 = ( e ( s :
n—=0 [T (1= ka;jz — 2a222)

i=1
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Set a5 = 0, we get the following generating functions. The acquired results are presented in Table 1

Table 1: Generating functions of some numbers

p1— P2 | p1p2 Coefficient of z" Generating function
(4 (4) 22 2 (4) _3 1) 4
e; z— +(k"+1)es ' 2°—k(k+2)e; 'z
k 1 hn(ala az,as, a4)Fk,n 1 ( )
H (1 ka;z—2a2z )
@ 3 @4 1) 5
z+key —2key +k(k+4)e,
2 k hpn—1(a1,a2,a3,a4) Py pn T o 202:7)
(4) 3 [Cop 2 ) _5
z— Gk:e —2(9k°—2)e, 'z
8k | —2 | huoi(ar, az,a5,00) My : (oF2)
I (1—kalz—2a2z2)
(4)1‘31 D 4 ( 2 ) (G
z+2e, 2keg +2(k“+2
k 2 h7l—1(a17a27a37a4)‘]k,n P
II (1—ka,;z—2afz2)
i=1

Taking a4 = a5 = 0, we get the following generating functions. The acquired results are presented in Table

Table 2: Generating functions of some numbers

p1 — P2 | P1p2 Coefficient of z" Generating function
(3) 2 (3,3
1+eqy +key
k 1 hn((ll, a2, a3)Fk7n 3—
‘UI(lfszfaizz)
z-l-ke(3> 3+2k:e(3)z4
2 k hn—1(a1,a2,a3)Pyn e
I (172a,-sza2z2)
i=1
(3) 2).3) 2 2),.(3) 3
2—kel z+(2+k +k(1—-k ey’ z
k 1 hn(a1,a2,a3)Lin (3 )es (1K)
lnl(l ka;z— a222)
(3),3 (3) 4
2 —6ke.
3k -2 hn_l(al,ag,a3)Mk,n 23 2 €3 2
I1 (1—3kaiz+2a222)
PO O
z+2ey +2keg
k 2 hn—1(a1, a2, a3)Jkn EALL P R
_Hl(l—kaiz—Qaizz)

Taking a3 = a4 = a5 = 0, we get the Table 3, which represents the generating functions of various numbers

obtained in previous works.

Table 3: Generating functions of some numbers

p1 —p2 | pip2 | Coeflicient of 2™ Generating function
P
k 1 hn(al,ag)ka 21+€2(a1,a2)z
I1 (17kaiz7a§z2)
i=1
3
2 k hn—1(a1,a2)Pyn _ztke(ar,az)2
I1 (1*20isza?z2)
i=1
k 1 hn(al GQ)Lk n 2+k61(a1’02)Z+(27k2)62(a1,a2)22
, , 7 .
II (1—k%2—afz2)
i=1
3
3k -2 hn_l(al,aQ)Mkm . z—2es(a1,a2)z
I1 (1—3ka¢z+2a?22)
i=1
3
k 2 hn_l(al, aQ)Jk,n 2z+262(a1,a2)z
I1 (1—kaiz—2a?22)
i=1
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5 On the generating functions of some polynomials

In this section, we take into account the previous theorems to create a novel generating functions for the products
of the symmetric functions in many variables with Fibonacci polynomials, Jacobsthal polynomials and Chebyshev
polynomials of the first, second, third and fourth kinds.

e Case 1: In (3.1) and (3.2)), we get ps replaced by (—p2), this case involves three related parts:

Partl: By replacing p; — ps = x and p1ps = 1 in (4.1), we present

1+ 6(5)2 - 655).’172 + (m + 1) efl Ay (m + 2) eé‘%)z

> hula, az, a3, a,a5)hn (pr, [—pa]) 2" =

n=0 (1—a;xz — a?2?)

e

1

(2

Consequently, the following Theorems are introduced.

Theorem 5.1. Provided that n € N, the novel generating function for the product of Fibonacci polynomials and
symmetric function in multiple variables is

o (5) 22 (5) () 2 (5) .5
14 e, xz23 + (22 +1 —z(r*+2)e’z
Zhn(aha2>a37a47a5)Fn(x)Zn 5 ( ) ea ( ) .
n=0 IT (1 —axz — a222)
i=1

Theorem 5.2. Provided that n € N, the novel generating function for the product of Lucas polynomials and sym-
metric function in multiple variables is

2—xz+(2+33) ()Z _917(3"‘51j ) §z2
o + (2% + 422 + 2) 6515)24 z (z* 4 5a? +5) (5) 25
Z a17a27a37a4,a5)L (x)zn = 5
n—0 IT (1 —axz —a222)

i=1

Proof . Consider that
Ln (J?) = 2hn (pla [_pQ]) - xhn—l (ph [_pQ]) ) (See [9])5

then can be written by

o0
2> hn(ar, az,as, a4, a5)hy (p1, [—p2)) 2"

o
> hnlar,az, a3, a4, a5) Ly (2)2" = "o
n=0 —x Y hn(ar,az, a3, a4,a5)hn-1 (p1, [—p2]) 2"
n=0
1+ 655)2'2 — eés):cz?’ z— eg Vz2? + ( 24+1) eéS)z
2 + (a:2 + 1) 6515)24 - ( ) (5) 44
-z (332 + 2) 6;5)25 + (ac + 322 + ) é5)z5

o 5
I1 (1 - ajzz — afz?)
=1
2—zz+ (2+ 22 655)2'2 —z (22 +3) 6:()’5)2’3
+ (2 + 422 4+ 2) e, 4—$($4+5.’L'2+5)6(55)25
5

_Hl (1—a;xz — a?z?)
1=

s

A
01
\/

O
Part 2: By replacing p; — p2 = 2z and p1p2 = 1 in (4.2)), we obtain

n 2t eg5)23 - 2xe:(,)5)z4 + (4x2 + 1) 6515)25 4z (2x2 + 1) eé5)z
Z hn-1(a1, a2, a3, as, as)hn—1(p1, [—p2])z" = 5 3 ;
n=0 [[i= (1 = 20,22 — af2?)
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where the next Theorem is derived.
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Theorem 5.3. Provided that n € N, The novel generating function for the product of Pell polynomials and symmetric

function in multiple variables is given by

z+ 655)23

— 2xe

g5)z4 + (4z2 + 1) 6515)25

o)
Z hnfl(ala a2, a3, a4, a5)Pn(£C)Zn =
n=0

Part 3: Selecting p; and py such that p;ps; = 2z and p;

z 4+ 2e

—4x (23:2 + 1) eés)ZG

5
IT (1 —2a;zz — a22?)
i=1

— p2 = 1 and replacing in (4.2)), we get

(5)
2

x23 — 21‘8( )4 42 2z +1)

(5) .5

e 25 — 2 (4w + 1) )20

o0
> hn1(a, az, a3, as, a5)hn 1 (p1, [—p2]) 2"
n=0

Hence, we arrive at the Theorem bellow.

Hz‘s:1 (1—a;z —2a2x2?)

Theorem 5.4. Given n € N. The novel generating function for the Jacobsthal polynomials and symmetric function

in multiple variables is obtained by

z+ 26&5)

w23 — 22l 24 4 22 (22 + 1) eV 2P

— 2z (4o + 1) eé5)z6

(oo}
Z hn—l(a17 az,0as, a4, a’5)‘]71(‘r)zn =
n=0

e Case 2: In (3.1), (3.3) and under the condition 4p;ps =

we have

—8p1p2 (p1 — p2) {4 (p1

5
H (1—a;z — 2a2xz?)

—1, we get p; replaceb by 2p; and py by [—2ps] then,

()2 (5) .3

ey %
()4

— 8pip2 (p1 — p2)
—p)+ 41011)2] eq

—pa)’ 8171192}

1+ 4pipae;

+4p1p2 [4 (p1

eé )25

> hn(ar, a2, a3, as, as)h, (2p1, [~2p2]) 2"

n=0

M

5
H (1 —=2p1a;z) (14 2paa;z)
6(5) 2 + 2336(5) 3
(

1) 6;5)25 ]

)z + 4z (Zm

)

:lw:H

(1 —2a;xz + a?2?)

—

.
I

ez —2(p1 —po) el 2+ 4 [p1p2 + (p1 — p2)2} ey 2
—2(p1 — p2) [4 (p1 — pa)” + 8]91]92} 6( ) 24
g + [16 (p1 — p2)* + 4p1po [12 (p1 —p2)° + 4p1p2H eé )25
Z hn(a1, a2, as, as, as)hn—1(2p1, [—2p2])2" = = 5
n=0 [T (1 —=2(p1 —p2) a;iz — 4p1p2a?=z?)
i=1
6(15)2 — 2xe§5)z2 + (4502 — 1) 6%5)23
—4x (227 - 1) et + (162* — 1222 + 1) el 25

Consequently, the following results are provided.

[T (1 —2za;z+ a222)
=1

1=
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Theorem 5.5. Given n € N, the new generating function for the product of second kind Chebyshev polynomials and
symmetric function in multiple variables is obtained by

1— (5) 22 4 2me<5) 3
e — (4:1c2 ) (S)z + 4z (230 1) 6;5)25
Zhn(alaa2aa3aa4aa5)Un(‘r)2n = :
— D —2a;xz + a?z
n=0 Hz_l (1 2 + T 2)

Theorem 5.6. Given n € N, the novel generating function for the product of first kind Chebyshev polynomials and
symmetric function in multiple variables is obtained by

1—xe1 z—(l )62 z —|—x(3 4.1‘)6:(35)2
(235 —1) )2 +x(20x —162% —5) eés)z
IT-, (1 —2a;zz + a?2?)

Z hn(aha27a37a47a5)Tn(x)zn =

€y
5
n=0 1=

Proof . We observe that

Tn(l‘) = hn(2p1, [_2]72]) - mhn71(2p1a [_2]?2])7 (See [3])
then,

+o00
00 Y hnl(ar,az, a3, a4, a5)hy, (2p1, [—2p2]) 2™
> holar, as, a3, a1, a5) Ty (2)2" = "

n=0 —x Y hp(a1,a2,as,a4,a5)hn—1(2p1, [—2p2])2"
n=0

1— (5) 22 + 2xe( )23 egs)z -2z ( )52 4 (4:52 — 1) 655)2:3
(43: 1) 6(5) 4 -z —4x (2 1) 6515)24
+4z (2:E — 1) g5)z5 + (16:E4 — 1222 + 1) eé5)25

5
H (1 —2a;zz + a?2?)

1-— xegs)z (1—22?) 62 )24 g (2—42%+1) (5)23
—4x (2x2 ) 515)24
z (82% — 4 — 162" + 122 — 1) el 25
5
[T (1 —2a;22 + a222)

i=1
1-— xegf’)z (1—22?) 6;5)22 + z (3 — 42?) eg5)z
—4zx (2932 - 1) 6515)24
+x (20372 — 162" — 5) eé5)z5

5
IT (1 - 2a;22 + a222)
i=1

0

Theorem 5.7. Given n € N, the novel generating function for the product of third kind Chebyshev polynomials and
symmetric function in multiple variables is obtained by

1- e§5)z (1—2x)e, &) 22+ (14 2z — 422 )e:(f)z
(8:c — 422 74x+1) 625)2

>0 — (162 — 82% — 1222 + 4z + 1) ¥ 25
Zhn(aha2,a3,a4,a5)Vn($)Z" = ( )<
n=0 Hz 1(1—2axz+az )




192 Krioui, Boussayoud, Bellagh

Proof . We observe that

V() = hn(2p1, [=2p2]) — hn—1(2p1, [=2p2]),  (see [3]),

then
o0 > hn(ay, a2, a3, a4,a5)hn(2p1, [—2p2])2"
> hn(ar, a2, a3, a4, a5)V, (2)2" = "
n=0 — > hnlar, a2, a3, aa, as)hy—1(2p1, [—2p2]) 2"
n=0
1-— eg5)z2 + 2we§5)z3 e§5)z — 2xeé5)z2 + (4352 — 1) egs)z?’
- (41’2 - 1) 6515)2’4 - —4x (2x2 — 1) 6515)24
+4z (222 — 1) eS)z5 + (162* — 1222 + 1) eéS)z5
- 5
[T (1 - 2a;z2 + a222)
i=1
1-— e§5)z —(1—2x2) 6;5)2’2 — (42? — 22— 1) e§5)z3
+ (8333 —42% — 4z + 1) 6515)24
B — (162 — 823 — 1227 + 4z + 1) €725
(1 —2a;22 + a?z?)
i=1
O

Theorem 5.8. Given n € N, the new generating function for the product of fourth kind Chebyshev polynomials and
symmetric function in multiple variables is obtained by

1+ egg’)z — (14 22) 655)22 + (422 + 22 — 1) 6:(35)23
— (8x3 +4a? — 4o — 1) 6515)24

oo 4 3 2 (5) .5
+ (162* +8x° — 122 —4x + 1) e’z
> (a1, a2, a3, a4, a5) W (2)2" = ( S Jes

n=0 IT (1 —2a;22 + a22?)
i=1

Proof . We observe that

Wo(x) = hn(2p1, [=2p2]) + hn—1(2p1, [—2p2]), (see [3])

then

o0
s Z h’n(alaa27a37a47a5)hn(2p17 [_2p2])zn
Zhn(alaa27a3;a47a5)W’n(*/’E)2n = izg
n=0 + > hn(ar,az,a3,a4,a5)hn—1(2p1, [—2p2]) 2"

n=0

[ 1-— 655)22 + 2$6§5)23 655)2 — 2$6§5)22 + (4x2 — 1) eg))z?’
— (4x2 — 1) 6515)2’4 + —4x (2962 -1) 6515)24
| e (22% — 1) eé5)z5 + (162* — 1222 + 1) 6;5)25

5
IT (1 —2a;2z + a?2?)
i=1
1+ 655)2 —(1+22) e§5)z2 + (42% 4+ 22— 1) 6:(35)2’3
— (8x3 + 422 — 4z — 1) 6515)24
+ (162 + 82% — 1222 — 4z 4 1) {2
5

IT (1 —2a;22 + a222)
i=1
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Theorem (4.1), (4.2), (4.3), (4.5) and (4.6), where a4y = as = 0 produce the generationg function of various
polynomial products and symmetric functions in multiple variables, respectively. The acquired results are presented

in Table 4.
Table 4: Generating functions of some polynomials
p1— P2 | p1p2 Coefficient de z" Generating Function
lfeé4>z2+xeg4>z3f z2—1 eg:l)z4
x 1 hn (a1, az,az,aq) Fp(z) 1 ( )
11 (l—aixz—afzz)
i=1
2+ze§4>z+ z2—2 eé4)227z z2—1 eé4>z3+ z%42 6514)24
z 1 hn (a1, az, as, as) Ln(x) (2 2)es =) (=242)
Il (1—(%7;2—@?22)
@) 5:1 (4) _4 ( 2 ) 4) _5
ztey ' z°—2wey 'z 4 (4x"+1)e,  2°
2z L | hpoi(as,az,a3,a4) Py (x) I
I (1—2aixz—a?z2)
QP @5
z+2zey ' 2° —2xesy ' 2 2z (2z+1)ey "’ 2
1 2z h71,—1(a17a27a37a4)<]n(x) 2 1 3 4
1:[ (1—aiz—2ma$z2>
@2 5 (D3 3 @1
1 l—ey 'z +2(E63 z 7(433 71)64 z
x -z h7z,(a17a27a37a4)Un(x) 4 .
I1 (1—2a,~xz+a522)
i=1
@ 2 @ 2 2_9), @) _3 3 (4) 4
l—ze z+(21 71)8 z 71(493 73)6 z +(8:v +1)e z
1 1 2 3 4
x —1 | hnlar,az,a3,a4)T,(z) :
I (1—2a,ia;z+a?z2)
i=1
(4) (4) 2 2 @) 3 3 2 @) _4
l—e; /z2—(2z—1)ey 'z 7(41 +2:v+1)e z +(8x —4z 74x+1)e z
1 1 2 3 4
T 1 hn(a17a27a37a4)vn($) 4
I (1—2aia:z+afz2)
i=1
(4) @ 2 2 @) _3 3 2 @) _4
14e,/2—(142z)ey ' 2 +(4z +2z—1)e. z —(8m +4x —4x—1)e z
1 1 2 3 4
T -3 hn(ay,as, a3, a)Wy () .
I (172aizz+afz2)
i=1

For a3 = a4 = a5 = 0, we derive a novel generating functions of some polynomials attained in former works, and
present them in the Table 5.

Table 5: Generating functions of some polynomials

p1 —p2 | pip2 | Coefficient de o Generating Function

! Lo | haar, a2) Fo(x) ireaa e
I1 (1*04‘%270,?;;2)
i=1

T 1 hn(al7 QQ)Ln(:E) 2+$61(‘112:‘12)2—(I2—2)62(a1,a2)22
I1 (1—aixz—a1%z2)
i=1

2 1| haa(ar, a2) P(2) _rtealanaa)?
IT (1—2aimz—a522)
i=1

1 z | hp_i(ar,a2)dn(2) M
I1 (1_0«1',2—2?6&%22)
i=1

y 1—es(a,a2)z>

r i hn(ay, a2)Uy(2) Amelanea)e”
I1 (1_2“1-’172+a?z2)
=1

x —i hn(a17 a2)Tn($) 1+e1(a1,t;z)a:zf(212+1)€2(a17a2)22
I1 (1—2ai$2+afz2)
i=1

x —% hn(al, a2)Vn($) 1+e1(a12,a2)z—(2x+1)62(a17a2)zz
I1 (1*2ai$2+afz2)
i=1

T —% hn(al, a2)Wn(l‘) 1—61(a12,a2)z+(2x—1)62(a17(12)22
H (172ai$z+afz2)
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6 Theory applications
Definition 6.1. For all n € N, we define

e =7 =l+q+¢+..+¢"7" (¢#1).

Definition 6.2. Strling numbers of two kind s(n, k) are coefficients of polynomial (), defined by

n

(J;)nzx(x—l)(m—Q)...(x—n—I—l):Zs(n,k)xk

k=0
Theorem 6.3. Let A = {1, q,qz,q37q4} be an alphabet, we have
_n+4
=[]
q
Proof . we have {1,q,¢%,...,¢" "'} == [n], (see [1]), Gaussian polynomial is given by:

s ()= "9

&U%)=F+f*L=Fjﬂ;

SO

that’s to say

that completes the proof. O

Theorem 6.4. Let A ={1,2,3,4,5} be an alphabet, we have

5n+2 + 1 2n+2 +4n+2 3n+2

M=% "1
Proof . We have
[ (eiv1)
E 1
aernﬂen@enwﬂ ezelf 61 R €z+1, )R(€i+1,En+1\Ei+1) (see [ 9]),

In the case of the alphabet: E = {e1, s, e3,¢e4,e5} and f (1) = €2 the lagrange form is:

6n+2
) d. 0. n+2 __ k+1
eseqgYegezYezen 626161 Z R ek+1 )R(6k+1,E4+1\Ek+1)
_ €?+2 N e;+2
R(el 7E0)R(61,E5\E1) R(€2 7E1)R(62,E5\E2)
N eg+2 N ez+2 N eg+2
R(63 7E2)R(63,E5\E3) R(64 - Eg)R(€4,E5\E4) R(65 — E4)R(€5,E5\E5)
€?+2 eg+2

(e1—€2) (e1 — e3) (e1 — ea) (e1 — €5) | (e — 1) (€2 — €3) (€2 — ex) (2 — €5)
eg+2 6Z+2

(e3 —e1) (e —e2) (e3 — eq) (e3 — e5) - (ea —e1)(ea —e2) (€4 — e3) (es — e5)
eg+2

(e5 —e1) (es —e2) (e5 — e3) (e5 — €4)
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+2 1n+2 2n+2
aereaeeaeeaeen =
sealescslesesOeses O =T o T3 (1-0) (1-5) -1 2-3)2-1) (-5
3n+2 4n+2
3-1(3-2B3-4(B-5  (@4-1)(4—2)(4—3)(@4—5)
5n+2
5-1)(-2)(5-3)(5—4)
1 2n+2 3n+2 4n+2 5n+2
"2 6 "1 T T
5n+2 + 1 2n+2 +4n+2 3n+2
N 6 T

M

M

O

e Case 01: A={1,2,3,4,5} and P = {1,q} := [Z]q

We pose:
6(()5) =1,
e =15,
el =85,
) = 225,
e = 274,
e = 120.

The following propositions are found in the relationships (3.1), (3.2), and (3.3):

Proposition 6.5.

1 — 85¢z2 + 225¢ (1 + q) 23
—274q [(1 ) q] 2

Foo |:5n+2 11 9nt2 g yn+2 3n+2:| {n I 1} +120q (1 +q) {(1 +q)° - Qq} 2°
=L 6 SN T (- ai2) (1-agz)
2 — 85q2% + 225q (1 + q) 2*
274 |(1+ ) - | &°
Foo |:5n+1 41 9ntl ggntl 3n+1:| { n } +120¢ (1 + q) {(1 +q)° - 2q} 28
_ 2" = )
oy 24 6 4 n—1 q H?Zl (1 —a;2) (1 —aiqz)
152 — 85 (1 + q) 22 + 225 [(1 +q)? —q} 23
—274(1+ q) {(1 +q)?— Qq} 2
TR rEnt2 41 gn+2 4 ynt2 gnd2 n +120 [(1 +9)'—¢ {3 (1+4q)° - q” 25
n—0|: 24 - 6 " 4 :||:n_1:|qz B

5
(1 —a;z) (1 —a;qz)
i=1
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e Case 2: A={1,q,¢>,¢* ¢*} and P = {1,2}. We pose:

685) =1,
e =14+q+¢*+¢" +d",

e =q(1+q+2¢* +2¢* +2¢* + ¢° + ¢°)
el = ¢ (14 q+2¢> +2¢° +2¢" + ¢° + ¢°),
e =" (1+q+¢* +¢* +¢"),

625) =10
The following statements are found in the relationships (3.1), (3.2), and (3.3):

Proposition 6.6.

1—2q(1+q—|—2q2+2q3+2q4+q5+q6)22
+6¢° (1 + g+ 2¢% + 2¢° + 2¢* + ¢° + ¢°) 2°
—14¢° (1 + g+ ¢* + ¢* + ¢*) 2* 4 30¢"°2°

= TL—|—4 n+l n __
Z[ n ]q[Q =" = 2., (1 —a;z) (1 — 2a;2) '

n=0 i=1

z—2q (14 q+2¢* +2¢° +2¢* + ¢° + ¢°) 23
o +6¢° (1 + g+ 2¢* + 2¢° + 2¢* + ¢° + ¢5) 2*
> [n—FS} o 1] = —14¢° (1 4+ g+ ¢° + ¢* + ¢*) 2° + 30¢'°2° |
— n 1], [T7_, (1 - aiz) (1 - 2a;2)

(I+q+@+@+4*) 2 =3¢ (1+q+2¢° +2¢° + 2¢* + ¢° + ¢°) 22
+7¢% (L4 q +2¢% +2¢° + 2¢* + ¢° + ¢5) 23
—15¢° (1 +q+¢* + ¢* + ¢*) 2* + 31¢'72°

= n+4 n_ n_
Z{ n L[Q = T, (1 —a;2) (1 — 2a;2)

n=0

The following propositions are found in the relationships (3.1), (3.2), and (3.3):

Proposition 6.7.
1—q? (14+q+2¢*+2¢3+2¢" + ¢° + ¢°) 22
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{n+4] {n+1} . [1+q } l+g+¢+¢° +4¢*) 2 +¢" (1 +q) [(1+q)2—2q}z5
FA—
q

>

n=0

5

1;[1 (1—a;2) (1 —a;q2)

n

2= ¢ (1+q+2¢° +2¢° +2q +q +q) s
¢ (14+q) (1+q+2¢*+2¢°+2¢" +¢° + ¢°) 2*

- 7[(1+Q)2—Q] (I+g+@+@3+¢") 2" +¢" (1+4q) [1+q)2—2q] 25
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e
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i n+4 n n
z
nmol ™ g n—1 q
(I+q+P+@F+¢)2—q1+q) (1+q+2¢° +2¢° +2¢* + ¢° + ¢5) 22
3[(1+q)2—q} (1+q+42¢* +2¢° +2¢* + ¢° + ¢°) 23
—q6(1+q)[(1+q)2—2q} (1+q+q2+q3+q4)z4+q1°[(1+q)4—Q[3(1+Q)2—qHz5
5
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7 Conclusion

In this paper, we generalize the previous main results [27] by extending the elements of the alphabet that enabled us

to derive new theorems by which we obtain many generating functions for the products of certain orthogonal numbers
and polynomials.
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