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Abstract

Let D = {v € C: |v| < 1} be the open unit disk in the complex plane C and let H(ID) be the space of all holomorphic
functions on . For a non-negative integer n and a function f € H(D), the n'*— order differentiation operator is
defined as D" f = f(™). The weighted composition operator together with n*”— order differentiation operator give rise
to a new operator generally termed as generalized weighted composition operator denoted by Wy . and is defined by

Wi ef(v) = ¢(0) M (E(v), f € HD);veD,

where ¢ € H(D) and £ is a holomorphic self-map of D. This operator is basically the combination of multiplication
operator My, composition operator C¢ and nth— order differentiation operator D™. We study the boundedness and
compactness of this operator between Dirichlet-type spaces and Bloch-type spaces.
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1 Introduction

Let D = {v € C : |Ju| < 1} be the open unit disk in the complex plane C. We denote the class of all analytic
functions on D by H (D) and the space of all analytic self-maps of D by S(D). For each a > 0, the space B, termed
as the weighted Bloch space consists of all those analytic functions f in D such that

sup(1 — [v]*)*]f'(v)] < oc.
veD

This space forms a Banach space with the natural norm defined by

£l = [£(0)] +sup(1 — [v*)2] f'(v)].
veD
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For ae = 1, we obtain classical Bloch space 8. A continuous function w : D — (0, 00) is termed as a weight. Weight
w is called to be a standard weight, if for v € D, we have lim|,,|,1- w(v) = 0. Further, for v € D, we call a weight w
to be radial, if w(v) = w(|v|). The Bloch-type spaces B, for a weight function w, is the class of all analytic function
f in D such that sup,cpw(v)|f'(v)| < co. In the similar manner, the little Bloch-type space By, is the closure of the
set of polynomials in B, and contains all those f € B,, such that lim,|_,; w(v)|f'(v)| = 0. The spaces B, o and B,,
are Banach spaces under the following norm

£l = [£(0)] + supw(v)|f'(v)].

veD

To know more about these spaces see [Bl [6] [, 8, 12, [14], 17, 20] and the references therein. Let £ € S(D) and
¢ € H(D). Then, the composition, multiplication, and weighted composition operator are respectively defined as

Cef(v) = (fo&)(v) = f(£(v)), Myf(v) = d(v)f(v) and Wy e f(v) = (MpCe) f(v) = d(v) f(£(v)), v eD;fe HD).

Several classical operators are composition operators. For example, the space [P(N) of all functions from N to C
whose p*" power is integrable with respect to counting measure. Let = € [P as the function x(k) = z3. If ¢ : N — N is
defined as ¢(k) = k + 1, then (Cypx)k = x(d(k)) = x(k + 1) = z441, that is, Cy : (21, 22,23, ...) —> (T2, 23, Ta, ... ),
so Uy is the backward shift operator. In fact, backward shift operators of all multiplicities can be represented as
composition operators. These natural type of operators have been appearing in explicit or implicit form in different
areas of mathematical sciences such as classical mechanics, the ergodic theory, dynamical systems, Markov process,
the theory of semigroups, isometries and homomorphism. The translations induced composition operators are very
important for the study of different types of motions. Moreover, composition operators are deeply involved in the study
of algebra homomorphisms on function algebras, further highlighting their versatility and importance in mathematical
analysis. Wy ¢ is a product-type operator as Wy ¢ = MyC¢. More results on weighted composition operators on class of
holomorphic functions can be found in [5] [7, [8, 9] and the references therein. Further, for f € H(D), the differentiation
operator denoted by D is defined as Df = f’. The operators Wy ¢D and DW, ¢ were respectively, considered in [11]
and [12]. For n € Ny and f € H(D), the n'"— order differentiation operator is denoted and defined by D" f = f(™).
For n = 0, we obtain D°f = f. The weighted composition operator together with n'”— order differentiation operator
give rise to a new operator generally termed as generalized weighted composition operator denoted by Wg . and is
defined by

Wief () = 6(v) [ (), feHD)veD,

where ¢ € H(D) and £ is a holomorphic self-map of D. If n = 0, the operator Wg,g becomes the weighted composition
operator Wy ¢, which further for ¢(v) = 1, get reduced to the composition operator C¢. If n =1 and ¢(v) = £'(v),
then Wy, = DCe. When n = 1, ¢(v) = 1, then Wie=CeD. Ifn =1, &(v) = v, then Wi = MyD, ie. the
product of differentiation operator and multiplication operator My. For more about these operators one may refer
[15] 16, 18] 22, 27] and the references therein.

The Dirichlet space is the class of all those analytic functions in ID such that

/ |F/PdA) < oo,
D

where dA(v) is the normalized Lebesgue area measure defined on I. The space forms a Hilbert space under the
following norm

1713 = 1F(O) + / FPAAW).

Let K : [0,00) — [0,00) be a function with the property that it is right continuous and increasing. These functions
have been considered in various papers, some of which are [4, 24, 25]. By treating function K as a weight, we can
obtain the space Dk termed as the Dirichlet-type space which consists of all those analytic functions in D such that

/ IFPK (1= |vf*)dA(v) < oco.
D
Further, we can check that the space Dx forms a Banach space under the norm || - ||p,. given as follows

113, = 1£0) + / PP (1 - o) dAW).
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For K (t) = tP, where 0 < p < oo, the space Dk gives the usual Dirichlet-type space D,. Further, by taking p = 0,
we obtain the classical Dirichlet space D and for p = 1, we gain the Hardy space H?. The study of these spaces
is an important topic in complex analysis and is closely related to several other function spaces. These spaces finds
applications in various areas, such as harmonic analysis, interpolation theory, geometric function theory, and operator
theory. Understanding the properties and behavior of functions in these spaces is of significant interest in complex
analysis and is an active area of research due to their connections with various mathematical disciplines. These spaces
have been studied widely in various papers. For details one can see [T, 2 B (4, 6 13}, 19, 2], 23] and the references
therein. In [7], we characterized the boundedness as well as compactness of weighted composition operator acting from
Dx to Bloch and Bers-type spaces, and compute their essential norm in [§].

Motivated by the aforementioned works and the numerous applications of these spaces in various areas, such
as harmonic analysis, geometric function theory, operator theory, etc., we have considered the operator Wy . acting
between Dk and Bloch-type spaces and we study the boundedness and compactness of this operator between Dirichlet-
type space and Bloch-type spaces. The Bloch space is the largest space of analytic functions on D that is Mobius
invariant, making it a welcoming environment to study composition and weighted composition operators. These
techniques can be applied to study a larger class of spaces, allowing for a more comprehensive understanding of the
relationships between different function spaces and the operators acting on them.

Throughout this paper, let weighted function K satisfies:

/ LZSOFR (1.1)
0

s
and
* oK (s)
/1 2 ds < oo, (1.2)
where
K(st)
s) = su , 0<s<o0.
exc(s) 02ee1 K(1)

From [I0], one can see that if K satisfies (L.1)), then
t) :/OtK(s)iS ~K(t), 0<t<l
If K satisfies , then
7t/ K(s —~K() t>0.

From condition (L.2)), we get that K (2t) ~ K(t) for 0 < ¢ < 1. Also there exist C' > 0 sufficiently small for which
t~C K, (t) is increasing and K»(t)t¢~! is decreasing.
This paper is formulated in a systematic way. Introduction and literature part is kept in Section [Ijand some auxiliary
results which are used to derive the main results are considered in Section In Section [3] we characterize the
boundedness and compactness of operator Wge: D — B,,. Throughout the text, we use certain notations. Let a
and b be two positive quantities. Then, for some positive constant C', notations a 2 b implies that a > Cb. The value
of C' may vary from place to place. Further, if both a 2 b and b = a hold, then we simply write a = b.

2 Auxiliary Results
To arrive at the main results we use following lemmas. The first lemma can be easily obtained from the arguments

n [, 26, 23).

Lemma 2.1. Let K be a weight function. Then for any ¢,v € D and p > 0, we have

(1= [’

KO = Ra— P — oo
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is in Dg. Moreover,

sup || fellpx S 1,

<€D
and f. converges to zero uniformly on compact subsets of D as |¢| — 1.

Lemma 2.2. Let K be a weight function. Then for every f € Dg we have

fllo
OIS e ema—ppy V™

Proof . We know the fact that
1 -T¢|~1—|vf>~1—|s*s € D(v,r)
and
E(1—[vf?) = K1 - []*),s € D(v,r),
where D(v,7) = {5 : |y (s) < r|} .Using the sub-mean value property of | f"?|, we can deduce that

1
2] < 12 dA
1S G, 1771046)

1 o
K(1—[uP)(1 = [v]?)? /DW) P = [<F)dA()
1 ,2 s
= K(1—|U|2)<1_|U2)2/D|f |K(1— |s]*)dA(s).
Thus,
') S £ o L ,
VE = [oP)(1~[oP)?
Since

we can easily get,

1
[f(v) = FOO] S /0 |f (vs)ld(Jv]s)|

! 1
<l [ SR )
] 1

dt
VEQ—t)(1—1)2
K1 - o)

|v]
= Wlow = / \/ TG

Noted that K satisfies (1.2)), thus there exists a small C' > 0 such that g (t) <17 ¢ > 1. Hence, we obtain,

S I llpx

dt.

. e
w1 — |u| 1
|f||pKﬁ/ \/ =) (l_t)th
< I/ llpe !

K(1—[uP)(1~ [v]?)
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That is,

1
v)| S 1f(0
‘f( )|N|f( )|+||f||DK K(1—|U|2)(1_|U|2)

1
=Ml e =oma —op)

This completes the proof. O

Lemma 2.3. Let K be a weight function and n be a positive integer. Then for every f € Dg we have

1/ llDx

, veD.
K1 —=[o?)(d = [o2)r*!

F™ )| <

The following criterion characterize the compactness. Its proof can be easily follows from Proposition 3.11 in [6].

Lemma 2.4. Let w be the standard weight and the operator W¢ ¢ : D — ‘B, is bounded. Then, W¢ ' : D — B,
is compact if and only if for every bounded sequence (f,,)nen in Dx where f,, — 0 uniformly on every compact subsets
of D as n — oo, we have lim,, o0 [W§ ¢ fulls, = 0.

3 Boundedness and Compactness of W, . between Dirichlet-type space and Bloch-type
spaces

Theorem 3.1. Let w and K be two weight functions, ¢ € H(D) and { € S(D). Then Wy . from Dy to B, is bounded
if and only if the functions £ and ¢ satisfy the following conditions :

. . w(v)[¢’ (V)]
(@) L1 = sUbvep e Om amlemmr < >

—— w(0)[0(v)E (V)]
(i) L2 = sUPven iR lew) P

Moreover, if W e from Dk to B, is non-zero and bounded, then

Li+ Ly S Wi ellpie s, S L+ L1+ Lo,

where

9(0) |
K- €)1 - [E0)2)"+

Proof . First assume that conditions (¢) and (4¢) hold. Since (ngf) (v) = ¢(v) f™(&(v)). This implies that

(Whef) (0) = 9 (W) + 6TV (E(w)) and (WS )(0) = 6(0)f) (£(0).
Thus, for all f € Dy, we get
IWeflpwsm. = [WEeNO] +supw() Wgef) ()
< SO E0))] + supes(v) 16’ ()17 (E(w))] + supe(®) I (w)e ™+ (€(v))

< ( [(0)] - )| W)
K1 —[€0)2)(1 — [E0)R)m+!  veb /K (1 — [E@)[)(1 — [€(v)[2)m+L
su w(v)|p(v)¢' (v)|
+ uell]?)) K(l — |€(U)‘2)(1 _ |£(U)|2)”+2> ||f||DK
S L+ Ly + L) [ £ o o)
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From (3.2), it follows that the operator W ¢ : Dk — By, is bounded and

||Wg,§HDK—>%w S L+ Ly + Lo. (3.3)

Conversely, suppose that the operator Wge: Dk — By is bounded. At first, we will prove that L < oc. For this
take the function p,(v) = % Since the operator Wy : Dk — By, is bounded, we get

SlelgW(v)lqﬁ’(v)l < [ Weepn) W)l p, o, S IWVellDic .- (3-4)

For ¢ € D, consider a function

fe(v) =as (1-E©)P)E b (1- |§(§)‘2)g+17
< K(1—€()2) (1 — vé(s)) 5+t KO- EQ)P) (1 — ve))a 2

where a1 = ’2’+n+2) and b = — (g—i-l). Using Lemma it can be easily seen that f. € Dk and ||fc|lp, S 1.

Further, we can check that
") — a (1= €@ 5 EL)" - . (L= €@ ()"
e 1H( ) TR - e U( ) e S

and

n+1 L n+1 P
oy = TT (2 4 0) (L= €D €)™ 0., (1— J6(P) 5+ @)™
e = [T (5 +) K(l—|§(<)|2><1—v§<<>>5+"+2+61H1<2+ +1) R = [EQ)R)(1 —vE(s)5 T

Fot Q) =0 (3.5)

and

(n) = i L r &
1 (E()) g(#) K1 E©)]

Since the operator Wy e : Dk — By, is bounded, thus we get

— ()1t

ng,éHDKﬁ%w 2 HWS,gch%W

2 w(s)[1 (€()) + D)LV (E(S))|
n+1
p w(9)le™|
- L . 3.7
,E <2 > K1 [EQ)P) (1 — €))L 7
For fixed n € (0, 1), inequalities and implies that
. w(<)19/(s)] - w(6)l¢'(5)] - w(6)l¢'(5)]
b VRO —EGP)(1— [P ~ ie@len VEA - EQP)IA — €)™ leolen VEI = EQP)(1 — [€(c)2)™
1 wOl#'() | 1 ( 6|

< Ay SUP + o
I =) eol<n VKA —n2) 0" |s(<>\>n VE@ = [£()2)(1 = [€(s) 2+

1 1
< (W + 777) W ellpi—.,-

This implies that (¢) holds and

Ly S Wy ellpi—m..- (3.8)
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n+1
(n+1),, we have

SEBW(U)W(U)S(U) + o) (V)] < |We i) )] p, o, S W5 ellDicos..- (3.9)

Next, we will show that Ls < co. Taking p,41(v) =

Using (3.4) with the fact that |£(v)| < 1, from (3.9)) we get

ilelgw(v)wv)f’(v)l S IWeellpi—m.,- (3.10)
For ¢ € D, consider a function
Ve (1- o)) S € 010 K
o) K1 —[E(<)P) (1 —vE(o) st o K(1—[EQP)(1 = vé(<)) 542

where ay = (’2’+n+1> and by = — <g+1). Using Lemma it can be easily seen that g. € Dk and ||g¢||p, S 1.

Further, we can check that

o =a (24 (- [E@PEED)" e, (1 |05 ED)"
) U<2+> KO EOP) (- vee)srt H< i +> KO TP (1 — ve(e))s 2

and

n+1 nt1 »
g W) = az (- KO €)™ ) \ (1 [E)P) 8 (€
H( ) RO QR - @) F e H( +r+1) K= €01 — vE@) 5

)n+l

Hence,
g (€(s)) =0 and (3.11)
n+1
(nt1) _ P . (&)t
%R H(f) RO P (1 P (312

Since the operator Wy ¢ : Dk — By, is bounded, thus we get

W5 el 2 Wicgcls.
2 w ()| (€(6)) + D)LV (E(S))|

,nH P w()|p(s)e’ )|
—Tf_[1<2+) K- [EQP)( ~ P2 (3.13)

For fixed n € (0,1), inequalities (3.10) and (3.13)) implies that
)

. w(9)[BOE(5) . W(SIB()E () - W(DI6()E ()
seD /K (1= [E()A) (1 = [E()P)™F2 T 1eo)l<n VE (1 = [E()P)(L = [6()P)" T2 je@)i>n VE (1 = [€(9)[2)(1 — [€(s)[?)F2
L s@OEOl, 1 wl(S)|6(5)E |
T A=) el VEQ =12 0 g0 VE (L= [E(Q2) (1 — [€(c)[2)n+2
1 1 B
5 ((1 _ 772)n+2 + nn+1>HW¢7§HDK‘>‘Bw‘
This implies that (i7) holds and
Ly S IWg el -5, - (3.14)

Combining inequalities (3.8]) and (3.14] -, we get that

L+ Lo S Wi ellpie—m..- (3.15)



8 Raj, Devi, Esi, Aiyub

Thus, from (3.3]) and (3.15)), it follows that
L1+ Lo 5 ng,§||DK—>%w 5 L+ Ly + Ls. (316)

Hence the theorem. OJ

Theorem 3.2. Let w and K be two weight functions, ¢ € H(D) and £ € S(D). Then, the following statements are
equivalent:

(i) The operator Wy ¢ : Dk — By, is compact.
(ii) Functions ¢ and ¢ are such that

I =supw(v)|¢/(v)] <oo, Iy =supw(v)|$(v)¢'(v)| < oo,
veD veD

w(v)|¢' (V)] —0.  lim w(v)|p(v)€' (V)|

lim = li
le@)=1 /K (1 = [¢(v)[?)(1 = [¢(v) )+ ’ E@)=1 /K (1 — [€(v)[?)(1 — [€(v)[?)+2

Proof . First, suppose that the condition (i) holds, that is, operator Weye : Dk — B, is compact. This implies
that Wye: Dk — By is bounded. Thus, from Theorem (3.1, we obtain that l1, and [5 < oco. Consider a sequence
(um)meN € D such that |(u,)] — 1 as m — oo. Conditions (i¢) holds obviously if such a sequence does not exists.
By making use of (u, )men, define

Ve (1~ &0 )8 . (L~ () 2) 5
fm(®) K(1 = [€(um) ) (1 = v€(upm)) 2+ i VE (= [€(um)2) (1 — v€(up)) e T2
and
o) —a (1= J€(um) ) . (1 g () )

2 TR e PY (1 — v&(mm) R ()P (1 — e ()52

where a1, by, ag, by are defined in Theorem From Theorem (3.1} it can be seen that the sequences (f,,), and (g,,)
are norm bounded in Dg and on compact subsets of ID uniformly converge to zero as m — oco. Thus, by Lemma [2.4]
we get

Tim Wi flls, =0 and  Tim Wi egmlls, = 0. (3.17)

Thus, by inequalities (3.5), (3.6) and (3.17)), we have
w(um )| (tm)|

lim =0. (3.18)
mo0 (/K1 = [€(um)[2) (1 = [€(um)[?)"+1
Further, from (3.11)), (3.12) and (3.17)), it follows that
lim w(m)|P(um)E (um)| _ (3.19)
mo0 K (1 = (€ (um) ) (1 — [€(um) )2

Hence, from (3.18)), , and the boundedness of Wg ., we get the desired results.

Conversely, suppose that condition (i¢) holds. To prove the compactness of Wy e we first show that Wee is
bounded. Using condition (i), we see that for every € > 0, there is an n € (0,1) such that

M (v) = w(v)lev)l <e (3.20)
K1 —[§())( = [£(v)[*)+?

and

V) = w(v)[9p(v)¢' (V)] .
Molv) K1 —[£)2) (1 — |&(v)[2)nt2 <& (3.21)
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for any v e A ={veD: |{(v)| >n}.Now, by (3.20) and condition {1 < oo, we get

Iy
Ly =sup My (v) < sup M;(v) + sup M;(v) < +e.
veD vED\A vEA K(1—n?)(1—n?)nt!

This implies that L; < co. Again by (3.21) and I3 < co, we get

l2
Lo =sup Ms(v) < sup Ms(v) 4 sup My(v) < +e
2 ueg 2(v) UE]D){)A 2(v) UEB 2(v) K(1—-n?)(1—n?)n+2

which implies that Ly < co. Thus, we obtain that L; < oo and Lo < oo. Therefore, by Theorem we have that
the operator W;;’f : D — B, is bounded. Now, we prove that W;;’f : D — B, is compact. Consider a sequence

(fm)men € Dk such that for m — oo, f,, — 0 uniformly on compact subsets of D and ”fnﬁK < 1. Then, fy(,?) and

7(,ff b uniformly converges to zero on compact subsets of D as m — co. By using Lemma |2.2 Lemma |i and
condition (i), for every € > 0, and 7, we have

W3 e fmllDsc ., = [(Wg e fm)(0)] + ilelgw(v)\(wg,gfm)’(v)l
S L+ supw ()¢ (0)[|£5 (€()] + supw(v)[¢(v)€ ()| ()]
veD veD
<L+ sup w(v)|¢' ()| (EW)] + iggw(v)laﬁ’(v)lIff,?)(ﬁ(v))l

veED\A

+ sup w(v)l¢(v)£’(v)IIfT(,?“)(E(v))I+iggW(U)laﬁ(v)E’(v)llfﬁ,?“)(é(v))l

veED\A
< L+ A, + Csup My (v) + C sup Mz (v)
vEA vEA
SL+ A, + 2, (3.22)

where A, = 1 SUP 4.0 <} ‘f'r(r?) (V)| 412 SUP o<} |fv(w;l+1)(v)|. We know that if ( f,,)men converges to zero uniformly

on any compact subset of D then (fr(,?))meN and (ff,f“))meN do the same as m — oo. Thus A4,, — 0 as m — oo.

Also, {£(0)} and {v : |[v| < n} are compact subsets of D, so by taking m — oo in (3.22), we obtain

Tim (W e fnllpye ., = 0.

Hence, the operator Wy . : Dx — B, is compact. [J
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