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Abstract

In this present investigation, for functions of the form f(z) =
1

zp
+
∑∞

k=1−p akz
k, which are analytic in the punctured

unit disk U∗ = {z ∈ C : 0 < |z| < 1}, we introduce a new subclass of meromorphically p-valent functions and
investigate convolution properties, Coefficient estimates and contianment for this subclass.
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1 Introduction

Let Σp denote the class of mermorphic p-valent functions of the form

f(z) =
1

zp
+

∞∑
k=1−p

akz
k, (1.1)

which are analytic and p-valent in the punctured unit disk

U∗ = {z ∈ C : 0 < |z| < 1}.

If f ∈ Σp is given by(1.1) and g ∈ Σp given by

g(z) =
1

zp
+

+∞∑
k=1−p

bkz
k,

then the Hadamard product (or convolution) f ∗ g of f and g is defined by

(f ∗ g)(z) = 1

zp
+

+∞∑
k=1−p

akbkz
k. (1.2)

∗Corresponding author
Email addresses: golmohamadi@pnu.ac.ir (Mohammad Hassan Golmohammadi), a_alishahy@pnu.ac.ir (Aboalghasem Alishahi)

Received: March 2023 Accepted: August 2023

http://dx.doi.org/10.22075/ijnaa.2023.31491.4644


264 Golmohammadi, Alishahi

For two function f and g analytic in U, we say that the function f(z) is subordinate to g(z) in U and write f ≺ g
or f(z) ≺ g(z) (z ∈ U), if there exists a Schwarz function ω(z), analytic in U with ω(0) = 0 and |ω(z)| < 1, shuch
that f(z) = ω(g(z)), (see [9, 11]). Gasper and Rahman in [3] defined the q-derivative of a function f(z) of the from
(1.1) by

Dqf(z) :=
f(qz)− f(q)

(q − 1)z
, (1.3)

where z ∈ U∗ and 0 < q < 1. From (1.3) for a function f(z) given by (1.1) we get

Dqf(z) =
q−p − 1

(q − 1)zp+1
+

+∞∑
k=1

[k]qakz
k−1, z ∈ U∗, (1.4)

where

[k]q :=
qk − 1

q − 1
= 1 + q + q2 + · · ·+ qk−1. (1.5)

also [k]q → 1 as q → 1.So we conclude limq→1Dqf(z) = f
′
(z), z ∈ U∗. Many important properties of certain

subclasses of meromorphic p-valent functions were studied by several authors including Aouf and Srivastava [2], Joshi
and Srivastava [4], Liu and Srivastava[7], Liu and Owa [6], Liu and Srivastava [8], Ravichandran, Sivaprasadkumar
and Subramanian [12].

2 Preliminaries

Using the subclasses defined by Mostafa, Aouf, Zayed and Bulboaca in[10], Now we introduce new subclasess of
mermorphic p-valent functions a and investigate convolution properties and cofficien estimates for these subclasses as
follows:

Definition 2.1. For 0 ≤ λ < 1, −1 ≤ B < A ≤ 1, and b ∈ C∗ = C\{0}, let ΣpS∗
q,λ[b;A,B] be the subclass of Σp

consisting of function f(z) of the form(1.1) and satisfying the analytic criterion

q
1− q−p

q − 1
− 1

b

[
zDqf(z)

(1− λ 1−q−p

q−1 )f(z)− λzDqf(z)
+

1− q−p

q − 1

]
≺ 1 +Az

1 +Bz
(2.1)

Also, let ΣpKq,λ[b;A,B] be the subclass of Σp consisting of function f(z) of the form(1.1) and satisfying

q
1− q−p

q − 1
− 1

b

 zDq(
1−q−p

q−1 zDqf(z))

(1− λ 1−q−p

q−1 )( 1−q−p

q−1 zDqf(z))− λzDq(
1−q−p

q−1 zDqf(z))
+

1− q−p

q − 1

 ≺ 1 +Az

1 +Bz
. (2.2)

It is easy to verify from (2.1) and (2.2) that

f ∈ ΣpKq,λ[b;A,B] ⇐⇒ 1− q−p

q − 1
zDqf(z) ∈ ΣpS∗

q,λ[b;A,B]. (2.3)

we note that

1. For p = 1 we get ΣpS∗
q,λ[b;A,B] = Σ1S∗

q,λ[b;A,B] = ΣS∗
q,λ[b;A,B], (see [1]).

2. For p = 1 we get ΣpKq,λ[b;A,B] = Σ1Kq,λ[b;A,B] = ΣKq,λ[b;A,B], (see [1]).

3 Main Result

In this section we give some new subclasses of mermorphic p-valent functions.
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3.1 subclasses ΣpS∗
q,λ[b;A,B] and ΣpKq,λ[b;A,B]

In the first theorem we give some necessary and sufficieint conditions for member of subclass ΣpS∗
q,λ[b;A,B].

Theorem 3.1. If f ∈ Σp, then f ∈ ΣpS∗
q,λ[b;A,B] if and only if

zp

f(z) ∗ 1 +
{(

1− λ 1−q−p

q−1

)
M(θ, p)− (q + λ

qp )
}
z

zp(1− z)(1− qz)

 ̸= 0 (3.1)

for all z ∈ U∗ and θ ∈ [0, 2π). Where

M(θ, p) =
1 +Beiθ

qpb[1− q 1−q−p

q−1 + (A−Bq 1−q−p

q−1 )eiθ]
(3.2)

Proof . It is easy to verify that for any f ∈ Σp the next relations hold:

f(z) ∗ 1

zp(1− z)
= f(z), (3.3)

and

f(z) ∗

[
1

zp(1− z)(1− qz)
−

1 + 1−q
q−p−1

zp−1(1− z)(1− qz)

]
=

1− q

q−p − 1
zDqf(z). (3.4)

First, if f ∈ ΣpS∗
q,λ[b;A,B], in order to prove that (3.1) holds we will write (2.1) by using the definition of the

subordination, that is

zDqf(z)

(1− λ 1−q−p

q−1 )f(z)− λzDqf(z)
=

[
b(q 1−q−p

q−1 − 1)− 1−q−p

q−1

]
1 +Bω(z)

+

[
b(qB 1−q−p

q−1 −A)−B 1−q−p

q−1

]
ω(z)

1 +Bω(z)
, (3.5)

where ω is a Schwarz function, hence

z
{
[1 +Beiθ]zDqf(z)− [b(q

1− q−p

q − 1
− 1)− 1− q−p

q − 1
]

− [b(qB
1− q−p

q − 1
−A)−B

1− q−p

q − 1
]eiθ[(1− λ

1− q−p

q − 1
)f(z)− λzDqf(z)]

}
̸= 0 (3.6)

for all z ∈ U∗ and θ ∈ [0, π). Using (3.3) and (3.4), the relation (3.6) may be written as

z

{(
−1− q−p

q − 1
−B

1− q−p

q − 1
z − λ

1− q−p

q − 1
×
([
b(q

1− q−p

q − 1
− 1)− 1− q−p

q − 1

]
+

[
b(qB

1− q−p

q − 1
−A)−B

1− q−p

q − 1

]
eiθ

))
f(z) ∗

[
1

zp(1− z)(1− qz)
−

1 + 1−q
q−p−1

zp−1(1− z)(1− qz)

]
+

{(
λ
1− q−p

q − 1
− 1

)[
b(q

1− q−p

q − 1
− 1)− 1− q−p

q − 1

]
+

[
b(qB

1− q−p

q − 1
−A)−B

1− q−p

q − 1

]
eiθ

}[
f(z) ∗ 1

zp(1− z)

]}
̸= 0, (3.7)

which is equivalent to

z

f(z) ∗ 1 +

{(
1− λ 1−q−p

q−1

)
1+Beiθ

qpb[1−q 1−q−p

q−1 +(A−Bq 1−q−p

q−1 )eiθ]
− (q + λ

qp )

}
z

zp(1− z)(1− qz)

 ̸= 0, (3.8)

where z ∈ U, θ ∈ [0, 2π) and thus the first part of Theorem (3.1) was proved. Reversely, suppose that f ∈ Σp satisfy
the condition (3.1). Like it was previously shown, the assumption (3.1) is equivalent to (3.6), hence

zDqf(z)

(1− λ 1−q−p

q−1 )f(z)− λzDqf(z)
̸=

[
b(q 1−q−p

q−1 − 1)− 1−q−p

q−1

]
1 +Beiθ

+

[
b(qB 1−q−p

q−1 −A)−B 1−q−p

q−1

]
eiθ

1 +Beiθ
, (3.9)



266 Golmohammadi, Alishahi

for all z ∈ U and θ ∈ [0, 2π). Denoting

φ(z) =
zDqf(z)

(1− λ 1−q−p

q−1 )f(z)− λzDqf(z)

and

ψ(z) =

[
b(q 1−q−p

q−1 − 1)− 1−q−p

q−1

]
+

[
b(qB 1−q−p

q−1 −A)−B 1−q−p

q−1

]
z

1 +Bz
,

The relation (3.9) means that

φ(U) ∩ ψ(L(U)) = ∅

and

(L(z) = Ψ(z)−
[
b(q 1−q−p

q−1 − 1)− 1−q−p

q−1

]
).

Thus, the simply connected domain is included in a connected component of C\ψ(L(U)). Therefore, using the fact
that φ(0) = ψ(L(0)) and the p-valent function ψ, it follows that φ(z) ≺ ψ(z), which implies that f ∈ ΣpS∗

q,λ[b;A,B].
Thus, the proof of Theorem (3.1) is completed. □

Theorem 3.2. If f ∈ Σp, then f ∈ ΣpKq,λ[b;A,B] if and only if

zp
[
f(z) ∗

1− 1−qp+2

1−qp z +
[
q−qp

1−qp z + qz2 qp+1−1
1−qp

]{(
1− λ 1−q−p

q−1

)
M(θ, p)− (q + λ

qp )
}

zp(1− z)(1− qz)(1− q2z)

]
̸= 0 (3.10)

for all z ∈ U∗ and θ ∈ [0, 2π), where M(θ, p) is given by (3.2).

Proof . From (2.3) it follows that f ∈ ΣpKq,λ[b;A,B] if and only if Φq(z) :=
q−1

1−q−p zDqf(z) ∈ ΣpS∗
q,λ[b;A,B]. Then,

accoding to Theorem (3.1), the function Φq belongs to ΣpS∗
q,λ[b;A,B] if and only if

z[Φq(z) ∗ g(z)] ̸= 0, (3.11)

for all z ∈ U and θ ∈ [0, 2π), where

g(z) =

1 +

{(
1− λ 1−q−p

q−1

)
1+Beiθ

qpb[1−q 1−q−p

q−1 +(A−Bq 1−q−p

q−1 )eiθ]
− (q + λ

qp )

}
z

zp(1− z)(1− qz)
. (3.12)

A simple computation shows that

Dqg(z) =
g(qz)− g(z)

(q − 1)z
=

(1− qp)− (1− qp+2)z

qp(q − 1)zp+1(1− z)(1− qz)(1− q2z)
(3.13)

+

[(q − qp)z + qz2(qp+1 − 1)](
(
1− λ 1−q−p

q−1

)
1+Beiθ

qpb[1−q 1−q−p

q−1 +(A−Bq 1−q−p

q−1 )eiθ]

qp(q − 1)zp+1(1− z)(1− qz)(1− q2z)

−
(q + λ

qp ))

qp(q − 1)zp+1(1− z)(1− qz)(1− q2z)

and therefore

1− q

1− q−p
zDqg(z) =

1− 1−qp+2

1−qp z + [ q−qp

1−qp z +
qp+1−1
1−qp qz2][

(
1− λ 1−q−p

q−1

)
1+Beiθ

qpb[1−q 1−q−p

q−1 +(A−Bq 1−q−p

q−1 )eiθ]

(1− z)(1− qz)(1− q2z)

−
(q + λ

qp ))]

(1− z)(1− qz)(1− q2z)
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Using the above relation and the identity

[
q − 1

1− q−p
zDqf(z)] ∗ g(z) = f(z) ∗ [ q − 1

1− q−p
zDqg(z)] (3.14)

it is easy to check that (3.11) is equivalent to (3.10). □

Theorem 3.3. If f ∈ Σp, then f ∈ ΣpS∗
q,λ[b;A,B] if and only if

1 +

∞∑
k=1

[ (1− λ
qp [k]q)

[
(1− q 1−q−p

q−1 ) + (A− qB 1−q−p

q−1 )eiθ
]
bqp

qpb
[(

1− q 1−q−p

q−1

)
+ (A− qB 1−q−p

q−1 )eiθ
] +

(
1− λ 1−q−p

q−1

)
(1 +Beiθ)[k]q

qpb
[(

1− q 1−q−p

q−1

)
+ (A− qB 1−q−p

q−1 )eiθ
]]akzk+p ̸= 0

for all z ∈ U∗ and θ ∈ [0, 2π).

Proof . If f ∈ Σp, then from Theorem (3.1) we have

zp[f(z) ∗
1 + (1− λ 1−q−p

q−1 ) 1+Beiθ

qpb[1−q 1−q−p

q−1 +(A−Bq 1−q−p

q−1 )eiθ]
− (q + λ

qp )z

zp(1− z)(1− qz)
] ̸= 0 (3.15)

for all z ∈ U∗ and θ ∈ [0, 2π), since

1

zp(1− z)(1− qz)
=

1

zp
+

∞∑
k=1−p

[k + p]qz
k (3.16)

it follows that

1 + (1− λ 1−q−p

q−1 ) 1+Beiθ

qpb[1−q 1−q−p

q−1 +(A−Bq 1−q−p

q−1 )eiθ]
− (q + λ

qp )z

zp(1− z)(1− qz)

=
1

zp
+

∞∑
k=1−p

[
1 + [

(
1− λ

1− q−p

q − 1

)
1 +Beiθ

qpb[1− q 1−q−p

q−1 + (A−Bq 1−q−p

q−1 )eiθ]
− λ

qp
][k + p]q

]
zk (3.17)

and we may that easily check that (??) is equvalent to (3.15). □

3.2 Duality

In this section, we by using the definitions of the duality in[5], for a set V ⊂ A,The dual set V , by V ∗is defined as

V ∗ =
{
g ∈ A;

1

z
(f ∗ g)(z) ̸= 0 for allf ∈ V and z ∈ U

}
.

Now, for a set W ⊂ Σp, the dual W , denoted by W ∗, is defined as

W ∗ =
{
g ∈ Σp; z

p(f ∗ g)(z) ̸= 0 for allf ∈W and z ∈ U
}
.

The standard reference to duality for convolutions is the morograph by Rucheweyh [14], and his paper [13]. Assume
that f ∈ Σp. By Theorem(3.1), f ∈ ΣpS∗

q,λ[b;A,B] if and only if

z2(f(z) ∗ hθ(z)) ̸= 0, z ∈ U∗, (3.18)

where

hθ(z) =

1 +

{(
1− λ 1−q−p

q−1

)
1+Beiθ

qpb[1−q 1−q−p

q−1 +(A−Bq 1−q−p

q−1 )eiθ]
− (q + λ

qp )

}
z

zp(1− z)(1− qz)
(3.19)

and

M(θ, p) =
1 +Beiθ

qpb[1− q 1−q−p

q−1 + (A−Bq 1−q−p

q−1 )eiθ]
. (3.20)



268 Golmohammadi, Alishahi

Moreover, for f ∈ Σp. By Theorem(3.1), f ∈ ΣpS∗
q,λ[b;A,B] if and only if

z2(f(z) ∗ Lσ(z)) ̸= 0, z ∈ U∗,

for all z ∈ U∗ and θ ∈ [0, 2π)., where M(θ, p) is given by 1, where

Lσ(z) =
1− 1−qp+2

1−qp z +
[
q−qp

1−qp z + qz2 qp+1−1
1−qp

]{(
1− λ 1−q−p

q−1

)
M(θ, p)− (q + λ

qp )
}

zp(1− z)(1− qz)(1− q2z)
.

Definition 3.4. We define W ∗ as follows:

W ∗
θ = (ΣpS∗

q,λ[b;A,B])∗

=
{
hθ(z) ∈ Σp; z

p(f(z) ∗ hθ(z))(z) ̸= 0 , f ∈ ΣpS∗
q,λ[b;A,B] , θ ∈ [0, 2π)

}
.

and

W ∗
ζ = (ΣpKq,λ[b;A,B])∗

=
{
lζ(z) ∈ Σp; z

p(f(z) ∗ lζ(z))(z) ̸= 0 , f ∈ ΣpKq,λ[b;A,B]
}
.

Theorem 3.5. Let function hθ(z) =
1

zp
+
∑∞

k=1−p ckz
k ∈W ∗

θ . The

|ck| ≤ (1 + q + q2 + · · ·+ qk+p−1)
{
(1− λ

1− q−p

q − 1
)

1 +B

qpb[1− q 1−q−p

q−1 + (A−Bq 1−q−p

q−1 )]

−(q +
λ

qp
)
}
− (1 + q + q2 + · · ·+ qk+p−1)

Proof . Let hθ ∈W ∗. Then we have

hθ(z) =
1

zp(1− z)(1− qz)
+

{
(1− λ 1−q−p

q−1 )M(θ, p)− (q + λ
qp )

}
z

zp(1− z)(1− qz)

=
1

zp
(1 + (1 + q)z + (1 + q + q2)z2 + · · ·+ qk+p−1)

+

{
(1− λ 1−q−p

q−1 )M(θ, p)− (q + λ
qp )

}
zp−1

(1 + q + q2)z2 + · · ·+ qk+p−1)

=
1

zp
+

∞∑
k=1−p

ckz
k

where

ck = (1 + q + q2 + · · ·+ qk+p−1)
{
(1− λ

1− q−p

q − 1
)M(θ, p)− (q +

λ

qp
)
}
− (1 + q + q2 + · · ·+ qk+p−1)

and so

|ck| ≤ (1 + q + q2 + · · ·+ qk+p−1)
{
(1− λ

1− q−p

q − 1
)M(θ, p)− (q +

λ

qp
)
}
− (1 + q + q2 + · · ·+ qk+p−1)

where

M(θ, p) =
1 +Beiθ

qpb[1− q 1−q−p

q−1 + (A−Bq 1−q−p

q−1 )eiθ]
.

□
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Corollary 3.6. Let f(z) =
1

zp
+
∑∞

k=1−p akz
k ∈ Σp. if

∞∑
k=1−p

[
(1 + q + q2 + · · ·+ qk+p−1)

(
(1− λ

1− q−p

q − 1
)|M(θ, p)| − (q +

λ

qp
)
)
+ (q +

λ

qp
)
]

+(1 + q + q2 + · · ·+ qk+p)|ck| ≤ 1,

Then f ∈ ΣpKq,λ[b;A,B].

Proof . Let hθ(z) =
1

zp
+
∑∞

k=1−p ckz
k ∈W ∗

θ . The we have

zp|(f(z) ∗ hθ(z))| = |1 +
∞∑

k=1−p

akckz
k|

≥ 1−
∞∑

k=1−p

|ak||ck||z|

> 1−
∞∑

k=1−p

|ak||ck

> 0.

Thus zp(f(z) ∗ hθ(z)) ̸= 0 and now form Theorem 2.1 we have f ∈ ΣpS∗
q,λ[b;A,B]. □
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