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Abstract

This paper proves an equality for the case of twice-differentiable convex functions involving conformable fractional
integrals. Using the established equality, we give new Simpson-type inequalities for the case of twice-differentiable
convex functions via conformable fractional integrals. We also consider some special cases which can be deduced from
the main results.
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1 Introduction and Preliminaries

The convexity of functions is a very important and fundamental concept in both areas of pure and applied math-
ematics. This function has attracted considerable attention and has been applied to various inequalities by many
researchers. The most famous inequality which has been used with convex functions is Simpson type inequality. This
inequality, a well-known technique of numerical integration and approximations for definite integrals, was discovered
by Thomas Simpson.

Theorem 1.1. Let f : [a,b] — R be a four times continuously differentiable function on (a,b) and H f(4)HOO =
SUD, e (q,0) |f®(2)| < co. Then, the following inequality holds:

: [f(a)+4f (a;b> +f(b>] - bia/abf(x)dx

Sarikaya et al. [I9] introduced Simpson-type inequality for the case of twice-differentiable convex function, and
they used the following lemma to prove the main inequalities.
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Lemma 1.2. [19] Let f: I € R — R be twice-differentiable function on I° such that f” € L [a,b], where a,b € T
with @ < b. Then, we have the following equality
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= (b—a)’ Vj;(;_a fu(tb+(1_t)a)dt+/;(1—t) (;—;) b+ (1 —t)a)dt

Using Lemma Sarikaya et al. [19] established the inequalities as follows

Theorem 1.3. [I9] Assume that the assumptions of Lemma [1.2) hold. If |f”| is convex on [a,b], then the following

inequality
1 a+b
@+ (50) 410 - 2

Theorem 1.4. [6] Let us consider that the conditions of Lemma hold. If |f”|? is convex on [a,b], then the
following inequality holds:
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is valid.

Theorem 1.5. Suppose that the assumptions of Lemma hold. If |f”|? is convex on [a,b], then the following

inequality holds:
b
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Simpson-type inequality via fractional calculus have been considered widely by many interested researchers. Frac-
tional calculus is a field of mathematics that expands the traditional derivative and integral ideas to non-integer orders.
The popularity of this topic among mathematicians continues to increase very strongly in resent years (see [5l []).
Fractional derivatives are also used to model a wide range of mathematical biology, as well as chemical processes,
physics and engineering problems [9, 4, 8].

which is given by [I8, Proposition 7].

New studies have been discussed on developing a class of fractional integral operators and their applicability in
a variety of scientific disciplines. Using only the derivative’s fundamental limit formulation, a newly well-behaved
straightforward fractional derivative known as the conformable derivative was developed in paper [16]. Moreover,
some important requirements that cannot be fulfilled by the Riemann-Liouville and Caputo definitions are fulfilled
by the conformable derivative. By the way, the author [I] proved that the conformable approach in [I6] cannot yield
good results when compared to the Caputo definition for specific functions. This flaw in the conformable definition
was avoided by some extensions of the conformable approach [20] [12].

Kilbas et al. [I7] defined fractional integrals, also called Riemann-Liouville integrals as follows:

Definition 1.6. [I7] The Riemann-Liouville integrals Jf +f(x) and Jf_ f(x) of order § > 0 are respectively given by

Sit@) =55 [ =07 st 2> a (L1)
and . . 1
TP f(a) = M/m (t— 2" f(t)dt, x<b, (1.2)

where f € Li[a,b] and I' denotes the Gamma function. The Riemann-Liouville integrals reduces to the classical
integrals in the case § = 1.
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Budak et al. [6] obtained an equality for twice differentiable functions via Riemann-Liouville fractional integrals.
Then, the authors established several fractional Simpson type inequalities for the case of functions whose second
derivatives in absolute value are convex.

Lemma 1.7. [6] Let f : [a,b] — R be twice-differentiable function such that f” € Lj[a,b]. Then, the following
equality holds:

1P@+H<

! a+b)+f(b)} 2270 (B+1)

2 (b—a) [0 @+ I £ )
(b—a)® 98

G l/o%t@Sﬁﬂtﬁ)f”(tbﬂlt)“)d”/:(lt)(l316)%:(1t)ﬁ>f”(tb+(1t)a)dt.

-

Budak et al. [6] presented Simpson type inequality for the case of twice-differentiable convex mappings via fractional
integrals using Lemma to establish their main equalities. The authors [6] obtained the following Simpson type
inequalities for convex functions.

Theorem 1.8. [6] Assume that the assumptions of Lemma hold. Assume also that the mapping |f”| is convex
on [a,b]. Then, we have the following inequality

a A1 —a)?
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Theorem 1.9. [6] Suppose that the assumptions of Lemma hold. Suppose also that the mapping |f”|?, ¢ > 1 is
convex on [a, b]. Then, the following inequality
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Theorem 1.10. [6] Assume that the assumptions of Lemma hold. If the mapping |f”|?, ¢ > 1 is convex on [a, b],
then we have the following inequality

é[f@%+ﬁ(a;b>+f®4—?ifjizn
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where ¢ (8) is defined as in (1.3)) and
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Remark 1.11. For classical integrals,
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(i
(ii

if we put 2 = 1, then Lemma[L.7]leads to Lemma [L.2]
By setting g = 1, then Theorem reduces to Theorem [1.3]

— — — —

(iii) Let us consider § = 1. Then, Theorem becomes to Theorem
(iv) Considering 8 = 1, then Theorem equals to Theorem

Jarad et al. [I3] introduced the following fractional conformable integral operators. They also provided certain
characteristics and relationships between these operators and several other fractional operators in the literature. The
fractional conformable integral operators are defined by as follows.

Definition 1.12. [13] For f € L;[a,b], the fractional conformable integral operator #.J* f(x) and #.J2 f(z) of order
B € C,Re(B) > 0 and « € (0,1] are respectively given by

Bja pp = L [ (le=a)*—(t—a)* S0 "
Jor f( )_F(B)/a ( - ) gl e (1.4)

and

oo gy L [ (=) ==\ )
Jef( )_F(ﬁ)/w < - ) —dt, t<b. (1.5)

Note that, the fractional integral in coincides with the Riemann-Liouville fractional integral in when
a =0 and a = 1. Moreover, the fractional integral in coincides with the Riemann-Liouville fractional integral in
when b = 0 and o = 1. Some recent results connected with fractional integral inequalities, see [10} 111 [7), [T5], 14 2]
and the references cited therein.

With the help of the continuing studies and mentioned papers above, we will prove some new Simpson type
inequalities associated with twice-differentiable convex function via conformable fractional integrals. The entire form
of the study takes the form of three sections including introduction and Preliminaries. In section [2] we will prove
an equality for the case twice-differentiable functions involving the conformable fractional integrals. Moreover, we
will also show that the newly established equalities are the generalization of the existing Simpson type inequalities.
Finally, summary and concluding remarks are given in Section [3]

2 Main Results

Lemma 2.1. If f : [a,b] — R is an absolutely continuous function on (a,b) so that f” € L; ([a,b]) with a < b, then
the following equality holds:

290101 (B 4 1) [
(b—a)*”

(bajaﬁ j jl(l(lﬁy)ﬂ&;]ds £ (th+ (1—t)a)dt

+0/ O/Kl_(la_%)a)ﬁ_?);ﬁ] ds | f" (ta+ (L= t)b)dt b . (2.1)

Proof . Let us consider

Ut f@+ 2T 1 0) - § @+ ar (S50) + 7 0)

Nl

ay B
1(125)> L ] ds | f" (ta+ (1 —t)b)dt p = b-ao? {A1 + Ao} (2.2)
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If we use the facts of the fundamental rules of integration by parts, then we obtain
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Hence, we obtain

1—28 A 1 , a+b
(/ (e ds) ()
0
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(b a)23 ( ( >+f(a)>+<b—a) (b— ) Ja+b f( ) (2.3)
Then, similar to foregoing process, we have
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If we substitute equalities (2.3) and (2.4) in the equality (2.2)), then we can easily have

Pt s+ Pz s 0] - ¢ 1@+ (S50 £ )]

(b—a)® o’ 295 1aPT (B +1) 14
At A= b—a)?

This completes the proof of Lemma O

Remark 2.2. In Lemma we have the equalities as follows:

(i) if we select v =1 in (2.I), then Lemma [2.1]is equal to Lemma [1.7]
(ii) Let us consider « =1 and 5 =1 in (2.1). Then, Lemma [2.1| reduces to Lemma

Theorem 2.3. Let us consider that f : [a,b] — R is a differentiable function on (a,b) such that f” € Ly ([a,b]). If
|f”| is convex on [a,b], then the following inequality holds:

208=1aBT (B + 1)
(b—a)*”

(b—a)® o’
- 2

STt f @)+ P f(b)}—é[f<a>+4f(“§b)+f<b>H

1 (e B) [IF" (@) + 17 (0], (2.5)

o <a,ﬁ>=i /l(l‘“a‘“)ﬂ—g;ﬁ] ds| dt.

0

where

Proof . Let us take the absolute value of both sides of (2.1). Then, we get

208-1a8T (B +1)

[Pt f@+ 2z, 10 - g [1@+ar (450 +f<b>}|

(b—a)*” 2
§<b—gfoﬁ Ejkj[<1_(i;2@a>ﬁ_3iﬁlﬁ;U”@b+(1—ﬂaﬂdt
0 0
+/%/t[( 1—25) )ﬁ_?);ﬁ] ds||f" (ta+ (1 —t)b)|dt 5 . (2.6)
0 0

Since |f"] is convex on [a, b], we get

208=1a8T (B +1)
(b—a)*’

—a)labf 2| —(1-25)*\"
L boofar /m(lﬂaﬂ) _3;] | 157 0+ (=0 1" @)

+//[( 1‘25)) —3;5] ds| [t1£” ()] + (1 = 1) £ ()] dt
0 |0

Thus, the proof of Theorem [2.3]is finished. OJ

[P f @+ P2, (b)}—é[f(a)+4f<a;b)+f(b)”

Remark 2.4. In Theorem we have the inequalities as follows:
(i) if it is chosen aw = 1 in (2.5)), then Theorem becomes to Theorem
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(ii) For « =1 and 8 =1 in (2.5)), then Theorem [2.3| reduces to Theorem

Theorem 2.5. Suppose f : [a,b] — R is a differentiable function on (a,b) so that f” € Ly ([a,b]). If | f”|? is convex
on [a,b] with ¢ > 1, then the following inequality holds:

LT oy gt g, r0] - rear (552) 0]

2

(b—a)?a” 77 O+ 317 @I\, (1 @]+ 317 B\
§2wﬂml( 3 ) +< < )

(2.7)

1,1 _
Here, 5+af1and

1

D p

o= ][]0y Ll
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Proof . If we apply Holder inequality in (2.6]), then we have
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/\f”(tb+(1—t)a)|th + /|f”(ta+(1—t)b)|th
0 0

Qe
Q=

From the fact that |f”|? is convex on [a, b], it yields

2081 (B + 1) 1
(b—a)? [P s @+ Pz, s 0)] -

=y

| —|
&H
S~—
+
i
&N

7N
Q
vo| 4
S

N———
+

&H

—

S

[

1
2

oo’ /j[(l—(lﬁ“)ﬁ_?;ﬁ]ds »
0

0

Q=

x /(tlf” O + A=) (@) dt | + /(tlf” @[+ @ =) [f" @) dt
0 0

o =
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8 8
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This ends the proof of Theorem O

Remark 2.6. In Theorem we obtain the inequalities as follows:
(i) if we assign o =1 in (2.7]), then Theorem equals to Theorem
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(i) Let us note « = 1 and 8 =1 in (2.7). Then, Theorem [2.5 reduces to Theorem

Theorem 2.7. Assume f : [a,b] — R is a differentiable function on (a,b) so that f” € Ly ([a,b]). If |f”]|? is convex
on [a,b] with ¢ > 1, then the following inequality holds:

2081087 (B + 1)
(b—a)*”
—a 2015 1—1 17 q 1 q
< %(@1 (o, B)) {(@2 (o, B) 1" (D) + (1 (v, B) — @2 (r, B)) | f" (a)|")

+ (22 (0, B) I @) + (1 (0 8) = 2 (@, ) 1 1)) 1] (28)

o= [ (07 o
0

0
Proof . Applying power-mean inequality in (2.6)), we have

[Pt f@+ 2t f 0] - g [F@war (5) 41 0)

Q=

Here,

dt.

208=1a8T (B +1)
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e 2o
[ty ] o
{f

0 0/ [(1(1(1 2S)a>ﬁ30‘15] -

It is known that |f”|? is convex on [a,b]. Then, we have

[2azp d @+ 2azp 1 0] - ¢ 1@+ 47 (S5) + £ 0]

1
a

If7 (tb+ (1 — ) a)|* dt)

q

lf" (ta+ (1 —1t) b)th>

208=1a8T (B +1)
(b—a)*”

ey -
(/

[0 g

(b_a) of 1-1 " q 7 q
= T (e (@) (w2 (@ B) I )" + (o1 (0 B) — 2 (. B)) f” (@)])

+ (2 (@ B) 7" (@] + (01 (0, 8) — @2 (e ) | (0)|%) ]

which completes the proof of Theorem O

[#r2a @+ 2t s 0] - ¢ 1@+ 1 (5) + 1)

1
a

(1" O + @ =) 1f" (@)’ dt)

(1" @]+ @ =) 1" (b)q)dt)

Q=
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Remark 2.8. In Theorem [2.7] we get the inequalities as follows:

(i) Consider a =1 in (22.8). Then, Theorem becomes to Theorem [1.10]
(ii) if we take « = 1 and § =1 in (2.8)), then Theorem reduces to Theorem

3 Summary and concluding remarks

In this work, we established new estimates of Simpson type inequalities via conformable fractional integrals for

the case of twice-differentiable convex functions. Our main results were proven to be generalizations of the Riemann-
Liouville fractional integrals related to Simpson type inequalities. In future works, researchers can obtain similar
inequalities of Simpson-type inequalities via conformable fractional integrals for convex functions by using quantum
calculus. Furthermore, the ideas and strategies for our results concerning Simpson type inequalities via conformable
fractional integrals may open new avenues for further research in this area.
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