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Abstract

In this study, the concept of C-class functions in the setup of Sy-metric spaces, and some common coupled fixed point
theorems for these mappings in complete Sp-metric spaces that involve altering distance functions and ultra altering
distance functions are established. A few instances are given to support our major findings. We also provided an
application for integral equations as well as Homotopy.
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1 Introduction

In 1922, the Banach contraction principle was first introduced by S. Banach[7]. It is the most important tool in
nonlinear analysis, and certain findings linked to the generalisation of various metric type spaces come from using
it(see [8, 13| 18] 2T} 22], 23]).

Previously, Sedghi et al. [27], using the concepts of S and b-metric spaces, developed Sp-metric spaces and proved
common fixed point outcomes in these spaces. Following this, various authors developed numerous results on Sp-metric
spaces (see e.g.[17) 25] 291 B30])

The idea of a coupled fixed point was first developed by Guo and Lakshmikantham [10] in 1987. Later, employing
a weak contractivity type assumption, Bhaskar and Lakshmikantham [9] developed a novel fixed point theorem for a
mixed monotone mapping in a metric space driven by partial ordering. Jungck and Rhoades [14] introduced the idea
of weak compatibility in 1998 and demonstrated that compatible mappings are weakly compatible but the reverse is
not true. See the results in ([T} 2 [3, 15 19, 20]) and related references for additional results on coupled fixed point
outcomes.

A H. Ansari et al. [4] presented the idea of C-class functions in 2016 and proved some unique fixed point theorems
for certain contractive mappings with regard to the C-class functions, which started a lot of work in this field (See,
[5L [6, 111, 12, 24, 26, 28]).
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The purpose of the current paper is to provide common fixed point theorems for mappings of C-class function
type in the context of Sp-metric spaces. We can also provide examples that are appropriate and relevant for integral
equations and Homoopy theory. First we recall some basic results.

2 Preliminaries

Definition 2.1. ([27]) Let G be a non-empty set and £ > 1 be any real number.Let a mapping Sj, : G> — [0, 00)
satisfying the following properties :

(Spl) 0 < Sp(a, B,7) for all o, B,y € G with a # 8 # 7,
(Sb2) Sb(a3577):0<:>a2527a
(Sb?)) Sb(aa 57’7) é "{(Sb(aa «, 0) + Sb(ﬂa 5; 0) + Sb(%%e)) for all avﬁv’% 0 S g

Then the function Sy is called a Sp-metric on G and the pair (G, Sp) is called a Sp-metric space.

Example 2.2. ([27]) Let (G, S) be an S-metric space and S, (a, 8,7) = S(a, 8,7)?, where p > 1 is a real.Then S, is
a Sp-metric with r = 22(—1),

Definition 2.3. ([27]) If (G, Sp) be a Sp-metric space. {x,} in G said to be:

(1) Sp-Cauchy sequence if, for each € > 0, there exists ng € N such that Sy(Xn, Xn, Xm) < € for each m,n > ng.
(2) Sy - convergent to a point x € G if, for each € > 0, there exists a positive integer ng such that Sy(Xn, Xn,X) < €
or Sp(X, X, Xn) < € for all n > ng and we denote by lim y, = x.
n—roo

(3) if every Sp-Cauchy sequence is Sp-convergent in G. Then Sp-metric space (G, Sp) is called complete.
Lemma 2.4. ([27]) According to the definition of Sp-metric space, we have
S, a, B) < kSp(B, B, ) and Sp(B, B, a) < kKSp(a, a, B).
Lemma 2.5. ([27]) In a Sp-metric space, we have
Sp(a, @, B) < 268y(e, @, 7) + £284 (7,7, B).-

Lemma 2.6. ([27]) If (G, Sp) be a Sp-metric space with k > 1 and {«,} be Sp-convergent to «, then we have
1
(Z) %Sb(ﬂaﬁaa) < li}m inf Sb(ﬁaﬂaan) < ll)m sup Sb(ﬂaﬂaan) < QHSb(ﬁ,B,OZ) and

(i7) %Sb(a,a,ﬁ) < li_}rn inf Sy, n, B) < lim sup Sy, an, 8) < K2Sy(a, o, B)
K n— oo n—00

for all 8 € G. In particular, if & = 3, then we have li_>m Sp(an, ap, B) = 0.

Definition 2.7. [4] A continuous mapping A : [0, +00) x [0, +00) — R is called a C-class function if for all
s*,t* € [0, 00),

(a) A(s", 1) < %

(b) A(s*,t*) = s* implies that either s* =0 or ¢* =0.

The family of all C-class functions is denoted by C.

Example 2.8. [4] Each of the functions A : [0, +00) X [0, +00) — R defined below are elements of C.

) A(
c) A( Ty Where r € (0, 00).
(d) A(s*,t*) = s*n(s*) where n: [0,00) — [0,00) is a continuous function.
(e) A(s*t* s* — p(s*) for all s*,t* € [0,+00) where ¢ : [0,00) — [0,00) is a continuous function such that
P

(s*) =0« s*=0.
sQ(s*,t*) for all s*,t* € [0,+00) where Q : [0,00)2 — [0,00) is a continuous function such that
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3 Main Results

In this section, we give some common coupled fixed point theorems for C-class functions in complete S,-metric
spaces which involve altering distance functions and ultra altering distance functions.

Definition 3.1. Let (G, Sp) be a Sp-metric space. A pair (p, w) is called

(a) a coupled fixed point of Q: G2 — G if Q(p, @) = p and Q (w, p) = @ ;
(b) a coupled coincident point of Q: G — G and A : G — G if
F (p7 w) =Ap, Q (wv p) = Aw;
(¢) common fixed point of Q:G? — G and A : G — G if
Qp,w)=~Ap=9p, Q(w,p)=Aw=mw;
(d) the pair (2, A) is weakly compatible if A(Q(p,w)) = Q(Ap, Aw) whenever Q (p, w) = Ap, Q(w,p) = Aw.

A new category of contractive fixed point results was addressed by Khan et al. [I6] and A. H Ansari et al.[5]. In
their study they introduced the notion of an altering distance and ultra altering distance functions which are control
functions that alters distance between two points in a metric space.

Let § be the class of all altering distance function ¢, : [0,00) — [0,00) and & be the class of all ultra altering
distance functions ¢, : [0,00) — [0, c0) satisfying the following conditions:

(10) 1. is nondecreasing and continuous;
(1) . (t) = 0 if and only if t = 0.

(¢o) b« is continuous;

(¢1) b4(t) >0, for all t > 0 and ¢,(0) > 0.

Theorem 3.2. Let (G, S;) be a complete Sp-metric space with coefficient x > 1. Let ' : G2 = G, A : G — G be two
mappings and © > 0 such that

e (26155 (T (1, 0), T (1, 0),T(p,q))) < A (¢u (M5 (w,0,p,9)) , b+ (M (w,0,p,9))) + O (N} (u,v,p, )
(3.1)

Sy (Au, Au, Ap), Sy (Av, Av, Aq) , Sy (Au, Au, T'(u,v)),
Sy (Av, Av,T'(v,u)), Sy (Ap, Ap,T'(p, q)) , Sy (Aq, Aq,T'(q,p))
S _ b ’ ’ ’ ) ) ) ) ’ 9 ) 9 9
where, M (u,v,p, q¢) = max ﬁ 1Sy (Att, Aty T(p, 9)) -+ Sb (Ap, Ap, T(w, v)]

507 [So (Av, Av, T(q, p)) + S (Ag, Aq,T'(v, u))]
and
S _ .
Ny (w0, 4) = mm{ Sy (Av, Av,T'(q,p)) , Sy (Ap, Ap,T'(u,v)) , Sy (Ag, Aq, T'(v, u))
for all u,v,p,q € G where A € C, 9, € Fand ¢, € &

(i) T(G?) C A(G) and A(G) is a complete subspace of G,
(#4) the pair (T',A) is w-compatible.

Sy (Au, Au,T'(u,v)), S, (Ap, Ap,T'(p,q)) , Sy (Au, Au,T'(p,q)) , }

Then there is a unique common coupled fixed point of I" and A in G.

Proof . Let A, (o € G be arbitrary, and from (i), we construct the sequences {A,},{(,} in G as

L (Ap,Cp) =ANpr1 =0ap,  T'(¢p, Ap) = Alp+1 = Bp, where p=10,1,2,....

Now we show that I' and A have a common coupled fixed point in G. Assume that Sy(ap, ap, apt1) > 0 and
Su(Bp, Bp, Bp+1) > 0 Vp. Otherwise, there exists some positive integer p such that a, = api1, Bp = Bp41 and so
(Ap, Cp) is a coupled coincidence point of I', A, and the proof is complete. By using (3.1]), for each p € N, we have

(n (2“4Sb(apvap’ap+l)) = U (2“4517(1—‘()‘177Cp)vFO‘p’Cp)?FO‘erl,CpﬁLl)))
A (s (MZ;S(Apvgpa Apt1,Cpt1)) > Bu (Még()\vaP»)‘erl»CpH)))
+0Od. (Nz;g()\pCpa Ap+15Cpi1)) (3.2)

IN
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where,

Ml;g()‘pa<pv>‘p+1vcp+1)
( V3 A)\p7A)\p+l> Sb (ACP,ACP,ACerl) Sb (A)‘va)‘p’F()‘ZNCP))
(ACP7ACP? (P A )) Sb (A/\p+17A)‘p-l-lar()‘p-l-lagp-l-l)) Sb (A<p+17ACp+17 (17+17 p+1))7
I T 7 [S6 (AAp, AN, T(Ap1, Gp1)) + So (Adp1, Adpi1, T(Ap, Gp))1
257 196 (AGp, AGp, T'(Cpt1, Apt1)) + Sb (AGpt1, AGpr1, T'(Gp, Ap))]
Sp (p—1,p-1,0p) ,Sp (Bp—1, Bp—1,Bp) » b (ap—1, p_1, ),
Sb (Bp 1;6;0 laﬁp) Sb (ap>ap7ap+1) Sb (Bpaﬂpvﬁerl)v
%4 [Sb (p—1, Ap—1, Apt1) + Sb (ap, p, )],

2,{4 [Sb (Bp lvﬁp 17ﬂp+1) + Sb (ﬁpaﬁznﬂp)]

_ max{ Sb (p—1, 0p—1,0p) , Sp (Bp—1, Bp—1,Bp) ; }
S (ap, s ap1) Sy (Bp, By, Bp+1)

= mnax

= maXx

and

Nl;q()‘py Cpa )\p+17 <p+1)

_ min{ Sb (AXp, ANy, T(Ap, Gp)) s Sb (Adpi1s Adpi1, T(Apta, Gpan)) 5 So (AAp, ANy, T'(Apt1, (o)) }
Sb (ACPa Ava P(Cerlv )‘p+1)) ’ Sb (A)‘erlv A>‘p+1v F(Apv Cp)) ) Sb (ACerla ACerla F(Czn )‘p))

_ min{ S (Qp—1, ap—1,0p) , Sp (0, A, Api1) 5 Sp (-1, -1, Ap41) s } -0
Sh (51)—17 ﬂp—la Bp+1) S (apa Qp, ap) ,Sb (Bpa ﬂpa Bp)

From (3.2)), we deduce

S (Oépfly Ap—1, ap) > Sy (apfly Ap—1, ap) >

Sb (ﬁp*l?ﬁp*hﬂp) ) Sb (ﬂp*hﬁp*laﬁp) ’

* 2 4S b} k) < A * 9 *
v ( ~ Sbl(ap, ap+1)) o P | max Sp (Qp, ap, py1) O | max Sp (Qp, p, py1)
Sb (prﬂpvﬂp-‘rl) Sb (prﬂpaﬁp-‘rl)
Sb (apfh Qp_1, ap) ) Sb (Bpfla ﬁp*l? Bp) )
< 1, | max

S (O‘pv Qp, O‘p-H) , b (5107 B}% /Bp+1)

By using (1), we have
ﬁsb (ap 1, Qp— 1aO‘;D),2K4 (ﬂp 1a6p 13617)

Sy, o, < max
b(ap @, i) < ﬁsb(apaapvo‘pﬂ)vz,& b (Bp: Bp, Bp+1)

If for some p € N, 555, (ap—1, ap—1,p) < 55555 (ap, @p, pi1) and 5554 (Bp—1, Bp—1, Bp) < 55555 (Bp, Bps Bp1);
then we have
Sp(ap, ap, api1) < maX{ ﬁsb (ap,ap,ap+1), SRt St (Bp: Bps Bp+1) } . (3.3)
By similar arguments we obtain
So(Bps Bps Bp+1) < max{ 5525y (Bp, Bps Bpt1) s 5w Sb (@, @y apy1) } - (3.4)
Combining and , we can get

Sb(apaapvap-i-l)a } 1 { S (ap,ozp,ozp+1), }
max{ S5 (Bps Bos Bos1) | = 268 Sy (B B Bpsr) S



coupled fixed point theorems via C-class functions 417

This is contradiction. Hence

1
max { Sb(ap, Qp, Ozp+1), Sb(ﬂp, Bp, ﬁp+1) } < ﬁ max { Sh (apfla Ap_1, ap) S (ﬁpfh Bpfh Bp) }
1 St (qp—2, p_2, p_1) ,
< -
- (254)2 max{ Sb (Bpf% Bp727 Bpfl)
1
< Wmax{ Sp (a0, a0, 1), Sp (Bos o, B1) } — 0 as p — oo,

Now, we prove that {a,} and {f,} are Cauchy sequences in (G, S;). On contrary we suppose that {a,} and {5,}
are not Cauchy. Then there exist ¢ > 0 and monotonically increasing sequences of natural numbers {g;} and {py}
such that py > gx.

Sp (QQk?QQk’apk) > € Sp (ﬁqwﬁqmﬂpk) > € (3'5)

and
Sp (O‘qk’aqwapk—l) <e Sy (ﬂqwﬁqwﬂpk—l) <€ (3'6)

From Lemma (2.5)), (3.5) and (3.6), we have

€ < Sy (g ag,ap,)

; 2kSp (g gy, Agut1) + K25y (g1, Qg1 O, ) -
So
26%e < AR3S) (g, Qgps gur1) + 2608y (g1, Qi1 Opy ) -
Letting kK — oo and applying 1, on both sides, we have that

w*(2"€2€) < klggo d)* (254517 (a%+1ﬂ Qgp+1, O‘pk))

= kh—{go (0 (2K4Sb (r()\Qk+1 ) qu+l)’ F()‘q;c+1 ) CQkJrl )7 F()‘pk ) Cpk)))

S klingo A (w* (Ml;s(Aqurl ) qu+1 ’ )‘pk ’ Cpk)) ’ ¢* (MI;S(AQkJrl ’ Cq}c+1 ’ Al)k ’ Cpk)))
+ leH;O ®¢* (NF;S’(A%JA ’ CQk+1 ’ Apk ’ Cpk)) (3~7)
where,
kli{rolo MZ;S(AQk+1 9 qu+1 9 >‘;Dk 9 Cpk)
Sp (A)‘qu ) A)\‘Ik+1 ’ A)‘pk) s Sb (AquH ) ACQkJrl’ACPk) va (A)‘qk+1 ) A)\Qk+17 ()‘qk+1 ) CCIk+1))’

= lim max Sb (AquH’lAC%H’F(C%H ’ >‘<1k+1)) Sb (A/\pkvA/\pka(/\pkank)) 7Sb (ACpmACpkaF(Cpkv /\pk»v

k—ro0 ﬁ‘ll [Sb (A)\QkJrl ) A)‘Qk+17 ( Dk ? Cpk)) +Sp (A)\Pk ’ A)\Pk ’ F()\Qk+1 ) qu+1)) ,

bre: [Sb (Aqu+17Aqu+1’ (Cpk’)\Pk)) + Sb (ACPM ACPk7F(CQk+17>‘Qk+1))
Sp (aqmaqmapk 1) Sp (6%’6%7/81% 1) Sp anmaqmatmﬂ)

— lim max Sb (qu’ﬁ%’ﬂ%ﬂ) »Sb (apk 19 Opy, 170‘pk) 256 (Bpr 1+ Bpi 17/8pk)

k—oo T St (QQk’QQk7O‘pk) + Sp (apk 1O Cgqpyq )|

254 [Sb (6% y qu ; Bpk) + Sp (Bpka ) /Bpk—l ) /B(IkJrl)
67 6? 07 07 07 0,
= kli_g)lo max %ﬁi [Sb (O‘Qk y Qg s ap;«) + Sp (O‘pk—1 y Opp_15 QQk+1) )
bre [Sb (ﬂqk ) ﬂqk ’ 6}%) + Sb (ﬂpk—l ’ ﬂpk—l ) quﬂ)
But
1

khargo ﬁ [Sb (a% » Qgp s apk) + Sp (apk71 y Apr_1s aqk+1)}
< lim i [QHSb (agk’a%’apk—l) + ﬂsz (apk—l’apk—l’apk)]+ ] < 36.
= koo 2K4 [2KS) ocpkfl,oapkfl,aqk) + k2S, (aqk,aqk,aqu ] K3
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Also,
. 1
klggo @ [Sb (6qmﬁqmﬁpk) + Sp (ﬁpk—l76pk—l ) ﬁ%+1)]

< lim i [2’%517 <5qzc7/8qm6pk71) + ’%2517 (/Bpk—lﬂgpk—l’ﬂpk)]—’— < 36.

T koo 2k4 [QKSb (@m«-uﬁpk—wﬂqk) + "{2517 (quﬂquﬂqkﬂ)] K3
Therefore,

len;o M Agesrs Corrrs Aprs Goi) < klggo max { €60, %e } =e¢,
and

= lim min
k— o0

Sb (A)‘%-H ’ A>\Qk+1 ) F(/\pk ’ Cpk)) ) Sb (AC%-H ’ AC‘HH—l ) F(pr )‘Pk)) I

. S Sb (A)\qk+17A/\Qk+17F()‘Qk+17<%+l)) ’Sb (A)\pk’A)\pk7F()\pk’Cpk)) ’
k-li)ngo Nb ()\qk+1,qu+17>\pk7<pk)
S (AApk AN F(A(Ik+1 ) Cq;wrl )) » b (ACP’V‘ Ay, F(qu“ ’ )\qu ))

N T ; Sb (O‘kaaqk’aq“l) + S (apk—uapk—napk) » St (aquaquam)v _
= lim min =0.
k—»o0 Sp (/B‘Ik’/B(Ik”BPk) 7Sb (O‘qu » Opr_15 a(Ik+1) 7Sb (/Bpk—l ) /Bpk—l ) /BQIchl)

Therefore, from (3.7, we deduce

Uu(26%) < AU (), 0 (€) < u ()

by the definition of (1), we have that 2x%¢ < e which is a contradiction. Hence {a,} is an S,-Cauchy sequence in
complete Sy-metric spaces (G, Sp). By similar arguments, we obtain {8,} is an S,-Cauchy sequence in G . Since A(G})
is a complete subspace of (G, Sy), the sequences {cy,}, {8} are convergence to u, v respectively in A(G). Thus, there
exist a,b € A(G) such that

lim op =u=Aa and lim B, =v=Ab (3.8)

pP—o0 pP— o0

We claim that I'(a,b) = w and I'(b,a) = v. Suppose I'(a,b) # u and I'(b,a) # v. By Lemma (2.6)), we have that

Q—IRSb (T(a,b),T(a,b),u) < lim infS, (I'(a,b),T(a,b),ap).

k— o0

Now from (3.1)) and applying v, on both sides, we have

¥y (528 (T(a,b),T(a,b),u)) < lim infe, (26*S, (I'(a,b),T(a,b), ayp))

pP—r 00

= lim infe, (2625, (T(a,b),T(a,b), T (A, ()

p—o0
< Tim infA (1 (5 (00, 2,G)) 60 (M5 (06,3,
. . S
—|—p1l>1’£10 inf @(b* (Nb (a7 ba )‘pﬂ Cp))
<

lim inf g, (M (a,b, Ap, Gp)) + lim inf ©¢, (N (a,0, X, ()
P oo

p—o0

(3.9)
where,

lim inf M; (a,b, Ay, Cp)

p—)OO
Sy (Aa, A, AN,) , Sy (Ab, Ab, AC,) , Sy (Aa, Aa, T(a, b)),
= lim inf max S (Abv Ab’lr(baa))’s’b (A)‘IJ’A/\MF(/\P?CP)) » St (ACP’ACINF( P7>‘p)) ’
P00 37 196 (Aa, Aa, T'(Np, Gp)) + Sp (AN, ANy, T'(a,0))],
ﬁ [Sb (Ab7 Ab7 F(Cp? /\P)) + Sb (ACP’ ACP? F(b’ CL))]
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Sy (Aa, Aa, ap—1), Sp (Ab, Ab, By—1) , Sp (Aa, Aa,T'(a, b)),

. Sp (AD, Ab T'(b,a)), S (ap—1,ap—1,p),S6 (Bp=1,Bp-1, Bp) ,
5, SUp max [, (Aa. Aa,a,) + S (a-1,0,-1, T, D)

2&4 [Sb (Ab Ab /61)) + Sy (6}7 1’610 1, (b’ a))]
max{ Sy (u,u,T(a,b)), Sy (v,0,T(b,a)) }
max { kS, (I'(a,b),T(a,b),u), kS, (L(b,a),T(b,a),v) }

IN

IN N

and

lim N (a,b,\p, Cp)
pP—o0

= lim min{

p—0o0

Sy (Aa,Aa,T'(a,b)), Sy (AApv A>‘pv F()‘p» Cp)) ; Sy (Aa, Aa, F()‘Pv Cp)) ) }
St (Ab, AD, T(Cpy Ap)) 5 Sy (AN, AN, T'(b,a)) , S (A, AGy, T'(b, a))

—  lim min Sh (u,u,F(a, b)) .S (ap—17ap—1aap) S (uvua ap) , -0
p—o0 Sh (U,U,ﬁp) S (apfhapfhr(bv a)) ,Sh (ﬁp,l,ﬁp,l,l“(b, a)) ’
Hence, from (3.9) we have that

Uy (/@33;, (T'(a,b),T(a,b), u)) < Py (max{ kSy (I'(a,b),T'(a,b),u), kS, (T'(b,a),I'(b,a),v) }) + kli)n;o inf ©¢, (0).

By the definition of (), we get S (I'(a, b),T'(a,b),u) < max{ %S, (I'(a,b),T(a, )2
Similarly, we can prove that Sy (I'(b,a), T'(b,a),v) < max { 5, (T ( b),T(a,b),u), 55 (L(b,a),T

Therefore,
max { Sy (['(a,b),T(a,b),u), S, (L(b,a),T'(b,a),v) } <max{ 55, (I(a,b),I(a,b),u), S, ([(b,a),I'(ba),v) }

which is a contradiction. So I'(a,b) = u and T'(b,a) = v. It follows that I'(a,b) = v = Aa and T'(b,a) = v = Ab. Since
{T',A} is a weakly compatible pair, we have (u,v) = Au, I'(v,u) = Av. Now we prove that Au = u and Av = v.
From Lemma , we have that

! —5Sp(Au, Au,u) < lim inf Sp(Au, Au, ay).
K2

pP—>00

Now from and applying v, on both sides, we have
Py (2/{255, (Au,Au,u)) < lim inf ¢, (2n4Sb (T(u,v),T(u,v), T(Ap, Cp)))
< hm inf A (w* (Mb (u,v, /\p,Cp)) N (Mbs(u,v,)\p,gp)))

p—o0

+ hm inf O¢, (Nl;9<uava)\p7<p>)

A

A

hm inf ¢, (Mb (u,v )\p,(p)) +p1Lrglo inf ©¢, (Nl;g(u,v,)\p,cp))

pP—o0

(3.10)

where,
plggo inf M (u, v, A\p, Cp)
Sp (Au, Au, AN,) Sy (Av, Av, AGy) , Sy (Au, Au, T'(u,v)),

_ : : Sb(AU AU ( )) Sb(A)‘aA)‘7F(>‘7C)) Sb(AC7A<a (Ca)‘))a
= Jim infmax + 15 (Aty A, T, Co0) + S (Mg ANy, T, 0))]

)
2,.;4 [Sb (Av, Av F(pr )) + Sp (ACP,ACP, (v u))]
Sy (Au, Au, ap—_1) , Sy (Av, Av, Bp—1) , Sp (Au, Au, T'(u,v)),
Sp (Av, Av T(v,u)), S (ap—1,ap-1,0p) , Sy (Bp—1, Bp—1,Bp) ,

= plggo Sup max %4 [Sp (Au, Au, o) + Sy (p—1, ap—1,T(u,v))],
2n4 [Sb (A’U Av Bp) + Sb (B;D laﬁp 1 (’U7U))]
< max{ Sy (Au, Au,u), S, (Av, Av,v) }
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and

. s
plgrolo Ny (uw, v, Ap, Cp)

= lim min{

p—>00

Sy (Au, Av, T(u,v)), Sp (AXNp, Adp, T( Ny, Gp)) , So (Aw, Au,T'(Ap, () s }
Sp (A’U, Av, F(va /\;D)) »Sb (A)‘p, A/\p7 F(Ua u)) » St (Ava ACIN F(Ua u))

Sb (’LL, Uu, F(U, ’U)) ) Sb (Oépfh ap_1, ap) ) Sb (’LL, u, ap) ) } -0
Sb (’U7 v, ﬁp) 7Sb (apfh Qp—1, F(’U, ’U,)) ) Sb (61)717 5})717 F(”? ’U,)) ’

p—0o0

= lim min{

Hence from ({3.10)) we have that

Ui (2628, (Au, Au,u)) < 9, (max { Sy (Au, Au,u), S, (Av, Av,v) 3+ pan;o inf O¢, (0).

By the definition of (), we get Sp (Au, Au,u) < max{ ﬁ&, (Au, Au,u), ﬁsb (Av, Av,v) } . Similarly, we can
prove that S, (Av, Av,v) < max{ 555 (Au,Au,u), 575, (Av,Av,v) }. Therefore,
max{ Sp (Au, Au, ), Sy (Av, Av,v) } < max{ 2—/1251, (Au, Au,u), ﬁSb (Av, Av,v) }
which is a contradiction. So Au = u and Av = v. It follows that I'(u,v) = Au = u and I'(v,u) = Av = v. Thus, (u,v)

is a coupled fixed point of T" and A. In the following we will show the uniqueness of common coupled fixed point in G.
For this purpose, assume that there is another common coupled fixed point (v’,v") of I'; A. Then From (3.1)), we have

Uy (2628 (u,u, ) = s (26%S,(T (u,v), D(u,v),T(w/,v)))
<A (¢ (Mbs(u,v,u’, V), s (ng(u,v, u',v'))) + Ops (N,,S(u,v,u’,v’))
< 1)y (Ml;g(u,v,u’,v’)) + 00, (Ngg(u, v,u,v"))
(3.11)

where,

Sp (Au, Au, Au') | Sy (Av, Av, Av') | Sy (Au, Au, T'(u, v)),
Sy (Av, Av, T'(v,u)), Sp (A, A/, T'(w/,v")) , Sp (A, AV, T (v, ),
tax 541 [y (Au, Au, D(/, ")) + Sy (Au/, A, T(u, v))]
L[Sy (Av, Av, T(v',u')) + Sp (AV', Av', T(v, u))]

2k%
= max{ Sy (u, u,u’) , Sp (v,0,0) }

M (u,v,u’ ")

and

i / / / / /
Nz;g(u,v, o) = min{ Sp (Au, Au, T'(u,v)), Sy (Aw', Au',T'(u',v")) , Sy (Au, Au, T'(u',0")), } _o.

Sy (Av, Av, T (v, 1)), Sy (Au/, A/, T'(u, v)) , Sy (AV', Av', T'(v, u))
From , we have
¥, (2618 (u,u,u)) <y (max { Sy (u,u,u), Sy (v,0,0") }) + O, (0).

By the definition of 1, we deduce that

Sp(u,u,u') < max { 55 (u,u, '), 522 S (v,v,0) }.

Similarly, we get that
Sp(v,v,v") <max{ 5525 (u,u,u), 5525, (v,0,0") }.

Therefore, we have
max{ Sy (u, u,u’), Sp (v,0,0) } < max{ 2—,1#5’1) (u,u,u’%ﬁsb (v,v,0) }

which is a contradiction unless Sy, (u, u,u’) = 0 and Sy (v,v,v") = 0 that is u = v’ and v = v’. Hence I and A have a
unique common coupled fixed point. [
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Corollary 3.3. Let (G, Sy) be a complete Sy-metric space with coefficient x > 1. Let I' : G2 — G be a mapping and
© > 0 such that

(N (2H4Sb(r(ua ’U),F(U,’U),F(p, Q)))
< A0 (W (MG (w,0,0,9))) u (Mg (w,0,0,0)) 31 (6 (M (w,0,0,9))) b (M (u,0.0,0)))  + O (NG (u,v,p,q))
where,

Sb (uauvp)asb (U ) Sb (u u F(u U))a
Sb (U U F(U u)) Sb (p pa ( b,q )) (Q7 >F§Q7p))7

2,{4 [Sb (u u, F( )) + Sy (p7p7 (u7v))
2,{4 [Sb (U v, F(q p)) + Sb (Q7 q, (’U/U,))]

Sy (u,u, T(w,0)), Sy (0,2, T (0, q)) s S (u,u, T (p, q)) }
NS’U,,U, , — min b s Uy ) ) s Py ) ) ) Wy ) )
b (w0, 0) { S0 (0,0.0(a.)) - S5 (0.2, D(w,v)) . S (g, (v, )
for all u,v,p,q € Gand A € C, ¢, € F, ¢ € G and 7 : [0,1) — [0,00) is a continuous mapping. Then there is a
unique coupled fixed point of I" in G.

M;;S(U,U,p, q) = max

and

Proof . The proof Follows along similar lines of Theorem if we take identity function Ig in place of A : G — G in
Theorem |

Corollary 3.4. Let (G, Sy) be a complete Sy-metric space with coefficient £ > 1. Let I' : G2 — G be a mapping and
© > 0 such that

2k%Sp (T (u,v), T(u,v), T(p, q)) <1 (M (u,0,p,9)) My (u,v,p,q) + ON; (u,v,p, q)
for all u,v,p,q € G and 7 : [0,1) — [0,00) is a continuous mapping. Then there is a unique coupled fixed point of T’
ingG.
Proof . The proof follows from Theorems [3.2] by taking 1, (t) =t = ¢, (t) and A(s,t) = sn(s). O

Corollary 3.5. Let (G,S;) be a complete S,-metric space with coefficient s > 1. Let I' : G> — G be a mapping
satiesfying

Sp(I(u, v), T'(u, v), I'(p,q)) < TMbS(UaUaM q)
for all u,v,p,q € G and 7 € [0, 5 511). Then there is a unique coupled fixed point of " in G.

Proof . Let us take A(s,t) < s and 1, (t) = t, ¢4 (t) = 0, from Theorem (3.2)), we see that I has a unique coupled
fixed point. O

Example 3.6. Let Sy : G3 — Rt be a mapping defined as

Sp(c, B,7) = (|8 +7 —2a| + 8 —|)?

where G = [0,00) . So clearly (G, S;) is a complete Sp-metric space with k = 2. Define I' : G> — G and A :— G by
I'(a,b) = 1‘21;% and Aa = %. Let ¢, : [0,00) = [0,00) and ¢, : [0,00) — [0, 00) be defined as ¢, (t) =t and ¢, (t) = L.
Also let A : [0,+00)? — R by A(s,t) = s — t.Then obviously, I'(G?) C A(G) and the pair (I, A) is w-compatible and

clearly for all 4,7,0,0 € G, we have
w* (254 (Sb(F(Zv])7 F(Zu])» F(av 6))))

2% (Sy(L'(2, ), T(1,.9), I'(9,0)))
= 26" (|0(s,9) + T(8,0) — 2T(2, 9)| + T2, 9) - T(3, V)|)’

2
_ 2H4<2|Z+] 5+U|> %(213 ]6)
128v2  128v2 8k8 4 4

{ (Sb(Az Au, AD) + Sp(Ay, Ay, AU))]

IN

2

1
5 I;S(Zaj7836)

¢* (Ml;s(lm]a 67 U)) - ¢* (MI;S(ZL]:5’ U))
A (Y (M (2,2,0,0)) , b (M (2,2,0,0))) + O (N (2,,8,0)) .

IN

VARV
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Thus, all assumptions of Theorem are satisfied and (0,0) is the unique common coupled fixed point of I' and
A.

4 Application to Integral Equations

In this section, we apply our Corollary to the existence theorem for solution of the following nonlinear integral
equations:

T T
= /K(t,a(s), (s))ds, and j5(t) /K a(s))ds, telI=10,T] (4.1)
0 0

where T is a real number such that 7> 0 and K : I x R?> — R and o, 3 € R. Let G = C (I, R) be the space of all
R-valued continuous functions on I. An element (x,y) € G x G is called a coupled solution of the integral Eq. (4.1)) if
z(t) < y(t) and

T T
/K s))ds and y(t) /K s),)ds, where t € I =[0,T
0 0

Now, we consider the following assumptions:

(1) K :IxR?— R is continuous;
(x2) for all t € I and for all x,y,u,v € R, we have

1
olu(s) = 2(5) + (s) — v(s)].

0 < [K(t,u(s),v(s)) — K(t, z(s),y(s))| <
Next, we give the existence theorem for solution of the integral Eq. (4.1))
Theorem 4.1. Suppose that x; and x2 hold. Then,there is a solution of integral equation 4.1.
Proof . Let G = C (I,R) be the space of all R-valued continuous functions on I. We endowed G with the Sp-metric
b : G = RT defined by Sy(z,y,2) = supeio ) (Jy(t) + 2(t) — 2(t)| + [y(t) —2(t)])? for 2,9,z € G. Then it is
clear that (G, Sp) is a complete Sy-metric space with x = 222~ = 4, Define v, ¢, : [0,00) — [0,00) by 1, (t) = t,

du(t) = Z. Let n: [0,1) = [0,00) and A : [0,+00)> = R by n(t) = 3, A(s,t) = ms where m € (0,1). Define
T:G2-5¢ by

T
= /K(t,a(s),ﬂ(s))ds, tel=[0,T) and o, 8 € G.
0

Now, let p, 0, u, v € G and using (*2), for all ¢t € I = [0,T], we have

mew—ﬂmwm2=\/K@Mﬂdw@—/K@M%Mm%P
0

2

2

IA

0
T
= (/ [K (s, p(s), e(s)) — K(s, p(s), v(s)) ds
0

/ L lo(s) — p(s) + v(s) — ofs)|ds
0



coupled fixed point theorems via C-class functions 423

2

T
. / ( sup_[p(2) — p(z)| + sup |u<z>g<z>|>ds

64K4T12 2€[0,T] 2€[0,T]

< g | Sup (Ip(z) — p(z))* + sup (|I/(z)—g(z)|)2‘|

z€[0,T] z€[0,T]

which implies that

2t sup (2I(p.0)(0) - T )O) < 1 [ sup (2lp(=) = pu(2))* + sup (2lu(2) — of2))?
te[0,T) z€[0,T] z€[0,T]

Therefore, we get that

26453(T(p, 0)(0). T(p, ) (). T )(0) < 12 (Sulpspost) + Sul0,0.0)
< Smax(Silp, ). Si(o.0.0))
< ;(; f(m&uw))-

Thus

be (262S(T(p, 0) (), T(p, 0)(£), T (1, v) (1))
<A (1 (e (M5 (p, 0,1,))) i (M (py 0, 1,v)) s (5 (M5 (up, 0, 18, 1)) b (M3 (p, 0,11, v))) + O (N (py 0, 15v)) -

It follows from Corollary that the equation (4.1)) has a unique solution in C' (I,R). O

5 Application to Homotopy Theory

Now we present the main result regrading application to Homotopy theory.

Theorem 5.1. Let (G,S;) be a complete Sy-metric space, 3 and & be two open and closed subsets of G such that

70) p # Hp(p,q,x) and q # Hy(q,p, x) for each p,q € 9F and x € [0, 1] (here O denotes the boundary of S in G),
1) e (2628 (Hy(u, v, X), Hy(u, v, X), Hy(p, ¢, X)) < A (¢ (M (u,0,p,9)) , 62(NF (u,0,p,9))) ¥V u,v,p,q €S,
X €[0,1] and A € C, 9, € F, ¢« € & where
Sb (ua uvp) ) Sb (U7 v, Q) ) Sb (u7 U, Hb<u’ v, X)>7
Sy (v, v, Hy(v,u, X)) Sb (0 2 Hy(p, 05 X)) 5 S (4,0 Hu(a, 0, X)),
g7 [Sb (s, Hy(p, ¢, X)) + Sp (p, p, Hy(u, v, X))] ,
ﬁ [Sb (Uv v, Hb(Q7pa X)) + Sb (Q7 q, Hb(’U, U, X))]
Sb (’LL, u, Hb(u7 v, X)) ’ Sb (pvpa Hb(pv q, X)) ;
and Nl;9<u7vapa Q) = min Sb (U7U7Hb(pa q7X)) ) Sb (U7U7Hb(Q7p7 X)) )
Sb (pvpa Hb(u’ v, X)) ) Sb (qa q, Hb(vv U, X))

(72) there exists M > 0 such that Sy(Hy(p, ¢, x), Ho(p, ¢, x), Hy(p, ¢, 1)) < M|x — ], for all p,q € S and x, p € [0,1].

— —2
& C Q. Suppose Hp : S x [0,1] — G be an operator such that the following conditions are satisfied,
(
(

M§ (u,v,p,q) = max

Then Hy(.,0) has a coupled fixed point < Hy(.,1) has a coupled fixed point.
Proof . Consider the set
U={x€l0,1]:p= Hy(p,q,x)&q = Hy(q,p, x) for some p,q € I}.

Since Hy(.,0) has a coupled fixed point in S, we have (0,0) € U2. So U is a non-empty set. We will show that U is
both open and closed in [0, 1] and so by the connectedness we have that U = [0,1]. As a result, Hp(.,1) has a coupled
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fixed point in . First we show that U is closed in [0, 1]. To see this let {x,},—, € $ with x,, = x € [0,1] as n — oo.
We must show that x € . Since x, € U for n = 1,2,3,--+, 3 p,qn € S with p, = Hy(pn,qn, Xn) and ¢, =
Hy(qn, P, Xn). Consider

Sy(Pns Py Prv1) = So(Ho(Pns @ny Xn)s Ho(Prs Gns Xn)s Ho (Pt 1, Gnt1s Xnt1))
< 268y (Hy(Pny Gns Xn)s Ho(Prs @ns Xn)s Ho(Prt 1, Gnt1s Xn))

+52 S (Ho (Prt1: 1 Xn )y Ho(Prt1 st X )s Ho (Pt Gng1s Xnt1)
268 (Hy(Prs @ns Xn)s Ho(Pry @y X )s Ho (Pt @1, X)) + 62 M X0 — X1 |-

A

IN

Letting n — oo, we get

lim Sy (Pn, PrsPrt1) < Jim. 268y (Hp(Prs @ny Xn) s Ho(Dry @ns Xn) Ho (Pt 15 @t Xn)) + 0.

n—oo

Since 1), is a non-decreasing continuous function, we get

nlggo 1/}*(”35b(pn7pn7pn+l)) < nhllolo ¢*(2R4Sb(Hb(pna An; Xn)a Hb(pna An; Xn)a Hb(pn—&-h dn+1, Xn)))

S nh—{go [A (w*(Ml;g(pna qnyPn+1, Qn+1))a (ZS*(NZ;S(pnv qn s Pn+1, anrl)))]
(5.1)
where,
Ml;g(pnaQn7pn+17Qn+1)
St (Prs Prs Prt1) s Sb (@ns Gns @nt1) s Sb (Prs Py Ho(Prs @y X))
Sb (qnv qn, Hb(Qnapna Xn)) ) Sb (anrlaanrl, Hb(anrlv qn+1, Xn+1)) )
= max St (Gn+15 Gnv1, Ho(Gnr1, Prt1, Xn1)),
ﬁ [Sy (Prs Pros Ho(Prs15 Gt 1, Xn+1)) + Sb (Prt1, Prt1, Ho(Pns @ny Xn))] s
57 156 (@n @ Hy(Gns1, Pnt1 Xns1)) + Sb (@ns1s Gnr 1, Hy(qn, Pry X))
Sb (pnvpmpn—i-l) 7Sb (qna dn, qn+1) 7Sb (pmpmpn)v
< m Sb (Qna Adn, Qn) ) Sb (Pn+1,Pn+1,pn+1) ) Sb (qn+17 qn+1, qn+1)a
>~ ax 1+NS
21/14 b (pn,pnapn—&-l) )
Q-Ef‘sb (Qna qn s QH+1)
= max{ Sb (pnypn;pn+1);sb (QnanQn-&-l) }
and
Sb (pn»pna Hb(pnv Adn, Xn)) 5 Sb (anrlvanrla Hb(anrh gn+1, XnJrl)) 9
Nl§<pn7qn7pn+17QH+l) = min Sb (pnap’ruHb(pn+17qn+17Xn+1))aSb (Qn7Qn;Hb(Qn+17pn+17Xn+1)) 5
Sb (Pn+1, Prt1s Ho(Pry @y X)) 5 Sb (@n+15 @nt 15 Ho(Gns Prs X))
Sb (pnapnpn) 7Sb (pn+17pn+17pn+1) )
= min Sb (pnvpnvanrl) 7Sb (q'ru dn, QnJrl) ) =0.
So (Prt15Prt15Pn) > Sb (Gni 1, Gty @n)
From (5.1]), we deduced that
lim (%) (s s pg1) < lim |A (o (max{ 5 EmPPre) LY g )
n—00 e T n—oo Sh (an(Inaanrl) ’
. S (P, Prs Prt1)
= lim max T ’ .
n—00 e ( { Sh (Qn7Qna QH+1)
By the properties of ¥y, it follows that
1
. . =55 (Pns Prs Prt1)
lim Sy(pn, pn, < lim max< *j PR 5.2
n—00 b(pn P pn+1> T n—oo { %Sb (Q7L7Q7LaQn+1) ( )
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Similarly, we can prove

1
. . 755 (Pns Py Prt1)
lim Sy(qn, ¢n, < lim maxq " o L 5.3
n—r00 b(qn n Qn—i-l) T n—oo { %Sb (qna An, Qn+1) ( )

Combining (5.2)) and (5.3]), we deduce that
{ Sb (pmpnvpn+1)7 }

< lim max
Sb (Qna Adn, qn+1)

T n—ooo

lim max
n— o0

{ %Sb (pn;pnapn+1)a }

%Sb (Qn7 Adn, Qn+1)

. 1 Sp (pnapnaanrl)’
_ <0.
nhanclo(l Hg)max{ Sh (QnaQnaqn-i-l) =0

So
Jim Sy (pny oy 1) =0 and - lim Sy(gn, Gns gnt1) = 0. (5.4)

Now we prove that {p,} and {g,} are S, - Cauchy sequence in (G, S,). On contrary suppose that {p,} and {g,}
are not Sp-Cauchy. There exists an € > 0 and monotone increasing sequences of natural numbers {ms} and {ns} such
that ng > my,

Sb(pmk7pmkapnk) Z 6) Sb(ka) kaaan) 2 € (55)
and
Sb(pmk7pmk7pnk—1) < €, Sb(kaqukaan—l) < €. (56)

From (5.5)), (5.6) and using the Lemma ({2.6)), we obtain

€ S Sb(pmkapmkapnk)
S 2’€Sb(pmk s Pmy» pmk-‘rl) + KQSb(pmk-&-l y Pmy+1, pnk)

Letting k — oo, and using the Lemma (2.6 we have

: 2
e < lim k Sb(pmk+1,pmk+1,pnk)
k—o0

< klggo "52Sb (Hb(pmk+1 y Amipet1 9 X1 )7 Hb(pmk+1 y g1y Xmp41 )a ]q'b(pn;C y ny s Xmy ))

S k:li—)ngo 2R3Sb (Hb(pmk+1 ’ qu+1 Y ka+1)7 Hb(pmk+1 I qu+1 Y ka+1 )7 Hb(pnk ) an Y ka+1 ))
+ kll)ngo K4Sb (Hb(pnk s Any, s ka+1 )7 }Ib(pn;c s Ay, s ka+1)a Hb(pnk yAny s Xng, ))
<

kli)H;O 2‘%351) (Hb(pﬂlk+1 5 qu+1 ) ka+1)7 Hb(pkarl ) QMkJrl 5 ka+1 )a Hb(pnk yAny, s ka+1 ))

+ lim M,'<a4|xkarl — Xny|
k—o0
By the property of 1., we have

w* (HG) S kll)ngo w* (2’€4Sb (Hb(pmk+1aQ’mk+1aX7nk+1)7Hb(pmk+17q7nk+17ka+1);Hb(pnk7an7xmk+1)))

IN

klingo [A (7/’*(M1;S (pmk+1 bl qu-+1 5pnk ) an ))7 ¢*(Nl;g(pmk+1 bl qu+1 bl pnk bl an )))]

where,
lim M (p q p q )
b M1 YMp19 PNgr ng
k—o0

Sp (pmk+17pmk+1apnk; , St EkaJrl yAmyy1s an) s
) Sb (pmk+17pmk+1 ) Hb(pmk+1 s Ampey 1> ka+1) ) Sb Amgoet1s Ampgqs Hb(ka+17pmk+1 ) ka+1)) ’
= lim max ) St (Prg> Prigs Ho(Prgg s Gr s X)) s St (@ > G s Ho (G s P s X))
gt [Sh (Prgss s Prsrs Ho(Prg s @G> X)) + St (Prvgs P s Ho (P15 G 1 Xnen)) ] »
ﬁ [Sb (ka+1 y Amipet1 Hb(anapnka Xnk)) + Sb (an y Any, s Hb(qu+1 yPmg 1 Xmpga ))]

1+kle [1+4+k]e _
S max{ €a65[2R4] ’[2."@4} }_E




426 Reddy, Naresh, Srinuvasa Rao

and

lim Nb (pmk+1’qu+1?pnk,an)

n— oo

Sb (pkarl apmk+1 ) Hb(pmk+1 ) qu+1 ) ka+1 )) 3 Sb (pnk s Py, s Hb(p’nk y Qny s Xy, )) 5
= lim min Sb (pmk+1apmk+17Hb(pnkaanvxnk)) aSb (kaJrlakaH»Hb(an»pnank)) B
n—o00
Sb (pnk s Py Hb(pmk+1 5 qu+1 5 ka+1 )) 5 Sb (QHk s Qny, Hb(kaJrl 7pmk+1 5 kaJrl ))
= min{ 0,0, €, €, ke, ke } =0.

From (j5.7)), we deduce that

Pu (re) < A(u(e), 94(0)) < (o).

Hence from the definition of v, we have ke < €, which is a contradiction. Hence {p,} is a S; - Cauchy sequence in
(G, Sp). Similarly, we can prove {¢,} is a Sp-Cauchy sequence in (G, Sp) and by completeness of (G, Sp), there exists
a, B € S with

lim p, =a= hm 0 Pt and lim ¢, =8 = lim g,11. (5.8)

n—oo
From Lemma (2.6)), we have
% (RSSb(Hb(aa 5; X)v Hb(a7 67 X)v a))

IN

lim inf ’l/}* (2/€4Sb(Hb(aa5;X)vHb(a,67X)aHb(pnaqn7X)))

n—oo

< lim inf[A (e (M (@, B, Pns @n)), 05 (N3 (@, B, Prs @) )]

n—o0

A

where

lim inf Mbs(au B?p’rn qn)

n— oo

St (Pn»Pn, Hb(pm anXn)) ,Sb (Qana Hb(‘]namen))a
O‘va(pna Qn7Xn)) + 5% (pnapna Hb(‘%ﬁvX))] )
Hb(Qmmen)) + Sb (qna qn, Hb(ﬂa OL,X))]

a,p n) b (8,8, an) e (o, a, Hy(ar, B, X)),
= lim infmax LE )5 (

n— o0 2

K/Sb(Hb( ﬂa )a
= S“pmax{ Sy (Hy (8, 0, X)

max{ KSp (Hb(avﬁax% ( X)7OZ), }
KSp (Hb(ﬁ,a,x),Hb(ﬂ,a x), B)

and

Sb (OZ, Q, Hb(pn; Qan)) ) Sb (676,Hb(qn7pna Xn)) )
Sp (Pns P, Ho(, B, X)) 5 Sb (ns Gns Hp (B, v, X))

= mln{ Sb (a,a,Hb(Oé,B,X)),(),Sb (ﬁ?lB?Hb(/67a7X)) }:O

lim inf NJ(o, B,pn,qx) = lim infmin
n— o0

n—roo

{ Sy (v, ar, Hy (e, B, %))+ St (Prs s Ho(Pry @ X)) }

From (5.9)), we deduce that

o 5o 0. 5. 0.) < (v (e RGO TGN 1) e0)

o (s R T )

IN

By the property of ., we have

Si(th(a. .0, Hi(o 500 < max{ 7 O 50 0O 50 o

Sb (Hb(/Ba «, X)7 Hb(/Ba Oé,X),,B)

x ‘»—A
e
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Similarly, we can prove that

%Sb (Hb(avﬂv X)va(avﬁv X)va)v } .

Sb (Hb(/87a7x)aHb(ﬂ7a7X)a/8) < HlaX{ %Sb (Hb(57ajx)7Hb(B)a7X)7ﬁ)

We conclude that

max{ Sb (Hb(a7ﬂ7X)aHb(a7B7X)7o‘)7 } < 1max{ Sb (Hb(Oé,ﬂ,X),Hb(Oé,ﬂ,X),OZ), }
St (Hb(ﬂva7X)’Hb<BvaaX)vﬁ) - kK2 St (Hb(67aaX)aHb(ﬂ,a7X)a5) .

It follows that o = Hp(wv, 8, x) and 8 = Hyp(8, @, x). Thus x € U. Hence U is closed in [0, 1]. Let xo € U. Then
there exists pg,q0 € S with po = Hy(po, o, Xo) and qo = Hyp(qo, Po, Xo). Since U is open, then there exists § > 0
such that Bg, (po,d) € U and Bg,(go,0) € U. Choose x € (xo0 — €, xo + €) such that |x — xo| < Mn < €. Then, for

p € By(po,0) = {p € G/Su(p.p,po) < 6+£2S,(po, o, po)} and q € By(qo,0) = {q € G/Su(q, ¢, 90) < 5+£%S(q0, 0, 0)}
we have

Sy(Hy(p: - x)s Ho(p, 4, X), Po)
= Sp(Hu(p, ¢, %) Hy(p, 4, X), Hp(Po, 90, X0))
< 268y (Ho(p, ¢, X), Hy(p, 4, X), Hy(p, 4. X0)) + £°So(Hu(p, ¢, X0)> Hs (P, 4; X0)» Hy(Po, 0» X0))
< 26M|x — Xo| + £%Ss(Hy(p, ¢ X0), Hy(p. ¢; x0), Hy(po, 405 X0))

%
< g T %Sy (Hy(p, g, X0), Ho(p, 4, X0)» Hb(po, g0, X0))-

Letting n — oo, we obtain

Sy(Hy(p,a,X), Ho(p, ¢, X)s po) < &2S(Hp(p, a0, X0)s Ho(p, 4, X0)s Hp (o, 90, X0))-

Since ¥, is a non-decreasing continuous function, we have

U (So(Ho (0,0 X)s Hy(0,4,X),20)) < (262 Sy (Hy(p, 05 X)s Hy (9, 4, ), P0))
< (26" Sy (Hy(p, 4, X0), Hy (9, 4, X0): Hy(Po, 20, X0)))
< A (w*(MbS(pvq7p07q0))=¢*(Nl§(p7Q7p07q0))) (510)
where
( 7pap0) ’ Sb (qvqa qO) ) Sb (p7p7 Hb(p7Q7X))’
,H( 4.2, X)) > Sb (Po, Po, Hy(po, 905 x0)) » Sv (40, 90, Hy(qo, Pos X0))s
MS — (q q b
b (p,q,po,qo) e [Sb( » P, Hb(Po,QmXo)) + Sp (vap(Jva(pv(LX))] s
721 [0 (¢, ¢, Ho(90, Po, X0)) + Sb (40, 90, Hp (4, 4, X))]
_ Sb (p7pap0)a }
- max{ Sy (4,4, 90)
and

5 Sb (p7p7Hb(p7Q7X)))Sb (p07p07Hb(p07q05X0))7
Nb (]%%POJIO) = min Sb (p7p7 Hb(pan07X0))’Sb (Q7Qa Hb(qup()aXO))a
Sb (po, po, Hy(p, 4, X)) » Se (90, 90, Hy(a, 1, X))

. 0,08 (p,p,p0) » Sb (¢: ¢: 90), }
_ _0
mln{ K’Sb (p7p’p0)’K‘Sb (Q7Qa QO)

From (5.10)), we deduce that

Vi (So(Hy(py ¢, X)s Hy(p, ;) p0)) < A (w* (maX{ %b((p(ff;};?)’ }) ,¢*(0))

o (max{ om0l 1),

IN
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Since 1, is a non-decreasing, we have

Sy (p,p, P0)s } { § + k2Sy(po, Pos po), }
Sy (H, s 4y 7H s 4 ’ < < .
»(Hy(p, g, ), Hy(p, ¢, X), o) maX{ Sy (0.4 90) MAX 5 4129, (gos do. o)

Similarly, we can prove that

8 + K25y (po, Pos Po) }
S H 9 b 7H b 9 b S ’ ’ ’ .
»(Hy (4,0, x), Ho (4,5 X)» q0) maX{ 5+ 5284 (go. 4o, G0

Therefore, we conclude that

Sy(Hy(p, 4, x), Hy(p, 4, X) Po), } { § + £2Sy(po, Pos Po), }
< .
max{ Sb(Hb(qvpaX)va((Lan)?qO) max 5+’f25b(‘IO,QOaQO)

Thus for each fixed x € (xo—¢€, x0+¢€), Hu(.,Xx) : Bo(po,0) = Bp(po,d) and Hp(.,x) : Bs(qo,d) = Bs(qo, ). Since
also condition (71) holds and v, is continuous and non - decreasing and ¢, is continuous with ¢(§) > 0 for § > 0, then
all conditions of Theorem are satisfied,Thus we deduce that Hy(.,x) has a coupled fixed point in . But this
coupled fixed point must be in < since (79) holds. Thus x € U for any x € (xo — €, xo +¢€). Hence (xo —€,x0+€) CU

and therefore U is open in [0, 1]. For the reverse implication, we use the same strategy. O

6 Conclusions

In this paper, we studied the existence and uniqueness of common coupled fixed point for two mappings via C-class
functions in a complete Sp-metric space with an example. Also, we have provided an application to integral equations
as well as to Homotopy by using altering distance functions and ultra altering distance functions in complete Sp-metric
space.These generalizations could be useful in future research and applications.
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