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Abstract

In this investigation, using Opoola differential operator (Dm(µ, β, t)f(z)), a new integral operator: Im,σ
t,β,µ(f1, ..., fn)(z) :

An → A is defined in the unit disk, U = {z ∈ C : |z| < 1}; and we investigated the Univalence conditions of this
generalized operator. Finally, a number of corollaries and remarks which show the extension of our results are presented.
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1 Introduction and definitions

Let A denote the family of functions, f(z) that are analytic in the unit disk ,U = {z ∈ C : |z| < 1} . Let S be the
subclass of f(z) ∈ A that are of the form

f(z) = z +

∞∑
k=2

akz
k (1.1)

which are univalent in U Let S∗, C and K denote respectively the subclasses of S known as class of starlike functions
with respect to the origin,class of convex functions and class of Close-to-convex functions. Let A and S denote the
classes of all functions as defined above. Next, we define some well known subclasses of A, denoted by A2,K,K2,K2,δ

and S(p) respectively as follow:

A2 ⊂ A =

{
f ∈ A : f(z) = z +

∞∑
k=3

akz
k (z ∈ U, a2 = 0)

}

K ⊂ A =

{
f ∈ A :

∣∣∣∣z2f ′(z)

(f(z))2
− 1

∣∣∣∣ < 1 z ∈ U

}
K2 ⊂ K = {f ∈ K : f ′′(0) = 0 z ∈ U}
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K2,δ ⊂ K2 =

{
f ∈ K2 :

∣∣∣∣z2f ′(z)

(f(z))2
− 1

∣∣∣∣ < 1− δ, 0 ≤ δ < 1 z ∈ U

}

S(p) ⊂ A =

{
f ∈ A :

∣∣∣∣∣
(

z

f(z)

)′′
∣∣∣∣∣ ≤ p, 0 < p ≤ 2, p ∈ ℜ z ∈ U

}

In [22], Opoola introduced the following differential operator:

Dm(µ, β, t)f(z) : A → A

D0(µ, β, t)f(z) = f(z)

D1(µ, β, t)f(z) = zDtf(z) = tzf ′(z)− z(β − µ)t+ [1 + (β − µ− 1)t]f(z)

Dm(µ, β, t)f(z) = zDt(D
m−1(µ, β, t)f(z)), m ∈ N (1.2)

If f(z) is given by (1.1),then from (1.2), we see that

Dm(µ, β, t)f(z) = z +

∞∑
k=2

[1 + (k + β − µ− 1) t]
m
akz

k (1.3)

where, 0 ≤ µ ≤ β, t ≥ 0 and m ∈ N0 = N ∪ 0).

Remark 1.1. (i) when β = µ, t = λ , Dn(µ, µ, λ)f(z) = Dn
λf(z) is the Al-Oboudi Differential operator in [1].

(ii) when β = µ, t = 1,Dn(µ, µ, 1)f(z) = Dnf(z) is the Salagean Differential operator introduced in [30].

Alexander in [2] introduced and investigated a univalent Integral operator and was continued by Libera in[18]. In
[4], Bernardi generalized the work of Libera where he gave the conditions for which the operator is starlike , convex
and close-to-convex in the unit disk,U .Being an interesting area of research,many results have been obtained by many
scholars.We refer interested readers to the works in [3, 5, 7, 8, 13, 14, 16, 17, 19, 23, 24, 25, 27, 28, 31] for more
information on different univalent integral operators.

Motivated by the works of Bulut [9, 10, 11, 12, 15], where a differential operator was used to define integral oper-
ators; we generalize Bulut’s work and others by using Opoola differential operator and defined a generalized Integral
operator,and investigated the conditions for which the operator is univalent in the unit disk, U = {z ∈ C : |z| < 1} .
The operator and the results generalize some existing results.

Now we introduce a new general integral operator by means of Opoola differential operator.

Definition 1.2. Let n ∈ N,m ∈ N0, t, β ≥ 0, 0 ≤ µ ≤ β, σ ∈ C with ℜ(σ) > 0 and αj ∈ C, (j = 1, 2, ..., n), we define
the integral operator Im,σ

t,β,µ(f1, ..., fn)(z) : A
n :→ A by

Im,σ
t,β,µ(f1, ..., fn)(z) :=

σ

∫ z

0

u(σ−1)
n∏

j=1

(
Dm(µ, β, t)fj(u)

u

)αj

du


1
σ

, z ∈ U (1.4)

where f1, ..., fn ∈ A and Dm(µ, β, t)fj(z) is the Opoola differential operator defined in (1.3).

Remark 1.3. (i) For n ∈ N, σ = 1, αj ∈ C, j = 1, 2, ..., n in (1.4), we have the integral operator

Imt,β,µ(f1, ..., fn)(z) :=


∫ z

0

n∏
j=1

(
Dm(µ, β, t)fj(u)

u

)αj

du

 , z ∈ U (1.5)

where f1, ..., fn ∈ A and Dm(µ, β, t)fj(z) is the Opoola differential operator defined in (1.3).

(ii) For n = 1, σ = 1, α ∈ C in (1.4), we have the integral operator

Imt,β,µf(z) :=

{∫ z

0

(
Dm(µ, β, t)f(u)

u

)α

du

}
, z ∈ U (1.6)
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where f ∈ A and Dm(µ, β, t)f(z) is the Opoola differential operator defined in (1.3).

(iii) For n ∈ N,m ∈ N0, σ = 1, αj ∈ C, β = µ, t = λ and Dm(µ, µ, λ)fj(z) = Dm
λ fj(z), j = 1, 2, ..., n, we have the

integral operator

I(f1, ..., fn)(z) :=

∫ z

0

(
Dm

λ f1(u)

u

)α1

...

(
Dm

λ fn(u)

u

)αn

du, z ∈ U (1.7)

which was introduced by Bulut, Dm
λ fj(z) is the Al-Oboudi differential operator in [15].

(iv) For n ∈ N, σ, αj ∈ C,D0(µ, β, t)fj(z) = fj(z) ∈ S, j = 1, 2, ..., n, we have the integral operator

Iσ(f1, ..., fn)(z) :=

{
σ

∫ z

0

(
f1(u)

u

)α1

...

(
fn(u)

u

)αn

du

} 1
σ

, z ∈ U (1.8)

in [6].

(v) For n ∈ N, σ = 1, αj ∈ C,D0(µ, β, t)fj(z) = fj(z) ∈ S, j = 1, 2, ..., n, we have the integral operator

I(f1, ..., fn)(z) :=

{∫ z

0

(
f1(u)

u

)α1

...

(
fn(u)

u

)αn

du

}
, z ∈ U (1.9)

in [6].

(vi) For m = 0, n = 1, σ = 1, α1 = 1, α2 = α3 = ... = αn = 0, and D0(µ, β, t)f1(z) = f(z) ∈ A, we have Alexander
integral operator

I(f)(z) :=

∫ z

0

f(u)

u
du, z ∈ U (1.10)

in [2].

(vii) For m = 0, n = 1, σ = 1, α[0, 1], α2 = α3 = · · · = αn = 0, and D0(µ, µ, t)f1(z) = f(z) ∈ A, we have the
integral operator

I(f)(z) :=

∫ z

0

(
f(u)

u

)α

du z ∈ U, (1.11)

in [20].

2 Relevant Lemmas

In order to prove our main results, we need the following Lemmas.

Lemma 2.1 (General Schwarz Lemma). [21] Let the analytic function f(z) be regular in the disk

UR = {z ∈ C : |z| < R} ,

with |f(z)| ≤ M for fixed M. If f(z) has one zero and multiplicity order bigger than m for z = 0, then

|f(z)| ≤ M

Rm
|z|m (z ∈ UR).

The equality can hold only if f(z) = eiθ M
Rm zm, where θ is a constant.

Lemma 2.2. [29] Let α be a complex number with Reα > 0 and f(z) ∈ A. If f(z) satisfies

1− |z|2ℜα

ℜα

∣∣∣∣zf ′′(z)

f ′(z)

∣∣∣∣ ≤ 1 (z ∈ U),

then, for any complex number β with ℜ(β) ≥ ℜ(α), the integral operator

Fβ(z) :=

{
β

∫ z

0

tβ−1f ′(t)dt

} 1
β

= z + · · ·

is analytic and univalent in U.
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Lemma 2.3. [26] Let α ∈ C, (ℜ(α) > 0) and c ∈ C(|c| ≤ 1 : c ̸= −1). Suppose also that the function f(z) given by
(1.1) is analytic in U. If ∣∣∣∣c |z|2α + (1− |z|2α)zf

′′(z)

αf ′(z)

∣∣∣∣ ≤ 1 (z ∈ U),

then the function Fα(z) defined by

Fα(z) :=

{
α

∫ z

0

tα−1f ′(t)dt

} 1
α

= z + · · ·

is analytic and univalent in U.

Lemma 2.4. [32] If a function f(z) ∈ S(p), then
∣∣∣ z2f ′(z)
(f(z))2 − 1

∣∣∣ ≤ p |z|2 .

3 Main Results

Theorem 3.1. Let α1, ..., αn, σ ∈ C,m ∈ N0, t ≥ 0, β ≥ 0, 0 ≤ µ ≤ β, and each of the functions fj ∈ A, j = 1, ..., n,
and ∣∣∣∣z(Dm(µ, β, t)fj(z))

′

(Dm(µ, β, t)fj(z)
− 1

∣∣∣∣ ≤ 1, z ∈ U (3.1)

and ℜ(σ) ≥
∑n

i=1 |αj | > 0, then the integral operator Im,σ
t,β,µ(f1, ..., fn)(z) defined by (1.4) is in the univalent class S.

Proof . Since fj ∈ A, j = 1, ..., n by (3.1), we have

(Dm(µ, β, t)fj(z))

z
=
z +

∑∞
k=2[1 + (k + β − µ− 1)t]mak,jz

k

z

=1 +

∞∑
k=2

[1 + (k + β − µ− 1)]
m
ak,jz

k−1

for all z ∈ U and m ∈ N0. Let us define a function h(z) by

h(z) =

∫ z

o

n∏
j=1

(
(Dm(µ, β, t)fj(u))

u

)αj

du. (3.2)

So that by Fundamental Theorem of Calculus, we have

h′(z) =

n∏
j=1

(
(Dm(µ, β, t)fj(z))

z

)αj

(3.3)

for all z ∈ U. This equality implies that

lnh′(z) =α1 ln

(
(Dm(µ, β, t)f1(z))

z

)
+ · · ·+ αn ln

(
(Dm(µ, β, t)fn(z))

z

)
=α1 [ln (D

m(µ, β, t)f1(z))− ln z] + · · ·+ αn [ln (D
m(µ, β, t)fn(z))− ln z] . (3.4)

By differentiating the above equality logarithmical, we have

h′′(z)

h′(z)
= α1

[
(Dm(µ, β, t)f1(z))

′

Dm(µ, β, t)f1(z)
− 1

z

]
+ · · ·+ αn

[
(Dm(µ, β, t)fn(z))

′

Dm(µ, β, t)fn(z)
− 1

z

]
. (3.5)

Then

zh′′(z)

h′(z)
=

n∑
j=1

αj

[
z(Dm(µ, β, t)fj(z))

′

Dm(µ, β, t)fj(z)
− 1

]
. (3.6)
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So by the condition of the Theorem, we find

1− |z|2ℜ(σ)

ℜ(σ)

∣∣∣∣zh′′(z)

h′(z)

∣∣∣∣ ≤1− |z|2ℜ(σ)

ℜ(σ)

n∑
j=1

|αj |
(∣∣∣∣z(Dm(µ, β, t)fj(z))

′

Dm(µ, β, t)fj(z)
− 1

∣∣∣∣)

≤1− |z|2ℜ(σ)

ℜ(σ)

n∑
j=1

|αj | ≤
1

ℜ(σ)

n∑
j=1

|αj | ≤ 1 (3.7)

since
∣∣∣ z(Dm(µ,β,t)fj(z))

′

Dm(µ,β,t)fj(z)
− 1

∣∣∣ ≤ 1, and ℜ(σ) ≥
∑n

j=1 |αj |. Finally by applying Lemma 2.2, for the function h(z), we

proved that Im,σ
t,β,µ(f1, ..., fn)(z) ∈ S. □

Remark 3.2. If we set β = µ, σ = 1 in Theorem 3.1, then we have [15, Theorem 2.3].

Remark 3.3. If we set m = 0, σ = 1 in Theorem 3.1, then we have [6, Theorem 1].

Corollary 3.4. Let αj > 0, σ ∈ C,m ∈ N0, t ≥ 0, β ≥ 0, 0 ≤ µ ≤ β, and each of the functions fj ∈ A, j = 1, 2, ..., n.
If fj ∈ A, j = 1, 2, ..., n, satisfies the inequality (3.1) and ℜ(σ) ≥

∑n
i=1 αj , then the integral operator Im,σ

t,β,µ(f1, ..., fn)
defined by (1.4) is in the univalent class S.

Remark 3.5. If we set β = µ, σ = 1 in Corollary 3.4, we get [15, Corollary 2.5].

Theorem 3.6. Let Mj ≥ 1 and suppose that each of the functions fj ∈ A, j = 1, 2, ..., n satisfies the inequality∣∣∣∣∣z2(Dm(µ, β, t)fj(z))
′

(Dm(µ, β, t)fj(z))
2 − 1

∣∣∣∣∣ ≤ 1, z ∈ U,m ∈ N0. (3.8)

Also, let α1, ..., αn, σ ∈ C with ℜ(σ) ≥
∑n

i=1 |αj | (2Mj + 1) > 0. If |Dm(µ, β, t)fj(z)| ≤ MJ , z ∈ U, j = 1, 2, ..., n,
then the integral operator Im,σ

t,β,µ(f1, ..., fn) defined by (1.4) is in the univalent function class S.

Proof . We know from the proof of Theorem 3.1 that∣∣∣∣zh′′(z)

h′(z)

∣∣∣∣ ≤ n∑
j=1

|αj |
(∣∣∣∣z(Dm(µ, β, t)fj(z))

′

Dm(µ, β, t)fj(z)
− 1

∣∣∣∣) . (3.9)

So by the imposed condition, we find

1− |z|2ℜ(σ)

ℜ(σ)

∣∣∣∣zh′′(z)

h′(z)

∣∣∣∣ ≤ 1− |z|2ℜ(ρ)

ℜ(ρ)

n∑
j=1

|αj |
(∣∣∣∣z(Dm(µ, β, t)fj(z))

′

Dm(µ, β, t)fj(z)

∣∣∣∣+ 1

)
(3.10)

By Schwarz Lemma, we get |Dm(µ, β, t)gi| ≤ Mj |z| , R = 1, therefore

1− |z|2ℜ(σ)

ℜ(σ)

∣∣∣∣zh′′(z)

h′(z)

∣∣∣∣ ≤1− |z|2ℜ(σ)

ℜ(σ)

n∑
j=1

|αj |
(∣∣∣∣z2(Dm(µ, β, t)fj(z))

′

(Dm(µ, β, t)fj(z))2

∣∣∣∣Mj + 1

)

≤1− |z|2ℜ(σ)

ℜ(σ)

n∑
j=1

|αj |
(∣∣∣∣z2(Dm(µ, β, t)fj(z))

′

(Dm(µ, β, t)fj(z))2
− 1

∣∣∣∣Mj +Mj + 1

)

≤ 1

ℜ(σ)

n∑
j=1

|αj | (2MJ + 1) ≤ 1 (3.11)

since
∣∣∣ z2(Dm(µ,β,t)fj(z))

′

(Dm(µ,β,t)fj(z))2
− 1

∣∣∣ ≤ 1 and ℜ(σ) ≥
∑n

j=1 |αj | (2Mj + 1). By applying Lemma 2.2, for function h(z), we

prove that Im,σ
t,β,µ(f1, ..., fn) ∈ S. □
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Corollary 3.7. Let Mj ≥ 1, αj > 0 and suppose that each of the functions fj ∈ A, j = 1, 2, ..., n, satisfies the
inequality (3.8). Also, let α, σ ∈ C with ℜ(σ) ≥

∑n
i=1 |αj | (2Mj+1) > 0. If |Dm(µ, β, t)fj(z)| ≤ MJ , z ∈ U, j = 1, ..., n,

then for any complex number σ with ℜ(σ) ≥ ℜ(α), the integral operator Im,σ
t,β,µ(f1, ..., fn)(z) defined by (1.4) is in the

univalent function class S.

Corollary 3.8. Let M ≥ 1 and suppose that each of the functions fj ∈ A, j = 1, 2, .., n, satisfies the inequality (3.8).
Also, let α1, ..., αn, σ ∈ C with ℜ(σ) ≥ (2M+1)

∑n
i=1 |αj | > 0. If |Dm(µ, β, t)fj(z)| ≤ M, z ∈ U, j = 1, 2, ..., n, then for

any complex number σ with ℜ(σ) ≥ ℜ(α), the integral operator Im,σ
t,β,µ(f1, ..., fn)(z) defined by (1.4) is in the univalent

function class S.

Corollary 3.9. Suppose that each of the functions fj ∈ A, j = 1, 2, ..., n satisfies the inequality (3.8). Also, let
α1, ..., αn, σ ∈ C with ℜ(σ) ≥ 3

∑n
i=1 |αj | > 0. If |Dm(µ, β, t)fj(z)| ≤ 1, z ∈ U, j = 1, 2, ..., n, then for any complex

number σ with ℜ(σ) ≥ ℜ(α), the integral operator Im,σ
t,β,µ(f1, ..., fn)(z) defined by (3.10) is in the univalent function

class S.

Remark 3.10. In Corollary 3.9

(i) If we set σ = 1, β = µ, then we obtain Theorem 2.6.

(ii) If we set σ = 1, αj > 0, j = 1, 2, ..., n, then we have [15, Corollary 2.8].

Theorem 3.11. Suppose that each of the functions fj ∈ A, j = 1, 2, ..., n, satisfies the inequality∣∣∣∣z(Dm(µ, β, t)fj(z))
′

Dm(µ, β, t)fj(z)
− 1

∣∣∣∣ ≤ 1, z ∈ U. (3.12)

Also, let α1, ..., αn, σ ∈ C, with ℜ(σ) ≥
∑n

i=1 |αj | > 0, and let c ∈ C be such that |c| ≤ 1 − 1
ℜ(σ)

∑n
j=1 |αj | , then

the integral operator Im,σ
t,β,µ(f1, ..., fn)(z) defined by (1.4) is in the univalent class S.

Proof . We know from the proof of Theorem 3.1 that

zh′′(z)

h′(z)
=

n∑
j=1

αj

[
z(Dm(µ, β, t)fj(z))

′

Dm(µ, β, t)fj(z)
− 1

]
. (3.13)

We have that

c |z|2σ + (1− |z|2σ)zh
′′(z)

σh′(z)
= c |z|2σ + (1− |z|2σ) 1

σ

n∑
j=1

αj

[
z(Dm(µ, β, t)fj(z))

′

Dm(µ, β, t)fj(z)
− 1

]
. (3.14)

Then ∣∣∣∣c |z|2σ + (1− |z|2σ)zh
′′(z)

σh′(z)

∣∣∣∣ =
∣∣∣∣∣∣c |z|2σ + (1− |z|2σ) 1

σ

n∑
j=1

αj

[
z(Dm(µ, β, t)fj(z))

′

Dm(µ, β, t)fj(z)
− 1

]∣∣∣∣∣∣
≤ |c|+

∣∣∣∣∣1− |z|2σ

σ

∣∣∣∣∣
n∑

j=1

|αj |
(∣∣∣∣z(Dm(µ, β, t)fj(z))

′

Dm(µ, β, t)fj(z)
− 1

∣∣∣∣)

≤ |c|+ 1

|σ|

n∑
j=1

|αj | ≤ |c|+ 1

ℜ(σ)

n∑
j=1

|αj | ≤ 1 (3.15)

since
∣∣∣ z(Dm(µ,β,t)fj(z))

′

Dm(µ,β,t)fj(z)
− 1

∣∣∣ ≤ 1, ℜ(σ) ≥
∑n

j=1 |αj | and |c| ≤ 1− 1
ℜ(σ)

∑n
j=1 |αj |. Finally, applying Lemma 2.3 for the

function h(z), we prove that Im,σ
t,β,µ(f1, ..., fn)(z) ∈ S. □

Corollary 3.12. Suppose that each of the functions fj ∈ A, j ∈ {1, ..., n}, satisfies the inequality (3.12). Also,let
αj > 0, σ ∈ C, with ℜ(σ) ≥

∑n
i=1 αj , and let c ∈ C be such that |c| ≤ 1 − 1

ℜ(σ)

∑n
j=1 αj , then the integral operator

Im,σ
t,β,µ(f1, ..., fn)(z) defined by (1.4) is in the univalent class S.
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Theorem 3.13. Let Mj ≥ 1 and suppose that each of the functions fj ∈ A, j = 1, 2, ..., n, satisfies the inequality∣∣∣∣∣z2(Dm(µ, β, t)fj(z))
′

(Dm(µ, β, t)fj(z))
2 − 1

∣∣∣∣∣ ≤ 1, z ∈ U,m ∈ N0. (3.16)

Also, let α1, ..., αn, σ ∈ C with ℜ(σ) ≥
∑n

i=1 |αj | (2Mj + 1) > 0, and let c ∈ C be such that |c| ≤ 1 −
1

ℜ(σ)

∑n
j=1 |αj | (2Mj + 1). If |Dm(µ, β, t)fj(z)| ≤ MJ (z ∈ U, j = 1, 2, ..., n), then, for any complex number σ

with ℜ(σ) ≥ ℜ(α), the integral operator Im,σ
t,β,µ(f1, ..., fn)(z) defined by (1.4) is in the univalent function class S.

Proof . We know from the proof of Theorem 3.1 that

zh′′(z)

h′(z)
=

n∑
j=1

αj

[
z(Dm(µ, β, t)fj(z))

′

Dm(µ, β, t)fj(z)
− 1

]
. (3.17)

Therefore,

c |z|2σ + (1− |z|2σ)zh
′′(z)

σh′(z)
= c |z|2σ + (1− |z|2σ) 1

σ

n∑
j=1

αj

[
z(Dm(µ, β, t)fj(z))

′

Dm(µ, β, t)fj(z)
− 1

]
. (3.18)

Then ∣∣∣∣c |z|2σ + (1− |z|2σ)zh
′′(z)

σh′(z)

∣∣∣∣ =
∣∣∣∣∣∣c |z|2σ + (1− |z|2σ) 1

σ

n∑
j=1

αj

[
z(Dm(µ, β, t)fj(z))

′

Dm(µ, β, t)fj(z)
− 1

]∣∣∣∣∣∣
≤ |c|+

∣∣∣∣∣1− |z|2σ

σ

∣∣∣∣∣
n∑

j=1

|αj |
∣∣∣∣z(Dm(µ, β, t)fj(z))

′

Dm(µ, β, t)fj(z)
− 1

∣∣∣∣
≤ |c|+

∣∣∣∣∣1− |z|2σ

σ

∣∣∣∣∣
n∑

j=1

|αj |
(∣∣∣∣z(Dm(µ, β, t)fj(z))

′

Dm(µ, β, t)fj(z)

∣∣∣∣+ 1

)
. (3.19)

By Schwarz Lemma, we get |Dm(µ, β, t)gi| ≤ Mj |z| , R = 1, therefore∣∣∣∣c |z|2σ + (1− |z|2σ)zh
′′(z)

σh′(z)

∣∣∣∣ ≤ |c|+ 1

|σ|

n∑
j=1

|αj |
(∣∣∣∣z2(Dm(µ, β, t)fj(z))

′

(Dm(µ, β, t)fj(z))2

∣∣∣∣Mj + 1

)

≤ |c|+ 1

|σ|

n∑
j=1

|αj |
(∣∣∣∣z2(Dm(µ, β, t)fj(z))

′

(Dm(µ, β, t)fj(z))2
− 1

∣∣∣∣Mj +Mj + 1

)

≤ |c|+ 1

|σ|

n∑
j=1

|αj | (2Mj + 1)

≤ |c|+ 1

ℜ(σ)

n∑
j=1

|αj | (2Mj + 1) ≤ 1, (3.20)

since
∣∣∣ z2(Dm(µ,β,t)fj(z))

′

(Dm(µ,β,t)fj(z))2
− 1

∣∣∣ ≤ 1 and |c| ≤ 1 − 1
ℜ(σ)

∑n
j=1 |αj | (2Mj + 1). Finally, applying Lemma 2.3 for function

h(z), we proved that Im,σ
t,β,µ(f1, ..., fn)(z) ∈ S. □

Corollary 3.14. Let Mj ≥ 1, αj > 0 and suppose that each of the functions fj ∈ A, j = 1, 2, , ..., n satisfies the
inequality (3.16). Also,let σ ∈ C with ℜ(σ) ≥

∑n
i=1 αj(2Mj + 1) > 0, and let c ∈ C be such that |c| ≤ 1 −

1
ℜ(σ)

∑n
j=1 αj(2Mj + 1). If |Dm(µ, β, t)fj(z)| ≤ MJ , z ∈ U, j = 1, ..., n, then the integral operator Im,σ

t,β,µ(f1, ..., fn)(z)

defined by (1.4) is in the univalent function class S.

Corollary 3.15. Let M ≥ 1, and suppose that each of the functions fj ∈ A, j = 1, ..., n satisfies the inequality (3.16)

Also, let α1, ..., αn, σ ∈ C with ℜ(σ) ≥ (2M +1)
∑n

i=1 |αj | > 0, and let c ∈ C be such that |c| ≤ 1− (2Mj+1)
ℜ(σ)

∑n
j=1 αj .

If |Dm(µ, β, t)fj(z)| ≤ M, z ∈ U, j = 1, 2, ..., n, then the integral operator Im,σ
t,β,µ(f1, ..., fn)(z) defined by (1.4) is in the

univalent function class S.
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Corollary 3.16. Suppose that each of the functions fj ∈ A, j = 1, 2, ..., n satisfies the inequality (3.16). Also,
let α1, ..., αn, σ ∈ C with ℜ(σ) ≥ 3

∑n
i=1 |αj | > 0, and let c ∈ C be such that |c| ≤ 1 − 3

ℜ(σ)

∑n
j=1 |αj |. If

|Dm(µ, β, t)fj(z)| ≤ 1, z ∈ U, j = 1, 2, ..., n, then the integral operator Im,σ
t,β,µ(f1, ..., fn)(z) defined by (1.4) is in

the univalent function class S.

Theorem 3.17. Let c be a complex number, |Dm(µ, β, t)fj(z)| ≤ Mj ,Mj ≥ 1, for all j = 1, 2, . . . , n,Dm(µ, β, t)fj(z) ∈
S(pj), for j = 1, 2, ..., n, with α1, ..., αn, σ ∈ C such that

ℜ(σ) ≥
∞∑
j=1

|αj |
[(2Mj − 1)pj + 2]Mj

2Mj − 1
.

Also, let |c| ≤ 1− 1
ℜ(σ)

∑n
j=1 |αj | [(2Mj−1)pj+2]Mj

2Mj−1 , then the integral operator Im,σ
t,β,µ(f1, ..., fn)(z) defined by (1.4) is

in the univalent function class S.

Proof . Since Dm(µ, β, t)fj(z) ∈ S(pj), so by Lemma 2.4, we have∣∣∣∣z2(Dm(µ, β, t)fj(z))
′

(Dm(µ, β, t)fj(z))2
− 1

∣∣∣∣ ≤ pj |z|2 , z ∈ U (3.21)

From |Dm(µ, β, t)fj(z)| ≤ Mj , for any j = 1, ..., n and by using Lemma 2.1, we get |Dm(µ, β, t)fj(z)| ≤ Mj |z| , R =
1. From the proof of Theorem 3.1, we have that

zh′′(z)

h′(z)
=

n∑
j=1

αj

[
z(Dm(µ, β, t)fj(z))

′

Dm(µ, β, t)fj(z)
− 1

]
(3.22)

and so ∣∣∣∣zh′′(z)

h′(z)

∣∣∣∣ ≤ n∑
j=1

|αj |
(∣∣∣∣z(Dm(µ, β, t)fj(z))

′

Dm(µ, β, t)fj(z)

∣∣∣∣+ 1

)
. (3.23)

By Schwarz Lemma, we get |Dm(µ, β, t)gi| ≤ Mj |z| , R = 1, therefore∣∣∣∣zh′′(z)

h′(z)

∣∣∣∣ ≤ n∑
j=1

|αj |
(∣∣∣∣z2(Dm(µ, β, t)fj(z))

′

(Dm(µ, β, t)fj(z))2

∣∣∣∣Mj + 1

)
(3.24)

and ∣∣∣∣zh′′(z)

h′(z)

∣∣∣∣ ≤ n∑
j=1

|αj |
(∣∣∣∣z2(Dm(µ, β, t)fj(z))

′

(Dm(µ, β, t)fj(z))2
− 1

∣∣∣∣Mj +Mj + 1

)
. (3.25)

Thus, ∣∣∣∣zh′′(z)

h′(z)

∣∣∣∣ ≤ n∑
j=1

|αj |
(
pj |z|2 Mj +Mj + 1

)
≤

n∑
j=1

|αj | (pjMj + 2Mj)

≤
n∑

j=1

|αj |
(
pjMj + 2Mj + 4M2

j + 8M3
J + ...

)
(3.26)

because 2Mj , 4M
2
j , 8M

3
j , ... > 1. Which implies that∣∣∣∣zh′′(z)

h′(z)

∣∣∣∣ ≤ n∑
j=1

|αj |
(
pjMj +

2Mj

2Mj − 1

)

≤
n∑

j=1

|αj |
[(2Mj − 1)pj + 2]Mj

2Mj − 1
. (3.27)



A new univalent integral operator defined by the Opoola differential operator 61

Now, from ∣∣∣∣c |z|2σ + (1− |z|2σ)zh
′′(z)

σh′(z)

∣∣∣∣ ≤ |c|+ 1

|σ|

∣∣∣∣zh′′(z)

h′(z)

∣∣∣∣ ≤ |c|+ 1

ℜ(σ)

∣∣∣∣zh′′(z)

h′(z)

∣∣∣∣ (3.28)

This implies ∣∣∣∣c |z|2σ + (1− |z|2σ)zh
′′(z)

σh′(z)

∣∣∣∣ ≤ |c|+ 1

ℜ(σ)

n∑
j=1

|αj |
[(2Mj − 1)pj + 2]Mj

2Mj − 1
≤ 1 (3.29)

Since |c| ≤ 1− 1
ℜ(σ)

∑n
j=1 |αj | [(2Mj−1)pj+2]Mj

2Mj−1 , by Lemma 2.3, the integral operator Im,σ
t,β,µ(f1, ..., fn)(z) defined by

(1.4) is in the univalent function class S. □

Corollary 3.18. Let c be a complex number, |Dm(µ, β, t)fj(z)| ≤ M,Mj = M ≥ 1, for j = 1, 2, ..., n, Dm(µ, β, t)fj(z) ∈
S(pj), for j = 1, 2, ..., n, with

ℜ(σ) ≥
∞∑
j=1

|αj |
[(2M − 1)pj + 2]M

2M − 1

where σ, αj are complex numbers. If |c| ≤ 1− 1
ℜ(σ)

∑n
j=1 |αj | [(2M−1)pj+2]M

2M−1 , then Im,σ
t,β,µ(f1, ..., fn)(z) ∈ S.

Corollary 3.19. Let c be a complex number, |Dm(µ, β, t)fj(z)| ≤ M,Mj = M ≥ 1, for j = 1, 2, ..., n, Dm(µ, β, t)fj(z) ∈
S(pj), for j = 1, 2, ..., n, |αJ | = |α| with

ℜ(σ) ≥ |α|
∞∑
j=1

[(2M − 1)pj + 2]M

2M − 1

where σ, α are complex numbers. If |c| ≤ 1 − |α|
ℜ(σ)

∑n
j=1

[(2M−1)pj+2]M
2M−1 ,M ≥ 1, then by Lemma 2.3 the integral

operator Im,σ
t,β,µ(f1, ..., fn)(z) ∈ S.

Theorem 3.20. Let c be a complex number,|Dm(µ, β, t)fj(z)| ≤ Mj ,Mj ≥ 1, for all (j = 1, ..., n), Dm(µ, β, t)fj(z) ∈
K2,δj for (j = 1, ..., n), such that

ℜ(σ) ≥
∞∑
j=1

|αj | [(1− δj) + (n(n+ 1))/2]Mj

where σ, αj are complex numbers. If |c| ≤ 1 − 1
ℜ(σ)

∑n
j=1 |αj | [(1− δj) + (n(n+ 1))/2]Mj ,Mj ≥ 1 then, the integral

operator Im,σ
t,β,µ(f1, ..., fn)(z) defined by (1.4) is univalent in U.

Proof . Using the proof of Theorem 3.1, we have

zh′′(z)

h′(z)
=

n∑
j=1

αj

[
z(Dm(µ, β, t)fj(z))

′

Dm(µ, β, t)fj(z)
− 1

]
(3.30)

∣∣∣∣zh′′(z)

h′(z)

∣∣∣∣ ≤ n∑
j=1

|αj |
(∣∣∣∣z(Dm(µ, β, t)fj(z))

′

Dm(µ, β, t)fj(z)

∣∣∣∣+ 1

)
(3.31)

By Schwarz Lemma, we get |Dm(µ, β, t)gi| ≤ Mj |z| , R = 1, therefore∣∣∣∣zh′′(z)

h′(z)

∣∣∣∣ ≤ n∑
j=1

|αj |
(∣∣∣∣z2(Dm(µ, β, t)fj(z))

′

(Dm(µ, β, t)fj(z))2

∣∣∣∣Mj + 1

)
(3.32)
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and ∣∣∣∣zh′′(z)

h′(z)

∣∣∣∣ ≤ n∑
j=1

|αj |
(∣∣∣∣z2(Dm(µ, β, t)fj(z))

′

(Dm(µ, β, t)fj(z))2
− 1

∣∣∣∣Mj +Mj + 1

)
. (3.33)

Thus, ∣∣∣∣zh′′(z)

h′(z)

∣∣∣∣ ≤ n∑
j=1

|αj | ((1− δj)Mj +Mj + 1) ≤
n∑

j=1

|αj | ((1− δj)Mj + 2Mj)

≤
n∑

j=1

|αj | ((1− δj)Mj +Mj + 2Mj + 3Mj + ...+ nMj)

≤
n∑

j=1

|αj | [(1− δj)Mj + (n(n+ 1)/2)Mj ] . (3.34)

Now, we evaluate the expression∣∣∣∣c |z|2σ + (1− |z|2σ)zh
′′(z)

σh′(z)

∣∣∣∣ ≤ |c|+ 1

|σ|

∣∣∣∣zh′′(z)

h′(z)

∣∣∣∣ ≤ |c|+ 1

ℜ(σ)

∣∣∣∣zh′′(z)

h′(z)

∣∣∣∣ . (3.35)

Then∣∣∣∣c |z|2σ + (1− |z|2σ)zh
′′(z)

σh′(z)

∣∣∣∣ ≤ |c|+ 1

|σ|

∣∣∣∣zh′′(z)

h′(z)

∣∣∣∣ ≤ |c|+ 1

ℜ(σ)

n∑
j=1

|αj | [(1− δj)Mj + (n(n+ 1)/2)Mj ]

This implies that ∣∣∣∣c |z|2σ + (1− |z|2σ)zh
′′(z)

σh′(z)

∣∣∣∣ ≤ 1.

Since |c| ≤ 1− 1
ℜ(σ)

∑n
j=1 |αj | [(1− δj) + (n(n+ 1)/2)]Mj by Lemma 2.3, the integral operator, Im,σ

t,β,µ(f1, ..., fn)(z) ∈
S. □

Corollary 3.21. Let c be a complex number, |Dm(µ, β, t)fj(z)| ≤ M,M ≥ 1 for all (j = 1, 2, ..., n), Dm(µ, β, t)fj(z) ∈
K2,δj , for j = 1, 2, ..., n, such that

ℜ(σ) ≥
∞∑
j=1

|αj | [(1− δj) + (n(n+ 1))/2]M

where σ, αj are complex numbers. If |c| ≤ 1 − 1
ℜ(σ)

∑n
j=1 |αj | [(1− δj) + (n(n+ 1))/2]M,M ≥ 1 then, the integral

operator Im,σ
t,β,µ(f1, ..., fn)(z) defined by (1.4) is univalent in U.

Corollary 3.22. Let c be a complex number, |Dm(µ, β, t)fj(z)| ≤ M,M ≥ 1, α1 = · · · = αn = α for all (j =
1, 2, ..., n), Dm(µ, β, t)fj(z) ∈ K2,δ for j = 1, ..., n, such that

ℜ(σ) ≥ |α|
∞∑
j=1

[(1− δj) + (n(n+ 1))/2]M

where σ, αj are complex numbers. If |c| ≤ 1− |α|
ℜ(σ)

∑n
j=1 [(1− δj) + (n(n+ 1))/2]M,M ≥ 1 then, the integral operator

Im,σ
t,β,µ(f1, ..., fn)(z) defined by (1.4) is univalent in class S.

Conclusion

In conclusion, a new generalized integral operator is defined in the unit disk U and conditions for univalency of
the integral operators in U are investigated.Results obtained generalize some existing results.
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