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Abstract

This article is a revision and correction of the chapter book [S. Hadi Bonab, V. Parvaneh, Z. Bagheri, n4-Admissible
Mappings for Four Maps in Cx-Algebra-Valued MP-Metric Spaces with an Application, In: P. Debnath, Delfim F.
M. Torres, Yeol Je Cho, Advanced Mathematical Analysis and its Applications, CRC Press, 2023, 97-113.]. In this
article, we first introduce the concept of n-admissible mapping in C*-algebra valued M7P-metric spaces, which is
a generalization and combination of "modular metric spaces”, ”parametric metric spaces” and ”C*-algebra-valued
metric spaces”. Then, for four mappings in these spaces, we prove several fixed-point theorems. We give an example
and an application regarding the solvability of operator equations and integral equations, respectively, to support the
new findings.
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1 Introduction

In this article, due to errors in the chapter book published in the CRC Press [12], we have reviewed and corrected
the required items. To correct and edit the previous version, some definitions and a Remark (Definitions and
and Remark that are needed to prove the main results have been added. Also, some required assumptions
in the presented theorems in the main results section have been revised in order to improve and modify the proof of
the claims.

In recent years, many researchers have generalized the Banach fixed point theorem [2] in many directions and
frameworks, for example: in cone metric spaces [9], G-metric spaces [10], vector-valued metric spaces [8, [I1], b-
metric spaces [I7], b-rectangular metric spaces [29], generalized parametric metric spaces [31], modular b-metric spaces
[7, 28] etc. Also, many mathematicians have presented different extensions of contraction mappings on complete

*Corresponding author
Email addresses: hadi.23bonab@gmail.com (Samira Hadi Bonab), zam.dalahoo@gmail.com (Vahid Parvaneh),
zohrehbagheri@yahoo.com (Zohreh Bagheri)

Received: September 2023  Accepted: November 2023


http://dx.doi.org/10.22075/ijnaa.2023.32048.4752

2 Hadi Bonab, Parvaneh, Bagheri

metric spaces and developed them in different ways and turned it into a general rule. For more information, see
[3, 5L 6l 13, [15] 221 27, [30] B32].

Nakano [25] introduced modular spaces in connection with the theory of ordered spaces, which was later generalized
in [24]. In [16], Hossein et al. introduced the concept of parametric metric spaces. Several authors investigated fixed
point theorems for multivalued contractions. Kotbi and Latif [I8] studied fixed points of multivalued maps in modular
function spaces. Also, see [4, [I4] for more information.

In 2014, using the set of all positive elements of a unit C*-algebra instead of the set of real numbers, the concept of
a C*-algebra valued metric spaces [20] was introduced. Later, many authors studied in this field and presented many
results (See [19, 23] 26, 33]).

In 2012, the concept of n-admissible mapping was presented by Samet et al [30]. In this chapter, we introduce
this concept in a C*-algebra valued modular parametric metric space (CAVMPMS) for four mappings, which is
a generalization and combination of modular metric space, parametric metric space and C*-algebra-valued metric
space. In the following, these concepts are used to prove some fixed point theorems through C*-contractions and also
Kannan-Ciri¢ C*-contractions.

Throughout this paper, A denotes a unital algebra with unit I, and 0 is the zero element. An involution on A
corresponds to the conjugate linear map k — k* on A if y** = 5. If ()+p)* = )"+ " and (yp)* = p*y* for all y, p € A,
then the pair (A, %) is called an x-algebra. A Banach x-algebra is an *-algebra A with the complete submultiplicative
norm so that || »* ||=| 7 || for all 7 € A. A C*-algebra is a Banach *-algebra so that || 5*7 [|=]|| 7 ||* for all y € A.
Let $) be a Hilbert space and B($)) be the set of bounded linear operators on £, then B($)) is a C*-algebra with the
operator norm. Let A, be the family of all self-adjoint elements in 4. An element 5 € A is positive ( 3 = 0) if 5 € Ay,
and spectrum o(7) = {\ € C' | X — yis not invertible} C Ry. Set At = {3 € A: 7= 6}, then AT = {5*7: € A}
[23] and (7*7)2 = |j]. We write # < y if # < y and = # y. Note that a partial ordering < on A, is as follows:
13 pS p—g=0 If j,p € Asq and ¢ € A, then 3 2 p = ¢*j)¢ = ¢*pq, and if 3,0 € A, are invertible, then
12p=0=p " 2y7h

Definition 1.1. [Z] Consider a nonempty set II. A mapping U : II> — [0, c0) is called a metric on II, if:

1. (¢, 0) = 0ff ¢ = £;
2. U(¢, ) = U(¢, () for each ¢, ¢ € II;
3. U(¢,0) <U(¢,n) +U(n, L) for each ¢, ¢,n € I1.

Then (II, U) is called a metric space.

Definition 1.2. [20] Let the function U : 1> — A ( II is a nonempty set) verifies the following for all ¢, ¢,n € II:
(1) 0 2 U(¢,¢) and B(¢,0) =0 iff ¢ = ¢;
(i) B(¢, €) = B(L,¢);

(iti) B(C, £) 2 B(¢,m) + O(n, £).
Then (II, A, U) is called a C*-algebra-valued metric space.

Definition 1.3. [I4] Consider the self-mappings £ :II — T and G : II — II. If § = £{ = G¢ for some ¢ € II, then ¢
is called a coincidence point of £ and G. < is said to be a point of coincidence of £ and G.

Definition 1.4. [I4] Consider the self-mappings £ : II — [T and G : IT — II. If £ and G commute at their coincidence
points, then they are called w-compatible.

Definition 1.5. [2I] The function W : (0,4+00) x II? — A is said to be a C*-algebra-valued modular metric on
nonempty set II, if

1. Wi(¢,¢) =0 iff ( = ¢ for all A > 0;

2. Wh(C, 0) = Wh(¢4,¢) for all A > 0 and for all ¢, ¢ € II;

3. Wiagu(G ) WA, ) + Wy(n, £) for all (,£,n € IT and all A, > 0.
Then the pair (IT, W) is called a C*-algebra-valued modular metric space.
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Definition 1.6. [3I] Let II be a nonempty set. A function P : IT1? x (0, +00) — [0, +00) is said to be a parametric
metric on II, if

L P(C. 1) =0iff ¢ = £;
2. P(¢,4,1) =P(L,¢,¢) for all v > 0;
3. P, 4,0) <P(Cm, L) +P(n, L) for all ¢,¢,n €I and all ¢ > 0.

Then the pair (II, P) is called a parametric metric space.

Definition 1.7. [30] Let  : 112 — [0, 00) ( I is a nonempty set). A mapping T : IT — II is said to be an n-admissible
mapping, if
(¢ 0) 2 1= n(T¢,TE) > 1, for all .0 € IL.

Definition 1.8. [I] The max function on C*-algebra A with the partial order relation = is defined by:

max{(, ¢} =0 ¢ =<Lland | C|<| L), forall(,¢c AT.

2 Main results
2.1 n-admissible mappings

In this section, we present the concept of n-admissible mapping in a CAVMPMS to achieve a common fixed point
for 4 maps. First, we introduce the following definitions:

Definition 2.1. Let Z be a self-mapping on IT and let 71 : (0,00) x II? x (0,00) — AT be a function. We say that T
is an n-admissible mapping if
77)\(4-7& L) = I.A = nA(IC7I‘€1 L) = I.Av

where (,¢ € Il and A, ¢ > 0.

Definition 2.2. Let £ and G be two self-mappings on a set II and let 7 : (0,00) x II? x (0,00) — A" be a function.
A pair (£,G) is said to be,

(i) weakly n-admissible if n\ (£, GL,, ) = T4 and na(GC, LG, 1) = 14 for all ¢ € TT and for all A\, > 0,
(ii) partially weakly n-admissible if 1y (L£{,GL, 1) = 14 for all ¢ € IT and for all A,¢ > 0.

Let IT be a nonempty set and £ : IT — II be a given mapping. For every ¢ € II, let L71({) = {U € X : LU = L(}.

Definition 2.3. Let II be a set, £,G, Q : IT — II are mappings so that LITU GIT C QII and let 7 : (0,00) x IT? x
(0,00) — AT be a function. The ordered pair (£,G) is said to be:

(a) weakly n-admissible with respect to Q iff, nx(L£(,Gl, 1) = T4 for all £ € Q7(LC) and 0 (G(, LL, 1) = I 4 for all
€ Q7H(G0),

(b) partially weakly n-admissible with respect to Q if nx(L£(, Gl 1) = T4 for all £ € Q~1(L(), for all ¢ € I and for
all A0 > 0.

Remark 2.4. In the above definition:
(i) if G = L, we say that £ is weakly n-admissible (partially weakly n-admissible) with respect to Q,

(ii) if @ = Irr (the identity mapping on IT), then the above definition reduces to the concept of weakly n-admissible
(partially weakly n-admissible) mapping.

From now on, we assume that A, ¢ > 0.

Definition 2.5. Let £ and G be two self-maps on a set II and let 7 : (0,00) x II? x (0,00) — AT be a function. The
weakly n-admissible (partially weakly n-admissible) pair (£, G) is said to be triangular weakly n-admissible (triangular
partially weakly n-admissible) if 9y ((, ¢, ¢) = T4 and 0 (¢, p,¢) = T4 imply nx (¢, p,t) = 14 for all ¢, ¢, p € 1.



4 Hadi Bonab, Parvaneh, Bagheri

Definition 2.6. Let II be a set, £,G, Q : IT — II are mappings such that LITU GII C QII and let 7 : (0, 00) x II% x
(0,00) — AT be a function. The ordered pair (£, G) is said to be triangular weakly n-admissible (triangular partially
weakly n-admissible) with respect to Q if it is weakly n-admissible (partially weakly n-admissible) with respect to Q
and n (¢, ¢, 1) = I4 and nx(€, p,¢) = L4 imply na(C, p,¢) = I4 for all {, ¢, p € I1.

Definition 2.7. The function MP : (0,00) x II1? x (0,00) — [0,00] is called a modular parametric metric (MP-
metric) on nonempty set II, if

(1) MP(¢,4,0) =0iff ¢ = ¢ for all ¢,¢ € TT and for all \,¢ > 0;

(2) MPA(C, L) = MPr(K, C,0);

(3) MPryn(C, €, 1) < MPA(C,m,0) + MP,(n, ¢, ) for all ¢,¢,n €Il and for all A, ¢ > 0.
Then the pair (I, MP) is called a MP-metric space.

Definition 2.8. The function P : 112 x (0,+00) — AT is said to be a C*-algebra-valued parametric metric on
nonempty set II if|

1. P(¢,4,0) =0 iff { = ¢ for all {,¢ € II and for all « > 0;
2' ,P(C’ 67 [/) = P(£7 C7 [/);

3. P(¢,4,0) X P(C,n, ) +P(n, L) for all ¢,¢,n € II and for all ¢ > 0.
Then the pair (IT, P) is called a C*-algebra-valued parametric metric space.

Definition 2.9. The function C : (0,00) x I12 x (0, 00) — A" is called a C*-algebra valued MP-metric on nonempty
set II if:

(1) Cx(¢,4,0) =01iff ¢ = ¢ for all ¢,¢ € IT and for all A\,¢ > 0;

(2) CA(C, 4,1) = CA(L, G, 1)

(3) Caspu(C 4, t) 2 Cx(Cmyt) +Cpu(n, €, 0) for all ¢, £,n € I and for all A,¢ > 0.
Then (II, A, C) is called a CAVMPMS.

Definition 2.10. Let (II,.4, C) be a CAVMPMS and let 7 : (0,00) x IT* x (0,00) — AT be a function. We say that
(I1, A, C) is p-regular if ¢z — ¢, where n\((g, (Gyq5¢) = La for all i € N, then 1)\ ((5,(,¢) = 14 for all h € N.

Theorem 2.11. Let (I, A, C) be a complete CAVMPMS and £, G, Q, Z be self-mappings on I, so that the following
conditions are satisfies:

(i) £(IT) C Z(I1), G(IT) € Q(II) and 7 : (0,00) x 112 x (0,00) — A be a function.
(ii) Suppose that for all ¢, ¢ € II with n\(Q(,Z¢,1) = 14,

CA(LE, G, 1) = I [CA(QC, T4, )]0 for all A,v > 0, (2.1)

where || 9 ||< 1.

Assume that (II, A, C) is n-regular and the pairs (£, G) and (G, £) are triangular partially weakly n-admissible with
respect to Z and Q, respectively.
Then

(A) If one of L(IT) U G(IT) and Q(II) UZ(II) be complete, then (£, Q) and (G,Z) have a coincidence point in II. If
i (QU,TU, L) = I 4 for all coincidence point U, then £, G, Q and T have a coincidence point.

(B) if (£, Q) and (G,Z) be w-compatible, and if ny (U, ZU, ) = I 4 for all coincidence point U, then £, G, Q and T
have a common fixed point in II. If 7y (QU,ZU*,.) = I 4 for all common fixed points U and U*, then £, G, Q and T
have a unique common fixed point in II.

Proof . Let (y be an arbitrary point of II. Choose (; € II such that £L{y = Z(; and (5 € II such that G{; = Q(s.

Continuing this way, construct a sequence {5} by:

L on = TCony1 = Lont1
GCont1 = Qlant2 = lonto, Yh > 0.
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As (1 € T7YL) and (o € Q7 1(G(y) and the pairs (£,G) and (G, £) are partially weakly n-admissible with respect
to Z and Q, respectively, we have,

(T = LEo,GC = Qla,t) = I
and

(GG = QC2, LG = I(3,t) = 14.

Repeating this process, we obtain 7 (ZCap+1, Qlonta,t) = nx(lont1, lanra,t) = I4 for all A > 0. So, we can apply
contraction (2.1) which implies that

Ca(Carit1, lantra, t) = Ca(LC2n, GCony1st)
= 0"[Cx(QCan; ZConit1,1)]0
= 0%[Cx(€ap, larit1, )]0

So, by induction, we get

Cr(lans1, banya, t) = (0%)2HNCA (Lo, £1,0)]0% L.

Similarly, it can be shown that

Ca(lan, b1, 1) = (0°)*P[CA(Lo, £1,0)]0%".

Now, for every i € N we can get
Ca(ln, s, t) = (0F)"CA(bo, 41, 0)]0"
j (5*)hw08h7

where wq := C)(fo, ¢1,t). Therefore,
1CA (U, Lrr, )| < (10112) |0l (2.2)

Since || 0 ||< 1, taking i — oo, we have lims o0 [|CA (€5, lrt1, )| = 0.4. We show that {¢5} is a Cauchy sequence
in II. Assume on contrary that, there exists ¢ > 0 for which we can find subsequences {{2,,,(x)} and {€o7;)} of {€y5}

such that A(k) > m(k) > k and
C)\(£2m(k)7£2ﬁ(k)7 L) o (23)

for some A, . > 0 and Ai(k) is the smallest number such that the above condition holds, i.e.,
C/\(€2m(k)7fgﬁ(k)71a L) <e. (2.4)
From triangle inequality and and , we have
& 2 Callam(k)s Lomrys ) = Cy (Cam(k)s Lomry—10 ) + C3 (Coiry 15 Camrys 1) (2.5)
Taking the limit as k — oo in , from we obtain that,

lim sup C,\(Kgm(k),ézg(k), L) =e. (2.6)

k—o0
Using triangle inequality again, we have
Calamk)s Cofi(y> ) = Ca (Com(rys Lam()+15 1) + Co (Com(i)+15 Lamgry» 1)-
Making k — oo in the above inequality, we have

& = lim sup Cx (Lo (k)+1, Comry» L)- (2.7)

k— o0

We know that 2h(k) — 1 > 2m(k) and nx(QCsr, 9, i1 t) = Ma(GCo54 1, LCo5,t) = L4 for all h € N. On the other
hand, the pairs (£,G) and (G, L) are triangular partially weakly n-admissible with respect to Z and Q, respectively.
S0, I (LCp(ky 10 Qahr)—2:¢) = La and nx(QCoxk) 2 TCop(k) - ¢) = La implies mx(ZCopk) 15 LCoh(ry s> t) = La-
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Also, M\ (ZCoR k) — 15 LCoR(r)—3> ) = La and nx(ZCop )30 Qom(r)—a»t) = La implies that nx(ZCyz 1) QoR(r)—1-t) =
I 4. By continuing this process, we get 1y (ICQE(k)—1a QCom(k), ) = 14. Now by applying 1) we have
C)\ (€2m(k)+1; ggﬁ(k)v L) % (€2m(k +1a 2h(k)> )
% (‘CCQm(k) gggﬁ(k)fla L)

2.8
< 07105 (Qam(tys Ty 10 )0 28)
= 8* [C% (€2m(;€), 525(16)71, L)]a
Taking the limit as £k — oo in (2.8), we have
e 3 0*[e]d (2.9)

which after getting the norm leads to a contradiction. Hence, {5} is a Cauchy sequence in II. Assume that Q(IT)UZ(II)
be complete. In this case, there is & € Q(II) U Z(II) so that ¢z — U as h — oo. Further, the subsequences
{QGrny2} = {GCnr1} = {lonto} and {ZCony1} = {L{an} = {lons1} of {fr} also converge to the point U. Since
U € Q(IT) UZ(IT), we have U € Q(II) or U € Z(II). If U € Q(II), then we can find V € II so that QY = U. We claim
that £V = U. n-regularity of IT implies that nx(QV,Z{ox+1,t) = I4. So, we see that

Cor(LV,U, 1) 2 CA(LY,Glokt1,t) + Ca(Glanr1, U, 0)
= 0" [CA(QV, Z 41, 1)]0 + Cx(GCant1,U, 1).
So, we get

| Coa(LV. U, ) | <110 P Cr U, Zongr, )1+ | Cr(GConsr, U, ).

Since || 0 ||< 1, making A — oo, we have LV = QV = U. Since U € L(II) C Z(II), there is & € II such that
IS = U. Now, we show that G = U. In fact, as 9y (ZS, Qlap, t) = 14, we have

CQ)\ (g%, u7 L) j C)\(g%a ECQﬁv L) + C)\(»CCQﬁ,Z/L L)
= 0" [CA(ZS, Qo )]0 + CA(LCan, U, 1),

so, we get
| Con(GS,U, o) || <[ 0112 AU, Qs ) | +ICA(LCan U, 1)l

If h — oo, || Cax(GS,U, 1) ||= 0.4, since || 0 ||< 1. So, G = IS = U. Thus, the pairs (£, Q) and (G,Z) have a
coincidence point in II. If (£, Q) and (G,Z) be w-compatible, LU = LOV = QLY = QU := F; and GU = GIS =
IGS = TU = Fo. Now, as n\(QU, TU, 1) = nx(S1, Sa,t) = 14,

CA(S1, B2, 1) = CA(LU, GU, 1)
= 0*[CA(QU,TU, )]0
= 8*[6)\(%1,%2,0}3.

This implies that
1C4, (1, B2, )| < 0P [ICA(S1, B2, )|
Since || 9 ||< 1, this fact implies that $1 = Q9 and hence LU = GU = QU = TU, that is, the point U is a
coincidence point of the pairs {£, Q} and {G,Z}. Now, we show that & = GU. In fact, as nx(U = OV, TU, 1) = L4, we

have

Ck (U,IU, L) = C)\ (u7 gua L) = Ck (LV, gu’ [’)
< " [CA(QV, TU, 1)) = 0" [C (U, TU, )]0,

which conclude that

|| CAA(U,QU, [/) || < 9.»4-
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Hence, GU = U and therefore U is a common fixed point of £, G, Q and Z.

Finally, to show the uniqueness of point U, suppose that U* be another common fixed point of £,G, @ and Z. From
(12.1)), as nx(QU, ZU*, 1) = I 4 it follows that

CAU, U™, 1) = CA (LU, GU* 1)
< O*[CA(QU, TU*, 1)]0.

This implies that
lex@, u ol < ol Iea@,u, v,

since || 9 ||< 1, we have U = U*. Suppose that L£(IT) U G(IT) be complete and U € Z(II). In this case, the proof is
similar to the completeness of Q(II) UZ(II) and U € Z(II). O

Corollary 2.12. Let (I1,.4,C4) be a complete CAVMPMS and L, G, Q, T be self-mappings on II satisfying £(IT) C
Z(11), G(I1) € Q(IT) and 7 : (0, 00) x 12 x (0,00) — A+ be a function, so that for all ¢, ¢ € TI with ny (Q®¢, T, 1) = I 4
and for some R, 7 > 1

CA(LRC, G0, 1) = 9*[CA(Q%C, T, 0)]0,  for all A,1 > 0, (2.10)

where || 0 ||< 1.

Assume that (II, A, C) is n-regular and the pairs (£, G) and (G, £) are triangular partially weakly n-admissible with
respect to Z and Q, respectively.
Then

(A) If one of L(IT) U G(IT) and Q(II) UZ(II) be complete, then (£, Q) and (G,Z) have a coincidence point in II. If
mx(QU,TU, 1) ¥ 14 for all coincidence point U, then £, G, Q and Z have a coincidence point.

(B) if (£, Q) and (G,Z) be w-compatible, and if ny (U, ZU, 1) > I 4 for all coincidence point U, then £, G, Q and T
have a common fixed point in II. If n\(QU,ZU*, 1) = I4 for all common fixed points U and U*, then £, G, Q and T
have a unique common fixed point in II.

Proof . By using Theorem it follows that (L%, Q%) and (G",Z") have a unique common fixed point & € II.
Now, we have

L) = LLNQ) =LTS) = LNLQ)),
3) = Q%) =™ (9) =Q%(Q)

and therefore £(3) and Q(S3) are also fixed points for mappings £® and Q%. Hence, £(3) = Q(S) = 3. Using the
same reasoning in the proof of Theorem we get G(¥) = Z(S) = Q. Therefore, the proof is complete. O

Corollary 2.13. Let £, G and Z be self-mappings on complete CAVMPMS (I, A, C), satisfying £(ITI) UG(IT) C Z(II),
and 7 : (0,00) x I12 x (0,00) — A* be a function, so that for all ¢, ¢ € II with ny(Z{,Z¢,1) = 14,

Ca(LC, G, 1) = 0¥ [CA(ZC,TL,0))0, for all A1 >0, (2.11)

where || 9 ||< 1.

Assume that (II, A, C) is n-regular and the pairs (£, G) and (G, £) are triangular partially weakly n-admissible with
respect to Z, respectively.
Then

(A) If one of £(II) U G(II) and Z(II) be complete, then (£,7) and (G,Z) have a coincidence point in II. If
(ZU,TU, ) » 14 for all coincidence point U, then £, G, and Z have a coincidence point.

(B) if (£,7) and (G,Z) be w-compatible, and if ny(U,ZU, 1) = I4 for all coincidence point U, then £, G, and T
have a common fixed point in II. If ny (ZU, ZU*, ) = 14 for all common fixed points U and U*, then £, G and T have
a unique common fixed point in II.
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Corollary 2.14. Let £ and Z be self-mappings on complete CAVMPMS (11, A, C), satisfying £(II) C Z(II), and
n:(0,00) x I1? x (0,00) — A" be a function, so that for all ¢, ¢ € II, with nx(Z{,Z¢, 1) = 14,

Ca(LC, L0 1) 2 0" [CA(ZC,TE, )]0, for all A\, > 0, (2.12)

where || 0 ||< 1.

Assume that (I, A, C) is n-regular and £ is triangular partially weakly n-admissible with respect to Z.
Then

(A) If one of £(II) and Z(II) be complete, then (£,Z) have a coincidence point in II. If n\(ZU,ZU, ) = I 4 for all
coincidence point U/, then £ and 7 have a coincidence point.

(B) if (£,7) be w-compatible, and if 1y (U, ZU, ) > 14 for all coincidence point U, then £, and Z have a common
fixed point in II. If 9\ (ZU,ZU*, 1) = I 4 for all common fixed points U and U*, then £ and Z have a unique common
fixed point in II.

2.2 n-admissible mapping and Kannan-Ciri¢ C*-contractions

Now, we generalize the Kannan-Ciri¢ contraction condition [22] as follows.

Theorem 2.15. Let (II, A, C) be a complete CAVMPMS and £, G, Q, Z be self-mappings on II, so that the following
conditions are satisfies:

(i) £(IT) C Z(I1), G(IT) C Q(II) and 7 : (0,00) x I12 x (0,00) — A* be a function.
(ii) Suppose that for all ¢, £ € I with ) (Q¢, Z¢, 1) = 14,

Ca(LL,GL,0) 2 0% [P(C,4,0)]0, for all (£ €T, A\t >0, (2.13)
where || 0 ||< 1 and

P(Ca Ea l’) = maX{CA(QC7 EC? L)7 C)\(Ifa g& L)}

Assume that (I, A, C) is n-regular and the pairs (£, G) and (G, £) are triangular partially weakly n-admissible with
respect to Z and Q, respectively.
Then

(A) If one of L(IT) U G(IT) and Q(II) UZ(II) be complete, then (£, Q) and (G,Z) have a coincidence point in IT. If
x(QU,TU, 1) ¥ 14 for all coincidence point U, then £, G, Q and Z have a coincidence point.

(B) if (£, Q) and (G,Z) be w-compatible, and if nx(U,ZU, ) > I4 for all coincidence point U, then £, G, Q and 7
have a common fixed point in II. If n\(QU,ZU*, 1) = I4 for all common fixed points U and U*, then £, G, Q and T
have a unique common fixed point in II.

Proof . Let (y be an arbitrary point of II. Choose {; € II such that £{y = Z{; and (5 € II such that G{; = Q(s.

Continuing this way, construct a sequence {5} defined by:

L on = TCony1 = lont1
GCont1 = Qlant2 = lonto, Yh > 0.

As (1 € T7HLp) and (2 € Q71(G¢) and the pairs (£,G) and (G, £) are partially weakly n-admissible with respect
to Z and Q, respectively, we have
(LG = Lo, GC = Qa,t) = 1

and

(GG = QC2, LG = I(3,t) = 14.
Repeating this process, we obtain 0 (ZCap+1, QCant2, L) = Mx(larit1, bart2,t) = 14 for all A > 0. According to ([2.13))

Cx(lany1,lonya, t) = Cx(Llan, Glont1, L)
j 8* [P(C2ﬁ7 C2ﬁ+17 [’)]67
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where

P ((on, Cong1,t) = max{Cx(Qan, L, 25, L), Cr(Zl2k+1, GCont1, L)
= max{Cx(lan, Lort1, 1), CA(Lant1, lorya, L) }-

If P(Con, Conit1, t) = Ca(larit1, lorta, L), then we simply see that it is impossible. So, P(Can, Carit1,t) = Ca(ban, lorit1,t)
for all A € N, and

Ca(lon1, Lany2,0) 2 O [P(Cons Canig1, 0)]0
= 0%[Cx(Lan, L2rit1,1)]0.
By induction, we get

Ca(lang1, Lansa, b) < (0% CA (Lo, €1, 0)] 0"

Similarly, it can be shown that

Ca(lan, Lani1, 1) = (8%)2M[Ca(bo, 01, 0))0%".

Now, for every h € N, we can get
Ca(lr, lr1, 1) = (07)"CA(bo, £1,0)]0"
=< (8*)hw08h,
where wq := Cx (o, {1, ¢).

Step II. Following similar lines in the proof of Theorem we can show that {{;} is a Cauchy sequence in II.

Suppose that Q(II) U Z(II) be complete. In this case there is U € Q(II) U Z(II) so that ¢ — U as b — oo.
Furthermore, the subsequences {QCpi2} = {GCnir1} = {lons2}t and {ZConi1} = {Llar}t = {lont1} of {€x} also
converge to the point Y. Since U € Q(II) U Z(II), we have U € O(II) or U € Z(II). If U € QO(II), then we can find
V € II so that QV = U. Now, we claim that £V = U. For this, as nx(QV, (Z{an+1,t) = L4 we see that

Cox(LV, U, 1) 2 CA(LV,Glony1,t) + Ca(GCont1,U, 1)
2O [P(V, Grt1,0)]0 + CA(GCan+1, U, 1),

where
P(V, Gony1,t) =max{Cx(QV, LV, 1), Cx(T(2n+1,GCon+1, L) }-
Therefore, we get

I Coan (LY, U, 0) || <10 121 PV, Canns o) | +]IC(GCangr, U, ).

Since || 9 ||< 1, making /i — oo, we have a contradiction, so Cox(LV,U, 1) = 0. Consequently, we have LV = QV =U
and since U € L(IT) C Z(IT), there is & € II so that ZS = U.

Now, we show that G& = U. So, we have

OQA(g%J/L L) j C)\ (g%> £C2ﬁ7 L) + C)\ (£<2ﬁ7u7 L)
= o [P(%a CZhv L)]a + C)\ (£C2h»uv L)a

because N (9, Z(ap, t) = 14 where
P (3, Con,t) =max{Cr(QS, LY, 1), Cx(T¢2n, G2n: 1) }-
We get

I Con(GS, U, o) 1 <1 0 1PN US, Gony ) I +ICA (L, U, o).
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If h — oo, since || 0 ||< 1, Con(GS,U, L) X 4. So, G =TI =U. Hence, (£, Q) and (G, T) have a coincidence point
in IT. Now, if (£, Q) and (G,Z) be w-compatible, LU = LOV = QLY = QU := Fy and GU = GIS = IGS = TU = .
Now

Cx(S1,89,t) = CA(LU,GU, L)
< 0" [PU,U, )]0,
because we have n) (QU, ZU, ) = nx(S1, Sa,t) = L4, where
PU,U, ) =max{Cx(QU, LU, .),CA(TU,GU, 1)}

This implies that
Ca(S1,S2,1) 2 0a.
So &1 = Q92 and hence LU = GU = QU = TU, i.e., the point U is a coincidence point of (£, Q) and (G,Z). Now,
we show that U = GU. We have
Ca(U,GU, L) =C\(LV,GU, 1)
< 0"[P(V,U,1)]0,
because n)(QV,ZU, ) = I 4 where
P(V,U,t) = max{Cx(QV, LV, 1),Cx(TU,GU, 1)}
= CAA(U,QU,L).
So, we get
| Cay U, GU0) || <[ D |17 |Cas (U, GU, 1)
Since || 9 ||< 1, GU = U and hence U is a common fixed point of £,G, Q and Z. Finally, to show the uniqueness of
point U, suppose that U* be another common fixed point of £,G, Q and Z. From (2.13)), it follows that
CaU, U™ 1) = Ca (LU, GU™ 1)
< 0" [P(U,U", )]0,
because nx(QU, ZU*, 1) = na(U,U*, 1) = T4 in which
PU,U*, ) =max{C\(QU, LU, 1),Cx(ZTU*,GU*,1)}.

This implies that
Ca(U, U, L) < 04.
Then U = U*. Suppose that L(IT) U G(IT) be complete and U € Z(II). In this case, the proof is similar to the
completeness of Q(IT) UZ(II) and U € Z(II). O

Corollary 2.16. Let (II,.A,C4) be a complete CAVMPMS and £, G, Q, 7 be self-mappings on II satisfying £(IT) C
Z(IT), G(II) € Q(II), and 7 : (0, 00) x 12 x (0, 00) — A™ be a function, so that for all ¢, ¢ € IT with 7y (Q%®¢,Z7,1) = 14
and for some R, > 1

Cx (LR, GM0,1) = 0*[P(C,£,0)]0, for all X, > 0, (2.14)
where || 9 ||< 1 and
P(C, 0, 1) =max{C\(Q%¢, L%¢,1),C\(T"¢,G"0,1)}.

Assume that (I, A, C) is n-regular and the pairs (£, G) and (G, £) are triangular partially weakly n-admissible with
respect to Z and Q, respectively. Then

(A) If one of L(IT) UG(IT) and Q(IT) UZ(II) be complete, then (£, Q) and (G,Z) have a coincidence point in II. If
x(QU,ZU, 1) » 14 for all coincidence point U, then £, G, Q and Z have a coincidence point.

(B) if (£, Q) and (G,Z) be w-compatible, and if n (U, ZU, ) = I 4 for all coincidence point U, then £, G, Q and T
have a common fixed point in II. If 1) (QU,ZU*, 1) > T4 for all common fixed points U and U*, then £, G, Q and T
have a unique common fixed point in II.
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Corollary 2.17. Let £, G and Z be self-mappings on complete CAVMPMS (11, A, C), satisfying L(IT) UG(IT) C Z(IT),
and 7 : (0,00) x II? x (0,00) — AT be a function, so that for all (,¢ € IT with n\(Z¢,Z¢,1) = 14,

CA(LE,GL,0) 2 0% [P(C,£4,0)]0, for all A1 >0, (2.15)
where ||  ||< 1 and

P(¢, 4,1) =max{Cx(Z¢, L(, 1), CA(ZL, GL, 1)}

Assume that (II, A, C) is -regular and the pairs (£, G) and (G, £) are triangular partially weakly n-admissible with
respect to Z.
Then

(A) If one of £L(II) U G(IT) and Z(II) be complete, then (£,Z) and (G,Z) have a coincidence point in II. If
x(ZU,TU, 1) > T4 for all coincidence point U, then £, G, and Z have a coincidence point.

(B) if (£,7) and (G,Z) be w-compatible, and if ny(U,ZU,t) = I4 for all coincidence point U, then £, G, and T
have a common fixed point in IT. If 9y (ZU,ZU*, 1) = I4 for all common fixed points U and U*, then £, G and Z have
a unique common fixed point in II.

Corollary 2.18. Let £ and Z be self-mappings on complete CAVMPMS (II, A, C), satisfying £(II) C Z(II), and
n:(0,00) x 12 x (0,00) — A" be a function, so that for all ¢, ¢ € II, with nx(Z¢, Z¢, 1) = 14,

Cr(LC, L0,0) < O [P(C, 0,018, for all A, > 0, (2.16)
where || 0 ||< 1 and

P (¢, ¢, 0) =max{Cx(Z(, LC, 1), CA(TL, L, 1)}

Assume that (I, A, C) is n-regular and £ is triangular partially weakly n-admissible with respect to Z. Then

(A) If one of L(IT) and Z(II) be complete, then (£,Z) have a coincidence point in II. If 9y (ZU,ZU, 1) = I for all
coincidence point U/, then £ and 7 have a coincidence point.

(B) if (£,Z) be w-compatible, and if 0y (U,ZU, 1) »= L4 for all coincidence point U, then £ and Z have a common
fixed point in II. If 9\ (ZU,ZU*, 1) = I 4 for all common fixed points U and U*, then £ and Z have a unique common
fixed point in II.

Example 2.19. Let $ be a Hilbert space and let £()) be the set of all linear bounded operators on ). Let {D;} C
L£(9), with Y207, | D5 [P< 1, IL € £(9) and P € £(5) . Then the operator equation

t—> DDy =P,
h=1
has a unique solution in £(£).

Proof . Set o= > ;2 || D5 ||*. Clearly, if o = 0, then the ®; = 64 (h € N), and the equation has a unique solution
in £(5). We suppose that ¢ > 0. Choose a positive operator T € £()). For £,2) € £(9), set

9
=T

CA(£,9),0) =l ¢

(') is a CAVMPMS which is complete since £(5)) is a Banach space. We defined n({, ¢, ¢) =

It is clear that (£($), A,
£(9) — £(9) by

I 4 and the mapping F :
Ft)=> DytD +P.
=1
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Then
exFFp.) =1 ST T
:” Lthl h/(\ _gj)gﬁ ” ,7-
2ﬂ©|u| Wy 7
. w@§@n7

= @211 52 e
— (L) e, )} L)

Using Theorem for mapping F, there is a unique fixed point X € £($)). Moreover, since Y oo | D;:XD; + P is
a positive operator, the solution is a Hermitian operator. [

3 Application

Let X = £>°(&) be the set of essentially bounded measurable functions on &. Consider the Hilbert space $) = £2(&)
and £(9) = A, where G is a Lebesgue measurable set and m(&) < co. We consider a Fredholm integral equation as
follows:

¢() = /6 T (1,6,¢(<))ds +b(2), forallc,i € &, (3.1)

where T : &2 x R — R and h € £°(&). Define C : (0,00) x [£2°(&)]? x (0,00) — £(H) by Cx((, 4, 1) = M uca, for
A

all (,¢ € X and for all \,¢ > 0, where M, is the multiplication operator on £2(&) which is given by M, (w) = 7.,
for all @w € £2(&). Then (X, A4, C) is a complete CAVMPMS. Now we consider the following assumption:

There is £ € (0, ) such that for all ¢, ¢ € X:
1T(6,,¢(<)) = (s, 1, ()] < w(I¢() = (<)1)
Theorem 3.1. Under the above assumption, the integral equation (3.1 has a unique solution in X.

Proof . We define £ : X — X by
~ [ Teados+h0), e,
&

and 7 : (0,00) x X2 x (0,00) = At by na(¢,£,1) = L. Set ¢ = Kl 4, then o € £(H), and || ¢ ||= & < 1. For every
p € 9, we have
|| C/\([’CVC& [/) || :H M|M| ||

= sup (M.icc_ca|p, )
llell=1 *

< s [ (5] [ Tscenas— [ s o]etipmian

lel=1/6

glamhﬁ[;AJr@gg«»—ru«w@»wqunwr
< s [ felr) P oG ) S5 )

llell=1
C—¢
<
< w1 )
= I{( H Mll,\c;z\| ||

=l e llll Ex(¢,€,0) |-
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This implies that

1 CACLE, L) [I<]] e I Ex(C 6 0) I,

for A\,¢ > 0. Since || ¢ ||< 1, £ is a contractive mapping and Theorem hold for a mapping £. Therefore, the
equation (3.1]) has a unique solution, that is, £ has a unique fixed point. O

4 Conclusion

In this article, we reviewed and revised the chapter published in CRC Press [12]. To improve the previous version,
definitions and assumptions needed to prove the main results have been added. In this way, we expressed the concept
of n-admissiblity in C*-algebra-valued modular parametric metric spaces for C*-contractions and also Kannan-Ciri¢
C*-contractions. In fact, we have combined the concepts of modular metric, parametric metric and C*-algebra-valued
metric spaces. Using this new space, we presented a new development of the Banach contraction principle. To confirm
the new results, we provide an example and an application about the solvability of operator equations and integral
equations. Our results extend and generalize the relevant results in [16] 18], 20] 22] 25] B0].
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