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Abstract

In this paper, we introduce the subclass KS(«) of univalent functions in .4 and study some properties of this class. We
apply matters of differential subordinations, to investigate some results concerning the subclasses £S(a) and BS(«)
of A, where a € [0, 1).
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1 Introduction

Let A denote the class of analytic functions f on the open unit disc U= {z € C: |z| < 1}, normalized by

f(2) :Z—G—Zanz", (z € U). (1.1)
n=2

and let .S denote the subclass of A consisting of all univalent functions. For a real number v with 0 < v < 1, a function
f € A s called starlike of order ~ if

2f'(z
Re f(i)) > 7, (z €,
and f is called convex of order -y if
1"
Re Zj:,(iz)) +1>9, (z €U).

we denote by S*(v) and K () the classes of starlike and convex functions of order ~, respectively. In particular we set
S*(0) = 8* and K(0) = K. It is clear that a function f € A belongs to the class K if and only if zf’'(2) belongs to
the class 8*. Suppose f be an analytic function in U with f/(0) # 0, then the function f is called close-to-convex if
there exists a convex function g such that:

Re{f/(z)} >0, (zel).
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We denote by C the class of all close-to-convex functions in U. Refer to [2, [8, 9] [0} [IT] for various published papers
dealing with mentioned classes.

Suppose that H = H(U) be the class of all analytic functions in U and n be a positive integer number and a € C.
We set:

Hla,n] = {f €M, f(2) =a+anz" +an 12"+ ...}

Suppose that « € [0,1), in this paper (as seen in Piejko and Sokol [7]), we apply a family of univalent functions in
U as follows:

o0
Z n n
Fo(2) = 7= =2+ Y ">, (zel). (1.2)
n=1

Note that for « € [0,1):

Ro{ e _pe (15050 ev)

then F,(z) is starlike in U. Also F,,(U) = D(«), where

Di) = {z+iy e C| (&* +y)? - (1iﬁa)2 - (11@2) <o)

when « € [0,1) and

D(1)={z+iy e C|x+iy#it, Vt € (—00,1/2] U [1/2,00)}.

The curve
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(22 +42)% - : f il j{ o =0, ((z,y) #0),

is called the Booth lemniscate of elliptic type. See [4] for more explanations. Let f and g belong to . The function f is
subordinate to g, denoted by f < g, if there exists an analytic function w in U with w(0) = 0 and |w(2)| < |z| < 1 such
that f(z) = g(w(z)). Moreover if g is a univalent function in U, then f < ¢ if and only if f(0) = 0 and f(U) C ¢(U).
Now we recall from (Kargar et al. 2017 [4]) the following definition.

Definition 1.1. Let f € Aand « € [0,1). We say f € BS(«) if and only if

2f'(2)
f(2)

— 1< F,(2),

where F,(z) is given by (1.2).
Furthermore, we mention from [4] a main lemma as follows.

Lemma 1.2. If F, is given by (1.2]), then we have:

1 1
1 <Relfu(e)} <1—, (2 € ),
where « € [0,1).
From Lemma[1.2] if f € BS(c) then:
z2f'(2) 2—«
O[_1<Re{ f(z)}<1—a’ (z €U). (1.3)

Therefore in particular, BS(0) C S*. Now, we are interested to produce a new subclass of A as follows.
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Definition 1.3. Let f € A, a € [0,1) and F,,(z) is given by (1.2). Then f € KS(«) if and only if

2f"(z)
f'(z)

Remark 1.4. From the Definition and the Definition f € KS(a) if and only if zf' € BS(«).

< Fa(2). (1.4)

Remark 1.5. By Lemma [1.2] if f € KS(a) then

ﬁ < Re{zj‘cf,/;(zj)} <: i . (zeU). (1.5)

Therefore in particular, S(0) C K.

Corollary 1.6. Let f € A and « € [0,1), then f € KS(«) if and only if there exists an analytic function w in U, with
w(0) =0 and |w(z)| < 1, such that

f'(z) = exp /OZ wdt, (z € U). (1.6)
Proof . Let f € KS(a). So there exists an analytic function w(z) in U with w(0) = 0 and |w(z)| < 1 such that:
L~ Fa(wio). <)
Equivalently
L 1og pr(z) = Fale)) (zeU),

then we have

f(z) = exp /OZ wdt, (z € U).

Now, if a function f satisfies the condition (1.6)), it is easy considering that f € KS(«). O
As example with setting w(z) = z in (1.6)), we conclude that

- [ (4T

belongs to the class KS(«). For proving main results, we require to express some lemmas.

Lemma 1.7 (See [6]). Let h be convex in U with h(0) = a, v # 0 and Rey > 0. If p € H[a, n] and

p(2) + zp;(z) =< h(z),
then

p(2) < q(z) < h(2),
where

nzn

a(z) = Vw/ h(#)t ) 1dt.
0

The function ¢ is convex and is the best (a,n)-dominant.
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Lemma 1.8 (Miller and Mocanu [6]). Let h be starlike in U, with h(0) = 0 and a # 0. If p € H[a, n] satisfies

then

p(2) < q(2) = anp

and ¢ is the best (a,n)-dominant.

P ),

/h tldt

Lemma 1.9 (See [6]). Let h be convex, with h(0) = 1 and Reh(z) > 0. If p € H[1,n] satisfies

then

where

P*(2) +2p(2) - 2p'(2) < D(2),

p(2) <q(2) = VQ(2)

and the function ¢ is the best (1, n)-dominant.

Lemma 1.10 (Miller and Mocanu [6]). Let @) denote the set of functions ¢ that are analytic and injective on

U\E(q) where

E(q

)= {fEBU:leréq(z) = oo},

and ¢’ (&) # 0 for £ € OU\E(q). Let ¢ € Q with ¢(0) = a, and let

be analytic in U with p(z) Z a an

that p(|z[ < [20]) € q(U), p(20 ( ) and

e {2270 1)

P'(20)

p(z) =a+anz" +...

20p"(20) = mé&oq’ (&o), and

> mRe {200

q'(20)

Also, we require generalization of the Nunokawas lemma as following.

Lemma 1.11 (See [7]). Let p be an analytic function in U with p(z) # 0 and

p(z) =1+ Z 2", (cm #0).
n=m2-=1
If there exists zg € U such that
w3
larg{p(2)}| < o for  |z] <],

and

for some 3 > 0, then we have

Jarg{p(zo)H = 7

zo0p' (20)
p(20)

=lp,

> 1. If p £ g, then there exist m > n > 1 and points zg € U, & € JU\E(q) so
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where
1
L> m(a + =) >m when arg{p(z0)} = ”
2 a 2
and
1
< —@(CL—F *) < —m when arg{p(zo0)} = _@’
2 a 2
where

{p(zo)}% = +ia with a>0.

Lemma 1.12 (See [6]). Let Q C C and p € H[a,n] with Rea > 0. If a function ¥ : C* x U — C satisfies the
condition

\Il(pz',a,,u,y;z) ¢ Qa (Z € U)v

2
for all p, O',M,VER,O'g—%‘aRT;Z‘ , 0+ u <0, then

U (p(z), 2p'(2), 2°p"(2); 2) € @ = Rep(z) > 0.

2 Main results

In the beginning, we prove one of main results in this section.

Lemma 2.1. Let f € KS(a). If 0 < e < 1, then

P <) = (1Y), (2.)

and ¢ is the best (1,1)-dominant and if & = 0, then
f'(z) < exp(2), (2.2)
and exp(z) is the best (1, 1)-dominant. Furthermore for oo € (0,1), we have

1

g £ < 5o

arctan{ 2va } (2.3)

l-«a
Proof . Let p(z) = f'(2). Therefore p € H[1,1] and

D) S
o) - e el

Because of the starlikeness of F,, by supposing n = a = 1 in Lemma we conclude that

re <o) oo [150] « (R

and ¢(z) is the best (1,1)-dominant. Also in the case a = 0, for considering the relation (2.2)), we perform the
procedure of the case a € (0,1) with F(z) = z. If « € (0,1) and w(z) = Loz (z € U), we can easily conclude that

1—+/az
w maps the open disk U onto the disk with the center C' = % and the radius R = % Equivalently we have
14+« 2/«
- — U
w112 < 22, e,




6 Orouji

thus with a simple calculation, we follow

1- 1
0< va <Rew < *a
1+ Va 1-Va
and therefore
14+ Vaz\ sz 1 2/
—_— t 24
arg(1—\/az> RO AR e g (2:4)
and the result is obtained. [
Theorem 2.2. For 0 < a < 1, KS(a) C S.
Proof . Suppose f € KS(c). Through the relation (2-3), it is clear that for o € [,1) :
™
larg{f"(2)}] < 3 (2.5)

2

Thus Re f(z) > 0 and by Noshiro-Warshawski theorem [I] f is univalent in U. Moreover from (L.5) for a € [0, 3]
we have

Re{zﬁlgz) +1} > afl > —%, (z € U), (2.6)

and by Kaplan [3], we conclude that f is close-to-convex. Then f is univalent in U. O
Theorem 2.3. Let f(z) =2+ >~ ,a,2" € KS(a),

a) If a € (0, 1], then

f(z) 1 /z 1+ at\zva
== — dt 2.
z <al2) z Jo (1—\/51?) ’ 27)
and ¢(z) is convex and the best (1,1)-dominant. Also if a = 0, then
flz) 1
(e —1 2.8
& e -, (28)

and 1(e* — 1) is convex and the best (1,1)-dominant.
b) If a € [, 1), then

f(2) 142\ zv=s
- <(1_Z) . (2.9)
Therefore for o € [i, 1), we have Re {@} > 0.
¢) If a € [,1), then
\/f(z) < \/2 In(1+2) — 1. (2.10)
z z

Therefore Re{\/@} >+/2In2 — 1.

Proof .

a) Let p(z) = f(zz), then p € H[1,1] and p(0) = 1. Since f'(z) = p(z) + 2p'(z), by using the relation (2.1)) we obtain

1+ \/52) Ve
1—+/az ’

N
Suppose h(z) = (ii\‘/rgi) V& By [A] it is showed that for o € (0, §], the function h(z) is convex and h(0) = 1,
then by taking v = 1 and n = 1 in Lemmal the relation (2.6) is obtained. Moreover q(z) = 1 [ (HM/EZ )2V dt

T~z 1—vaz
is convex and the best (1,1)-dominant. For the case o = 0 similar to the past case, by applying the relation

(2-2) and Lemma[L.7] the relation (2.7) is obtained.

p() +20/(2) < (
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b) Let p(z) = @ be the form:

o0
p(z):1+a22—|—a32’2+-.-=1+Zan+1znv (z € ).
n=1

We want to show p(z) < (%fﬁ)ﬁ = q(z), where 8 = ﬁ Suppose p £ ¢q. From Lemma [1.10} there exist points

zo € U and & € OU\E(q) such that

Jarg{p(zo)H =

and

arg(p() < 2. (Ie] < Jzol).

Then by Lemma [1.11] we have

zop' (20) .
— 0B, 2.11
(o) (2.11)
where
1 1
L= 5(@ +-)>1 when arg{p(z0)} = 7;—6, (2.12)
a
and
1 1
< —§(a + E) < —1 when arg{p(z)}= —?, (2.13)
where
{p(20)}7 = =ia, (a > 0).
Note that from Lemma 23]
, T
— U). 2.14
larg{f'(2)}| < /e (z€U) (2.14)
Now, suppose arg{p(z9)} = % Since
/ o / - Zop,(ZO)
f'(20) = p(20) + 200" (20) = p(20) |1 + )
p(20)
from (2.10) and (2.11)) we deduce that
arg{f'(z0)} = arg{p(20)} + arg{1 + (B} = % + arctan{{3}
> T +arctan{i} > T
~ 4y/a 2v/al T 4y/a’
which is contradictory with the relation (2.14). If arg{p(z0)} = —%, then from ([2.10) and (2.13) we deduce

that

arg{f'(z0)} = arg{p(20)} + arg{1 +ilB} = —% + arctan{/}

1
< N < - 9
/a 2\/5} 1/a
1

which leads to contradiction with the relation ([2.14]). Therefore @ < (E2)2e.

-+ arctan { —
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c) Let p(z) = f(z) . With considering the branch of square root we have p € H[1,1] and

p2(2) + 220" (2)p(2) = f'(2), (z € V). (2.15)

Since f € KS(a), by the relation (2.3) for o € [1,1) we have Re{f’(z)} > 0. Put h(z) =
relation (2.15) we can conclude that

1_
1+§' Thus from the

p2(2) + 220 (2)p(2) < 1 J_r z,
then by Lemma
9 - 4= vae,

where

1 [* 1 1-—
Q(z) = ;/0 h(t)dt:;/ ﬁidt

2
= Zl(1+2)—1
Zn( +2) ,

and the function ¢ is the best (1,1)-dominant. Moreover, we have

Q(2) +2Q'(2) = h(2) < h(z2)

and @ € HI1,1]. Therefore from Lemma we follow that @ < h and then Re{Q(z)} > 0. Since h is convex,
it is clear that @ is convex (see [6], Theorem 2.6h, part(ii)). On the Other hand, since the function ) has real
coefficients, we deduce that

lnlnn Re{q(2)} = /Q(1) =v2In2 -1, (2.16)

then Re{\/@} >+/2In2 — 1.

Theorem 2.4. Let f € BS(a). If a € (0,1), then

I (L wrn

and ¢ is the best (1,1)-dominant. Also if a = 0, then

@ < expz, (2.18)

and exp(z) is the best (1, 1)-dominant.

Proof . Let p(z) = f(z) and « € (0,1). Since f € BS(«) we obtain

w'(z) _ 2f'(2)

= — 1< Fu(2).
ERIE )
We know that F,(2) is starlike and F,(0) = 0. Thus by Lemma
f(z) * Fo( 1++az\s
z a(z) = exp (1 - fz)

and the function ¢ is the best (1,1)-dominant. For proving the relation (2.18), we perform the former process with
Fo(z)=2.0
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