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Abstract

The purpose of this paper is to analyze the solvability of a class of stochastic functional integral equations by utilizing
the measure of non-compactness with Petryshyn’s fixed point theorem in a Banach space. The results obtained in
this paper cover numerous existing results concluded under some weaker conditions by many authors. An example is
given to support our main theorem.
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1 Introduction

Functional integral equations (FIEs) play an important role in expressing numerous scientific problems in mathe-
matical form in applied analysis [ [1T], 25] 27]. Although there are several different numerical methods to discover the
solutions of FIEs [4, @] 24] 26], a solution method is still not desirable for most of them. Many authors have suggested
different techniques for analysing the solvability of some integral equations [5], [14]. We also think on the approach
established on the utilisation of Darbo’s fixed point theorem in [6] [7] etc.

Such types of integral equations have also been solved via using Petryshyn’s fixed point theorem (PFPT) in
[3, 8, A5, 16, M7, 18, 29]. When integral equations are combined with stochastic ideas, it gives a new direction
to this subject. It is necessary to confirm whether a solution exists or not for the problem of stochastic integral
equations (SIEs). Stochastic integral equations and differential equations have been introduced and discussed in
[12, 13| 25| 28] Bl B2]. Recently, many researchers have proposed different techniques to confirm the solvability of
such equations.

Some techniques are discussed in [2] 2] by using Darbo’s fixed point theorems. This paper deals with a method
to examine the solvability of a stochastic FIE with the help of the MNC and PFPT.

In this paper, a method is proposed to investigate the existence of a solution of functional stochastic integral
equations in which the measurement of inflexibility and the Petryshyn’s fixed point theorem are used. Compared to
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the work of other researchers, in this paper, we try to provide a more general method for ensuring the existence of the
solution of the stochastic FIE, which we think is as follows:

a

o) = (F(putr oD uor(), [ o5, uba()as)) ) x (6o, uu(o), [ ao.s.uua(e))ize)

(1.1)

where ¢ € I, = [0,a] and unknown function u, along with additional known functions are stochastic procedures
specified on the probability space (2, f, P). Furthermore, B(p) is the Brownian motion.

2 Preliminaries and notations
2.1 Stochastic calculus

Definition 2.1. [19] B(¢)(Brownian motion) is a stochastic approach, with the following notations:

1. For every 0 < uj < ug < ... < up, the increments B(uq), B(ug) — B(u1), ..., B(un) — B(un—1) are freed of the
way;

2. B(u) — B(s) has a normal distribution with variance u — s and mean 0;

3. B(u), for 0 << u are continuous functions of w.

This description possesses established the start of motion from point u, and by counting the need for P(B(0) =
0) = 0, we get the standard Brownian motion description, in which motion begins at 0.

Definition 2.2. [I9] An approach H is called adjusted to the filtration /= (F ), if for all ¢, H(y) is [ ,-measurable.
Theorem 2.1. [19] If H be a continuous adjusted approach, then the It integral fo ©)dB(p) exists.

2.2 Preliminaries

In this manuscript, assume the following notations:
e Q: A real Banach space;
e B,: The open ball with center 0 and radius 7;
e OB,: The sphere around 0 with radius » > 0 in Q.

Definition 2.3. [20] Let J be a bounded subset of Q, and assume that «(J) denotes the Kuratowski MNC of J, that
is,
a(J) =inf{s > 0: J may be covered by finitely many sets by diameter < ¢}. (2.1)

Definition 2.4. [I0] The Hausdorff MNC is:
P(J) =1inf{s > 0: 3 a finite ¢-net for J in Q}, (2.2)

where by a finite ¢-net for J in Q we indicate, as general, a set {u1,us, ..., U, C Q such that B, (Q;uy), Bk (Q;us2)
s ooy B (Q; Uy, ) cover J. These MNC are mutually similar in the way

P(J) < a(J) < 29(J),

for any bounded set J C Q.

Theorem 2.2. [23] Let J,J € Q be bounded and A € R. Then

(U ) = max{y (), ()},
(T +J) <) + (),

CSOD AR,

() < YP(J ) where J C J,

L G(J) = (Conv) = (),

—

Ol = W N
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6. ¢¥(J) =0 if and only if J is pre-compact.

Here, we will consider a MNC in the space C[0, a] consisting of all continuous real-valued functions on [0, a]. The
space C0, a] is equipped with the usual norm

[[ull = sup{|u(p)| : ¢ € [0, a]}.
The modulus of the continuity for u € C[0, a] is defined by
2w, s) = sup{lu(e) — u(@)] : [ — ¢'| <<}
Theorem 2.3. [10] The MNC is equivalent to

¥(J) = lim sup y(u, ), (2.3)

s—=0yueg

for all bounded set J C C0, a].

Definition 2.5. [22] A continuous function K : @ — Q on a Banach space Q is called a k-set contraction if for all
J C Q, K(J) is bounded where J is bounded, and a(KJ) < ka(J),0 < k < 1. If

a(KJ) < a(J), forall J C Q,

then K is called a condensing (or a densifying) map.

Theorem 2.4. PFPT[23], see also [30] Let B, be an open ball centered at the origin in Q. If K : B, — Q is a
densifying map that fulfill the boundary condition,

If K (u) = ku, for some u in dB,, then k < 1, (P)

then, the set of fixed points of K in B, is non-empty.

3 Main Results
In this section, we analyse the solvability of the Eq. (|1.1)) under the following hypothesis:

(Cl) w e C(I,,R),F,G € C(I, x RxR xR,R), and p € C(I, x I, x R,R),q € C(I, x I, x R,R). Also, 7,v and
Oi, i I, — I,,1 = 1,2 are continuous for each ¢ € I,,.
(C2) There exist non-negative constants k, k" with 2k, 2k’ < 1 such that

|F (@, u1,u2,u3) — F(p, 1,2, u3)| < k(Jur — 1] + |ug — to| + |us — asl),

G, ur,uz, uz) — G, U, ta, us)| < K (Jur — | + [uz — G| + [uz — us)).
(C3) There exists rg > 0 so that sup{(L1) x (L2)} < rg, where,
Ly = sup{|F(p,u1,uz,us)| : for all ¢ € I, and ui,us € [—r9,70], |us| < MA},
M = sup{|p(¢, s,u)| : for all p,s € I,, and wu € [—ro,r0l},
Ly = sup{|G((p,u1,u2,U3)| : for all S Iaa and Uy, Uz € [_TOaTOL |’LL3| < N)‘}7

N = sup{lq(p, s,u)| : for all ,s € I,, and u € [—rg,70]},
A = sup{|B(¢)| : for all p € I,,}.

Theorem 3.1. Under the conditions (C1)-(C3), Eq. (1.1]) possesses at least one solution in Q = C(I,).

Proof .To show this result, we utilize the Theorem [2.4] as our general concept. Define P,Q : B,, = Q and K as
Ku = (Pu) x (Qu), where

Put) = (F (. ur (o). u@r (o). [ pliovsu(@ale))is) ) (3.1)
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and
Qu(e) = (G (s uto@)utm (o). [ a5, ua(e))aBO) ). (32)

for all ¢ € I,. Now, we prove P is continuous on B,,. Take ¢ > 0 and arbitrary u,v € B,, such that || u —v ||<.
Then for ¢ € I,, we obtain

(Pu)(e) - (P)(e)
| (F(outrionuer(o). [ ott s, ut)a5)) ) = (F (om0, [ piensueais)ani) )
<Hulr(e) ~ o] + Kl () — o(Oa(oD] + [ (o, 5,u(02(5)) — plioys, o0a(D)AB(S),

So,

(Pu)(@) ~ (Po)()] < 2B)lu — o] + kAol <)

Similarly, we have

(Qu)(e) ~ (@)(9)

(e (sutoton um). [ atesutueise) ) - (6(e ot me). [

<(2K)|lu — [l + K Ma(g; ),
where for all ¢ > 0 we define

a

(5. 3a ()5 () )|

I(p,s) = sup{[p(p, s,u) — p(p, s, )| : ¢ € 14,5 € [0,a],u,u € [~ro, 0], |u — @ <<},
[=70,70], [[u— 1l <}

u’
(g, <) =sup{lq(p,s,u) —q(p,s,0)| : ¢ € Io,s € [0,a],u,u €

Since p(y, s,u) and ¢(p, s,u) are uniformly continuous on [0, a] x [0,a] x R, we obtain j(p,s) — 0 and 3(¢,s) — 0
as ¢ — 0. So, P and () are continuous on B,,. Hence, K is also continuous on B,,.

Now, we show that P and @ fulfill the condensing condition with respect to ¢ in B,,. Select an arbitrary ¢ > 0.
Taking u € J, where J is a bounded subset of Q. Further, for ¢1, s € I,, we can have p; < o with s — 1 <.
We get

(Puea) = (Puon)| =|(F (o2 utrton, @rton). [ stia.s ulbale))asis) )
- (Plorutrtem o). [ porsatoanase) )
<[P (eavutrten). e, [ " bl s, uBa()dB(s))
= P utr(en) uts(en). |

‘F(% u(7(p1)), u(01(p1)) /wp (o1, 8,u(f2(s dB(S))
0

$1

P15, u(0:(5)))dB(s) )|

—F(<p1u u(f1 (1)) /0 p(p1, s, u(ba(s dB())‘
<klu(7(p2)) — u(T(p1))] + klu(01(p2)) — w(01(p1))]

2 P1
—I—k’/ (o2, 5,u(02(s)))dB(s / (1,8, u(fa(s dB(s)’—Fj}ao(F,C)
0

<k 5(7. <)) + kg 5(61,6)) + k / " b0, 5, u(02(5)) — plor, 5, u(ba(s)))|dB(s)

w8 [ s w0 )IAB() + 5, ()

<kj(u, 5(7,5)) + kg(u, 3(01,)) + kAgr, (p,s) + kMy(B, <) + g7, (F<).
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Similarly,

@u)ea) - @) =| (G (e utetea)) o)), [ s uua(s))an(s))
- (6(enutoton. bt [ mtors s )|

<K j(u, 5(v,<)) + K 3(u, )(11,<)) + K'Agy, (a:) + K’ Ny(B,<) + 3, (G, <),

where:
1y (0:5) = sup{|p(p, s,u) — p(@, 5,u)| : [ — @| <5, 0,8,5 € L, u € [=r0,70]},
Iro(@,6) = sup{la(e, 5,u) — q(@, s,u)| : [ — @| <<, 0,8, 5 € Lo, u € [—ro,70]},
Iy (Fy6) = sup{F(p,u1, uz, ug) — F(@,u1, uz, us)| : [ — @| < ¢, 0,8 € Lo, u1,uz € [—ro,70], [us| < MA}
I (Grs) = SUP{G(%UhumU?)) G(p,ur,uz,u3)| [ — @l <5,0,0 € Lu, ur,ug € [=7o,70), luz| < NA}
I(B,s) =sup{|B(p) — B(9)| : |¢ — ¢l <<, 0,0 € [=r0,70]}.

From the above relations, we have

J(Pu,s) <kj(u, 5(7,<)) + ky(u, 3(01,5)) + kA, (0, <) + kM (B, 3(0,)) + 27, (F,<)

and
2(Qu,s) <k'3(u, 3(v, <)) + k'3(u, 3(11,5)) + k' Map, (a,6) + K’ N3(B, 3(¢,5)) + 27, (G, 5).

Applying limit as ¢ — 0, we have

P(PJ) < (2k)1(J).

Also,
Y(QJT) < (2K")p(J).

Hence, K is a condensing map. Suppose that u € dB,,. If Ku = kz, then kro = k||z|| = ||Kul| and by (C3) we
obtain

Kol =| (£ (. utrto) utn o). [ ot ssuta(oans)

<(G(eetoln o). [ o s uuanase) )| < o

for all ¢ € I,. Hence, || Ku| < ro, so this shows k < 1. The proof is complete. []

Corollary 3.2. [2I] Let

(K1) F,G € C([0,a] x R x R,R) and there exists the constant 2 > 0 such that |F(¢,0,0)| < h, |G(¢,0,0)| < h.

(K2) For some continuous functions ai,as, as, a4 : [0,a] — [0, a], such that |F (@, u1,us) — F(p, 41, u2)| < a1(p)|ur —
1] + az(p)|uz — 2, |G(p, ur,uz) — Glp, 1, U2)| < az(p)|ur — 1| + as(p)uz — |,

(K3) there exists the constant k£ > 0 such that for all ¢ € [0, a], a1(p), az(p), as(v), as(p) < k.

(K4) p,q € C([0,1] x [0,1] x R,R) and there exist constants v1,v2 > 0 such that |p(y, s,u)| < v1 +2|ul, |¢(p, s, u)| <
7 + Y2lul, for all ¢, s € [0,1] and u € R.

(K5) 4¢n < 1, where ¢ = kv + h and n = k(720 + 1) and 8 = sup{B(¢); ¢ € [0, al}.

Then

a

ute) = (Fleutre), | s ulO())B() % (Glou(ee). [ dlesuluao)aBE)). 33

0

possesses at least one solution in @ = C(1,).
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Proof . It can be proved that if F(¢,u,uz,u3) = F(p,u1,u3) and G(p, u1, uz,us) = G(p, u1,us), then Eq. [L.1] will
be the Eq. We check that (C2) is completed by (K3) and (K4). Now, we prove that (C3) is also satisfied. Let
llul| <719, 70 > 0 and putting M = N = 1 + y2ro, then

)] = [F(eu(re). [ wpw,s,u(el(s)))dB(s)) < Glouwle)). [ dle.sulu())dB)|
< (F(putr(@), [ bl u(@r(5))dBE) | - 1F(6.0.0)] + Fp.0.0)
< (G leutvlo). [ afl(%s,U(uz(S)))dB(S)))l ~ Gl,0,0)| + [G(,0,0)))
< (@@u(r(e)] + aale) [ ol u(@r(6)DIaBE) + )

X

(as(@)u(v(9))] + asle / lg(t, 5, u(pa($)))|dB(s) + 1)
(k;||u|| + kMn + h) (k||u|| +kNn+ h)

< ((k + k)l + k1 + 1)’

< (nllull + ¢)?

for all ¢ € I,. Hence, ro in (C3) is the real number that fulfills in the following conditions

sup |u(p)| < (nro +¢)° < ro. (3.4)
p€l,

The inequality (3.4), possesses a solution in [ry, 73], where

1—20¢ — I —dp¢’

T = 2’[]2
and
1—217(—&—\/1—417
r2 = 277/2

Under the (K5), 1 —+/1 —4n{ < 1. So, ro = 71 is a positive real number. Now, the whole result got from Theorem
Bl O

Corollary 3.3. Let

(D1) f e C(I,xR,R), F € C(I,xRxR,R), and there exists constants fi, ¥, & such that | f (¢, 0)| < , |F (@, u(r(p)),0,0] <
Y+ Elu(p)l;

(D2) there exist the functions aj,as,a3 : I, — I, such that |f(p,u) — f(p,a)] < a1()|lu — @|, |F(p,uz,u1) —
F(p,ag,u1)| < az(p)|uz — a2, |F(p,u2,u1) — F(p,uz,81)| < az(p)|ur — a1, for all ug, @y, u2, 2 € R,, ¢ € I,
and let k = max{|a;(p)| : ¢ € I4,i =1,2,3}.

(D3) (Sub-linear condition) p € C([0,a] x [0,a] x R,R) be a continuous derivative function and fulfills in sub-linear
condition, so that there exist the constants v; and ~y, such that |p(p, s, u)| < v + v2|ul, for all ¢, s € [0,a] and
u € R.

(D4) k< m and x = sup{B(p); ¢ € [0,a]}.

Then
u(@) = £ (v ulr(2))) + F (. u(6r (), / " plo sula())dB(s).  pel,

possesses at least one solution in Q = C(1,).

Proof . Let ry = 1%{1 where
Ry =k+k+Eka(y) and Re = i+ 5 + ks(71).
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From (D4), Ry = k+ R + kkye <1 — (k+ kry2) < 1. So, 1¢ is a positive real number. In addition, we check that
(C2) is finished from (D2) and (D4). Now we prove that (C3) is also satisfied. Putting M = 1 4 2719, then

()l =|f (e, u(r(9))) + F (e, u(01(¢)), /OW P, s,u(ba(5)))dB(s))|

<[f (e ulr(#))) = f(p,0)] + [ f(p,0)] + |F(<P,U(91(80)),/O¢p(%s,U(92(S)))d3(8))
— F(p,u(61(9)),0) | + [F (0, u(6:1()), 0)
<klo| + i+ kﬁ(’n +2lul) +4 + &yl
<(k+ &+ ki(y2))|ul + 4+ 5 + kr(1),
for all ¢ € I,. Consequently,

sup |u(p)| < Rirg + Ry = R
p€l, — iU

+ Rz = ro.
Now, we get the complete result from Theorem O

4 Examples

As applications and to establish the efficiency of the presented approach, an example is discussed in this section.

Example 4.1. Let the following stochastic FIE.

e~ Ve 1 u(s
u(p) = (} cos( )+ 1 % sin(u(p) + 1/( L)LdB(s))

7 3+92" 51+ @+ p? 9 Jo 4+ u(s)]
1 @2 e % 1t [u(s)]
- — = ———>—)dB 0,1]. 4.1
><(5005(4)+2+2@cos(u(<p)+3/0 COS(5+|u(s)|) (s))7 ¢ €[0,1] (4.1)
Here,
01(p) = Oa2() = () = palp) =, forall ¢ €0,1],
1 e~ VP Uy U3 NG . b fu(s)|
F — — 3 E— J— O —_— = — 8§ = 7dB
(p, u1, ug, uz) 7(:05(3_’_%02)4- 5 + Oug + 5 Ul [ sin(u(p), usg /0 T+ Ju(s)] (s)
1 02 U1 us /1 le(s)]
_ 19t m us _ _1P B
G(p,u1, uz,us) 5cos( 1 )+ 5 + Oug + 30 s ; cos(5+ |gp(s)|) (s),
|u(s)]
= <1
plpys,u) = o= ()] P, s, u)| <
o) = os( ).t sl <1
for all ¢ € [0, 1]. Observe that the assumptions (C1) and (C2) are fulfilled. It is easy to see that (C3) also fulfill.
Taking o = (32 + $A)({5 + 3A), then we get M <1, N <1 and
LoV 1 e I ASO]
= = = —————dB
sup ‘ (7 sy ) T T gy ) T g /o 4+ Ju(s)] (s)>
1 u? e 1! lu(s)]
z = z _ I < ra.
X (5 cos( 1 )+ SEm cos(u(yp) + 3 /0 cos(5 T u(s)] )dB(s))‘ <7
for all ¢ € [0,1]. Hence (C3) holds if,
12 7
4.2
(o4 SN (o 30 < (1.2
This shows that
12 1 7
=(=+=A /\
o= (35 9N T3

and A = sup{|B(y)|; V¢ € [0,1]}. Hence, from Theorem [3.1|equation (4.1)) has at least one random solution in Banach
space [0, 1].
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Example 4.2. Let the following stochastic FIE.

| e [ulp)[sin(e) >/ Iu(s)
U(so)—<3( " 1+g0/ dB()

1+¢) 1+ |u(p)] 1+ 52

U 3 2 _
x(égosin(l(f))+2fr2il(l_ /\/ 1+ [u(s)))dB(s ) v e 0,1]. (4.3)

T+

Here,
() = 02(p) = p2() = v, v(p) =@, () =1 —¢ forall ¢ € [0,1],

e 2 u1|sin 2 2/ |u
F(907u17u23u3) = + ‘ 1| (¢) + . / | 2 dB
3(1+¢) 1+ fus] 2(1 4 ¢?) 1—1—3

G, s 1) = Sgsin(—)y 4 £ L —/ (T [u(s))dB(s)
Y, u1, 2,3_6¢ 1+90 2+2’LL2 7"‘@ 3 3 = 0
2

s~/ |ul
P, s,u) = P, 5,u)| < V/ul

1452’

Q((pa S,’LL) = ln(]- + |u|)7 |Q(90a S, 'I.L)| < \/m

Now, we can see that these functions satisfy the assumptions (C1) and (C2). We check that (C3) also holds.
Suppose that |lu]| < 7,79 > 0, then we have

()] = (3(6—2W N |u(ap)|sin(g0 1 + = / s2/|u(s) dB( )

1+ ) 1+ |u(y)| 14 52

u 3 2u —_
x(ésﬁsin(l(f;)Jer_Qil(l_ /WdB )|<7’0, (4.4)

T+
for all ¢ € [0,1]. Hence (C3) holds if,

( +3 WA)( + - fA)<7“o (4.5)
This shows that
oo LA+ VON + 1568)*
79 (A2 — 14)2

and A = sup{|B(¢)|; V¢ € [0,1]}. Hence, from Theorem [3.1|equation (4.3) has at least one random solution in Banach
space [0, 1].

5 Conclusions

The significance of the existence of solutions is one of the problems of researchers in the study of functional
stochastic integral equations. So far, various methods have been developed for this purpose.This paper is based on an
additional general form of the functional stochastic integral equation, which also covers some other equivalent works.
In the presented method, Petryshyn’s fixed point theorem and the idea of MNC with weaker conditions are used.
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