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Abstract

The main focus of this paper lies in investigating the existence of infinitely many positive weak solutions for the
following elliptic-Kirchhoff equation with Dirichlet boundary condition
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The methodology adopted revolves around the technical approach utilizing the direct variational method within the
framework of anisotropic variable exponent Sobolev spaces.
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1 Introduction

Over the past years, differential equations have been a focal point of research, owing to their extensive practical
implications and widespread use in numerous fields.

Proposed by Kirchhoff [20], the Kirchhoff differential equations offer an extension to D’Alembert’s wave equation,
accommodating the effects of string length changes during vibrations
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in this context, L denotes the length of the chord, h represents the area of the cross-section, E stands for the Young’s
modulus of the material, denotes the density, and Py corresponds to the initial tension. The Kirchhoff equation (1.1
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dx, which is dependent on
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exhibits a unique characteristic in its inclusion of a non-local coefficient % + %
2

of the kinetic energy % {% ? Within the interval [0, L]. Thus, the equation loses its property

or
of being a point-wise identity. See also [6], 19} B2] for related topics.

L
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In recent times, numerous mathematicians, physicists, and engineers have shown a keen interest in anisotropic
variable exponent Sobolev spaces. The motivation behind this stems from the crucial role these spaces play in
modeling real-world phenomena, including electrorheological and image restoration, magnetorheological fluids, and
elastic materials, (look at, for example [B, [8, 10, 30} B33} 34, [35] [36]).

In the present paper we study the existence of positive solutions of the nonhomogeneous anisotropic Kirchhoff

problem
N
1 | Ou |pi(@) 0 Ou |Pi(®)=2 Ju
_ MZ _ d = 3 i Qa
; </Q pi(z) | dz; x) Ox; (‘&Ei 33%‘) fl@w)  in (1.2)
u=20 on 0,

where Q C RN (N > 3) represents a bounded domain with a smooth boundary 92, and p;, i = 1,... N are continuous
functions. Additionally, for each i = 1,... N, M; and f are continuous functions which satisfies some conditions detailed
in Section 3.

The differential operator

N9 /) ou
A17(')u = ; (‘T% (’3%

—

involved in problem (|1.2)) is an anisotropic variable exponent p(-)-Laplace operator which represents an extension of
the operator

(1.3)

pi(z)=2 9y
(%ci ’

Apyu = div (|Vu\p(f”)_2Vu) . (1.4)

The p(-)-Laplacian operator, obtained by setting each p;(z) to be equal to p(z) for i = 1,... N, serves as a natural
extension of the isotropic p-Laplacian operator

Apu = div (|Vul[P7*Vu), (1.5)

where p > 1 denotes a real constant. In the classical Sobolev spaces, F. J. S. A. Corréa, R. G. Nascimento [12] have
established the existence of solutions for problem (1.2)) in this particular case p-Kirchhoff-type equation, for additional
results, refer to [22] 28] 29, [3T].

In the Sobolev variable exponent setting, G. Dai and D. Liu [I3] has analyzed the problem (1.2)) in the context of
p(z)-Kirchhoff-type equation, see also [2] [, 111 [14] [I8] for related topics.

The investigation of problem (|1.2)) in anisotropic variable exponent Sobolev spaces has been previously addressed
by other researchers (see [7, [16] 25]). However, our study stands apart due to the entirely distinct hypotheses adopted,
which subsequently lead to different and novel findings.

The shift from a variable exponent to an anisotropic variable exponent inevitably introduces fresh complexities. To
tackle these challenges, we adopt a combined approach, utilizing traditional methodologies alongside modern techniques
specifically designed for handling problems of anisotropic nature with variable exponents. The organization of this
paper is as follows: In Section 2, we provide an introduction to anisotropic variable exponent Sobolev spaces, laying
the necessary groundwork for the subsequent analysis. Section 3 is dedicated to presenting the assumptions under
which our problem yields positive solutions, accompanied by an illustrative example.

2 Preliminary
Let © denote a smooth bounded domain in R, where we introduce the following definitions:
C+(Q)={peC(Q) suchthat 1<p <p" <oo},

where - -
p~ = essinf {p(m) ‘T € Q} and p' = esssup {p(m) tx € Q}
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For any p € C, (), we introduce the Lebesgue space with variable exponent LP()(), which encompasses all
measurable functions u : 2 — R such that the convex modular

pp() (u) = /Q |u[P ) da,

remains finite. Consequently, we define the norm
. u
el ooy = lullpey = inf {2 > 03y (3) 1}

as the Luxemburg norm in LP()(Q). As a separable Banach space, (LP()(Q),] - |p(-)) exhibits desirable properties.

Additionally, the space LP() () is uniformly convex, making it reflexive, and its dual space is isomorphic to L”/(')(Q),
1
with — + —— = 1. Lastly, we arrive at the following Holder-type inequality.

p()  P()

1 /
GFYMMW”MV“ for all u € LPO)(Q) and v € LP () (Q). (2.1)

lﬁ@m@m

1
< (= +
=
The modular p,.y of the space Lp(')(Q) assumes a crucial role in handling the generalized Lebesgue spaces. The

ensuing result is presented:
Proposition 2.1. (See [15]). Considering u,,u € LP()(Q), with p* < 400, we observe the subsequent properties:
- +
LI fullyy > 1, then [l < gy () < a2
N _
2. For |lul|p) < 1, we have ||u||§(,) < pp(y(u) < ||u||§(_).
3. The condition [Jul|,.y < 1 (respectively = 1;> 1) is equivalent to p,.)(u) < 1 (respectively = 1;> 1).

4. When |[uy||p.) — 0 (respectively — 4-00), it implies pp(.)(un) — 0 (respectively — +00).

5. Lastly, we have p, . (d()) =
(-

The definition of Wol’p(')(ﬂ) involves taking the closure of C§°(€2) in W'2()(Q), and

for p(x) < N,
00 for p(x) > N.

Proposition 2.2. (See [15]).

(i) For 1 < p~ < pt < oo, both WHP()(Q) and Wol’p(')(Q) are separable and reflexive Banach spaces.

(ii) If ¢(x) € C4(Q) and g(z) < p*(x) holds true for cach z € €, then the embedding Wy*(Q) < LI (Q) is
continuous and compact.

We now introduce the anisotropic Sobolev space with variable exponent, which serves as the foundation for studying
our main problem. Consider N variable exponents p1(-),...,pn(-) belonging to C1(€2). We use the notation

=\ — i _ Ou -
p(')—{Pl(')a--wPN(-)}andDu—axi fori=1,...,N,

and we set it for all z € Q,

par(-) = max {pi (), ., pn () } and pou() = min {p1 (), o () }.
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The following notations are introduced:

QZmin{pI,p;m,p&}, Q*zmaX{pI,pz_,---,pfv}, ﬁZmaX{pT,pL-.,pE},
and N
r=3 L p=max{p’pt
) :
> Lo
i=1 Pi

In the context of this paper, we make the assumption that

Zé>1.

i—1 Pi
The definition of the anisotropic variable exponent Sobolev space W17() () is as follows:
Wi (Q) = {Diu e POQ), i=1,2,... ,N},
equipped with the norm

N
ullwrso @) = lullige = 3 IDl Lo )

i=1

(2.5)

Furthermore, Wol’ﬁ(')(Q) is defined as the closure of C5°(2) in W) (Q) under the norm (2.5). The dual space
of W0LP0)(Q) is denoted as W =170 (Q), where p/(z) = ph(), ..., ply (), satisfying ﬁ + ﬁ =1 (see 26, 27])

for the constant exponent case). The reflexivity of the Banach space (WO1 4 (')(Q), lul1,5.)) has been established in
[24]. For a more comprehensive treatment of anisotropic variable exponent Sobolev spaces, researchers may delve into

[, 3, 17, 21, 24].

Proposition 2.3. (See [4] 23]). The bounded domain 2 C RY, with a smooth boundary and N > 3, satisfies relation

4.

1. Considering any ¢ € C+(£2) satisfying the condition 1 < g(x) < p, 00, for all z € Q, then
W PO(Q) ey LIO(Q).
2. Assume that p > N then

Wy P (Q) s CO(Q).

3 Fundamental assumptions and main results

For the entirety of this paper, we make the assumption that the following set of conditions is satisfied:

Assume that f: Q x R+—— R is Carathéodory functions satisfying the following condition

(H1) There exists a constant 7 > 0 such that sup,cp  f(",?) € L>=(Q).

(H2) Suppose that (a)n and (by), be two positive sequences such that

2% t
0 < ap < by, lim b, =0, and / f(z,s8)ds = sup / f(z, s)ds for almost all z € Q and n € N.

te[an,7bn]

(H3) There is a sequence (9,,),, which is a subset of the interval [0,b,], such that

In
essinf f(z,s)ds > 0.
Q Jo
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For the function M;, i =1,... N, we set forth the subsequent assumptions.
(H4) M; is a differentiable on R and there is positive constant m such that

M;(t) > m for all t > 0.

Functionals are defined for any u € VVO1 P (')(Q) as follows:

P(u) = i::ﬁ (/Q pizx) aai

t t
where F(z,t) = | f(z,s)ds and M;(t) = | M;(s)ds.
0 0

pi(m)dm) —/QF(m,u)dx, (3.1)

Definition 3.1. For any measurable function u € VV1 P0) (©) to be considered a weak solution of the elliptic problem
, it must satisfy the condition that, for all v € W L )(Q),

N N
1 | Ou pi(2) / Ou 1Pi(®)=2 Oy Ov /
M; dx dx = z,u)v(x)dz. 3.2
> (/prx) - ) Q?_;’axi [ f@wp() (3.2)

im1 8xi 81;1-
It is easy to see that ® € Cl(Wol’ﬁ(')(Q), R) (see [7, 25]), and the function u € Wol’ﬁ(‘)(Q) is deemed a weak solution of
(1.2) if and only if it corresponds to a critical point of the functional ®.

Considering our assumptions on f, we can find positive constants k and 7 such that |f(-,¢)| < k for every 0 <7 < ¢
and almost every z € 2. Without any loss of generality, we can suppose that b, < 7 for every n € N. Let’s proceed by
defining

0 ift <0,
fl,m) it>T

Hence, we have

lg(- ) < K, (3.4)
for almost every x € 2 and every ¢t € R. Next, we take into account the following problem
1 51& pi(x) 0 Ou |Pi(®)—2 Oy
M d —_— ‘ = R 1 Q’
() L (A e g
w= 0 on Of.

We can identify the weak solutions of (3.5) as the critical points of the functional
N
— 1 Ou |pi(x)
U(u) = M; /—— d:v)—/Gx,udx, 3.6
) ; (Qpi(x)axi Q (&) (36)
t

where G(z,t) = / g(x, s)ds. By (3.4), it is clear that ¥ is well defined and Gateaux differentiable in Wol’ﬁ(')(Q) (see
0
[, 25]). For every fixed n € N, we define

Ko (u) = {u e WHPO(Q) 1 0 < u(z) < b, ace. Q} (3.7)
Having established the necessary groundwork, we can now present the main findings of this paper.

Theorem 3.2. Assume assumptions [(H1)H(H4)| hold true and f(-,0) = 0. Then, there exists a sequence (uy), C
VVO1 £ (')(Q) of positive, homoclinic weak solutions of ([1.2]) such that

lim ¥(u,) =0 and nkrfoo l|lwn 1,50y = 0. (3.8)

n—-+o0o

Theorem 3.3. To enhance the organization and clarity, we divided the proof into three steps.
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Step 1 :. Auxiliary lemmas.

Lemma 3.4. Assume assumptions [(H1)| (3.4) and [(H4)| are satisfied. Then, the functionals ¥ is weakly lower
semi-continuous.

Proof . Foreachi=0,...,N and any u € I/Vol’ﬁ(')(ﬂ)7 we can define the functionals J; and H : Wol’ﬁ(')(Q) — R as

follows: Lo
i
e [ Lpo
o pi(z) 10z

Hu) = — /Q Gz, u)da.

pi(x)

dx, where a—:u,

3

Claim 1: Consider a sequence (uy,), with the property that u, — u in Wol’ﬁ(')(Q). As J; is convex, for every n, we
obtain
Ji(u) < Ji(upn) + (J](u), u — up).

3

Taking the limit as n — oo in the above inequality, we observe that J; is sequentially weakly lower semi-continuous. As

a result, we obtain:
N N
1 i(x) 1 n
/Z Ou da:gliminf/ 3 ’f)u
o = pi(z) | 0x; n—+oo Jo = pi(x) | Ox;

By utilizing || and considering the continuity and monotonicity of ]\//E-, we obtain

Pz‘(l)d
n——+o00 n——+o00 pard (:L’) ox; v
N
_ 1 n |Pi(2)
SO liminf/ —’au " e
= n—+too [ pi(x)] Ox;

N
— 1 Ou |pi(x)
> E M; /7 o dfﬂ)
; ( o pi(x) 1 0z;

=0
> J(u). (3.10)

pi(x)

da. (3.9)

N 1 |0u
liminf J(u,) = liminf ) M; (/ ’ -
Q Pi

v

That is to say, J demonstrates sequential weak lower semi-continuity.

Claim 2: H is sequentially weakly continuous. Let (u,), be a sequence in Wol’ﬁ(')(ﬂ) such that u, — u weakly in

Wol’p(')(Q). So, by (3.4) and Proposition Therefore, it is easy to show that lim H(u,) = H(u), and hence H is
n—oo

sequentially weakly lower semicontinuous. Similarly, just like we demonstrated for the mapping H, it is possible to

establish the sequential weak lower semi-continuity of ®. Since ¥ = J — H, we complete the proof. [

Lemma 3.5. On K,,, the functional ¥ is boundedly below, and the infimum m, over K, is attained at u,, € K,,.

Proof . To begin with, considering any u € K,,, we find that

N
- o pi(z) ! 0x;

pi(x)
dx) —/ G(z,u)dx > —/ G(z,u)dx
] Q Q
> —kb,meas(Q). (3.11)

In conclusion, we deduce that ¥ is bounded from below on K,. It is apparent that K, possesses the properties of
convexity and closedness, thus establishing its weak closedness within VVO1 PC) (Q). Consider the sequence (uy,), in K,
such that ¥(uy,) lies between my, and m,, + + for all n € N, where m,, = inf, . Next, if [|u,||1,5.) < 1, our objective
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is achieved; otherwise, we proceed with the following steps

=1
1 |0u pi(x)dx)
Mi(s)ds—/ G(z,u)dz
Q

_ i/(/ﬂpz )| 9

(o)

- 1) — | G(z,u)dx
pi(-) Q

ox;
N
> TWHUH iﬁ(') - }7% - kbn(measQ).
Which yields
m mN
Wllunnﬁﬁ( S+ 14+ —pr + lebn| €, (3.12)

for all n € N, thus (uy,), is bounded in WO1 P (')(Q) which is a reflexive space. Therefore, by considering a sub-sequence
denoted as (uy),, we observe weak convergence towards a specific element u,, € K,,. This leads us to the conclusion
that ¥(u,) = m,, utilizing the concept of weakly sequentially lower semi-continuity of ¥. O

Step 2 :. A priori estimates.
We start this step by proving in the following result that the sequence (uy,), is bounded almost everywhere.

Proposition 3.6. For all n € N, we have 0 < u,(z) < a, a.e. z € Q.

Proof . Let A, = {z € Q : b, > un(z) > an} and suppose that meas(A,) > 0. Define the function o,(t) =
min (max(t, 0), an) and set h, = o, (uy,). It is clear that from the definition and the continuity of o, we get h,, € K.

As a consequence, we obtain that

hn(x) =

{un(x) if z € Q\Ay, (3.13)

an, if x € A,.

Then, we can write

U(hy) — U(uy,)

N
— 1 |Ohy, pz‘(m) " 1 0u,
Z ' (/Q pi() ‘ Ox; > / / (=, t)dtdo Z (/Q pi(x) | Ox;
N
— 1 | 0h, P 1 |0h, pi(=)
Z </Q\A pi(z )’8% ) Z < An Pz‘(m)‘ O
(z,t) dtdm—/ / (z, t)dtdx

1 8un pi(z) — 1 |Ou,
dr | — M; — =
$> Z (/A" pl(l‘) ‘ 8.%‘1'

& )// (2, t)dtda

Q\A, pz axi

e

Sty o
s xtdtdﬂ// oyt

ad

i

i

Ouy, |Pi(2) > / / an tn
de | — g(x,t)dtdx+/ / g(z, t)dtdzx
/A pi(z) | Oz; A Jo An Jo
Oy, |Pi(@) ) / /hn
dex | — gz, t)dtdx
/A pZ axl Ny Juy ( )

pi() an
O |7 da:) —/ / g(x, t)dtdr < 0. (3.14)
axi Ap Jun,

S—
3
P
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Because / / g(x,t)dtdz > 0. Hence, U(h,) > ¥(u,) = infg, U, then every term should be zero. In particular,
Ap Ju

N 1 |du,

Therefore, meas(A,) = 0, which means 0 < u,(z) < a,, almost every where x € Q. O Next we show that the sequence
(un)n formed of weak solutions of problem (3.5) as mentioned in the following result.

pi(x)
dzx = /An (G(z,an) - G(a:,u,J)dx. (3.15)

Proposition 3.7. The terms of (u,), are local minimum points of ¥ in T/V1 Pl )(Q)

u

Proof . Set '), = {x € Q: b, > u(x) > a,}. So, we have / g(x,t)dt = 0 for any « € Q\I',,. In the other hand, if
on(u)
x € T',,, then one has the following three cases.

u

(a) If u(x) <0, then / g(z,t)dt = 0.

on(u)

(b) Ifan<u()<bn,thenby-/ g(z,t)dt <0.

u

(c) If by, < u(z), then / g(z, t)dt = /ug(x,t)dt < /u kdt = k(u( - an> by (3.4).

on(u) n
Fix areal p such thatp > q(x) +1 > p for every x € Q, then the following constant is finite
o k(ﬂ — an)
MR e
Then, for almost every where x € €, we have / gz, t)dt < N (u(z) — op (u(x)))]9®+L, Then, since when p < N,
on(u) -

the space is W1P0)(Q) compactly embedded in L4+ (Q) and continuously embedded in C°(Q) elsewhere, there is a
positive constant ¢ such that

L[ st < ) - o) 1155 (316)
on(u)

Therefore, we can write

W(w) - Uon(u) = ZM ( /Q pll 5 ggff ri I) /Q /Oug(a:,t)dtdx
_ZM (/szl )‘8087;(2 )" ) //M(U) (z,t)dtdz
_ ZM (/ 1 & 88;‘2 pimdz) —/Fn /c:(u)g(x,t)dtdx
- S (] e - T ) - [ [ s

=1

N
— 1 [0u  Oop(u)|pi)
> M, _9n 1@+ o) 1
2 ([ sl Tl ) e e by @)
m 3 z T
> el = oI gy = A = o ) IR (3.17)

Lp()
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Since o, (u) € K, we have ¥(o,(u)) > ¥(u,) and preserving the generality of our analysis, let’s assume that
[ (v — () |l1,5) < 1 cause we need small values of [|(u — oy, (u))[1,5.)- Then

V() > W(up)+ #nw = on()IF 0y = A (u = o (w)[[§5) 7
> Ulu,) + (p(;;p_l AI@F | (g — gn(u))u‘;f;gjl—P) 1w = an (@) - (3.18)

The continuity of o, allows us to choose a positive value § > 0 such that, for any u € VV1 S )(Q)7 the condition

z m
I = o)y <8, = on GRS < st (319)

this implies that u, is a local minimum of ¥. [
Proposition 3.8. The sequence (my,,), is strictly negative and converges to zero.

Proof . In view of condition [(H3)| we have 9,, € K,

m, < U9 / / f(z, t)dtdx < 0. (3.20)

To prove that liIJIrl m, = 0 it is sufficient to observe that for every n € N and v € K,,, we have
n—-+0oo

0> my = U(uy,) > —kb, Q. (3.21)
Since (b, ), converges to zero, we conclude the required result. O
Step 3 :. Proof of Theorem Since the terms of (u,), are local minima of ¥, they are weak solutions of (1.2)). In

virtue of Proposition we have 0 < u,(x) < a,, for almost every where z € 2 and since (a,,), converges to zero. An
infinite number of distinct sequences (uy, ), can be found such that liIJrrl |tn||L (o) = 0. Furthermore, we have
n—-+0o0o

= 1 |0u, pi@)
= 1 | Ouy |Pi(®)
> . - 777, K - . |
> E::M ( /Q ~ (x)‘ i dx> kb || )

1
Thus, if [|[u,|1,5.) < 1, we have

m _
Ty < o + Kbl — 0. (3.23)

Thus, limy, 4 oo [|u]|1,5.) = 0, which completes our proof.

Now, we present an example to illustrate the main results.

Example 3.9. We define M;(t) = (1+¢)” for i = 1,... N, where 6; > 0. It is worth noting that M;(t) > 1 for all
t > 0, which directly verifies the condition stated in [(H4)| Let

1 .
fla,t) = {(1 P+ 2 sin () — p(1+ [af*)tcos () it >0, (3.24)
0 otherwise.
It is easy to compute directly that
1 2 2sin (&) ift >0
Fay =43+ [ol?)esin () i££>0, (3.25)
0 otherwise.
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We shall now consider the following nonlinear perturbed Kirchhoff problem
al ou pi(2)=2 gy >

By 1+/ 1 P “ o ‘Bu
i—1 sz( ) 8-771 Ox; ox; Ox;

=1+ [z} (p+2) " sin (%) —p(l+ |z[*)tcos (&) in €,
u=0 on 0N

(3.26)

Let (an)n, (bn)n, and (9,), be three positive sequences satisfying the conditions:

1 1 1
— — S = —_— .2
29 <2’I’L7T I 27’() ) bn (2’17/]T + 32ﬂ.> and ﬂn (477/]_(_ + g) ’ (3 7)

every n € N. Then one easily deduces

/nf(x,s)ds: sup /fxs
0 t€lan,bn]

[ =
IS =
IS =

and F(x,9,) > 0. So conditions and [(H3)] have been verified. Having satisfied all the assumptions of Theorem

| we can affirm the existence of a sequence of positive, homoclinic weak solutions (u, ), in W7 (Q) for the problem

1) :
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