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Abstract

The paper is devoted to the study of the steady-state transmission problem between two Herschel-Bulkley fluids in
thin layers with different viscosities, yield limits and power law index.
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1 Introduction

The rigid viscoplastic and incompressible fluid of Herschel-Bulkley has been studied and used by many mathe-
maticians, physicists and engineers, to model the flow of metals, plastic solids and a variety of polymers. Due to
the existence of the yield limit, the model can capture phenomena connected with the development of discontinuous
stresses. A particularity of Herschel-Bulkley fluid lies in the presence of rigid zones located in the interior of the flow
and as yield limit increases, the rigid zones become larger and may completely block the flow, this phenomenon is
known as the blockage property. The literature concerning this topic is extensive; see e.g. [10] 11l 13} [14]. The purpose
of this paper is to study the asymptotic behavior of the steady flow of Herschel-Bulkley fluid in a two-dimensional
thin layer with different viscosities, yield limits and power law index. The paper is organized as follows. In section 2
we present the mechanical problem of the steady flow of Herschel-Bulkley fluid in a two-dimensional thin layer. We
introduce some notations and preliminaries. Moreover, we define some function spaces and we recall the variational
formulation. In Section 3, we are interested in the asymptotic behavior, to this aim we prove some convergence results
concerning the velocity and pressure when the thickness tends to zero. Besides, the uniqueness of a limit solution has
been also established.

2 Problem statement

Denoting by I the open interval I =0, 1[. Introducing the functions h; : I — R* such that h; € C*(I), i =1,2.
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Considering the following domains
2 = {(z,y) eR*/zelTand0<y<h(z)},
Q7 = {(z1,22) €R?*/z; €l and 0 < a9 <ehi(z1)},
(z,y) €R?*/ z €T and hi(z) <y < ha(2)},
(

Q = {
Q; { Il,{EQ) S RQ/ x1 € I and 6h1(1‘1) < To < 6h2($1)}

where ¢ > 0. Remark that if (z1,22) € QF then (2,y) = (21, 22) € Q;. This permits us to define, for every function
¢° : O — R, the function @t : Q; — R given by ¢ (z,y) = ¢f(z1,32), i = 1,2.

Let 1 < p; < 2, p} the conjugate p;, (pi + i = 1) and f; = (fi1, fi2) € i (£2;)? a given functions. We define the

functions f¢ € LPi(Q)? such that E = f;, i = 1,2. We consider a mathematical problem modeling the steady flow of
a rigid viscoplastic and incompressible Herschel-Bulkley fluid. We suppose that the consistency and yield limit of the
fluid are respectively p;eP, g;e where p;, g; > 0,4 =1,2 and 1 < p1, p2 < 2 are the power law index of the two fluids,
respectively. The first fluid occupies a bounded domain Qf C R? with the boundary 9§25 of class C'. The second
one occupies a bounded domain Q5 C R? with the boundary 995 of class C'. We denote by Q¢ the domain Q5 U Q5
and we suppose that 9Qf = I'g UT'; and 095 = I'o U ' the velocity is known and equal to zero, where I'g, ', 'y are
measurable domains and meas(I'y), meas(I'z) > 0 . The fluids are acted upon by given volume forces of densities
f1, fo respectively. We denote by So the space of symmetric tensors on R2. We define the inner product and the
Euclidean norm on R? and S,, respectively, by

uv = W Yu,v € R?2 and o.7 = OlmTim Vo, T € So.
lul = (wu)? YuecR?® and |o|=(0.0)% Vo € S,.

Here and below, the indices I and m run from 1 to 2 and the summation convention over repeated indices is used.
We denote by of the deviator of o; given by

0f = —piIz + oF,
where p?, i = 1,2 represents the hydrostatic pressure and I denotes the identity matrix of size 2.

We consider the rate of deformation operator defined for every v € W1 Pi(Qz)? by

1

D(vi) = (Dim(v7)), Dum(vi) = 5

(), m + W )m, 1), i=1,2.

We denote by n the unit outward normal vector on the boundary I'y oriented to the exterior of Q] and to the
interior of Q5, see the figure below. For every vector field v € W Pi(Qf)? we also write vf for its trace on 9%,
1 =1,2.

The steady-state transmission problem for the Herschel-Bulkley fluids in thin layer with different power law index

is given by the following mechanical problem.

Problem P.. Find the velocity field u$ = (uf;,us,) : Q5 — R2, the stress field of = (05,05%) : Q5 — S5 and the
pressure p5 : 2 — R, ¢ = 1,2 such that

divei +fi = 0in Q. a2
dive; +f; = 0in Q5.
;‘I = Pt |D(u§)|p1_2 D(uf) +91€|DE i)| if |[D(ug)|#0 e (2.3)
- m 27, :
52| < if |[D(u$)|=0 1
__ _ D(u :
0% = jipeP? |D(u§)|p2 2D(u2) +g2E|DEuz;| if |D(u3)| #0 0 QF (2.4)
m 25 .

oy
05| <
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divui =0 in QfF, (2.5)
divus =0in Q5 , (2.6)
uf =0onTY (2.7)

ug =0 on I'y, (2.8)

uf —u5 =0on I, (2.9)
ofmn—o5n=0onTy. (2.10)

Here, the flow is given by the equations (2.1) and . Equations and represent, respectively, the
constitutive laws of Herschel-Bulkley fluids where and are the consistencies and yield limits of the two fluids, respec-
tively, 1 < p1, p2 < 2 are the power law index of the two fluids, respectively. Equations and represents the
incompressibility condition. (2.7]), give the velocities on the boundaries I'y and I's, respectively. Finally, on the
boundary part T'g, and ([2.10) represent the transmission condition for liquid-liquid interface. Let us define now
the following Banach spaces

Wh () = {vi e WHPH(Q5) 0 =0 on Ty}, (2.11)
Wi S(Q5) = {vi e WHPH(Q5)? 1 div(v;) = 0 in Qf}, (2.12)
Wi () = {vi e WHPH(Q)? : div(v;) = 0 in (2.13)
Ly(Qs) = {gaf € LP () : / ;5 (x1, x2)dx1dae = O} , (2.14)
a;
@) = {eerr@) [ oy =o) (2.15)
) 0% ) .
Wy (@) = Jee @) Sl e @)}, =12 (2.16)
Wy = W, () xW, (), (2.17)
e _ () € WEDT(Q]) X WED T(Q5) s v = v
Wi = { onTg,v7=00onT,v=00nT} ) (2.18)

WE

{(Ul,vz) € W PH(Q5) x WL P2(05) : vy = vz on ro} . (2.19)

For the rest of this article, we will denote by ¢ possibly different positive constants depending only on the data of
the problem.

The use of Green’s formula permits us to derive the following variational formulation of the mechanical problem
(P:), see [12] [14].

‘Problem PV . For prescribed data (fe, f5) € LPi(5)2 x LP2(05)2. Find (u$,us) € W&, and (p5,p5) €
Lot (95) x Ly (95) satisfying the variational inequality

mgpl/ D) P2 D(uf) Doy —uf)dxldxg—i-gle/ |D(v1)\da:1dx2—g1€/ D) day s
Qs

Qs Qs

D (v2)| d1dars —gge/ D(uS)| derdas

+u26p2/ |D(ug) "2~ D(ug) D(vs — u§)dw1des +925/
Qs Q3

Q23

> fi-(vy —uf)dzrday + / pi div(vy — uj)dzrdxs + 15 (vy — ug)dzrdas —|—/ p5 div(ve — ug)dxrdxs, (2.20)
Q5 Q1 Q3 Q3

for all (vi,v2) € We. It is known that this variational problem has a unique solution (uf,u5) € W§,, and (p7,p5) €
Lo (€5) x L2 (95), see for more details [10, 2] [14].

3 Asymptotic behavior

In this section, we establish some results concerning the asymptotic behavior of the solution when ¢ tends to zero.
We begin by recalling the following lemmas see [I, 3] [7].
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Lemma 3.1. 1. Poincaré’s inequality. For every v; € WP (Q5)? we have
ovs
V|| ps e < € || ot Ci=1,2. 3.1
|| i HLPz(Qi)2 axz Lvs (202 ( )

2. Korn’s inequality. For every v; € Wllz’.p 1(Q2%)? there exists a positive constant Cj independent on &, such that

VUil Los ()1 < Co [D(F) [l Losaeys s @ = 1,2 (3-2)

Lemma 3.2 (Minty). Let F be a banach spaces, A : E — E’ a monotone and hemi-continuous operator, J : E —
]—00, +00] a proper and convex functional. Let u € F and f € E’ . the following assertions are equivalent:

1{Au;v —uwpxg + J(W) —J(u) > (fiv—upxg YwEE
2{Av;v —w)pxg +J(W) = J(u) > (fiv—u)pxg YWEE

The main results of this section are stated by the following proposition.

Proposition 3.3. Let (uj,u5) € W§,, and (p,p5) € Lgll (Q5) x Lg;(ﬂg) be the solution of variational problem (PV;).
Then, there exists (@1 ,u3) € W, (Q1)> x W, (Q2)? and (51 ,52) € (p5,p5) € Lh* (1) x LE2(€2) such that

(us,ug) — (@1 ,uz) in Wy, ()% x W, (Q2)* weakly, (3.3)
s e

(ag;’ a;‘;) 5 (0,0) in L' (1) x LP*(Qs) weakly, (3.4)

(P1,p3) = (B1 ,52) in Lg' () x L (Q2) weakly. (3.5)

Proof . Choosing (v1,v2) = (0,0) as test function in inequality (2.20), we deduce that
e | D)oy eys + 12 [ D(ud) 1752 (0z)s < / fiuiderdrs + | f5.ujdeidas,
Q5

this permits us to obtain, making use of Poincaré’s and Korn’s inequalities and by passage to variables x and y

uw uw < 3.6
[z P 7 (3.6)
= =
] < o
y LP1(0Q)2 y LP2 ()2
s ous c
< = 3.8
‘ ox ‘ Or - (38)
LP1(q)2 LP2(Q3)?

1Moreover we get using the incompressibility condition (2.5]), (2.6) and Green’s formula, for any function (5, ¢§) €
W 7171 (QE) X WFﬁDz (Qa)
2

Ous, Uiy — o dus, U —= / 8 (9
Tdxdy + p5dxdy = uj dmdy—i—s/ ug
o a Q 8 a 11 a Q2 12 8

Which gives, making use (|2.16))

|8g12 + 8522 <ce (3.9)
y WP (Qy) Y WP (Qy)
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We can then extract a subsequences still denoted by (5, u5) such that

(4, u5) = (i1, 5) in LV (1) x LP*(25)? weakly, (3.10)
e 9,& T O
8726\12 aU/EQ\Z 3 pP1 p2
3y By — (0,0) in LP*(Qq) x LP?(Qs) weakly. (3.12)

Let now (v§,v5) € Wllipl (Q5)% x WI}f"‘(QS)Q , we obtain by setting (u§ — v, u§ — v§) as test function in inequality
(2.20]), using the incompressibility conditions (2.5) and ([2.6]) as well as the Green formula and Holder’s inequality

1 1

I P1

Vpividzidze + Vpsvsdridre <ppeP? </ |D(uf)["* dmldm2> </ |D(v5)|"! da:ldas2>
Qs Qs Qs

1

| D(wi) ™! dwldx2>

Qs

+91€q+1Meas(Qi)q (/

fi

€
1

e e &
+€‘ 1 f2 2

+5’
2

L78(97)? We P (@) rra(@s)2 1| llwy 2 (9,)2

1 1

ph P2
T pge? ( / D(s) P dxldx2> ( / D) [P dmlda:2>
(953 (953

2 2

! o
+ goe™  Meas(€25) 2 /

1

P2

1D (v5) | dxldx2> . (3.13)
:

On the other hand, it is easy to check that, after some algebraic manipulations, we find

1

/ | D))" darydas <enleE| . i=12 (3.14)
Q3 W 7 (@)
Hence, from (3.7), (3.8), (3.13)) and (3.14])) if follows that
Vpividride +/ Vpsvsdridrs < ce o8 + ’ vE 3.15
/Qi P1v1ar1GT2 o Pty Gr1GT2 ( 1 Wk 71 ()2 2 er,zpz(%)z) (3.15)
Passing to the variables z and y in (3.15]) we find the following estimates
= +’ || , 3.16
‘pl e " IP2IES @) (3.16)
opi op3
— —= < 3.17
‘ ox || il o = ¢ (8.17)
W™ P1(Qy) W™ P2(Qs)
ops a5
‘ 8p1 + (‘3p2 < eec (3.18)
Y Wb Pi) Y WL P2 (Qy)

Consequently, we can extract a subsequence still denoted by (pAi, pAg) such that

(P5.85) = (1.52) in LG () x L (%) weakly, (3.19)

~

which achieves the proof. This proof permits also to deduce that limit pressure verify (p1 (z,v) , p2(z,y)) = (P1(x), p2(x)).
U
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Proposition 3.4. The velocity limit given by (3.3)) verifies

hy(z) ha(z)
/ u$y (z,y)dy + / uy (z,y)dy =0, Ve el. (3.20)
0 hl(.’lﬁ)

Proof . We know from incompressibility conditions (2.5)) and (2.6)) that

div(uf(x1, x2)p1 (z1)dx1des + div(u§ (21, 2)@2(z1)drrdrs = 0, VY(p1,p2) € D(I)%
Qs Qs

This implies, using Green’s formula
d d
/ uq (a1, 9172)—(;4jl (x1)dz1dze + / ugy (w1, 9{:2)—('02 (21)dz1dzo
H X1 Qs d.’,ﬂl

:/ Mtpl(aﬁ)dmdu—k/ sz(m)dmdzz.

61‘2 £ (91'2

Hence, by passage to the variables z and y using Fubini’s theorem and Green’s formula, we can infer

1 d hl(:r) o 1 d hz(a?) . )

= (@) | o= ugy(z,y)dy | dz — [ @) | - ugy (z,y)dy | dz =0, Y(p1,p2) € D(I)".
d d

0 Z Jo 0 T J by (x)
Then,
1 d hl(l) - hz(m) -
[e@ ([ @@ [ Ewdy))de=o. vee D)

0 €z 0 ha(z)

d hl(:v) - hQ(I) -
T / u‘il(xvy)dw/ u3y (z,y)dy | = 0.
€z 0 hi (z)

Moreover, the fact that (Ji,u/g\l) € LP1() x LP2(Qy) and (hy, he) € C1(I)%gives, using the Sobolev embedding
whei([)c C°(I),i=1,2

Then,

hl(w) - hz(w) - 0+
/ uil(x,y)dy—{—/h . ug; (x,y)dy € C°(I).
0 1T

Thus, by passage to the limit when ¢ tends to zero, taking into account the boundary conditions (2.7)), (2.8 and

(12.9)), the assertion ([3.20)) can be deduced. O

We derive in the proposition below the strong equation verified by the limit solution (@1,73) € W, (21)* x
W, (Q2)° and (51,52) € Ly (1) x L5 ().

Proposition 3.5. If (a“;, 875;) # (0,0) then the limit point (4711, u21) and (p1,p2) given by || and 1) verify
the limit problem

o (| g Porsion (50) + s o[ o5 (3.21)
9y +%ggszgn ag—;l '
- dpl 4 CiTx in (W@; PO ) x W PZ(QQ))'. (3.22)
Proof . Introducing the operator ® defined as follows
oW — W,

D@~ D) Do ey + e | D)™ D) D5
2

<(I)(u§7u;)7 (Uiv;»wf’xwa = e /

€
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It is easy to verify that ® is monotone and hemi-continuous (see for more details the reference [I4] ). Moreover

we know that the functional
(v, 05) € W — gle/ D) dzrdars +g25/ \D(5)| davds,
o o

is proper and convex. Then, the use of Minty’s lemma permits us to affirm that (2.20]) is equivalent to the following

inequality
D(ui)dzdxs

lmm/ ID(5) "2 D(of) D(vf, —

H

+ poeP? / |D(v§)|P>~ D(v5)D(v§ — u§)dayday + goe
£ Qg

> fi-(f —uf)dzidzs + / pi div(v — uf)dzidzs + f5.(v§ — u§)dzrdas + /
i i Q5 3
for all (v, v5) € We. Our object now is to pass to the limit when e tends to zero.To this aim, we use Proposition

D(vi)dzidxs — g1

D)dzidze + g1
QF

Q3
D(v5)dzidxs — gae | D(u3)dxidzs
Q5

p5 div(vg — u§)dzdxs,

£ £
and the weak lower semi-continuity of the convex and continuous functional

(v§,v5) € W& — gle/ |D(v3)| dzydxs —I—gza/ |D(v5)| dxydao
i Q5

We find the following limit inequality
p1-2 5 O(5T—TiE) 1
1o |* |om:)?| ° 1001 oo —tal) 1|00 oa || °
Ml/ 2179 9 2 8?}12 (Ulggu/\lz) dacdy+gl/ 21 9 B dxdy
2, y Y + 2512 S a, y y
2 2 p2—2
1 | dunn (2 2] 2 1 901 3(1)21 Ua21)
2 dy 1 8v21 (9’[)22 279y oy
— dxdy + / ‘ Y o ”u dxd
” /91 4 |em [ IR o, |20y dy + g Ol ) ’
Yy
r 2 273 1 | Quar :
1 |00z oo |7 ° 2 |9
vor [ 3] ) | e[| T | e
2 | Y Y Q| + 857;2
pa div(vy — ug)dady, (3.23)

Fr.(01 — up)dady + / p1 div(01 — uy)dzdy + Fou(03 — w3)dady + /
Q1 0 Q2 Qo
for all (v§,v5) € We. Furthermore, from (3.3) and (3.4) we find

div 0im) .
< 8y y ay ) —(0,0), m Ql XQQ.

ind (3.20)), that uy(z,y) = (u11(2,y),0) and , uz(z,y) = (u21(z,y),0). This permits also to

It follows, keeping in mi
choose (012, 022) = (0,0) in (3.23).

Considering now the operator ® such that
oW, — W; ,

Otz 7272 duzy 0oy
U21 U21 OV21 dxdy

_p1=2 4~
P PR M1 0ty P Oty 0011 H2 /
) , , , / = drdy + —5
(P, 1), (01, Ba1))wy xw, = o By ay oy Yo% Jo | oy oy oy
It is clear that the operator ® is monotone and hemi-continuous and the functional
2 011 0091
V2 U oy + Y2 L) drdy
2 J dy

Qo

(011,021) €Wy — ——a1
2 [oN ay
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is proper and convex. Hence, we deduce using again Minty’s lemma

day "% dan d(on — 9 0v1y A
H / Uiy 1 O(011 Uu)d dy +791/ OLL| vy — 791/ Uy
2% Jo, | Oy Ay dy o o
e Pp2—2 4~ oy~
H2 dugy |77 dum 0(v21 — Ouzy) / 51}21 \f 3”21
+ drdy + — — dxd
2% Jo, | Oy oy dy Y 92 2 2% Jo, |7y |7
~ dpr o dp>
fl.(’Uu — uu)d:vdy — / P1 (’1)11 — uu)da:dy =+ fg.(vgl — u21)d$dy — / P2 (’U21 — ugl)da?dy, (324)
oN oN dfll' Qs Qo dfll'
for all (v11,v21) € W,,. This yields, via Green’s formula
f o |oun | P oun,, V2 / Ov11 V2 gy
— = — —_— — dxd — dedy — — dxd
T /Q1 3y (’ By By ) (011 — a1 )dady + 5 91 o, | 9y rdy — -9 o | 9y x
pe [0 |0z |7 dum vz a@’ V2 Otz
- = — V91 — U2y )dxdy + — drdy — — dxd
0% Jo, oy oy | oy TR e ey |, ey
~ dp: ~ dp>
fl (’U11 — uu)dacdy — (’Uu — un)da:dy + fg(l}gl — UQl)dJ?dy — (1}21 — ugl)dxdy, (325)
N [oN dl’ Qo Qs d:C

for all (011, v21) € W,,. Due to the fact that Wll Pi(€;) is dense in Wy (), i = 1,2, see [1,15] ,we can take 017 = w11 £¢1
and U971 = U1 + @2 in 1) where (¢1,¢2) € W;l PLQy) x Wllg P2(Q)5) to obtain the following inequalities

i o (|oan | ? o V2 / A + ¢1) / 0u11
- — drdy + ~—=~ T dedy — —
2% /Q dy (‘ dy oy ) vty o dy 91 o
d(uz1 + ¢2) 8u21

12 o (|0 |7 dun V2 /
2’?/92311 (‘ dy gy ) YT

~ dp; ~ dps
2/ flwldxdy—/ ﬂcpldxdy—&—/ fg(pgdxdy—/ ﬂgpgda:dy,
1 [oN dl’ Qo Qo d(E

drdy ——92/
Q2

dy

and
i o (|oan | ~? oun V2 / A1 — 1) / 3“11
- — dady + ~—= P =PV grdy — Y2
2% /Ql dy <‘ dy gy ) T, dy / gl o
fi2 9 (|0 P72 oz V2 / d(iz1 — p2) / 3U21
-2 — dady + ~= =2 2 dedy — ~=
2% /QQ Oy (‘ Oy Oy PROEAY T 92 Qs Oy y 92 Qs
~ dpy ~ dp;
>— | fiprdedy + / D dady — | Fapadudy + / P2 pdady,
Q1 Q4 dx Qs Qs dz

for all (p1,¢2) € W;;pl (Qq) x W112 P2(Q),). Replacing in these two inequalities the test function (1, p2) by (Ag1, Ap2),
A > 0, dividing the obtained inequalities by A. The passage to the limit when A tends to 0 implies, under the hypothesis

(ag;h 281) £ (0,0), that

7#1/& O [ o V2 /Sm<a@)<a¢1)dm V2 / auu
2% Jq, 0y dy ay ) YT o g dy dy voae o
pe [0 (|9a: |77 dum V2 / (D1 (e V2 / au21
oz /92 3y ( By By podxdy + 5 g2 o, sign By By dxdy 5 go o,

dps
Frordady — / . wld:vder/ Fapadady — / d]fsoadxdy,

Q1 Q2
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and

i1 o (|0 |72 oun V2 / . (aﬁa)<ma> / aml

— 5 — drdy + — sign drdy — —
2% /Ql dy < Iy gy )T ) T Ty %y 91 o
i2 o (|oam |7 dum V2 / . (861)(&%) / awl

- = — dxdy + — sign dxdy — — dxdy
2% /92 dy ( oy dy P2 Y 2 g2 Qs g oy dy Y 92 Qs

. dp; -~ dps
> - ﬁwww+/gﬂ%mw— hmM@+/4&me

Q1 1971 dx Qo Qs dr

for all (p1,¢2) € W#;p Q1) x Wllz P2(Q,). Consequently, we get combining these two inequalities and using a simple
integration by parts

o |, |loan|P 2 oan. V2 our
- = (L + X2 dxd
/Ql dy [(22 y gy ) T g sion (5 )| erdady

& | pe |0un | 2 0um, V2 . dum
- = (= + X2 201 podad
/92 y [(22 y gy ) T g easian (55,0 | padedy

n a5
= /Q1 (f1 - ) prdxdy +/Qz (f - d) padxdy,

for all (o1, 2) € W;;pl () x W;Q P2(Qy). Let us consider

1, min(p1,p2) o 1 in 9
SDEWO (Q)<p{902 in Q2 )
and
_ Cen _
@ <2’§;1 Lg; ' 85;) + ‘gglszgn (8““) in Q1,
i _in QQ,
) in Qq,
1 p2—2
a2 <2l;§2 ag?jl 2 35;1) + \Q[QQSZgn <8u;1) in 927
~ ( 1= 22 in O,
by
0 in QQ,
~ 0 in Qq,
b2 ( 2 — dL in QQ.
Then

/ ay + az)pdxdy = / (a1 + az)prdxdy —|—/ (a1 + az2)p2dxdy
Q 0 Q2

=/’@wmw+/‘@wm@+/‘@mmw+/w@mmw,
Q1 (971 Qg

Qo

o | w |ow|” P oun. V2 diny
-/ -2 ve dd
0 o |0 [P 72 iz V2 o Ot
g ve T2y dard
Qz ~ oy [ 2% | oy By ) + =5 gesign ( By )] padxdy,
dpy dps
) prdzdy + (f - ) padxdy,
Qo d

=/'Mwmw+/‘mmmw
Q1 Qg

= /Q(li + bNQ)(,DdSUdy Yo e WOL min(}?lypz)(Q).
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Which eventually gives 1) From now on we will denote by (u11,u21) € W, and (p1,p2) € Lgll (1) x Lg,2 (Q2)
the solution of the limit problem (3.22)). O

The following proposition shows the uniqueness of the limit solution (u11,p1) and (w21, p3).

Proposition 3.6. The limit strong problem 1) has a unique, solution (u11,u21) € Wy, and (p1,p2) € Lg;(ﬂl) X
Ly (Q2) with the condition 1| .

Proof . Suppose that the limit problem 1) has at least two solution(u11,u21) € Wy, , (p1,p2) € Lg/l () x Lgé (Q2)

and (a1, u21) € Wy, ( p1,02) € Lg () x Ly’ (). In particular, (@11,21), (51,52) and (a11,@21), (P1,pa ) are
solution of the weak formulation (3.24]). Then

,upll / duny |2 duny (11 — 3U11)d dy + 2 1/ (%11 dudy — @gl Ouiy dady
2% Jo, | 0y dy dy on 2 o | 9y
 Pp2—2 g~ P
H2 duzy |77 duy 0(v21 — Ouay) / 3’021 V2 Otz
+ = drdy + — dxdy — dzxd
0% /Q2 dy By Ay Y 92 0, Y 92 dy Y
pi dp2

> [ AGm —an)dedy — | P on — ay)dady + | o3 — o) dwdy —

dx (021 — uz1)dady,  (3.26)
Ql Q] Q2 QQ

and
— P12 —— o~ —
,upll / ouqy ! Oty 0(v11 — auu)d dy + 791/ 81}11 dudy — @gl ouy dud
27 Jo, | Oy dy dy o 2 o, | 9y
—— p2—2 _—
4 e / Ouay Otigy O(V21 — 8U21) Y+ 792/ 81121 dudy — 792/ 8U21
2% Ja, | Oy oy dy Qs 0,

=~ e d =~ e d
fl (Uu — U11)dl‘dy — / dpl (’Uu — un)dxdy + fg(l}gl — ’LLQl)dJ?dy — / P2 (1}21 — ugl)dxdy, (327)
[oN X Qs de

1951

for all (011, 021) € W,,. Setting v11 = 11, U21 = oy and 911 = U1l , U21 = U1 as test functions in 1] and 1 ,

respectively. Subtracting the tow obtained inequalities, we can infer

Q2

— P12 —— —~ |p1—2
H1 0ty 0ty ou1i Oury 8(u11 U11)
- — dxdy
272 Ja, \| 9y dy dy Jy
—— |p2—2
H2 / 0oy Ouo 3“21 3U21 U21 U21
+ 5 — dxdy
27 Ja, \ | 9 oy dy oy
d d(ps
S/ M(UH —un)dxdy—i-/ (])27 u21 UQl)dl‘dy (328)
N dx Qs d:E

Observe that for every z,y € R”,

(

This leads, making use (3.28)), to

pi—2

r—y

2
pi_2y) (xfy)Zc%, 1<p; <2,i=1,2.
(J| +ly)=

’8(7111—7111) ‘8(1@1—“21)

) )
'upll / L 5y dedy + Mpi / L 5, drdy
27 Q1(@+@) 27 Qg(@+@)
oy oy dy oy
A5y —

/ U11 — uu)da:dy + / M(Ugl — qu)da:dy,

0 Qs dx

dﬁ\l_ﬁ\l /hl(r) ey d(p2—p2) ha(2) —_ -
= —_— (a11 — u11)dy | dx +/ 7/ (21 — u21)dy | du.

/0 [ dz 0 0 dx ha (@)
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The use of (3.20) gives

Ml/
2% Ql(

Which gives, keeping in mind (3.29)

d(an — in) O(az —m1) \ _

2

o

O (a1 —Tz1)

‘ d(U1i—u11)
Oy

2
oy ‘

H2
)27171 dxdy + 5% /Q (

— xdy = 0. (3.29)
duiy
dy

ouiy

dtuay
Jy 1

dy

Ouzy

+ Dy

_|_

Since (uiu(a:,hl(sc)),uigl(x,hg(x))) = (11 (z, hy(x)), 421 (z, hao(z))) = (0,0), we deduce that (w11, u21) = (11, U21)

a.e. in Qx (2. Finally, to prove the uniqueness of the pressure, we use equation (3.22), with the two pressures (p ,
ﬁ)and (13\2 7}5\2) Weﬁnd

A5 -F) ) g 5P

=0.
dzx dzr

Then, due to fact that (py , p1 ) € Lgll(Ql) X Lgé(ﬂg), (P2 , P ) € Lg/l (Q) x Lg/2 (22) the result can be easily
deduced. O
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