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Abstract

In this paper, we consider the existence and asymptotic behavior of solutions to the following new nonlocal problem
Up — M(/ \Vu\Qdm)Au + dup = |ulf?u in 2x]0, oof,
Q

where

M(s) = a—bs for sel0,%],
o, for s € [§, 400l

We first state a local existence theorem. Next, if the initial energy is appropriately small, by using Tartar’s method and
the decay rate of the energy, we derive the global existence theorem. As a biproduct, we also obtain the exponential
decay property of the global solution.
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1 Introduction

In this research we study the following nonlocal problem

Ut — M(/ |Vu|? dsc)Au + 6uy = [ulP"2u in 2x]0, 00|,
Q

u=0, onI'x]0,o00], (1.1)
u(z,0) = ul(z), u(x,0) = u'(z), 2€Q

where 2 is a bounded domain in R™ with smooth boundary T,

_ £ a
M(s) = a—bs for sel0,%], 12)
0, for s € [§, 4+00],

a,b>0,p>2. When M(s) =a+bs, s>0,a>0,b>0,6 =0=p and Q is a finite open interval, equation (1.1)) was
introduced by Kirchhoff [10] in the study of nonlinear vibrations of the elastic string and is called the wave equation of
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Kirchhoff type after his name. See also Lions [I1]. Moreover, it is said a degenerate equation when M (s) has zeros and a
nondegenerate one when M (s) > mgy > 0,Vs > 0. Many results on the solutions to problem have been established
by many authors through various approaches and assumptive conditions (see [I}, 2, {41 [5, [7, [17) [14) [15] 22| 23] 24, 26]
and references therein).

A notable characteristic of (l.1)) is the presence of the nonlocal coefficient M ( / |Vu|2dx) which depends on
Q

the average / |Vu|? dz of the term |Vu|? in ©, and hence the equation is no longer a pointwise identity. Nonlocal

Q
problems have gained considerable attention in recent years due to their relevance in modeling physical and biological
phenomena. See [6, 111, T3] 21].

In [27] Yin et al. investigated the existence and multiplicity of nontrivial solution for the new nonlocal problem

—(a - b/ |Vul? dx) Au = |u|’"?u  in Q,
Q (1.3)

u=0, onl.

Also see [9] 201 28] for generalizations of (1.3))

Motivated for their works, it is interesting to investigate the global solvability of with the nonlocal operator
given in . More precisely, under appropriate assumptions imposed on the initial data and the source term, we
shall establish global existence of solutions by using Tartar’s method [25] combined with suitable a priori estimates
including |Awu(t)| and |Vu(t)| in addition to the usual energy estimate.

This article is organized as follows. In Section 2, we prepare some lemmas needed for our arguments and state the
local existence theorem. In Section 3, we derive the global solution and its exponential decay.

2 Preliminaries

Throughout this paper the functions are all real valued and the notations are as usual, in particular we shall denote
by |||lp, (p > 1) the ususal LP-norm. Positive constants will be denote by C' and will change from line to line.

Lemma 2.1 (Sobolev- Poincaré[8] ). Let ¢ be a number with 2 < ¢ < 0o (n=1,2) or 2 < ¢ < 25 n > 3), then
there is a positive constant C, = C(€2, ¢) such that

|ully < Cul|Vulla, — for u € Hg(Q). (2.1)

Lemma 2.2 (Gagliardo- Nirenberg[8] ). Let 1 <r < ¢ < oo and ¢ < p . Then the inequality

lullg < Cllullfymollullz ™ for u e W™(Q) (L7 (2). (2.2)

g (L 1\ (1, m 1\
T \r P r N ¢

provided that 0 < 0 <1 (0 < 8 < 1if p = 0).

holds with some constant C' > 0 and

Lemma 2.3 (Nakao[16]). Let ®(¢) be a nonincreasing and nonnegative function on [0, 7], T > 1, such that
O(t)" < ko(®(t) — ®(t+1))  on [0,T], (2.3)

where kg is a positive constant and r a nonnegative constant. Then

(i) if r > 0, then ®(t) < (®(0)™" + ko 'r[t — 1]+)_1/r, on [0, TJ,
where [t — 1]T = max{t — 1,0},

(i) if r = 0, then ®(t) < ®(0)e*1 =17 on [0, T), where k; = log (kfﬂl).

For sake of completeness, we recall the following local existence result, which may be proved by the Banach
contraction mapping principle (See [3], 18]).
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Theorem 2.4 (Local existence). Let § be a nonnegative constant and let M (s) be a nonnegative locally Lipschitz
function for s > 0. We assume that f(u) is a nonlinear C''-function such that

[f(w)] < kalul** and | ()] < kolul® (2.4)
with certain constants ki, ko, and
0<a<2/(N-4)ifN>5 (0<a<+ooif N <4). (2.5)
If the initial data {ug,u;} belong to (H () N H2(2)) x Hg () and satisfy the nondegeneracy condition
M(||Vuoll2) > 0, (2.6)
then there exists T = T'(||Auo|2, ||[Vui||2) > 0 such the problem admits a unique local solution u in the class
C% ([0,7); Hy (2) N H*(2)) N C* ([0, T); Hy () N C* ([0, T); L*(Q2)) -
Moreover, if M(||Vu(t)||2) > 0 for T > ¢ > 0, then at least one of the following statements is valid
(i) T = +oo0,
(i) [Vue@®)|3 + [|Au®)||3 = +o0 ast — T,
(iii) [|[Vu@®)]|2 =0 ast—T".

Now, we set

[[ullp b B3
B,= sup , 1= 7 Y2= 5 -
: ueHL () [Vull2 4a 3pa
u#0

Define the function 1 5
R(A) = =A% — A% — S\
(A\) 1 7 5727
then
1

3
W(A) = MG = 4mA* = Sp1A"7).

So, choosing A € R, such that

0< A< and 0 <\ 2< _—

T 6072
we get that this \'s satisfy the inequality

1 3
— — AN — SN2 >0
9 T 2P’Y2 =
and A/(A) >0 for 0 <\ < Ay, where
Ap = min{(1671) /2, (6p72) "/ P72}, (2.7)

Thus, h(0) = 0 and A(A) >0, VA € [0,A;]. From this, we get
1.5 4 1.5, 1
h()()\) = 5)\ —’71)\ —’}/2)\1) > Z)\ + 5’}/2)\1), VA € [0, )\1] (28)
The energy associated with the problem (|1.1)) is given by
1
E(t) = gllue(®)3 + J(u(?)), for u e Hy (%),

where
a b

Tu(t) = GOl = FuOl* = < [
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By a simple calculation, we see that the energy FE(t) satisfies

d
SB() + 1) = 0.

Therefore, E(t) is a nonincreasing function on ¢, and

B(t)+ 6 / lue(s)]13 ds = E(0).

3 Global existence and exponential decay

In this section we state the main results of this paper. Firstly, we give the following two propositions.

Proposition 3.1. If the local solution u(t) of (L.1)) satisfies 0 < ||[Vu(t)||2 < A1 on [0, Tp], then

(B0 2) Ju(0) 2 o (1 + 2o’

and ol < | 250 "

Proof . It is obvious, from (2.8) O

Proposition 3.2. Under the assumption of Proposition the energy E(t) satisfies

E(t) < BE(0)e™ ",
where k = Log (%) , ko is defined in (3.5).
Proof . For a moment, we suppose that 7' > 1 . Integrating (2.9)) from ¢ to ¢t + 1 we find

t+1
5/t lu(s)||3ds = E(t) — E(t + 1) = 6F(t)

(2.10)

(3.3)

Using the mean value theorem for integrals, there exist two points ¢; € [t,t + 1] and ¢, € [t + 2,¢ + 1] such that

llu(t:)]l2 < 2F(t), i=1,2.
Next, multiplying (|1.1)) by « and integrating over €2 , we obtain
d
allu(®)|® = bllu@)[I* — [[u@®)]5 = lue@®)3 = (w(t), u(t)) — 7 (e (t), u(t)).

On the other hand, it follows from the Sobolev-Poincaré inequality and (3.2)) that

} (p—2)/2

lu@®5 < Bollu®)ll” < Bollu®)|”~*lu(®)|* < By [jE(O) lu()]*

and A
a1 <5 5 80)| Juco P

Thus, we get
!
a

= (1 —no)(allu(®)]?), 0<mno <l

bllu()* + llu()l, <

(p—2)/2
B (jE(O)) + ‘ffE(m] (aflu(®)]?)

(3.4)

(3.5)
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Then
noallu(t)|* < allu(®)|* = blu®)|* = [[ut)5 = 1(t). (3.6)

p =

From (2.10) and (3.4), integrating the resultant inequality over [t1,ts] , we have

ma [ () Pds < [ 16 ds < [ (o) Pds+ [ l(wn(s).u(o)]ds - (o), u(e)]:

ty t1 t1 t1

t+1 1/2 2
([ HW@Ww) ENMM]SW u(s)] (3.7)

= s€[t,t+1]

<F%(t) +

1/2
<F?(t) + 5By F(t) (jE(t)) .

On the other hand, integrating (2.10]) over [t,ts] , noting that E(ty) < 2 fttf E(s)ds due to ty —t; > 1, using (3.7)
and the Young inequality, we have

ta
E@:ﬂm+§/Hw®ﬁ%
t
ta t+1
§2/ E(s) ds+6/ e (s)13 ds
t1 t
ta

t+1
S“*ﬁl Hm@ﬁ®+a/\m®@@

t1

1 1/5 4 1
< L2 /9 %2 1
<(1+4+46+ no)F (t) + 5 (nOBQ) aF (t) + 2E(t)
Thus
E(t) <ko(E(t) — E(t +1))
where
1 2 5 9
k0_2{1+5++(B2)}+1. (3.8)
Mo a To

Therefore, noting (2.10)) and applying Lemma we obtain ((3.3) O

Theorem 3.3. Let N = 3 and p > 4. Assume further that {ug,u;} belongs to (H}(Q) N H?(Q)) x HL(Q) with

. a\1/2
o] < m1n{<g> AL EO]Y? <\ (3.9)
2 Vuq|2 p=4
and {(QbEl/Q(O)p_4 +dy (Toa)(p_‘l)/ﬂ (anvlkng + ||Auo|g> < (roa)P™4, (3.10)

then problem (|1.1)) admits a unique global solution
u € C([0, +oo[; Hy () N H?(92)) N CH([0, +oo[; Hy () N C*([0, +o00[; L*(92)),

and the energy satisfies
E(t) < Ce ™™  for t>0, (3.11)

with some constant & > 0.

Proof . Let u(t) be a unique solution of the problem (1.1]) in the sense Theorem [2.4 on [0, Ty[ , with Tj the maximal
time where the solution exists. Now, we introduce the function

M(t) = a—b||Vu(t)||3,  for t€[0,Tyl.

So, under the assumption ([3.9)), there exists a positive constant 7y such that

M@O)=a-— b||Vu0||§ =1T9.
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Then there exists T} such that 0 < T < Tj and

M(t)>m  for 0<t<Ty.

We can define
Ty = sup{t € [0, +o0[: M(t) > 79 0<s<t}

We see that Ty > 0 and M (¢t) > 7o for 0<s<T). Let us set

0

2
H{(t) M(t)||2 +Auw @3 and f(u(t) = [u(®)] ().

So, for 0 < s < T, taking the derivative of H(t) we have

th(tHza”Vj\“j((f))”Q (1+ M/(t)) — 2 (Vf(®), Vu(b).

Here, we observe that

M'(1)| _ [B(Vu(t), Vus(t))
R T (3.12)
bHVU(t)H 1/2 4p? Yz 1/2
<Akmen < (L o) mee,
and
) T < G P T ol
< A Ol [Tl Vs 0 (3.13)
< f\(ﬁ - é; CoY v |2 | Au) 1Y QEft/gt()t)Q
_ 2 Ut 2
. (55%31/2 Cflwu(t)ng/z) 72 4 517 ((;)HQ
Thus, it follows from and that
d V0 (6)113 4y E(0)\*?
0 +alye |- (P00 Hm“)l
< (652‘7;/205-1> IVt 5 H D72 (1), (3.14)
If
(4@2]5(0))1/2 12
1-— e H“(t) >0, Vtel[0,Ty] (3.15)

does not hold, it implies a contradiction. In fact, from (3.10]) and the continuity of H(t) , we can see that there exists
t* > 0 such that

2 1/2
1-— <4bE(O)> HY?(t*) =0, (3.16)

T0Q

2 1/2
1- (W) HY2(t) >0, Yt e[0,t*]. (3.17)
0
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Now, integrating (3.14) from 0 to ¢* and using (3.17)) we have

2 *

1 t

HE) < HO)+ (Lmert) [ ITulgae2/) ds
5127, 0

0o
and , hence by Lemma 3.4 in [19]

1

HY2(1) < lH(O)—pH (p > 4) 90/0 ||Vu(5)|’2’d5] - (3.18)

On the other hand, we see from and . that

[ i< 37 [ s [0)7 (1) o

By (3.18) and (3.19)), we infer that

HY2(1) < [H(or’%“ fdlEp/Z(O)}_? (3.20)
p—1 2 2 k
with dy = (p— 4) [gxc/} (£)"* (1 + ) Hence, using (E10) we get
To

2 1/2
1-— <4bE(O)> HY2(t*) > 0, (3.21)
ToQ

which contradicts (3.16]). Thus (3.15]) is true, and then
-1

47 E(O)] Ve[0T (3.22)

H(t) < [

T0Q

Now, if Ty < Ty s then
M(T)) = 0.

Thus, it follows by (3.22) that ||Vus(T1)||2 = 0. Induce a variable v(t) = u(T; — t). Hence v(¢) satisfies

v — M(||[Vo(t)||2) Av = sv, + f(v)  in Qx]0,Ty],
v=0 on I'x]0, T1],
v(0) = 0 = v,(0) in Q.

Multiplying this equation by v; as in integrating it over €2 we get

d

T E@®) = dllu @Iz <C(lo @3+ T (v(#)

< CE(v(t)), Vte0,T1].

(3.23)

Notice that E(v(0)) = 0. Then, it follows from (3.23), applying Gronwall’s inequality, that
a
1Iv@IE < E(u(#)) = 0.
Consequently [|[Vu(Ty —t)[|l2 =0, for 0 <t < Tj. So u(0) = 0. Thus a — b||Vu(0)||3 = 7o implies a = 79, which is

a contradiction. Therefore M (t) > 0, Vt > 0 and (3.22)) holds for all ¢ > 0. Moreover, from proposition We obtain
the decay estimate (3.11). O
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Remark 3.4. It seems to be interesting to study a global solution for Kirchhoff equation with nonlinear source and
boundary damping term or with nonlinear boundary damping and source term, i.e.

Upe — M(/ |Vu\2da:)Au = |ul’"2u  in Qx]0, 00,
Q

u=0, on Tyx]0,00],
0
W= g(u), on I'1x]0, 0],

u(z,0) = ul(x), u(x,0) = ul(z), 2z€Q,

and
Ugp — M(/ \Vu|2dx)Au =0 in Qx]0,00],
Q

u=0, on T'yx]0,00],

2u = g(u) + |u|p*2u, on I'; x]0, ool

ov
u(ﬂc,O) = uo(x),ut(x,O) = ul(m)v T € Qv

with M (s) given in (1.2) or M(s) = a —bs?, V s € [0, {/%[,7 > 1. Also these equations could be studied in variable
exponent spaces or fractional Sobolev spaces. We plan to address these questions in a future research.

4 Conclusions

In recent years, there has been published much work concerning considering the nonlinear wave equation with the
presence of a Kirchhoff term. However, to the best of our knowledge, our results are the first time to deal with the
type of problem . In this work, we used energy decay estimates, via Nakao’s Lemma, combined with Tartar’s
method to establish the global existence of solutions and the exponential decay of the energy, under some small data
conditions. We like to point out that when ¢ = 0 = ¢ the equation becomes the quasilinear non well-posed
problem which can be seen as a boundary value problem for the potential equation as in [I2]. This question has some
interest in the study of the optimal control for singular distributed system and is still an open problem.
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