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On the zonal function and the Faraut-Koranyi hypergeometric
function in rank two

Fouziz El Wassouli, Daoud Oukacha

Department of Mathematics, Faculty of Sciences, University Hassan Il, Casablanca, Morocco

(Communicated by Mugur Alexandru Acu)

Abstract

In this paper we give a complete description of the generalized hypergeometric functions, introduced by Faraut and
Koranyi on the Cartan domains. We establish some recursive relations with different arguments of zonal functions
and some Gauss type contiguous relations between the Faraut-Kordnyi hypergeometric functions on the domains of
rank two. Finally, we give an infinite sums involving classical hypergeometric functions.
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1 Introduction and notations

Let D C C? be a Cartan domain, i.e. D is an irreducible bounded symmetric domain in the Harish-Chandra
realization. This is equivalent to saying that D is the open unit ball of C? with respect to a certain norm |[.|| such
that the group G := Aut(D) of all biholomorphic automorphisms of D acts transitively on D.

By [8] there exists a triple product {.,.,.} : C? x C? x C* — C?, so that VC := (C%,||.||,{.,.,.}) is a Jordan-
Banach*-triple(JB*-triple).

The maximal compact subgroup of G is K := {g € G; ¢(0) =0} = GNGL(V®), and D = G/K. We denote by
r, a, b,d and p the rank, the characteristic multiplicities, the dimension and the genus of D, respectively

r(r—1)

d=
T+ 5

a+rb, p=2+4+(r—1a+d (1.1)

In Table |1} O is the 8-dimensional Cayley algebra. Under the action f — fok(k € K) of K, the space P of
holomorphic polynomials has the following Peter-Weyl decomposition (see [4])

P=P Pm
meA

where A is the set of all r-tuples, m = (my,mo, ...,m,) € Z" with my > msy > ... > m, > 0. For each m, the elements
of Py, are homogeneous polynomials of degree |m| : my + mg + ... + m,.. Equipped with the Fischer (or Fock) scalar
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D Ve dimV (r,a,b)

Inm(n <m) My, m(C) nm (n, 2, m-n)

II,(n even) | {z € M,(C); ‘z=—-z}| 2(n—1) (5,4,0)
II,(n odd) | {z€ M,(C); tz=—2} n(%) ("51,4, 2)

III, {ze M,(C); "z==z} [sn(n+1)| (n,1,0)
v, c” n 2, -2, 0)

Vv M »(0) 16 (2,6, 4)
VI {z € M;33(0); 'z=z} 27 (3,8,0)

Table 1: Irreducible bounded symmetric domains of non-compact type.

product

(f.9):

F(@)9() |-
wt | f@g@e T dm(a)

each space Py, becomes a finite-dimensional Hilbert space of function on C¢, and thus has a reproducing kernel

K™ (z,y), holomorphic in z and anti-holomorphic in y.

The Faraut-Kordnyi functions [3] on D are defined by
a « m
oL (0, Biyim) =Y (@Bl (z,€). (1.2)
m>0 (7)m
Here (.)m is the generalized Pochhammer symbol
- j— 1
(@)m = H(oz - JTa)mj, where (o) :=a(a+1)...(a+k—1). (1.3)

j=1

We fix a Jordan frame e, eq, ..., e, € C%, so that each z € C? has the polar decomposition

mzk(ZtieZ), ke K, t1 >ty>..>t.>0.
i=1

The point e = €7 + e3 + ... + €, belongs to the Shilov boundary S of D. The group K acts transitively on S, so
that S = {ke, k € K} ~ K/L, where L is the stabilizer of e in K. Each Peter-Weyl space Py, contains a unique
satisfying the normalization condition gbgi)(e) = 1. We will usually write (i)fﬁ) (t1, ..oy ty)

L-invariant polynomial ¢>5{?
instead of (;S(a) (t1eq + ... + tye;). The polynomials (bSn) satisfy

(t17t27 "7t7') = t1t2-~-tr¢$)(tl7 "'7t7‘)7

a)

(a) _ (
¢(0,0,...,O) - 17 ¢(m1+1,m2+1,...,mT+1)
and are related to the reproducing kernels K™ by the formula we have
dm
= (1.4)

o (),

K™(x,e) = O

where dp, := dim Py (see [12]). It is known that the last dimension is given by the formula

where
q = D)
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and

Therefore, the Faraut-Koranyi hypergeometric functions on D can be written as

FO (0, i) = Y DmBm Tm (1.5)

m>0 Vm  (@m

and the Faraut-Koranyi hypergeometric functions 2F ( ,B;7;x) is invariant under L acting on z. Then, if z =

k (Z tjCj) , k € L is the spectral decomposition of x, we have
j=1

2‘Fl ( B VT )_2 F] ( B Wat17t27"'7t ) (16)

The six classical hypergeometric functions oFy(a + 1,b;¢;2), 2F1(a,b £ 15¢;2), 2F1(a,b;c £ 1; z) associated with
oF (a,b; ¢; z) are called contiguous to it. A relations between 5 F(a, b; ¢; z) and any two contiguous functions is called
a contiguous relation. These relations were given by Gauss and he used them to derive basic formulas.

These contiguous hypergeometric functions have some interesting applications. Indeed, contiguous relations gives
an intertwining correspondence between Lie algebras and special functions (see [9]). They are also very useful in the
derivation of summation and transformation formulas for hypergeometric series.

Recently, many people studies the contiguous hypergeometric functions and gives some new properties, conse-
quences and interesting applications (see [IL [5] 6] [7, 10} 111 [13]).

The aim of this paper is to give some Gauss type contiguous relations between the Faraut-Koranyi hypergeometric
functions on the Cartan domains of rank 2.

The proofs rely on an interesting integral representation for the zonal functions gbﬁﬂ): Namely

T'(a ! — a_
o 00,t2) = 1 [l = (0= ™ ()™ 1= ) (1.7)
32)" Jo
The remainder of the paper is organized as follows. Section2 is devoted to the recursive relations with different
arguments of zonal functions. In Section3, we get some Gauss type contiguous relations between the Faraut-Kordnyi
hypergeometric functions on the domain of rank two. Finally, we give an infinite sums involving classical hypergeo-
metric functions in Section4.

2 Relations between contiguous zonal functions

In this section we give the zonal partial differential equation and we establish the recursive relations with different
arguments of zonal functions. To this end, we need to introduce the associated Legendre differential equation and the
following relations between contiguous associated Legendre functions of the 2" kind.

(1—:102)% = 2 dQ;af) v(iv+1) — (1_;) Q" (z), (2.1)
L) = Q) v 1) - e ), (22

Qv+ Qi) = (-t D@y (@) + (4 QL () 23
(1= oM EEL Qi) i+ QU @), (2.4
= Q) + 4 QU (). (25)

The main result of this section can be stated as follows.
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Theorem 2.1. For given (¢1,t5) € R? such that ¢; > t5 > 0, we have the following zonal partial differential equation

2
(s =0~ D £ (B2 et
e Ot;0ts_; t; 875%7]- ti\ta_j —t; /1 oty_; ) mm2
1 a’tits a(ty + t2) a ) ) )
BN th— o) — 2(2 + )
titz [(tl —t9)?  2(t1 —t2) Aty —t2)? (a( 1~ t2) (t1 +13)

a 3a
n (m1 —mg 4 5) (m1 et 224 1)}@&33,7”2 (t1, 12). (2.6)

4
To prove the above theorems we will need the two following lemmas.

Lemma 2.2. We have,

d th—t)?r1 8 10
e = S e wa &1)
1(5=2)
d? (f17t2)3 3t1 +ty O 3ta+t1 O 1 92 1 92 2 0?
= — — —t)) (5t 5os — —— |- 2.
d(t1+t2)2 16 [ Gt Oty tot? 6t2+(1 2)(@ 02 T 2o T hn atlatQ)} (28)
t1—to

Proof . In order to prove the 1) we identify f(%) with the function f o h(ty,ts) for all function which is two
times differentiable f: ¢t — f(t), where h(ty,t3) = % and dfd—(tt) can be written as the form

af(t)  df(ete i+t
() _ f(;l;ﬁ) = f'(t) with t= Sy
e d(PE2) b =tz
On the one hand bt 9ot o
dt=d(22)= =2 g, + L dt,.
(tl - t2) (t1 — t2)? ! (t1 — t2)? ?
Thus (t Tt )
daf (A2 —2t 2t
df(t) = f'(#)dt = —2=t2" 2t + L _dty|.
if () = f'(t) d(iitiz) [(tl —15)2 1 (t, — t2)2 2}
On the other hand of(tta) Of (tattz)
df (t) = df o h(ty,ts) = —2=22q¢ Wt g,
f() fo (17 2) atl 1t 8152 2
Theref
ererore, g (bt 2 9 f(ttte 2 9 f(tattz
f(tl—tz) :_(tl_tz) f(t1—t2) _ (tl_tQ) f(t1—t2)
d(hE) 2ty oty 2ty oty
Hence Jf (it 5 o f(tkt O f(ttte
‘f(tl—tz) _ (tl_tQ) {l f(tl—tfz) _l f(tl—t2)
d(btz) 4l ot ta ot 1
1 2

By straightforward computation, we get (2.8]). O

As an immediate consequence of the Lemma [2.2]is the following.

Corollary 2.3. The Legendre differential equation (2.1)) can be written as

ty — t9)2 2 ty +t
s [y B gu it
(t) — to)? At1t t1 — to

1 1 t+t 2 ty 02ty O?
e e S S e
tl 8t2 t2 8t1 tl — t2 8t18t2 tl (9t2 t2 8t1 tl — t2

). (2.9)
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Lemma 2.4. We have,

my+mo+ 2

I‘(a)(tth)fe*iﬂ'(M1*M2+%) (m1—M2+%)(M> i = \/jl

¢m1 ma (tlatQ) = 2%

(tl 7t2)%1—‘(g)1—‘(m1 777224’%) 3 tl —tg
Proof . Observe, first of all, that
(A-t)72(1—t2)72 = Z Z n1'n2 e
n1=0n9=0
and
! 1
J w0ty = Y e [ gy
0 ni+nz2=n N2 0
_ Z n! t?lth F(?’ll + %)F(ng + %)
ni+nas=n nl!n2| F(n + CL)
nIT2(2 a g
I'(n+ a) o, malng!
Consequently
(oo}
I'(n+ a) . .
> Wp)/ (yt2 +t1(L—y)" (W1 — )2 ldy = Z Z n1,n2 S2IZINE g g
n=0 2 ny= O’I’LQ_O
2
= JIa-t)%
j=1

On the other hand, by the Faraut-Koranyi formula (see [3, [4]),

2 00

jl;[l(l_tj)_% = ngo(;)m(;r;n¢£ﬂ)(t1,t2)
N0y o) (@
= 7;)(2) @ ¢ o(t1,t2)

since (§)m = 0 if my > 0. Since both gb(a) and fol(ytz +t1(1 —9)"(y(1 —y))2~'dy are homogeneous polynomials in
t1,to of degree n, comparing the two expansion shows that

L(a) [t = e - 0

(O (b1, ) = =raos
¢n70( 1 2) 1—\(%)

By ubing the fact that the polynomial qbfﬁ) satisfy ¢£§3+17m2+1(t1,t2) = tltggi)fﬁ) (t1,t2), we get ¢£§27m2 (t1,t2) =
(t1ta)™2 d)ml —my.0(t1,t2). This leads to 1’ and a change of variable to y = 17627059 eventually leads to

mo 1 m1—ms .
o0t = el [+ - - 2] ™ -l
2
- (ar)(;()n(il—ti)zT;Jrl) /07T [(tl +t2) + (t1 — t2) cos 9} T Gine1 0do

I( )2(f1t2)m2(t1 — ) /” {(tl +t2)

FQ( )2(m1 ma+35) (tl—t2)
my gt 4

F( )(tltz)if" efiw(m17mz+%) (m1—ma+2) <t1 =+ t2>
(tl - tg)%r(§)1—‘(m1 — ma + %) 3 t1 - tg '

+ cos 0] T sin® ! 0do

= 923
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O
Proof .(Theorem [2.1)) The Theorem u 2.1| can be prove directly from Corollary [2.3| - by applying again the Lemma
O

Now, we summaries some other results in the following.

Theorem 2.5. For given (t1,t2) € R? such that t; > t5 > 0, we have the following recursive relations with different
arguments

4(m1 — Mo + a) a 1 (a—2) (ml — Mo + 1)(t1 — t2)2 (a+2)
¢m1 mo (tl’tQ) = (tl n tg) a+t 1¢m1+1,m2 (t17t2) - 4(a+ 1)2(t1 + tz)tltg ¢m1,m2+1(t17t2) (210)
a 16(a—3)(a—1)  (a-a) (a—1)*tity a—2
Ot 01, 2) :W%l“ malh1ta) = 8 e 6 = )2%1’”22 (i1, £2) (211)

(a) (a)
(a—2) B ty —ty Obmims(tita) | OPmy,m,(t1,t2) 9.19
¢m1+1,m2 (tl’ tg) _4(m1 —mg + a)(a — 1) % {tl 6t1 b2 8152 } ( ' )
(t — 1) (m1 —ms = D(ts = 1) (at2) Ot ms (b1, t2) OGN my (t1, 1)
b ty) = t1,te) +t ’ —t ’ :
D1l ma (11, 12) (ot )t +12) [ 4(a+1) Oy ma+1(f1,12) T80 oty 2 Ot }
(2.13)

Proof . From formulae (2.7) and Lemma , we easily verify by straightforward computation that the equations
(12.2), (2.3), , (2.5) implies the equations (2.10)), (2.11]), (2.12)), (2.13)) respectively. O

Some applications of the Theorem [2.1] obtained above will be discussed in the following section.

3 Gauss type contiguous relations between Faraut-Koranyi hypergeometric functions

In this section, we establish the Gauss type contiguous relations between the Faraut-Koranyi hypergeometric
functions on the Cartan domains of rank two generalizing the classical contiguous relation

d
z(l—w)—oFi(a+ 1,5+ Ly +La)+ (v —(a+ S+ D)o (et 1+ Ly + Liz) =y P (e B 2),

where o F («, 8;v; x) is the classical Gauss hypergeometric function.

We start with the case when (t1,t2) = (ue',ue™"), then by the formula (1.7), we have

_ I'(a) ! . mi—ma 51
(a) t t — mi+mo _ _
Dr) (ue', ue™") 2 (2) u /0 [cosht + (1 — 2y) sinh t} (y(l y)) dy
_ F((I) m1+m2 /W . mi—msg 1. a—1
= 5 1F2(‘21 ; (cosht + sinh t cos ) sin®” " 6df
= vl (a 1L’”’A“+””‘2C'7'fl1 _m,(cosht),
8T(5)T(%5)

where C’kg denotes the ultraspherical (Gegenbauer) polynomial of degree k with index .

Notice that ()m = (@) (m,,ms) = (@)m, (@ — §)m, and ()1 standard for (a)m, with m = (1,1).

We see that for m = (mq,m2) and k = (k, k) € N? the following properties, which are useful in this and later
sections, are easy to prove

(@mtk = (@ + K)m (@ (3.1)

The Faraut-Koranyi hypergeometric function is given by

2PV (0, B;y;ue’, ue™") = p—

4aF

mo=0mi=myo

(3.2)
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Theorem 3.1. It holds that

a t —t (7_1)1 1 d? a —
2F1( )(a,ﬁ;’y;uef,ue f):(af]_) (671) [ZdUQ 2F1( )(a—l,ﬁ—lgfy—l;uet,ue t)
1d a
+ a;; T 2F1( )( —1,8—1;7 — L;uet, ue™)
ht d a 1 d?
acos F@ (@ —1,8—1;v - 1;ue',ue™ ") — 1 gFl( (@ —1,8—1;v — L;ue',ue™")|.

" 4sinhtdt 21

Proof . By an elementary identity 1) gFl(a)(a, B;7v; uet, ue™t) can be written as

() bty (v—1ha m(B—1)m
2 F1 7 (v, B5v; ue”, ue )_(a—1)1(6—1)14af Z Z ('y m(g+1)m>x

m2 =0mi=ma

a—1

a a N g
mg(m1+§)(m1—m2+§)H(m1—m2 + j)umr e 2C’m1 s (COSht).
j=1
Since
1 1 _ _
mz(m1+g): (m1 +m2)(m1 + mo )+ (a+ )(m1+m2): (m1 mg)(ml mz—f—a)7
2 4 4 4
we have
(a) R A (y—1h 1 d? (a) . A
2F1 (a7/6771ue7ue )_(OL—].) (ﬂ ) [4du2 2F ( _1,6_177_17’“6’“6 )
1d
LL df 2P (0= 1,8 157 — Lue',ue™)

16aF Z Z (’Y m(ﬁ%_-i;:)MMﬁmrzx

m
mo=0mi=ma>

a—1
(m1 —ma)(m1 —ma + a)(my —ma + g) < [J(m1 = ma + jyumtme= 208, (COSht)l
j=1
(3.3)
From the fact that C’,?l —m, () is a solution of the following Gegenbauer differential equation
C”"1 , () d26’21 ,(x)
(= ma)(my =3 + @O, () = 0+ D2t (g g2 S el
and
df(cosht) 1 df(cosht)
d(cosht) — sinht  dt
d?f(cosht) _ cosht df (cosht) N 1 d?f(cosht)
d(cosht)2 —  sinh®t  dt sinh®t  dt?
we have
. cosht de m, (cosh ) dQC’% m, (cosh t)
(my —ma)(my —ma + a)C’nz11 my(cosht) = (a+ 1 —sinht) oL = dzt + ! dt; (3.4)

Substituting (3.4) in (3.3)). We obtain the desired result. O
We will now generalize the Theorem in the case (t1,t2) € R? such that t; > to > 0. More precisely, let
2H£a)(a, B;7;t1,t2) denote the following function

2H ( Biviti,ta) = (t1 —t2)? 2F1(a)(a75;7;t17t2)-

Then, we have
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Theorem 3.2. For all (t1,t5)) = u(wy, ws) € R? such that t; >t > 0, it holds that
(v —

(a 1)1 u d2
(3+2a)u d _(a)
g =LA =Ly — Lt
* 8 du 25 (a B Y 31, 2)
2 .
Otz (- b POy
i ot2 H" (a—1,8—1;7— 1;11,1
4ty — t2) ot Ot;j0ts_; t37j (975? Oty 2 H ™ ( v L t2)
ala+1 a
+(176)2F1()(a—l,ﬁ—l;fy—]_;thtz)].

Proof. By using the identity 1} gFl(a)(a, B;7;t1,t2) can be written as

(a) s _ (v =11 (@=Dm(B—Dm 7Tm a (a)
oI (, By it t2) = CENACEST 2 CE e 1)mm2(2 +mi1) by (t1,t2).  (3.5)

From the Corollary 2.3], the Lemma [2.4] and the fact that

a,  (mi+mo)(mi+my—1) (mq —mg—&—g)z a+1 a?
ma(my + 2) = 1 1 + 1 (m1 +ma) + 16’
we get
a a
ma(ma + 5)(t — t2) 2\ (t1, 1) (3.6)
my +mo)(my +mg — 1 34+ 2a ala+1 e (a
_ {( 1 2)(my 2 )+ (m1+m2)+g}(t1—t2)2¢£n)(t1,t2)
4 8 16
tito t; 0? (-1)7tt 9 & (q)
12 S R S M t —t t1,t2).
4 ]; (875 Ots_j  ts_; Ot Ay atg_j)( 1 b2 om (s o)

Substituting (3.6) in (3.5) and by a straightforward computation, we obtain the desired result.

4 Infinite sums involving classical hypergeometric functions

Various infinite series with some classical hypergeometric functions of a single variable can be obtained using the
expansion of Faraut-Koranyi hypergeometric functions of two variables. More precisely, we have the following theorem.

Theorem 4.1. For all (t1,t3)) € R? such that t; > t5 > 0, it holds that

a - k+
2F( )(a Biviti,ta) = Z (= k(k' 2) ;;,%(thtz) (4.1)
- 2 ’
a a
aF3(a+ka— 5+kﬁ 2,7+k 277+k;t1t2)7
(a) a - (@)k(3)k x
2 (0475;’7;7517?52): th 2Fi(a +k, 77+k§t2)’ (4.2)
k=0 Yk
@ @ _ =3+ §~ (kB Ok
2F1 (a7§77at17t2) - (1_t2) 2 Ziltl'2F1(’y_aa’7+k_7a’y+kat2)7 (43)
= (kk 2
Fli%, Lt ts) = i (@n(3)e 1 Fi(o+ky+k— ) (4.4)
24 72a7a 1,02 part (’Y kk' 1—t2)k+0‘ 241 vy t2—1 ) .
. — g t
O, Smitnty) = (1—to) 85 G g0 gt 4.
24 (a72a’7a 15 2) ( 2) 2;(] ('7) L 1-2 1( 72 7t2_1) ( 5)
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Proof . Proof. By applying the fact that (a)m,+x = (@ + k)m, (@), ((l(i)l’}k = .45 and qﬁml ms (t1,2), we get
a_gm ﬂ_gm A)mq—mo (ML — T +E a
2F1(a)( B33t t2) = Z Z m )ona (9 = 3)ma (@)oms s (1 2 2)¢$n3,m2(t13t2)'

'Y) ( +1>m1( ;)mz(l)m2(1)m1fmz

mg 0mi=mo

Finally, (4.1)) follows by using the change of variable to m; = ms + k. The proof of (4.2 lies essentially on the
observation that (§)m = 0 if my > 0. Then

o a
2F1( )(0475;%151,152) =

9 X (a)m (‘l) (a)ml(m + ) o
P> I (2 +1)m1ﬂil Dot t2).

maq =0

By using (1.7) and by a straightforward computation, we obtain (4.2). (4.3) follows by applying the Euler’s
transformation formula o F (a, b; ¢;7) = (1 —2)¢" 2% 3 Fy(c—a,c—b;c;x) in (4.2)). By using the Pfaff’s transformation
formulas 2 I (a,b; c;x) = (1 — )™ 2 Fi(a,c — by¢; %) and 2 Fi(a,b;c;x) = (1 — z)70 9 F(b,c—a;c; —%5) in , we

get (4.4) and (4.5) respectively. O

Remark 4.2. By analytic continuation, (4.2)) hold for all (¢1,t2) € R2.

5 Application
5.1 Evaluation of some hypergeometric series

The formula (4.2) can be used to evaluate some Faraut-Kordnyi hypergeometric functions which are interpreted as
an infinite sums involving classical hypergeometric functions which can be satisfactorily evaluated. For example, one
can apply the Gauss’s theorem [[2], Section 1.3, page 2]

()T (c—a—-10)

2F1(a,b;c;1) = I(c—a)T(c—b)

provided R(c¢ — a — b) > 0, the Kummer’s theorem [[2], Section 2.3, page 9]

SFi (b1 +a— b —1) =

and the Gauss’s second theorem [[2], Eq.2, page 11]

a+b—-11 r(Hp(etbtl
2F1(aab; ;7): (2)1( 12)+1>
2 2 L) (=)

3a 4 q 24+1— a+3“+1 (L
O, Lo FHLL L TEEATCETTG) gy, 0 5 (5.1)
! 2 2 Frl-a +1 a+2 2
D(2——)I(*35)T (=)
@5 3a a1 P(a+1-7T()(3)
2F (27_7_1777/%771) = a a a ) §R(a’+1_’7/) Oa (5 2)
! 2 272 T(3+1—y)(y - 3)r(=2)
(@), @ Py —a-a)
F, —y:1,1) = o —
24 (O(, 2375 ) ) F(’Y . OZ)F(’}/ _ a)v §R(’}/ « 0,) > 07 (5 3)
(a), @ r1—g)ra+3) a
F —:1 —1.1 = 1+ — . 4
247 (04,2, +Oé, 9 ) 1—\(1_’_%_%) 9 8:E( +2)>0 (5 )

6 Conclusion

The proofs of Theorem and Theorem rely on interesting integral representation for ¢ on domains of rank
2 (Formula(1.7)). It would be nice to have an analogous representation for general rank r in order to generalize our
results. Future work, we will generalize our results of this paper to domains of rank 3.
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