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Abstract

In this article, we suggest introducing the Riemann-Liouville time fractional derivative to a fractional equation (FPDE)
involving a fractional Laplacian. Our work is divided into two parts. In the first part, the existence and uniqueness of
time fractional linear equations are demonstrated, and the Galerkin approach is proposed to deal with them. In the
second part, we investigate the existence results of the time fractional semilinear equation. To solve This problem,
the Leray-Schauder degree method has been used with some conditions on the semilinear term.
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1 Introduction

In the last decade, we note that there has been a noticeable interest for researchers in the field of fractional
differential equations because they are an effective tool for modelling many phenomena and important applications in
various fields such as viscoelasticity, electrodynamics, physics, furthermore other fields of engineering and science (see
[8, @9, 111 12]) and the references therein. Consequently, during the 19t" and 20*" centuries, fractional calculus theory
and applications greatly increased.

The main objective of our research is to study the existence and uniqueness of time-fractional that introduced
fractional Laplacian. In the first part, we are interested in studying the following fractional linear problem

Find p: [0, T]x Q=R

RL:@g,tu(t, z) + (=A)°u(t,z) = hit, z) on [0,7] x Q
=0 on [0,7] x R"/Q
(915 % 1)(0) = w on R"/Q,

(1.1)

and we suggest the Galerkin method to study the existence and uniqueness for this problem. In the second Part, we
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interested in studying the folowing fractinal semilinear problem

Find p: [0, T]xQ =R

RLgS i+ (—A)°pu+h(p) =0 on [0,7] x Q
n=20 on [0,7] x R"/Q
(916 % 1)(0,.) = w on R"/Q.

(1.2)

In order to study the existence of a solution to this problem, we suggest the topological method to deal with
it. Recently, the Leray-Schauder degree technique is well-known and worthy of consideration introduced by Leray
and Schauder in the early 1930s, where this last needs weakly compact assumptions rather than strongly compact
assumptions. The main arguments are to demonstrate a priori estimations, which are a frequent way to demonstrate
existence results (see [T, 2, 14, 15 I7]. This method is a valuable topological tool for studying nonlinear partial
differential equations, and it may also be used in fractional instances. It also has the advantage of providing information
on the number of possible solutions, continuous families of solutions, and solution stability.

In fact, when we replace the nonlocal fractional Laplacian with local classical Laplacian, we can see our problems
in [6] when the authors studied the existence and uniqueness of time-fractional diffusion problems. And in [I3] the
authors were interested in the time-fractional semilinear problem, to deal with it, they applied a Galerkin method.
Basically, we can show that our problems are the generalizations of the problems mentioned above. Because in their
problem they found the solution in a classical Sobolev space, and we found the solution in fractional Sobolev space.
On the other hand, our problem is interesting by his nonlocal property.

Let us start by defining the term fractional Laplacian as an integral in the sens of the Cauchy principle value in
the real space for all z € #,V§ € (0,1), as follows

s _ z(x) — 2(y)
_ (a2 L0+ 1/2)
I'(=d)
theory an eigenvalues. These values a finite threat and form a diverging sequence (see[3])

with P(n, 9) , and . is the Schwartz space. This nonlocal operator have according to spectral

0 < AJ(Q) <AS(Q) < A(Q) < -+ — +oo.

In recent years, many authors have been working with this nonlocal operator of fractional Laplacian. We suggest
some works, for example. In (2021), E. Abada et all [I] came up with the idea of their work from [I0] and replaced
the local operator with the nonlocal operator, we also refer to [2] [ [7, [16], and the references therein. On the other
hand, the authors in [6] wrote the Riemann-Liouville time fractional derivatives *X @g,t as follow

>  Forz€ L*0,T;E),if g1_sx2 € H*(0,T; E) then

d
RL@&% = %{9175 * 2},

> the adjoint of Riemann-Liouville derivatives denoted by #F 92 7 and define as follow

.
d
RL,@gTqb(t) = /t g1-s(y — t)£¢(y)dy, for all t € [0, 7.

with g;_s denoting the kernel of order 1 — 4, and the convolution of g,_s * z defined by

gi—s * z(t) = /0 g1-s(t —y)z(y)dy, a.e. t €[0,T], and gs(t) = t°71 € Lioe ([0, 4+00)).

1

()

The arrangement of our article is as follows; in the coming Section, we mention some characteristics and results
that we will use in our research to reach our goal. In Section 03, we propose the Galerkin method to prove the existence
and uniqueness of the linear equation of time-fractional, which we introduced on the fractional Laplacian. In Section
04, under some assumption, we prove the existence solution of the semilinear equation for time-fractional, and we use
topological methods to deal with it. In conclusion, we end with an epilogue where we will mention some future works
in it.
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2 Preliminaries

In this section, we will define some characteristics and results which we will use to reach our goal in our work. Let
(E, |I-|l) be a real Banach space, and T be a positive number, and € subset of R™ with Lipschitz boundary.

Proposition 2.1. (see [I]) Let € be a Lipschitz bounded open subset of R™ and 0 < § < 1 such that n > 2§. Let
w2 — R be a measurable function compactly supported. Then, there exists a positive constant Ce,,p > 0 depending
on n, ¢ and €2 such that
lllL2(9) < Cembllpll g () (2.1)
Theorem 2.2. [6] If p € L?(0,T; E) and ¢ € L*(0,7T) then
qxp € L*0,T;E) and |lg*pllr20.7:m) < llallzr o Pl 20.7:5)- (2.2)

Theorem 2.3. [6] Let (H,(.,.)) be real Hilbert space, u € L?(0,7; H) and 6 € (0,1). Then
T
| w095 ute)y ae = o
0
Proposition 2.4. [6] Let § € (0,1) and v € L*(0,6; E). If v admits a derivative of order § in L?(0,7; E), then
= (91-5 x0)(0)gs + g5 * " 23,0 I L(0,T; E). (2:3)

Proposition 2.5. [6] Let § € (0,1), v € L?(0,7T; E) and ¢ € H'(0, 7). Assume that v admits a derivative of order §
in L2(0, 7, E). Then

T T
/ REGE w(t)d(t)dt = — / o(O)RE DY $(8)dt + [g1—s *v0]] 0 E, (2.4)

0 0

> if ¢ € C°(0,T) then
H/ RL-@t p(t)dt|| < ﬁg?—é(T)HU”H(O,T;E)||¢,||L°°(0,T)- (2.5)

Remark 2.6. We remark that from the Proposition we can define the fractional derivative in the sense of
distributions. and we sees the followinf linear map

D(0,T) = E (2.6)
6> — / (1) 29 (1)t (2.7)

The equation (2.7) is a distribution of order (at most) 1. Denote by D'(0,7; E) the set of distributions with values in
E.

The following definition defines the weak derivation

Definition 2.7. Let § € (0,1) and v € L?*(0,T; E). Then the weak derivative of order § of v is the vactor valued
distribution, denoted by #~ 93 +,» and defined, for all ¢ € D(0,T), as follows

RL 6 _ T RL 6
("5 v, 0) = ; v(t) ™ D ro(t)dt

If we want to emphasize the duality occurring in the baracket above, we will write <RL 937{0, ¢>
instead of <RL.@g7tv, ).

D' (0,T;E),D(0,T)’
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Proposition 2.8. [6] Let § € (0,1), E be a real Banach space and p € L2(0,7,E). We assume that p admits a
derivative of order & in L?(0,7, E"). Then, for each w in E, (u, w) s 5 admits a derivative o order § in L*(0,7) and

(D o w) =D A w) g g}, i L2(0,7). (2.8)

Corollary 2.9. [13] For F be a real Banach space densely and continuously embedded into a real Hilbert space H.
Assume that v € ¢W5,(0,T; E, E ), then, for every 7 € [0, 7],

g3 < 0O < [ (2 0(0) o)) (29)

Theorem 2.10. [13] Let E be a real Banach space densely and continuously embedded into a real Hilbert space H,
5 €(0,1) and p > 2 be such that s > 1/p . Assum v € W;p, (0, T,E,E ), and (g1—5 * v)(0) € E. Then

T
/(; <RL@g,tU(t)’ ’U(t) - (917(5 * U)(O)g5(t)>E,E’ dt > 0.

Definition 2.11. Let 7 > 0 and ¢ € (0, 1), we mention by
H°(0,T; Hy(Q), H*(Q)) = {n € L*(0, T; Hy () whose “" 75, € L*(0,T; H°())},

where fF .@{im is weak fractional derivative.

> We put (just a notation)

’

HY(Q) =Y and HQ)=Y .

> Throughout this research, we have assumed that § > 1/2 and n > 24. > Also in this work, we assume 2 be a
Lipschitz bounded open subset of R™.

3 Galerkin method for Time-fractional linear equation
In this Section, we consider the following linear problem
Find p € H%(0,T;Y,Y")
BLR i+ (=A)P°u=h  in L2(0,T;Y") (3.1)
(g1-5 * 1)(0) = w in L*(Q2),

and we use the Galerkin method to prove the existence and uniqueness of weak solotion for these problem.
Lemma 3.1. The problem (3.1) has unique weak solution, ;€ H(0,7;Y,Y").

Proof .
Part 01. Existence of a weak solution This Part is divided into fourth Step.

First, we take the space F, the vector space generated by ¢1,..., ¢y, that is means E,, = vect{p1,...,p,} and
(or)k<1 forms an Hilbertian basis of L2(€2).

> we remark that ((A\3)~'/2p;) is a Hilbertian basic of Y, where A\J € (0, +00) is k" eigenvalues of the operator
(=AY, k=1,2,...

Secondly, Let us decompose the initial condition w. Since Y is a Hilbert space the we writing w by

w = Z ar Pk in K (32)

E>1

and we have E, a space of finite dimension then

W, = Zakgok. in E,, (3.3)
k=1
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the following property true that w, — w in Y. Finally, we define our approximated problem For every integer n > 1,
as the following form
Find p, € L?(0,T; E,) such that RL% tun € L*(0,T;Y")

(R D atins @)y + P(1,6) [y (pn (2 f;”fﬁﬁfgf)‘*”(y”dydx: o)y y

(3.4)
in L?(0,7),Yy € E,

(91-5 * p1n)(0) = wn.
Step 01: Solvability of the approximated problem. We suppose that The following decomposition
pn () = D71 ye()or, b, = (h(t), <pk>yl’y , when we substitute in the problem we get an equivalent equation
for it and defined as follow
RLS yn(t) + AQy(t) = hy,  in L*(0,7T)
Vk=1,...,n (3.5)
(91-5 * yx)(0) = ax.

The local result for (3.5)) in L?(0,7), for 2 smal positive is solvable (see [5, chap 5]). We will now prove that there
is a global result for e know that if it is blow up then the global solution does not exist, and for that we prove
by Contradiction. Let us assume that 7y, is finite. Then, for every 2 € (0,7 ), we have by , Proposition and
22

Y (t) + Ngs * yr(t) = args + gs * hi  in L*(0,2). (3.6)

We multiply (3-6) by yx and integrate on 0,2. Since A2 > 0 and & > 1/2, we get By Theorem
lyw (8)[*dt < / akgéyk(t)dt+/ s * hiyx(t)dt,
0 0 0

From Cauchy-Schwarz inequality, we arrived

191720, < lanlllgsllze .70 195l 20,0 + 195 * il 2070 0kl 22 (0.0 (3.7)

We deduced that y; bounded in L?(0,7) as 7 approaches 7,,. That contradiction with the condition of blow up,
so that 7,, = 4+o00. Our conclude here is for every time 7 > 0 the (3.4) has only one solution.

Step 02: Priori estimates. In the present Step, we will prove that p, is bounded in L?(0,7;Y) and RL@giun
is bounded in L2(0,T;Y"). For that we use gs € L(0,T), we have

/OT<RL93MM_gawmlﬁydtw(n’(s) /OT//R (e () = ) (20 (2) = 1) — g @) —0n(@)) )

o=y

T
= / <h‘7,un _géwn> dxdta
0

Hence, by the Theorem [2.10, we get

n5/ // in(@) = k()P )y
R2n |x— |"+25
_ T T
P(n,0) / // (o (2 n(y))(wigf) wn(y>)g5dyd:1cdt+/ /h,undxdt—/ /hwng(sdxdt.
R2n lz —y|™ 0o Ja 0o Ja

Then, using Cauchy-Schwarz inequality, we get

T T T
P(n,8)llnlZ2 0.7y SP(WS)/O Hun||Y||wn||Y95dt+/O ||h||y’\|/m||yd?fJr/0 1Plly l[wnlly gsdt

< [P(n, 0)lwally llgsllL2o.7) + ||h||L2(0,T;Y'):| el L20.7:v) + lwnllv lgsll L2 0.7 1l L2 0,737y
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we observe that w, — w in Y, we obtain the desired estimate

[k llz20,7v) < K. (3.8)

where the constant K is independent of n.

> Our next goal is to prove that RL@étun is bounded in L?(0,T; Y/). Indeed, we have

RL ) (pn () = pn (W) (2(x) = ©(y))
’ < %’tu"’w>y/,y ‘ < Pln, 6)’ //]RZn |z — y|nt2° dydz|+| (b @)y y | Vo €Y,
Moreover, from Cauchy-Schwarz inequality obtain
("D shins 0)y 3 | < P, 8)lally lelly + [Rlly llelly
then, we find
7 8 2 2 7 2 7 2
|1 B analiyrde < 2P°00) [ allyde 2 [ nla
0 0 0
In Finally, we get to
||RL@g,tMn||L2((o,T;Y’)) < k2, (3.9)
1/2
where kg = (2P2(n, 8)k? + 2||hHiz(077_7Y/)) . Therefore, we have from (3.8)) and (3.9)) that there exists u € L(0,7;Y)
such that
pn — o in L*(0,T;Y) — weak
and

RL@gﬁtun — RL@g’t,u in L?(0,T;Y") — weak
Step 03: Passage to the limit. Our aim in this Step is to return from the approximation problem to the exact

problem. we have
BEDS itin + (=) = h, (3.10)

multiplying equation (3.10) by 1 € D(0,T) and integre on 0, 7, and we multiply it again by ¢y and integre, for k > 1
be fixed and n > k, we get to

(/ TRL@S,tunuw)dt,w>yl’y+ [ ] carmvtioan= [ [ oo

0

and thus, we derive from Proposition [2.5] and passing to the limit in n, we arrive to

BLge i+ (=A)P°p—h=0 D (0T;Y).
We observe that 1 € W3 ,(0,7;Y, Y') and
BLgS i+ (=APu—h=0 inL*0,7;Y).

This result we concluded because (—A)%y and h belong to L2(0,7;Y").
Step 04: Initial condition. Let ¢p € H3(0,T), (T) =0, we have

/0 ! <RL.@§,tu,<pk> Wb(t)dt + /0 " / (=) ppdayp(t)dt = /0 ' (ks ) (t)dt.

Moreover, from the Proposition 2.8 and Proposition [2.5] we find

T T T
- [ e v+ (s s 0.0 v + [ [ (A uprdevtit = [ g viar @)
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In other to, we have

T T T
| ey voies [ [ AP ppdevtie= [ oo v

0

then, thanks to Proposition [2.5] and Proposition we get to
T . T
—/ (ttns 1) DL (D)t + (wn, 1) (0 / / A)? pprdayp(t)dt = / (h; r) p(t)dt.
0 0

Therefore, when passing to the limit, we find
T T T
- [ e I e+ e 00+ [ [ AV ppdesit = [ hedvoi (312)
0 0 n 0

In conclusion, from the uniqueness of the limit, we obtain equation (3.11)) equal equation (3.12). In the end , our
result is

(g1_s *p)(0) =w a.e.in Q.

Which implies that completes the proof of the existence result.

Part 02. Uniqueness of the solution Let p and ji two solution the problem (3.1}, then we have

(91-5 * 1)(0) = w,
and
(91-5 * 2)(0) = w.
Taking the deference between equations (3.13)) and -, we get to
FEDS (= 1) + (=2)° (= 1) = 0 (3.15)
(91-5 * (u— f1))(0) = 0.

Moreover, from the initial condition we have (u — f1) € OWQ‘;Q(O,T :Y,Y"). Then multiplier equation (3.15) by
(1 — fr) and integre on (0,s) , s € (0, 7], we derive

/08 (0l >dt+/ / — [)(p — p)dxdt = 0. (3.16)

Therefore, from to Corollary we get

G155 10— )2 (5 /Ilu Al <o,

and thus

/Osg15<s—t>||<u A)(8)2 0t < 0.

But we have g;_s is decreasing map, then

s / (1 — ) )2 0yt < 0.

Finally, we conclude that (u — [i)(t) = 0. So that the problem (3.1)) has a unique solution. O
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4 Topological degree for a time-fractional semilinear equation

In this section, we are interesting to prove the existence of weak solution the following fractional semilinear problem

Find € H*(0,T;Y,Y"),
BLgS u+ (=AY u+h(u) =0 in L2(0,T;Y") (4.1)
(91—5 * M)((), ) =w in LZ(Q)v

where h : R — R is Lipschitz continuous map satisfy, for some positive conctant r , h satisfying the following assump-
tions

(¢1) Growth assumption:

(W) < v +7lpl, YpeR.

(c2) Sing assumption:

h(p)p = —r

and we propose the Leray-Schauder degree theory to prove it.

> the following theorem give the existence of solution

Theorem 4.1. Thanks to hypothesis (¢;) and (¢z) the problem (.1 has a weak solution p € H*(0,T;Y,Y").

4.1 New formulation of problem (4.1))

In this subsection, we will present a fixed point problem which equivalent to problem (4.1)).
First, we will define the following homotopy H by

H : [0,1] x L*(0,T; L*(Q)) — L*(0,T;Y)
(Tvﬁ) = H(T7ﬁ) =W,

where p is a weak solution to the following linear problem

Find p: [0,T] xQ =R such that
BEDS s+ (=AY p+7h(E) =0 on [0,7] x Q (4.2)
1w=0 on[0, 7] x R"/Q ’
(g1-p % p)(0,.) =Tw on R™ /).
Lemma 4.2. We show in the Section 03 for the problem (4.2)) is uniquely solution p € H%(0,T;Y, Y/).
After that, we observe that problem (4.1) is equivalent to the fixed point problem
L?(0,T; L*(Q
p e 120, L2(9), W)
H(1, p) = p.

Our goal here in this section is prove that and we using the Leray-Schauder degree to prove the problem (4.1)) has
weak solution.

4.2 several auxiliary Lemmas

In this subsection, we present several auxiliary Lemmas about the conditions of the Leray-Schauder degree method.

Lemma 4.3. (Priori estimate). Thanks to assumptions (c1), (c2) there exists R > 0, for every u € L?(0, 7, L?(£2))

such that
{H(T’ ) = p

= <R
TE [07 1}7/14 € .[/2(077-7 L2(Q)) ||'U'||L2(O,T7L2(Q))
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Proof . Let H(r,u) = p, for all 7 € [0, 1], that is means

{Find @€ L*(0,T;Y) such that BX 99 ,u € L*(0,T;Y")

JT(REZ i, ¢)yr ydt + P(n,5) ST [fzn () - r;(yf))y(\f‘(‘i?s —ely ))dydmdt w1 [ [ h()pdzdt =0, Vo€ Y.

Taking ¢ = u — Twgs, we derive

/OT ("E G ot~ TwGs) st + P(n, ) /OT //RZ (1(@) = py) (1) = 1) = Tgs(w(@) =0 ) 4 10y

|z — y[+2
-
+ 7'/ / h(w)(p — Twgs )dzdt = 0.
o Jo

In fact, from the Theorem [2.10] we have the first integral above is positive. Hence, we get

2
P(n,9) / //Rz |;c — ‘n+2(5| dxdt < ,udmdt' wg(;da:dt’
Plm. ) / //R% |x _))y(ffiﬁl*w( ))gadydxdt‘.
Under the assumption (cz), we obtain
|2
pimo) / //Rzn |x—y‘n+26 dzdt
< T|Q\T+’/ /h wgadacdt‘ + P(n,d) ) ))y(ﬁiﬁ?;_w(y))gadydxdt‘.
R2n
Then
14132 (0.7 z11=0t00) S TIUT + I1 + I, (4.4)
when
-
I = \ / / h{ywgsdad],
0 Q
and
() (w() — w()
) dydzxdt|.
Pl ‘/ //Rzn |m — y|n+25 gsayax

We get from the assumption (c¢;), and using the Cauchy-Schwarz inequality and Proposition of

T T
. L<r / / wllgs|dadt + r / / llewllgs|dedt

< CempV TIwlly 195l 22 0,7) + rComsllwliv 195 207 4ll 220,77 -
Hence, using Holder inequality on Is, we get to
I < P(n,6)lwlly llgsll 20, |l L2 (0,73

Finally, when we return to (4.4)), we get

P, o)l zz0,7v) < | (rCms + C(n,8)) llwlly llgsll 2o el 220,73 + rCemp/TIQlgs |l 220 lwlly +rIQUT,

The solvability of above inequality, which is solved by solving a second-degree equation, we get to

lullzz0,7:02(0) < L =R,
hence, we get
il 20,7520 < R+ 1. (4.5)

from (4.5) our result is that, there are no solution of the equation H(7,pu) = p on the edge of Bry1 = {u €
L2(0, T3 L*()) : [|pllp2(0,7:02(2)) < R+ 1}, and this is for each 7 € [0,1]. O
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Lemma 4.4. Thanks to assumption (c¢;), the homotopy {H(7,%);7 € [0,1],i € Br41} is relatively compact in
L2(0,T; L3(%)).

Proof . Let (7,7, )nen C [0,1] x B(0, R + 1), we have
/OT (RL D bt o — Tawgs)ys b+ P(n,5) /OT //R% (tn () = pn () (o (@) — pan () — Tngs (w(z) — w(y))) dydadt

|z —y|m+20

-
+ Tn / / h(@,,) (pn — Thwgs )dzdt = 0.
o Jao

By Theorem [2.10], we get

Flm3) / //Rzn mnlx fy\’”g‘s)‘ dydzds <’ (n,9) / //R% ol ngy;)éﬁ?) _w(y))gadydxdt‘ +

/ h(ﬁn)wggdacdt‘.
Q

;
I h(ﬁn)undwdt‘
0 Q

Then, we put ) ) )
”MH%Z(O,T;Y) <L+ +1s (4.6)

When

_ P(n,é)’ /OT //Rzn (ptn () — Tgl(yg/)lsig?) — ) ) ],

and I, = ‘fo Jo h(7, undxdt‘ with I; = ‘fo Jo h(@, wg(;dxdt‘ Thanks to hypothesis (¢;) and Cauchy-Schwarz
inequality and Proposition we obtain

, T T
. Izgr/ /Q|un|dxdt+r/ /Q|ﬁn|\un|dxdt
0 0

< Comy [\/Tm + ||un||Lz<o,T;Lz<m>} TP

T T
o fyzr [ [ wiligldnde s [ [ wlgsldod
0 Q 0 Q

< rComp [mm n ||un||L2(o,T;L2<m>] lolly llgsll 2201

and

Hence, applying the Hélder inequality to I 1, we find
o 1, < P(n.0)|wlylgsllzzo.slimlzzory).
Then, when we return to , we derive
P(n, 5)||Mn”2L2(0,7';y) < {Tcemb(\/m‘*‘ 17l L2 0,722 (0)) + P (1, ) lwllyv llgsll 20,7 [ lienll L2 0,75

 rComs (mm n nﬁnum,ﬂm(m)) ol 98]l -
Finally, we get to
lnll 20,75y < Ma,

where the constant M is independent of n.

> We proceed now to prove that RL.@g’tun is bounded in L2(0,T; Y'). Indeed, we have

‘<RL@3’W”’¢>Y“Y ‘ < P(n’é)‘//nw (pin () _\/;niy;?»gfgf) — W) 4

+ [ @i Ve ey
¢
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Moreover, from Cauchy-Schwarz inequality, Proposition and assumption (c1), we obtain

< P(n,8)|lally |€lly + rCempVQUelly + 1Comb|By,

<RL‘@g,t:una gp>y’ Y

Iz llelly
Then, we find

T RL ) 2 2 2 T 2

1 Gl < 2P0,5) / a2t + 4 cemb(m|T+ / |mnuL2<mdt)

In Finally, we get to A
||RL-@g,tﬂnHL2((o,7-;y’)) < My, (4.7)
R 1/2
where My = (2P2 (n, 5)M2+4T2C’€mb (T|Q| +(R+ 1)2)> . In conclusion, we get to (fin )nen is bounded in L2(0,7;Y)

and (Bl @g’tun)neN is bounded in L2(0,7;Y"). Therefore, according to Aubin-Simon theorem we conclude that the
homotopy {H(7,7); 7 € [0,1],7i € Bry1} is relatively compact in L2(0,7; L2(€2)). O

Lemma 4.5. Thanks to hypothesis (¢1), H : [0,1] x L?(0,T; L*(Q)) — L*(0,T; L?(Q2)) is continuous.
Proof . Let {(7n,%,,) }nen C [0,1] x L2(0, T; L*(€2)) which converge to (7, %) in [0, 1] x L2(0, T; L?(£2)) when n — +oo0.

Our goal will to prove that H(7,, %, ) — H(7, 1) in L?(0,T; L?(2)), we pose for every n € N that H (7,7, ) = i, and
H (7, 71,) = fin, we have

_ T
/ ("D ttin; @)yt + P(n,0) / //2 G “"(y;?flfgf) @(y))dydmdt—&-rn/ /Qh(ﬁn)godxdt =0 Vpev,
R=n 0

(4.8)

and

/0 (FE DS o, ) o ydt + P(n,0) / //R% |$ j)(ffg #y) dydacdt+7/ / n)pdrdt =0 Vo eY.
(4.9)

Taking the subtraction between the two equations (4.8)) and ., we find
/ (B8 st = 1), 0)y Ydtp(n,é)/ // (i (@) = pn(y)) = (1(z) = pu(y))) (p(z) —w(y))dydxdt
0 ’ 0 R27

|z —y|m+20

-
+/O /Q(Th(ﬁ) — 1oh(,))ededt =0 Vo €Y,

Then, taking ¢ = (un — ) — (7 — 7)wgs and by the Theorem we obtain
T T ) — ln — ) — Tn — T)(w(z) —w
P08 [ e~ s <Py [ [ L) =) ) ) =) D)

|Ll’ _ |n+26

//Th — 7nh(f,,)) (kn dxdt+/ /Th — nh(5,)(Tn — Twgsdudt.

Using Cauchy-Schwarz inequality, we obtain

P(n,0)||pn — MH%Q(O,T;Y) < {P(nv(s)HgéHH(o,T)‘Tn = 7l|wlly + ITh(@) — Tnh(ﬁn)nw(o,ﬁy’)} lltn — MHL?(O,T;Y)
+ ITh(E) — h(f) | 20, 7y I = Tlllwllv g5l 220,7)-
From h Lipschitz map, produces that h(f,,) — h(z) in L2(0, T; L%(Q)) and we have 7,, — 7 in [0, 1] when n — 400,
and by Poincaré inequality, we get

[tn — pllL2(0,7:02(2)) — 0 when n — +o0.

So, H is continuous from [0, 1] x L?(0,7T; L?(Q2)) into L?(0,T; L*(Q)). O
Proof .[Proof of Theorem We have from the previous lemmas[d.3] [£.4]and [4.5| the degree d(1,— H(7,.), B(0, R+
1),0) is well define, and from the homotopy invariance property, we have d(I; — H(1,.),B(0,R + 1),0) = d(I4 —
H(0,.),B(0,R+1),0) =d(I4,B(0,R+1),0) =1 £ 0, therefore p — H(1,u) =0 = p = H(1, ). Our goal is that we
prove the existence of weak solution to problem ([@.1)), u € H°(0,7;Y,Y ). O
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Conclusion

In this research, we studied theoretical results for linear and semilinear time fractional equations. Some future

research, we will take another time fractional problem and we will replace the non-local operator with a new class of
fractional derivative and include the numerical study.
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