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Abstract

Let D = {υ ∈ C : |υ| < 1} be the open unit disk in the complex plane C and let H(D) be the space of all holomorphic
functions on D. For a non-negative integer n and a function f ∈ H(D), the nth− order differentiation operator is
defined as Dnf = f (n). The weighted composition operator together with nth− order differentiation operator give rise
to a new operator generally termed as generalized weighted composition operator denoted by Wn

ϕ,ξ and is defined by

Wn
ϕ,ξf(υ) = ϕ(υ)f (n)(ξ(υ)), f ∈ H(D); υ ∈ D,

where ϕ ∈ H(D) and ξ is a holomorphic self-map of D. This operator is basically the combination of multiplication
operator Mϕ, composition operator Cξ and nth− order differentiation operator Dn. We study the boundedness and
compactness of this operator between Dirichlet-type spaces and Bloch-type spaces.

Keywords: Dirichlet-type space, Bloch-type spaces, generalized weighted composition operator, boundedness,
compactness
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1 Introduction

Let D = {υ ∈ C : |υ| < 1} be the open unit disk in the complex plane C. We denote the class of all analytic
functions on D by H(D) and the space of all analytic self-maps of D by S(D). For each α > 0, the space Bα termed
as the weighted Bloch space consists of all those analytic functions f in D such that

sup
υ∈D

(1− |υ|2)α|f ′(υ)| < ∞.

This space forms a Banach space with the natural norm defined by

∥f∥Bα = |f(0)|+ sup
υ∈D

(1− |υ|2)α|f ′(υ)|.
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For α = 1, we obtain classical Bloch space B. A continuous function ω : D → (0,∞) is termed as a weight. Weight
ω is called to be a standard weight, if for υ ∈ D, we have lim|υ|→1− ω(υ) = 0. Further, for υ ∈ D, we call a weight ω
to be radial, if ω(υ) = ω(|υ|). The Bloch-type spaces Bω for a weight function ω, is the class of all analytic function
f in D such that supυ∈D ω(υ)|f ′(υ)| < ∞. In the similar manner, the little Bloch-type space Bω,0 is the closure of the
set of polynomials in Bω and contains all those f ∈ Bω such that lim|υ|→1 ω(υ)|f ′(υ)| = 0. The spaces Bω,0 and Bω

are Banach spaces under the following norm

∥f∥Bω = |f(0)|+ sup
υ∈D

ω(υ)|f ′(υ)|.

To know more about these spaces see [5, 6, 7, 8, 12, 14, 17, 20] and the references therein. Let ξ ∈ S(D) and
ϕ ∈ H(D). Then, the composition, multiplication, and weighted composition operator are respectively defined as

Cξf(υ) = (f ◦ ξ)(υ) = f(ξ(υ)), Mϕf(υ) = ϕ(υ)f(υ) and Wϕ,ξf(υ) = (MϕCξ)f(υ) = ϕ(υ)f(ξ(υ)), υ ∈ D; f ∈ H(D).

Several classical operators are composition operators. For example, the space lp(N) of all functions from N to C
whose pth power is integrable with respect to counting measure. Let x ∈ lp as the function x(k) = xk. If ϕ : N → N is
defined as ϕ(k) = k + 1, then (Cϕx)k = x(ϕ(k)) = x(k + 1) = xk+1, that is, Cϕ : (x1, x2, x3, . . . ) 7−→ (x2, x3, x4, . . . ),
so Cϕ is the backward shift operator. In fact, backward shift operators of all multiplicities can be represented as
composition operators. These natural type of operators have been appearing in explicit or implicit form in different
areas of mathematical sciences such as classical mechanics, the ergodic theory, dynamical systems, Markov process,
the theory of semigroups, isometries and homomorphism. The translations induced composition operators are very
important for the study of different types of motions. Moreover, composition operators are deeply involved in the study
of algebra homomorphisms on function algebras, further highlighting their versatility and importance in mathematical
analysis. Wϕ,ξ is a product-type operator asWϕ,ξ = MϕCξ. More results on weighted composition operators on class of
holomorphic functions can be found in [5, 7, 8, 9] and the references therein. Further, for f ∈ H(D), the differentiation
operator denoted by D is defined as Df = f ′. The operators Wϕ,ξD and DWϕ,ξ were respectively, considered in [11]
and [12]. For n ∈ N0 and f ∈ H(D), the nth− order differentiation operator is denoted and defined by Dnf = f (n).
For n = 0, we obtain D0f = f . The weighted composition operator together with nth− order differentiation operator
give rise to a new operator generally termed as generalized weighted composition operator denoted by Wn

ϕ,ξ and is
defined by

Wn
ϕ,ξf(υ) = ϕ(υ)f (n)(ξ(υ)), f ∈ H(D); υ ∈ D,

where ϕ ∈ H(D) and ξ is a holomorphic self-map of D. If n = 0, the operator Wn
ϕ,ξ becomes the weighted composition

operator Wϕ,ξ, which further for ϕ(υ) ≡ 1, get reduced to the composition operator Cξ. If n = 1 and ϕ(υ) = ξ′(υ),
then Wn

ϕ,ξ = DCξ. When n = 1, ϕ(υ) ≡ 1, then Wn
ϕ,ξ = CξD. If n = 1, ξ(υ) = υ, then Wn

ϕ,ξ = MϕD, i.e. the
product of differentiation operator and multiplication operator Mϕ. For more about these operators one may refer
[15, 16, 18, 22, 27] and the references therein.

The Dirichlet space is the class of all those analytic functions in D such that∫
D
|f ′|2dA(υ) < ∞,

where dA(υ) is the normalized Lebesgue area measure defined on D. The space forms a Hilbert space under the
following norm

∥f∥2D = |f(0)|2 +
∫
D
|f ′|2dA(υ).

Let K : [0,∞) → [0,∞) be a function with the property that it is right continuous and increasing. These functions
have been considered in various papers, some of which are [4, 24, 25]. By treating function K as a weight, we can
obtain the space DK termed as the Dirichlet-type space which consists of all those analytic functions in D such that∫

D
|f ′|2K

(
1− |υ|2

)
dA(υ) < ∞.

Further, we can check that the space DK forms a Banach space under the norm ∥ · ∥DK
given as follows

∥f∥2DK
= |f(0)|2 +

∫
D
|f ′|2K

(
1− |υ|2

)
dA(υ).
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For K(t) = tp, where 0 ≤ p < ∞, the space DK gives the usual Dirichlet-type space Dp. Further, by taking p = 0,
we obtain the classical Dirichlet space D and for p = 1, we gain the Hardy space H2. The study of these spaces
is an important topic in complex analysis and is closely related to several other function spaces. These spaces finds
applications in various areas, such as harmonic analysis, interpolation theory, geometric function theory, and operator
theory. Understanding the properties and behavior of functions in these spaces is of significant interest in complex
analysis and is an active area of research due to their connections with various mathematical disciplines. These spaces
have been studied widely in various papers. For details one can see [1, 2, 3, 4, 6, 13, 19, 21, 23] and the references
therein. In [7], we characterized the boundedness as well as compactness of weighted composition operator acting from
DK to Bloch and Bers-type spaces, and compute their essential norm in [8].

Motivated by the aforementioned works and the numerous applications of these spaces in various areas, such
as harmonic analysis, geometric function theory, operator theory, etc., we have considered the operator Wn

ϕ,ξ acting
between DK and Bloch-type spaces and we study the boundedness and compactness of this operator between Dirichlet-
type space and Bloch-type spaces. The Bloch space is the largest space of analytic functions on D that is Möbius
invariant, making it a welcoming environment to study composition and weighted composition operators. These
techniques can be applied to study a larger class of spaces, allowing for a more comprehensive understanding of the
relationships between different function spaces and the operators acting on them.

Throughout this paper, let weighted function K satisfies:∫ 1

0

φK(s)

s
ds < ∞ (1.1)

and ∫ ∞

1

φK(s)

s2
ds < ∞, (1.2)

where

φK(s) = sup
0≤t≤1

K(st)

K(t)
, 0 < s < ∞.

From [10], one can see that if K satisfies (1.1), then

K1(t) =

∫ t

0

K(s)
ds

s
≈ K(t), 0 < t < 1.

If K satisfies (1.2), then

K2(t) = t

∫ ∞

t

K(s)
ds

s2
≈ K(t), t > 0.

From condition (1.2), we get that K(2t) ≈ K(t) for 0 < t < 1. Also there exist C > 0 sufficiently small for which
t−CK1(t) is increasing and K2(t)t

C−1 is decreasing.
This paper is formulated in a systematic way. Introduction and literature part is kept in Section 1 and some auxiliary
results which are used to derive the main results are considered in Section 2. In Section 3, we characterize the
boundedness and compactness of operator Wn

ϕ,ξ : DK → Bω. Throughout the text, we use certain notations. Let a
and b be two positive quantities. Then, for some positive constant C, notations a ≳ b implies that a ≥ Cb. The value
of C may vary from place to place. Further, if both a ≳ b and b ≳ a hold, then we simply write a ≈ b.

2 Auxiliary Results

To arrive at the main results we use following lemmas. The first lemma can be easily obtained from the arguments
in [4, 26, 28].

Lemma 2.1. Let K be a weight function. Then for any ς, υ ∈ D and ρ > 0, we have

fς(υ) =
(1− |ς|2)ρ/2√

K(1− |ς|2)(1− ςυ)1+ρ/2
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is in DK . Moreover,

sup
ς∈D

∥fς∥DK
≲ 1,

and fς converges to zero uniformly on compact subsets of D as |ς| → 1−.

Lemma 2.2. Let K be a weight function. Then for every f ∈ DK we have

|f(υ)| ≲ ∥f∥DK√
K(1− |υ|2)(1− |υ|2)

, υ ∈ D.

Proof . We know the fact that

|1− υς| ≈ 1− |υ|2 ≈ 1− |ς|2, ς ∈ D(υ, r)

and

K(1− |υ|2) ≈ K(1− |ς|2), ς ∈ D(υ, r),

where D(υ, r) = {ς : |φυ(ς) < r|} .Using the sub-mean value property of |f ′2|, we can deduce that

|f ′2| ≲ 1

(1− |υ|2)2

∫
D(υ,r)

|f ′2|dA(ς)

≈ 1

K(1− |υ|2)(1− |υ|2)2

∫
D(υ,r)

|f ′2|K(1− |ς|2)dA(ς)

≤ 1

K(1− |υ|2)(1− |υ|2)2

∫
D
|f ′2|K(1− |ς|2)dA(ς).

Thus,

|f ′(υ)| ≲ ∥f∥DK

1√
K(1− |υ|2)(1− |υ|2)2

.

Since

|f(υ)− f(0)| =
∣∣∣∣υ ∫ 1

0

f(υs)ds

∣∣∣∣
≤ |υ|

∫ 1

0

|f(υs)|ds,

we can easily get,

|f(υ)− f(0)| ≲
∫ 1

0

|f(υs)|d(|υ|s)|

≲ ∥f∥DK

∫ 1

0

1√
K(1− |υ|s)(1− |υ|s)2

d(|υ|s)

≲ ∥f∥DK

∫ |υ|

0

1√
K(1− t)(1− t)2

dt

= ∥f∥DK

1√
K(1− |υ|)

∫ |υ|

0

√
K(1− |υ|)

K(1− t)(1− t)2
dt.

Noted that K satisfies (1.2), thus there exists a small C > 0 such that φK(t) ≲ t1−C , t ≥ 1. Hence, we obtain,

|f(υ)− f(0)| ≲ ∥f∥DK

1√
K(1− |υ|)

∫ |υ|

0

√
K(1− |υ|)

K(1− t)(1− t)2
dt

≲ ∥f∥DK

1√
K(1− |υ|)

∫ |υ|

0

√(
1− |υ|
1− t

)1−C
1

(1− t)2
dt

≲ ∥f∥DK

1√
K(1− |υ|2)(1− |υ|2)

.
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That is,

|f(υ)| ≲ |f(0)|+ ∥f∥DK

1√
K(1− |υ|2)(1− |υ|2)

≲ ∥f∥DK

1√
K(1− |υ|2)(1− |υ|2)

.

This completes the proof. □

Lemma 2.3. Let K be a weight function and n be a positive integer. Then for every f ∈ DK we have

|f (n)(υ)| ≲ ∥f∥DK√
K(1− |υ|2)(1− |υ|2)n+1

, υ ∈ D.

The following criterion characterize the compactness. Its proof can be easily follows from Proposition 3.11 in [6].

Lemma 2.4. Let ω be the standard weight and the operator Wn
ϕ,ξ : DK → Bω is bounded. Then, Wn

ϕ,ξ : DK → Bω

is compact if and only if for every bounded sequence (fn)n∈N in DK where fn → 0 uniformly on every compact subsets
of D as n → ∞, we have limn→∞ ∥Wn

ϕ,ξfn∥Bω = 0.

3 Boundedness and Compactness of Wn
ϕ,ξ between Dirichlet-type space and Bloch-type

spaces

Theorem 3.1. Let ω and K be two weight functions, ϕ ∈ H(D) and ξ ∈ S(D). Then Wn
ϕ,ξ from DK to Bω is bounded

if and only if the functions ξ and ϕ satisfy the following conditions :

(i) L1 = supυ∈D
ω(υ)|ϕ′(υ)|√

K(1−|ξ(υ)|2)(1−|ξ(υ)|2)n+1
< ∞,

(ii) L2 = supυ∈D
ω(υ)|ϕ(υ)ξ′(υ)|√

K(1−|ξ(υ)|2)(1−|ξ(υ)|2)n+2
< ∞.

Moreover, if Wn
ϕ,ξ from DK to Bω is non-zero and bounded, then

L1 + L2 ≲ ∥Wn
ϕ,ξ∥DK→Bω

≲ L+ L1 + L2,

where

L =
|ϕ(0)|√

K(1− |ξ(0)|2)(1− |ξ(0)|2)n+1
. (3.1)

Proof . First assume that conditions (i) and (ii) hold. Since
(
Wn

ϕ,ξf
)
(υ) = ϕ(υ)f (n)(ξ(υ)). This implies that(

Wn
ϕ,ξf

)′
(υ) = ϕ′(n)(ξ(υ)) + ϕ(υ)ξ′(n+1)(ξ(υ)) and

(
Wn

ϕ,ξf
)
(0) = ϕ(0)f (n)(ξ(0)).

Thus, for all f ∈ DK , we get

∥Wn
ϕ,ξf∥DK→Bω

= |(Wn
ϕ,ξf)(0)|+ sup

υ∈D
ω(υ)|(Wn

ϕ,ξf)
′(υ)|

≤ |ϕ(0)||f (n)(ξ(0))|+ sup
υ∈D

ω(υ)|ϕ′(υ)||f (n)(ξ(υ))|+ sup
υ∈D

ω(υ)|ϕ(υ)ξ′(n+1)(ξ(υ))|

≲

(
|ϕ(0)|√

K(1− |ξ(0)|2)(1− |ξ(0)|2)n+1
+ sup

υ∈D

ω(υ)|ϕ′(υ)|√
K(1− |ξ(υ)|2)(1− |ξ(υ)|2)n+1

+ sup
υ∈D

ω(υ)|ϕ(υ)ξ′(υ)|√
K(1− |ξ(υ)|2)(1− |ξ(υ)|2)n+2

)
∥f∥DK

≲
(
L+ L1 + L2

)
∥f∥DK

. (3.2)
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From (3.2), it follows that the operator Wn
ϕ,ξ : DK → Bω is bounded and

∥Wn
ϕ,ξ∥DK→Bω

≲ L+ L1 + L2. (3.3)

Conversely, suppose that the operator Wn
ϕ,ξ : DK → Bω is bounded. At first, we will prove that L1 < ∞. For this

take the function pn(υ) =
υn

n! . Since the operator Wn
ϕ,ξ : DK → Bω is bounded, we get

sup
υ∈D

ω(υ)|ϕ′(υ)| ≤
∥∥(Wn

ϕ,ξpn)(υ)
∥∥
DK→Bω

≲ ∥Wn
ϕ,ξ∥DK→Bω

. (3.4)

For ς ∈ D, consider a function

fς(υ) = a1
(1− |ξ(ς)|2)

ρ
2√

K(1− |ξ(ς)|2)(1− υξ(ς))
ρ
2+1

+ b1
(1− |ξ(ς)|2)

ρ
2+1√

K(1− |ξ(ς)|2)(1− υξ(ς))
ρ
2+2

,

where a1 =

(
ρ
2+n+2

)
and b1 = −

(
ρ
2+1

)
. Using Lemma 2.1, it can be easily seen that fς ∈ DK and ∥fς∥DK

≲ 1.

Further, we can check that

f (n)
ς (υ) = a1

n∏
r=1

(
ρ

2
+ r

)
(1− |ξ(ς)|2)

ρ
2 (ξ(ς))n√

K(1− |ξ(ς)|2)(1− υξ(ς))
ρ
2+n+1

+ b1

n∏
r=1

(
ρ

2
+ r + 1

)
(1− |ξ(ς)|2)

ρ
2+1(ξ(ς))n√

K(1− |ξ(ς)|2)(1− υξ(ς))
ρ
2+n+2

and

f (n+1)
ς (υ) = a1

n+1∏
r=1

(
ρ

2
+ r

)
(1− |ξ(ς)|2)

ρ
2 (ξ(ς))n+1√

K(1− |ξ(ς)|2)(1− υξ(ς))
ρ
2
+n+2

+ b1

n+1∏
r=1

(
ρ

2
+ r + 1

)
(1− |ξ(ς)|2)

ρ
2
+1(ξ(ς))n+1√

K(1− |ξ(ς)|2)(1− υξ(ς))
ρ
2
+n+3

.

Hence,

f (n+1)
ς (ξ(ς)) = 0 (3.5)

and

f (n)
ς (ξ(ς)) =

n∏
r=1

(
ρ

2
+ r

)
(ξ(ς))n√

K(1− |ξ(ς)|2)(1− |ξ(ς)|2)n+1
. (3.6)

Since the operator Wn
ϕ,ξ : DK → Bω is bounded, thus we get

∥Wn
ϕ,ξ∥DK→Bω

≳ ∥Wn
ϕ,ξfς∥Bω

≳ ω(ς)
∣∣∣ϕ′(n)

ς (ξ(ς)) + ϕ(ς)ξ′(n+1)
ς (ξ(ς))

∣∣∣
=

n+1∏
r=1

(
ρ

2
+ r

)
ω(ς)|ϕ′n|√

K(1− |ξ(ς)|2)(1− |ξ(ς)|2)n+1
. (3.7)

For fixed η ∈ (0, 1), inequalities (3.4) and (3.7) implies that

sup
ς∈D

ω(ς)|ϕ′(ς)|√
K(1− |ξ(ς)|2)(1− |ξ(ς)|2)n+1

≤ sup
|ξ(ς)|≤η

ω(ς)|ϕ′(ς)|√
K(1− |ξ(ς)|2)(1− |ξ(ς)|2)n+1

+ sup
|ξ(ς)|>η

ω(ς)|ϕ′(ς)|√
K(1− |ξ(ς)|2)(1− |ξ(ς)|2)n+1

≤ 1

(1− η2)n+1
sup

|ξ(ς)|≤η

ω(ς)|ϕ′(ς)|√
K(1− η2)

+
1

ηn
sup

|ξ(ς)|>η

ω(ς)|ϕ′n|√
K(1− |ξ(ς)|2)(1− |ξ(ς)|2)n+1

≲

(
1

(1− η2)n+1
+

1

ηn

)
∥Wn

ϕ,ξ∥DK→Bω .

This implies that (i) holds and

L1 ≲ ∥Wn
ϕ,ξ∥DK→Bω

. (3.8)
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Next, we will show that L2 < ∞. Taking pn+1(υ) =
υn+1

(n+1)! , we have

sup
υ∈D

ω(υ)|ϕ′(υ)ξ(υ) + ϕ(υ)ξ′(υ)| ≤
∥∥(Wn

ϕ,ξpn+1)(υ)
∥∥
DK→Bω

≲ ∥Wn
ϕ,ξ∥DK→Bω

. (3.9)

Using (3.4) with the fact that |ξ(υ)| < 1, from (3.9) we get

sup
υ∈D

ω(υ)|ϕ(υ)ξ′(υ)| ≲ ∥Wn
ϕ,ξ∥DK→Bω . (3.10)

For ς ∈ D, consider a function

gς(υ) = a2
(1− |ξ(ς)|2)

ρ
2√

K(1− |ξ(ς)|2)(1− υξ(ς))
ρ
2+1

+ b2
(1− |ξ(ς)|2)

ρ
2+1√

K(1− |ξ(ς)|2)(1− υξ(ς))
ρ
2+2

,

where a2 =

(
ρ
2+n+1

)
and b2 = −

(
ρ
2+1

)
. Using Lemma 2.1, it can be easily seen that gς ∈ DK and ∥gς∥DK

≲ 1.

Further, we can check that

g(n)ς (υ) = a2

n∏
r=1

(
ρ

2
+ r

)
(1− |ξ(ς)|2)

ρ
2 (ξ(ς))n√

K(1− |ξ(ς)|2)(1− υξ(ς))
ρ
2+n+1

+ b2

n∏
r=1

(
ρ

2
+ r + 1

)
(1− |ξ(ς)|2)

ρ
2+1(ξ(ς))n√

K(1− |ξ(ς)|2)(1− υξ(ς))
ρ
2+n+2

and

g(n+1)
ς (υ) = a2

n+1∏
r=1

(
ρ

2
+ r

)
(1− |ξ(ς)|2)

ρ
2 (ξ(ς))n+1√

K(1− |ξ(ς)|2)(1− υξ(ς))
ρ
2
+n+2

+ b2

n+1∏
r=1

(
ρ

2
+ r + 1

)
(1− |ξ(ς)|2)

ρ
2
+1(ξ(ς))n+1√

K(1− |ξ(ς)|2)(1− υξ(ς))
ρ
2
+n+3

.

Hence,

g(n)ς (ξ(ς)) = 0 and (3.11)

g(n+1)
ς (ξ(ς)) = −

n+1∏
r=1

(
ρ

2
+ r

)
(ξ(ς))n+1√

K(1− |ξ(ς)|2)(1− |ξ(ς)|2)n+2
. (3.12)

Since the operator Wn
ϕ,ξ : DK → Bω is bounded, thus we get

∥Wn
ϕ,ξ∥DK→Bω

≳ ∥Wn
ϕ,ξgς∥Bω

≳ ω(ς)
∣∣∣ϕ′(n)

ς (ξ(ς)) + ϕ(ς)ξ′(n+1)
ς (ξ(ς))

∣∣∣
=

n+1∏
r=1

(
ρ

2
+ r

)
ω(ς)|ϕ(ς)ξ′(n+1)|√

K(1− |ξ(ς)|2)(1− |ξ(ς)|2)n+2
. (3.13)

For fixed η ∈ (0, 1), inequalities (3.10) and (3.13) implies that

sup
ς∈D

ω(ς)|ϕ(ς)ξ′(ς)|√
K(1− |ξ(ς)|2)(1− |ξ(ς)|2)n+2

≤ sup
|ξ(ς)|≤η

ω(ς)|ϕ(ς)ξ′(ς)|√
K(1− |ξ(ς)|2)(1− |ξ(ς)|2)n+2

+ sup
|ξ(ς)|>η

ω(ς)|ϕ(ς)ξ′(ς)|√
K(1− |ξ(ς)|2)(1− |ξ(ς)|2)n+2

≤ 1

(1− η2)n+2
sup

|ξ(ς)|≤η

ω(ς)|ϕ(ς)ξ′(ς)|√
K(1− η2)

+
1

ηn+1
sup

|ξ(ς)|>η

ω(ς)|ϕ(ς)ξ′n+1|√
K(1− |ξ(ς)|2)(1− |ξ(ς)|2)n+2

≲

(
1

(1− η2)n+2
+

1

ηn+1

)
∥Wn

ϕ,ξ∥DK→Bω .

This implies that (ii) holds and

L2 ≲ ∥Wn
ϕ,ξ∥DK→Bω . (3.14)

Combining inequalities (3.8) and (3.14), we get that

L1 + L2 ≲ ∥Wn
ϕ,ξ∥DK→Bω . (3.15)
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Thus, from (3.3) and (3.15), it follows that

L1 + L2 ≲ ∥Wn
ϕ,ξ∥DK→Bω

≲ L+ L1 + L2. (3.16)

Hence the theorem. □

Theorem 3.2. Let ω and K be two weight functions, ϕ ∈ H(D) and ξ ∈ S(D). Then, the following statements are
equivalent:

(i) The operator Wn
ϕ,ξ : DK → Bω is compact.

(ii) Functions ϕ and ξ are such that

l1 = sup
υ∈D

ω(υ)|ϕ′(υ)| < ∞, l2 = sup
υ∈D

ω(υ)|ϕ(υ)ξ′(υ)| < ∞,

lim
|ξ(υ)|→1

ω(υ)|ϕ′(υ)|√
K(1− |ξ(υ)|2)(1− |ξ(υ)|2)n+1

= 0, lim
|ξ(υ)|→1

ω(υ)|ϕ(υ)ξ′(υ)|√
K(1− |ξ(υ)|2)(1− |ξ(υ)|2)n+2

= 0.

Proof . First, suppose that the condition (i) holds, that is, operator Wn
ϕ,ξ : DK → Bω is compact. This implies

that Wn
ϕ,ξ : DK → Bω is bounded. Thus, from Theorem 3.1, we obtain that l1, and l2 < ∞. Consider a sequence

(um)m∈N ∈ D such that |ξ(um)| → 1 as m → ∞. Conditions (ii) holds obviously if such a sequence does not exists.
By making use of (um)m∈N, define

fm(υ) = a1
(1− |ξ(um)|2)

ρ
2√

K(1− |ξ(um)|2)(1− υξ(um))
ρ
2+1

+ b1
(1− |ξ(um)|2)

ρ
2+1√

K(1− |ξ(um)|2)(1− υξ(um))
ρ
2+2

and

gm(υ) = a2
(1− |ξ(um)|2)

ρ
2√

K(1− |ξ(um)|2)(1− υξ(um))
ρ
2+1

+ b2
(1− |ξ(um)|2)

ρ
2+1√

K(1− |ξ(um)|2)(1− υξ(um))
ρ
2+2

,

where a1, b1, a2, b2 are defined in Theorem 3.1. From Theorem 3.1, it can be seen that the sequences (fm), and (gm)
are norm bounded in DK and on compact subsets of D uniformly converge to zero as m → ∞. Thus, by Lemma 2.4,
we get

lim
m→∞

∥Wn
ϕ,ξfm∥Bω = 0 and lim

m→∞
∥Wn

ϕ,ξgm∥Bω = 0. (3.17)

Thus, by inequalities (3.5), (3.6) and (3.17), we have

lim
m→∞

ω(um)|ϕ′(um)|√
K(1− |ξ(um)|2)(1− |ξ(um)|2)n+1

= 0. (3.18)

Further, from (3.11), (3.12) and (3.17), it follows that

lim
m→∞

ω(um)|ϕ(um)ξ′(um)|√
K(1− |ξ(um)|2)(1− |ξ(um)|2)n+2

= 0. (3.19)

Hence, from (3.18), (3.19), and the boundedness of Wn
ϕ,ξ, we get the desired results.

Conversely, suppose that condition (ii) holds. To prove the compactness of Wn
ϕ,ξ we first show that Wn

ϕ,ξ is
bounded. Using condition (ii), we see that for every ε > 0, there is an η ∈ (0, 1) such that

M1(υ) =
ω(υ)|ϕ′(υ)|√

K(1− |ξ(υ)|2)(1− |ξ(υ)|2)n+1
< ε (3.20)

and

M2(υ) =
ω(υ)|ϕ(υ)ξ′(υ)|√

K(1− |ξ(υ)|2)(1− |ξ(υ)|2)n+2
< ε, (3.21)
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for any υ ∈ A = {υ ∈ D : |ξ(υ)| > η}.Now, by (3.20) and condition l1 < ∞, we get

L1 = sup
υ∈D

M1(υ) ≤ sup
υ∈D\A

M1(υ) + sup
υ∈A

M1(υ) ≤
l1√

K(1− η2)(1− η2)n+1
+ ε.

This implies that L1 < ∞. Again by (3.21) and l2 < ∞, we get

L2 = sup
υ∈D

M2(υ) ≤ sup
υ∈D\A

M2(υ) + sup
υ∈A

M2(υ) ≤
l2√

K(1− η2)(1− η2)n+2
+ ε.

which implies that L2 < ∞. Thus, we obtain that L1 < ∞ and L2 < ∞. Therefore, by Theorem 3.1, we have that
the operator Wn

ϕ,ξ : DK → Bω is bounded. Now, we prove that Wn
ϕ,ξ : DK → Bω is compact. Consider a sequence

(fm)m∈N ∈ DK such that for m → ∞, fm → 0 uniformly on compact subsets of D and ∥fm∥DK
≲ 1. Then, f

(n)
m and

f
(n+1)
m uniformly converges to zero on compact subsets of D as m → ∞. By using Lemma 2.2, Lemma 2.3, (3.1) and
condition (ii), for every ε > 0, and η, we have

∥Wn
ϕ,ξfm∥DK→Bω = |(Wn

ϕ,ξfm)(0)|+ sup
υ∈D

ω(υ)|(Wn
ϕ,ξfm)′(υ)|

≲ L+ sup
υ∈D

ω(υ)|ϕ′(υ)||f (n)
m (ξ(υ))|+ sup

υ∈D
ω(υ)|ϕ(υ)ξ′(υ)||f (n+1)

m (ξ(υ))|

≤ L+ sup
υ∈D\A

ω(υ)|ϕ′(υ)||f (n)
m (ξ(υ))|+ sup

υ∈A
ω(υ)|ϕ′(υ)||f (n)

m (ξ(υ))|

+ sup
υ∈D\A

ω(υ)|ϕ(υ)ξ′(υ)||f (n+1)
m (ξ(υ))|+ sup

υ∈A
ω(υ)|ϕ(υ)ξ′(υ)||f (n+1)

m (ξ(υ))|

≤ L+Am + C sup
υ∈A

M1(υ) + C sup
υ∈A

M2(υ)

≲ L+Am + 2ε, (3.22)

where Am = l1 sup{υ:|υ|≤η} |f
(n)
m (υ)|+ l2 sup{υ:|υ|≤η} |f

(n+1)
m (υ)|. We know that if (fm)m∈N converges to zero uniformly

on any compact subset of D then (f
(n)
m )m∈N and (f

(n+1)
m )m∈N do the same as m → ∞. Thus Am → 0 as m → ∞.

Also, {ξ(0)} and {υ : |υ| ≤ η} are compact subsets of D, so by taking m → ∞ in (3.22), we obtain

lim
m→∞

∥Wn
ϕ,ξfm∥DK→Bω

= 0.

Hence, the operator Wn
ϕ,ξ : DK → Bω is compact. □
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