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Abstract

In 1984, Khan et al. established some fixed point theorems in complete and compact metric spaces by altering distance
functions. In 2020, Lotfy et al. introduced the «,-1-common rational type mappings on generalized metric spaces
applied to fractional integral equations. In 2022, Roy et al. described the notion of Branciari Sp-metric space and
related fixed point theorems with an application. In this paper, we introduce the notion of fixed point theorems for .-
1-f;-contractive set-valued mappings on Branciari Sp-metric space with application to fractional integral equations.
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1 Introduction

We know that the fixed point theory has many applications and was extended by several authors from different
views (see for example [1]-[22]). Samet et al [20] introduced the notion of a-1)-contractive type mappings. Hassanzadeh
Asl et al [I11,[12] introduced the notion of common fixed point theorems for a,-)-contractive multifunction. Farajzadeh
et al [§] introduced the fixed point theorems for (&, a, n)-expansive mappings in complete metric spaces. Gungor et al
established fixed point theorems on orthogonal metric spaces via altering distance functions. Lotfy et al [16] introduced
the notion of a,-1)-common rational type mappings on generalized metric spaces with application to fractional integral
equations. Roy et al [I§] described the notion of Branciari Sp-metric space and related fixed point theorems with an
application. This paper aims to introduce the notion of fixed point theorems for «,-1-3;-contractive set-valued
mappings on Branciari Sy-metric space with application to fractional integral equations.

2 Preliminaries

In this section, we list some fundamental definitions that are useful tool in consequent analysis. Let 2% denote the
family of all nonempty subsets of X.
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Definition 2.1. ([I5]) A function ¢ : [0,+00) — [0,+00) is called an altering distance function if the following
properties are satisfied:
(1) ¥(0) = 0 and ¥(t) > 0 for all ¢ € (0, +00);
(12) 1 is continuous and no-decreasing;
(¥3) Y025 (1) < oo;
(Ya) Y(t1 +t2) < P(t1) + P(t2);
for all t1,t5 € (0, +00).

These functions are known in the literature as (c)-comparison functions. It is easily proved that if ¢ is a (c¢)-
comparison function, then v (t) < ¢ for all t > 0. We denote ¥ as the set of altering distance function 1. The extended
line is the ordered space [—o0; +00], considering of all points of the number line R and two points, denoted by —oo, +00
with the usual order relation for points of R.

Definition 2.2. ([4,[7]) Let X be a nonempty set and p : X x X — [0,00] be a mapping. Then p is said to be a
rectangular metric if it satisfies the following conditions, for all z,y € X and all distinct u,v € X each of which is
different from x and y:

(GMS1) p(z,y) =0if and if z =y ;

(GMS2) p(z,y) = p(y,x) for any points z,y € X;

(GMS3) p(x,y) < p(z,u) + p(u,v) + p(v,y) for any points z,y,u&v € X considering that if d(x,u) = oo or
p(u,v) = o0 or d(v,y) = oo then p(z,u) + p(u,v) + d(v,y) = occ.

In this case the map p is called a generalized and abbreviated as GM. Here, the pair (X, p) is called a rectangular

metric space and abbreviated as GM S. There are several rectangular metric spaces which are not usual metric spaces.
Let us recall the following example.

In the above definition, if p satisfies only GMS1 and GM S2, then it is called a semi-metric.

Example 2.3. ([I13]) Let U ={0,2}, V={2:n>1and X =U UV}.
Define p: X2 — [0, 0] by

if x=y,

if x#y andeither z,y €U or z,yeV,
if zeU and yevV,

if €V and yeU.

p(r,y) =

B —~ O

Then p is a rectangular metric on X but not an usual metric space.

1
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p(0,2) =1 p(0,3) +

2
-
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1
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Sedghi et al. [21I] introduced a new type of metric structure consisting of three variables known as S-metric.
Subsequently Souayah and Mlaiki [22] investigated the notion of Sp-metric spaces which generalized the concept of
S-metric spaces.

Definition 2.4. ([19, 21]) Let X be a nonempty set. An S-metric on X is a function S : X® — [0,00) that satisfies
the following conditions, for all z,y, z,t € X :

(1) S(x,y,z) =0ifandif z =y =2 ;

(1) S(z,y,2) < S(x,z,t) + S(y,y,t) + S(z, 2,t).
The pair (X, 5) is called an S-metric space.

Example 2.5. ([21])

(1) Let R be the real line and X = R™ and ||.|| a norm on X. Then S(z,y, z) = ||y + 2z —2z||+ ||y — z|| is an S-metric
on X.

(2) Let R be the real line. Then S(z,y,2) = | — z| + |y — 2| for all ,y,z € R is an S-metric on R. This S-metric
on R is called the usual S-metric on R.

Definition 2.6. ([17,22]) Let X be a nonempty set and let s > 1 be a given real number. A function Sp : X* — [0, 00)
is said to be Sp-metric if and if for all z,y, z,t € X : the following conditions hold:
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(Z) Sb(mvyvz) =0 if and lf.ﬁ:yzz ;
(it) Sp(x,y,2) < s[Sp(x,x,t) + Sp(y, y, t) + Sp(2, 2,1)].

The pair (X, Sp) is called an Sp-metric space.
Example 2.7. ([22]) Let X be a nonempty set and card(X) > 5. suppose X = X; U X5 a partition of X such that
card(X7) > 4. Let s > 1, then

0 if z=y=z2,
5 if z=1=y and z=2,

Sp(z,y,2) = n%fl if x=1=y and z2>3,
az i x=2=y and z2>3,
3 otherwise.

for all z,y,z,t € X. Then S is an Sp-metric on X with coefficient s.

Definition 2.8. ([I8]) Let X be a nonempty set and A : X3 — R} be a function. Then X is said to be Branciari
Sp-metric if it satisfies the following condition:

(1) AMz,y,2) =0ifand if z = y = 2;

(1) for any z,y,z € X and for a,b € X \ {x,y, 2z} with a # b we have

Az, y, 2) < kA2, z,a) + My, y,a) + A(z,2,b) + A(a, b, b)] (2.1)

where k > 1. The pair (X, A) is called Branciari Sp-metric space.

Definition 2.9. ([I8]) A Branciari Sp-metric on a nonempty set X is said to be symmetric if Az, z,y) = o(y,y, z)
for all z,y € X.

Proposition 2.10. ([18]) (i) Let (X,S) be an S-metric spaces (see definition (2.4)). The X is also a Branciari
Sp-metric space for k = 2.

(#4) Let (X, Sp) be an Sp-metric space with coefficient s > 1 (see definition (2.8))). The X is also a Branciari Sp-metric
space for k = 2s2.

Proposition 2.11. ([18]) Any S-metric space or Sp-metric space is also a Branciari Sp-metric space but there are
several Branciari Sp-metric spaces which are neither S-metric spaces nor S,-metric spaces.

Example 2.12. ([I8]) Let X = N and A : X® — R} be defined by

0 if z=y=z2
5 if x=1=y and z=2,

Mz, y,z) = %Tl if t=1=y and 2z2>3,
e i x=2=y and > 3,
3 otherwise.

for all x,y,z,t € X. Also we take A(z,z,y) = My, y,z) for all z,y € X. Then X is a symmetric Sp-metric space on X
for k = % but it is nether an S-metric nor an Sp-metric for any k£ > 1.

Definition 2.13. ([I8]) Let (X, A) be a Branciari Sp-metric space. Then

(i) A sequence {z,} in X is said to be Branciari convergent to some z € X if A\(z,, 2y, 2) — 0 as n — .

(i4) A sequence {z,} in X is said to be Branciari cauchy if (2, pn, Zm) — 0 as n,m — oo.

(#4) X is said to be Branciari complete if every Branciari cauchy sequence in X is Branciari convergent to some
element in X.

Definition 2.14. We say that (X, A) has the property a—regular Branciari Sp-metric space if, either

(i) {z,} is a monotone Branciari sequences in X such that a(z,,xn,2n41) > 1 for all n and z,, —» = € X as
n — oo, then there exists a Branciari subsequence {z, } of {z,} such that a(z,,,zn,,z) > 1 for all k.

or

(#4) {z,} is a monotone Branciari sequences in X such that a(zp41,%nt1,2n) > 1 for all n and 2, —» = € X as
n — oo, then there exists a Branciari subsequence {zy, } of {z,} such that a(z,z,z,,) > 1 for all k.
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Definition 2.15. Let (X, \) be a Branciari Sy-metric spaces. If T : X — 2% is a set-valued mapping, then z € X is
called fixed point for T if and only if € F(x). The set

Fiz(T) := {z € X such that = € Tz}
is called the fixed point set of T

Proposition 2.16. ([14, [7]) Suppose that {x,} is a Branciari Cauchy sequence in a (X, A) be a Branciari Sp-metric
space with lim,, oo A(2y, Z,,u) = 0 where v € X. Then

Hm A(zp,Zn, 2) = AM(u,u, 2)
n—oo

for all z € X. In particular, the Branciari sequence {x,} dose not Branciari converge to z if z # u.

Definition 2.17. Let (X, \) be a Branciari Sy-metric space. A set-valued mapping 7' : X — 2% is called Branciari
order closed if for monotone Branciari sequences z,, € X and y,, € Tz, with x, — x and y,, — y, implies y € T'z.

Definition 2.18. Let (X, \) be a Branciari Sy-metric space and T : X — 2% with given set-valued, o : X x X x X —
[0,4+00), ax : 2% x 2% x 2X — [0,+00), a.(A, A, B) = inf{a(a,a,b) : a € A,b € B}, ¥ € U, A(s,s,Ts) =
inf{\(s, s, z)/z € T's}, Hy is the Hausdorff metric

Hy(Tx,Tz,Ty) = max{ sup A(a,a,Ty), sup A(Tz,Tz,b)}.
a€Tx beTy

Bi : RT — {0} — [0,1) be four decreasing functions such that Z?Zl Bi(t) < 1 for every t > 0. One says that T is
--F;-contractive set-valued mappings whenever

(T, T, Ty)p(HA (T, Tz, Ty)) <Br(A(x, 2, 9)) YAz, 2,9)) + B2(A(@, 2, y))(A(x, z, Tx))

+ Bs( Mz, z,y))0(A(y, y, Ty)) + Ba(A(w, z,y)) min{s(A(z, z, Ty), v(A(y, y, Té)g

One says that T are an «, admissible if
a(z,z,y) > 1= a,(Te, Tx,Ty) > 1 (2.3)

for all z,y € X.

Definition 2.19. A subset B C X is said to be an approximation if for each given y € X, there exists z € B such
that A(B, B,y) = A(z,2,y) .

Definition 2.20. A set-valued mapping T : X — 2% is said to have an approximate values in X if Tz is an
approximation for each z € X.

3 Main result

Some fixed point theorems in symmetric Branciari Sp-metric space.

Theorem 3.1. Let (X, \) be a complete symmetric Branciari Sp-metric space (not necessarily complete metric space),
T : X — 2% is a,-1)-B;-Branciari contractive set-valued mappings satisfies the following conditions:

(i) T is a,-admissible;

(44) there exists zp € X such that
a({wo} {wo}, T{wo}) 2 1, au({zo}, {zo}, T*{z0}) > 1;

(#i7) (X, \) has the property a—regular Branciari Sp-metric space.

Then T has fixed point 2* € X. Further, for each z¢ € X, the iterated Branciari sequences {z,} with 2,411 € T,
Branciari converges to the fixed point of T'.
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Proof . Let zg € X such that a.({zo},{z0},Tzo) > 1. Define the sequence {z,} in X by ,,+1 € T, for all n € Ny.
If ©,, = py41 for some ng > 1, then z* = z,,, are a fixed point for T So, we can assume that z,, ¢ Tz, for all
n € Ny. Since T' is a,—admissible, we have

a(xo, o, 1) > a({zo}, {x0}, Txo) > 1 = an(Txo, Tz, Tx1) > 1;

a(zy,21,22) > au(Txo, Txo, Tx1) > 1 = (T, Txy, Txe) > 1
a(xg,xa,23) > au(Tx1, Txy, Tas) > 1 = a,(Try, Tre, Txs) > 1.
Inductively, we have
(T, TnyTnt1) > 1= a(Txy, Tan, Tepe) > 1

for all n € Ny. Similarly, we have
alxg, 20, T2) > c({z0}, {z0}, T?20) > 1 = (T, Txo, Tas) > 1;

a(xy,x1,23) > ax(Txo, Txo, Tas) > 1= a, (T, Try, Txs) > 1;

a(xa, o, x4) > ay(Txy, Tx1,Tas) > 1 = o (Tag, Tas, Txy) > 1.

Inductively, we have
o(Tn, Tn, Tnao) > 1= @u(Txn, Txpn, TTpio) > 1

for all n € Ng. Without loss of generality, we may assume that 7' : X — 2% be a a,-1)-f;-contractive set-valued
mappings. Consider equation (2.2), with = zg,4+1 and y = xg,4+2. Clearly, we have

YA (Tant1, Tant1s Tant2)) < (T2on, Txon, Toon1)0 (HA(Tx2n, Txon, TTant1))
<BL(AM(@2ns Ton, Tang 1)) V(M @2n, Tan, Tany1)) + B2(A(T2n, Ton, TT2n) )Y (A(T2n, Ton, TT2n))
+ B3(A(@2n+1, T2n41, T2041) )Y (A(@2n41, T2n41, TT2041))
Ba(Hx(Txop, Txon, Txont1)) min{(A(zan, Ton, TTni1), (A(T2nt1, Tont1, TTan))}
<BL(AM(@2ns Ton, Tang 1)) V(M @2n, Tan, Tany1)) + B2(MT2n, Tan, T241)) P (M(Z2n, Ton, Tant1))
+ B3(M@2n41, Tant 1, T2nt2) )V A(Z2n41; Tant1, Tani2))
Ba(A(@2n+1, Tant1, T2n+2)) min{Y(A(@2n, Tan, T2nt2), Y(A(@2n+1, T2nt1, T2n+1))
<B1(A(@2n, T2n, Tant1))P (M @20, Tan, T2nt1)) + B2(M(@2n, T2n, T2011)) P (AMT2n, T2n, Tan+1))

+ Bs(M(@2n+1, Tont1, T2n+2)) V(A @2n41; Tant1, Tant2)) (3.1)
Then
(1 = B3(MZ2n+1, T2n+1, Tant2)) V(A (T2n41, Tant1, Tanya)) < (3.2)
Br(AM@2n; Tan, Tant1)) + B2(AM(Z2n, Tan, Tant1)) V(A X2n, Ton, Tant1)) ’
and

(51 (A($2na T2n, I2n+1)) + 52()\(35271, T2n, I2n+1)))

< A 3.3
1/)(>\(I2n+1,172n+17332n+2)) = (1 —53()\(3?2n+17$2n+1,$2n+2)) 7/1( (IZn,szmiﬂzn-s-l)) ( )
Thus
V(A Z2n+1, Tant1, Tant2)) < V(A (ZTon, Ton, Tant1)). (3.4)
for all n € Ny. Similarly,
YA (T2n, Tan, Tont1)) < V(M@an—1,T2n—1, T2n)). (3.5)

for all n € Ny. We have
Y(MEns1; Trg1, Tnga)) <YM, Tn, Tnt1)) < -0 < P (Mo, To, 1)), (3.6)
for all n € N. From the property of ¥, we conclude that
Mxp, Try Toa1) < MTp—1, Tn_1,Zn), (3.7)

for all n € N, it is clear that
lim A(p+1, Tnt1, Tpy2) = 0. (3.8)

n—oo



374 Vatani, Hassanzadeh Asl, Eshaghi Gordji, Jahangiri Rad

Consider equation ([2.2)), with = z9,_1 and y = x9,4+1. Clearly, we have

V(A Tan—1,T2n—1,Ton+1)) < (TTan—2, TTon—2, Txon )W (H)(Tx2n—2, TTon—2, T22,))
<Br(Mx2n—2, T2n—2,T2n)) P (AM(T2n—2, T2n—2, T2n))
+ Bo(A(r2n—2, Ton—2, TT2n—2))Y(A(T2n—2, T2p_2, T2, _2))
+ Ba(A(2n, T2n, Tr2,)) 0 (A(T2n, T2n, TT20))
+ Ba(Hx(Txon—2, TTon—2, T2oy)) min{(A(zon—2, Tan—2, Txan), Y(A(T2n, Ton, TTan—2))}
<Br(M@2n—2, T2n—2, T2n)) P (AM(T2n—2, T2n—2, T2n))
+ Bo(MT2n—2, T2n—2, T2n—1)) V(M @2n—2, Tan—2, Tan_1))
+ B3(A(@2n: T2ns T2n+1))P(M(@2n, Ton, T2n41))

+ Ba(M@2n—1,T2n—1, Tont1)) MIn{Y(A(@2n—2, Ton—2, Tant1), V(A(@2n, T2, Ton—1))}
(3.9)

Define aon = /\($2n—171'2n—1a 172n+1) and bgn = )\(l‘gn,IEQn,l’Qn_H). Then

P(azn) < Br(azn—1)Y(azn—1)+ B2(ban—1)Y(ban—1) + B3(b2n)0(b2n) + Ba(azn) min{ep(A(22n—2, Tan—2, Tant1), 1/)(1)27271)}5
3.10

From the (3.8) lim,,— o0 bon = limy,—s 00 A(@2n, Ton, T2n+1) = 0. We get
YP(azn) < Pr(azn—1)Y(azn—1) < Y(az,—1) (3.11)

and hence,
lim ag, = lim d(zan—1,Z2p+1) = 0= lim a, = lim A(zp—1,2Zn-1,Zns+1) =0.
n—o00 n—oo n—o00 n—oo

Now, we shall prove that x, # x,, for all n % m. Assume on the contrary that x, = x,, for some m,n € N with
n # m. Since d(zp, zp41) > 0 for each p € N, without loss of generality, we may assume that m > n + 1,m = 2k and
n = 2[ for k,l € N. Substitute again = x9; = xo and y = x9;41 = Tok41 in (2.2)), (3.7) which yields

Y(Mxar, 21, T241)) =P (M (T2k, ok, Taks1))

Lo (Hx(Txop—1, Txon—1, Txor) )Y (HA(Tw2p—1, Trog—1, Tror))
<Br(M@ok—1, Tar—1, Tor)) Y (AM(T2r—1, Tor—1, T2k))

+ Ba(A(xor—1, Top—1, T2or—1))Y(A(22r—1, Top—1, TT2k_1))

+ B3(A(wo, 2ok, Twor))w (A(@ok, Tog, Tror))

Ba(Hx(Txok, Twog, Trop—1)) min{e)(A(zo, 2ok, Tror—1), Y(A(or—1, Top—1, Tw2x))}
<Br(M@or—1, Tar—1, Tor)) Y (AM(T2r—1, Tor—1, T2k))

+ Ba(A(wor—1, Tar—1, T2k) )V (M(@2k—1, Ton—1, Tar))

+ B3(M@2k; Tak, Tar+1)) V(M (T2k, Tag, Tart1))

Ba(A(@or41, Tary1, o)) min{(A(zor, Tok, Tor), Y(M@2r—1, Top—1, Tor11))}
<Br(M@ok—1, T2r—1, Tok)) Y (AM(T2r—1, Tor—1, T2k))

+ Bo(M@ak—1, Tak—1, Tak) ) V(M @2k—1, Tak—1, Tar)) + B3(M@2k, Tor, Takt1)) V(N (@ 2k, Tak, Tak+1))

(3.12)
which is impossible. From this it follows that x,, # x,, for all n,m (n #m) € N.
Case I: Suppose that S, = M@y, T, Tnt1), P(Sn) = anSy, and a € (0, ﬁ) Then
Sn = )\(l’n,!En, anrl) < ¢(A($n—1; (Enflwrn)) = anfl)\(xnfhxnflyxn) (3 13)
< @ 1PN @n—2, Tn—2,Tpn-1)) < - < ap_10m_2 - - 1A (0, T, 1) = " Sy '
Similarly, we have
Sy = M&n, Tn, Tny2) < VN@p—1,Tn-1,Tns1)) = 01 M ETn—1,Tn—1,Tpt1) (3.14)

< apo1P(A(@Tn—2, Tn—2,2pn)) <+ < Qp_1@n_2 - - - a100A(T0, o, 21) = a™S§
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for all n > 1 and o = maxg<;<n—1{;}. Now, we shall prove that {x,} is a Branciari Cauchy sequence, that is,

nl;rrgo M, T,y Tpyy) = 0,
for all [ € N. We have already proved the cases for { =1 and [ = 2 in (3.7)) and (3.10)), respectively. Now for [ = 2m+1,
where m > 1. Using the inequality (2.1]), we have

)\(ifn, Tn, xn+l) S k[)\(xna T, l'n+1) + )\((Ena Ty anrl) + )\(xn+l; Tn+l, xn+2)
+)\(xn+la Tn+1, xn+2)]
= 2k;)\(xna L, xn-i—l) + k)\(l‘n-&-l; Tn41, xn+2) + k)\(xn—i-l, Tn+1, xn+2)]
Symmetric
= 2k>\($n7 T, $n+1) + k>\(‘rn+17 Tn+1, l'nJrZ) + k)\(xn+27 Tn+2, xn+l)
S Qk)\(fﬂn, T, anrl) + k)\(xn+1u Tn+1, xn+2) + k(k[)\(anrZa Tn+2, -Tn+3)
+)\($Cn+2, Tn+2, xn+3> + )\(In+l; Tn41, mn+4) + A<xn+3> Tn+3, mn+4)])
S tri
YR QRN T, Ty Tg1) + EA @1, Trgts Tnaz) + 2k2N(Tnto, Tnga, Tnis)

+k2)\(mn+37 Tn+3, (En+4) + k2)\(xn+47 Tn+4, mn+2m+1)
<. (3.15)

< 2k[M(@n, T,y Tn1) + MTnt1, Tog1, Tnga)] + 2]“2[)‘($n+2a Tpy2, Tny3)
+)\($n+37 Tn+3, xn+4)]

+-- 2km [A(-rn+2m—27 LTn+2m—2; mn+2m—1) + A(xn-i-Qm—lz Tn+2m—1, mn+2m)]
+E™ /\(xn—&-Qma Tn+2m; -rn+2m+1)

< 2[{k(04() + an+1) + k2(ag+2 + an+3) ce km( n+2m—2 + n+2m71)}
+Ema 61+2m]50 =2k(1+ ag)af[1 + kad + -+ + k™« Qm]SO _ 2];8:;50) ol So

for all n > 1. Also for [ = 2m we get

MTp, Ty Trpom) < -+ < Qﬁ(j:;zo alSo + af(ka?)m=1Sg (3.16)

for all n > 1. Thus we proved that {z,} is a Branciari Cauchy sequence in the complete metric space (X, A), there
exists £* € X such that

lim A@p,zn,2*) =0
n—oo

by (X, A) has the property a—regular Branciari Sp-metric space. There exists a subsequence {z,, } of {z,} such that

as({zan, 11} {zon, 41}, {27}) > au(Taon, , Txon,, Tx*) > 1 for all k. (3.17)

Thus

Y(A(", 2", Tx")) <Y(AMa”, 2", 2on,+1)) + P(A(@T2n, 41, Tan+1, TT7))
<A™, 2", zan,+1)) + @ (Txon, , Tron, , T )WY(Hx(Tx2n, , Txon,, TT"))
SYN™, 2%, Ton,41)) + Br(AM(@2n, , Ton,, 7)) V(M @2n,,, Ton, , 7))
+ B2 (AMT2ny, Tang , &)V (A(T2n, s Tan,, TTan, ) + B3(A(@an,, Tan,, ©°))0(A(z*, ", Tz"))
Ba(M@an,,, Tan,, ")) min{(A(w2n, , Ton,, Tr"), (A", 2%, Tron,))}
<YA(@", 2%, w2, 11)) + Br(AM(@2n,; T, , 7))V A(@2n, Ton,, 7))
+ B2(A(@2n, s Ton, T2n+1)) 0 (A(@2n,, Tang, Tani+1)) + Bs(M@2ny s Ton,, 7)) (A(a”, 27, Ta™))
Ba(AM@2ny, T2n,, 7)) min{y (A(@2n,, , Ton,, T27), (A (@", 2", 20, 41)) }
<P(0) + Br(Ma2ny, T2n,,, €))P(0) + B2(Ma2n,, T2n,, , T2n,+1))1(0)
+ Bs(AM@any, Tang, )W (A(z™, 2, Tx")) Ba( M @an,, , Ton,, ©*)) min{(A(z2n, , T2n,, T2"), ¥ (0)}
<Bs(A(@an,, Tan,, ")) Y(A(x*, 2%, Tz*))
<Y(A(z*, 2", Tx")) (3.18)
for all k, which is impossible. Hence, A(z*,z*, Ta*) = A(Tx*, Tz*,2*) = 0 and so z* € Tz*.
Case-(II): a € [\f’ ). Then there exists N € N such that o € (\f 1). Now due to the contractive condition

(2.2) we see that also satisfies the contractive condition (2.2) for the Lipschitz constant therefore by Case-(I) T™ has
a fixed point in X and thus in this case also T has a ﬁxed point. O



376 Vatani, Hassanzadeh Asl, Eshaghi Gordji, Jahangiri Rad

Example 3.2. ([I8]) Let X = Nand ) : X3 — R be defined \(x,z,2) = 0 and A(z,2,y) = A\(y,y, ) for all z,y € X
with
10 if z=1=y and z=2,
— if z=1= and 2z >3
— 2(n+1) 1 Y = 9
A,y 2) niQ if r=2=y and z2>3,
5 otherwise.

Then A is a complete symmetric Branciari Sp-metric space on X for k = 4 but it is nether an S-metric nor an
Sp-metric for any k> 1. Let T : X — 2% be

pe_ {134} it we{12},
{5,6} otherwise.

Then T? satisfies the contractive condition ll for any ¢ (z) = 11% and thus T? has a fixed point in X. Therefore
T has a fixed point z =5 in X.

Corollary 3.3. ([18]) (Analogue to Banach Contraction Theorem) Let (X, A) be a complete symmetric Branciari
Sp-metric space and T : X — X satisfies

NTz, Tz, Ty) < a(\z,z,y))

for all x,y € X, where a € (0,1). Then T has a unique fixed point in X.

Example 3.4. Let X =7 and Y C X be a finite set defined as Y = {1,2,4,8}. Define A: Y x Y x Y — [0, 00) as:

A1,1,1) = A(2,2,2) = )\(4,4,4) = A(8,8,8) =0,

AL L2) = A(2,2.1) = 3,

A(2,2,8) = A(8,8,2) = A(1,1,8) = A(8,8,1) = 1 and

A1, 1,4) = A(4,4,1) = A(2,2,4) = A(4,4,2) = A(8,8,4) = A(4,4,8) = 1

The function A is not a metric on Y. Indeed, note

3=X1,1,2) > A(1,1,8) + A(8,8,2) =1 + 1 =2,

that is, the triangle inequality is not satisfied. However, A is a Branciari S-metric on ¥ and moreover (Y, \) is a
complete Branciari Sy-metric space. Define T:Y — 2Y as: T1 =T2=T8 = {2,4},T4 = {1,8} and T1 =T2 = T4 =
{2,81, T8 ={1,2}, a: Y x Y X Y — [0,400), o, = inf v as oz, z,y) = a(y,y,x)) = 1 ¥(t) = 2t. Clearly, T satisfies
the conditions of Theorem and has a fixed point = = 2.

3.1 Analogue to Kannan fixed point theorem

Theorem 3.5. (Analogue to Kannan fixed point theorem) Let (X, \) be complete symmetric Branciari Sp-metric
space and T : X — 2% satisfies

Oy (T$, T:E, Ty)H)\(Tx, T*T” Ty) < Bl(A(x’ €z, y))wl (A(.Z‘, €L, Tl‘)) + ﬁQ(A(yv Y, x))¢2(A(y7 Y, Ty)) (319)

for all 2,y € X where ¢; € U and 3°7_, Bi(\(z,z,y)) € (0, %). Then T has a fixed point in X.

Proof . Let 2y € X be taken as arbitrary and let us construct the sequence {z,} in X by 2,11 € Tz, for all n € Ny.
If ¢, = Xpy41 for some ng > 1, then z* = z,,, are a fixed point for T. So, we can assume that z,, ¢ Tz, for all
n € Nyg. Here we show that {z,} is Cauchy sequence in X.

Case—1I: Z?:l Bi(A(z,z,y)) € (0, k+1) From the contraction condition 1.} we get

MZny Ty Tng1) < (Txp—1, Tap—1, Tan)Hx(Txp—1, Txn_1,T2y)
<61(>‘(xn—1v Tno1,2n) )01 (A @n—1, o1, TTp—1)) + B2 (AN (@n, T, 1)) V2 (AT, 2, Ty))
<BrA@n—1,Tn—1,Tn) )1 (AN @n-1, Tn-1,%0)) + B2(M@n, Tn, Tn—1)) P2 (AT Ty Tg1))
<51()\(xn_1,mn_l,xn)))\(xn_l,xn_l, Tn) + Bo AT, Ty T 1)) My Ty Tii1)
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for all n > 1. From which we get

B
= <
Sn A(x’mx’n)xn-‘rl) =71_ ﬂQ
B1

for all n € N, where v = =5 < % Also we have,

)\(ajn—lamn—hxn) = ryA(l‘n—laxn—la xn) = ’Y‘S’n—l S e S ’YnSO

Sr = MTny T, Tnga) < (Txp—1,Tn—1, Txpi1)Hx(Txp—1, Txn_1,TTni1)
<Br(M@n—1,Tn—1, Tnt1)) V1 (A(Tn—1, Tn—1,TTp_1))

+ Bo(A(@nt15 Tnt1, Tn1)) V2 (AM(@nt1, Tt 1, TTnr1))
<BrA@n—1,Tn—1, Tnt1) )1 (M(@n-1, Tn-1,0))

+ B2 ()‘(anrla Tpi1,Tn-1))P2 ()‘(xn+17 Tn+1, xn+2))
<BLA@n—15Tn—1, Tt 1) )M Tr—1, Tn—1, Tn) + B2(A(@n41; Tnt1, Tn—1) )M Tnt1, Tt 1, Tnt2)
<BrAM@n—1,Tn—1,Tn41))Sn—1 + BaA(@ns1, Loy 1, Tno1))Sni1
<3 ()\(xnfl,wn,ha?wr ))Vn 1SO + B2(A (xn+1,xn+17xn,1))’y”+15’0

" 'S + B(A (mn+1,xn+1,xn_1))fy”+1So
)"+ S
)L+~

1
1 1
<BA(@n—1,Tn-1,Tn+1)
<BN@n-1,Tn-1,Tnt1)
=B (Tn-1,Tn-1,Tns1)

for all n € N, where
BA(@n—1,Tn—1,Tn+1)) = max{B1(A(Tn—1, Tn—1, Tn41)), B2(A(@n41, Tnt1, Tn-1))}-

Show that z,, is Cauchy sequence in X and therefore due to the completeness of X there exist a u € X such that
T, — u as n — 0o. Now,
AMani1, 21, Tu) <o (T, T, Tu)Hy(T2p, Ta,, Tu)
<Bl( (xnv Tn, U ))¢1( (xm T, Txn)) + 52()‘(“7 U, xn))wQ(A(uv U, Tu))
A W)L Ny T, 1)) + Ba (A, 4, 20 (A, u, Tw))
B @y Ty )N Ty Ty Trt1) + Ba( A, w, 7)) A(u, u, Tu)
<Br AN (@, Ty W) )N Xy Ty 1) + Ba( A w, wy 20) ) E[2A (1, wy 20) + ATy Tty Ty 1) + M@y Ty Tge1))
<BA(@n, Tny U@,y Ty Trp1) + BA(w, w, 20))E[2A (0w, uy ) + M Tw, Tuy Typ1) + M@, T, Tnga)],

for all n > 1. Therefore

)\(xnv ITM

B (@, Ty w)) (1 + )X (@0, Tny Tn1) + 288N X, T,y ) ATy Ty 1)
1= kB(A(@n, n,u))
as n — 0o and B(A (@, Tn,u)) = max{B1(A(xn, Tn,u)), B2(A(Zn, Zn,u))}. Hence u € Tu and wu is a fixed point of 7.
Case—II: = max{f, 02} € [k+1’ 2) Then there exists N € N such that
YN e (0, 47)- O

—0

A@ng1, Tng1, Tu) <

Example 3.6. Let X = {%, %, %, <~} and A : X3 — [0,00) be defined by A(z,z,x) =0 and A\(x,z,y) = Xy, y,x) for
all z,y € X with

In—m| if 2=L=y z2=2L1 and |n—m|>1,
Mz, y,2) = % if x—l—y ,zz% and |n—m|=1,
1 otherwise.

Then X is a complete symmetric Branciari Sy-metric space for £ = 3 but not an S-metric, since

111 111 111
Mz, =,2)=2>2M=, =, =)+ A5, -, =) =
(5:5:7) =2>2M5,5:3) + Ay,

Let T : X — 2% be given by

Then T satisfies the contractive condition || for Z?Zl B; = % and thus T has a fixed point z = % in X.
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In this section we give some consequences of the main results presented above. Specifically, we apply our results
to complete symmetric Branciari Sp-metric space endowed with a partial order.

3.2 Fixed point theorems for weakly increasing on X has the property a-regular Branciari Sp-metric
space

In the following we provide set-valued versions of the preceding theorem. The results are related to those in ([9]).
Let X be a topological space and < be a partial order on X.

Definition 3.7. ([3]). Let A, B be two nonempty subsets of X, the relations between A and B are definers follows:
(r1) If for every a € A, there exists b € B such that a < b, then A <; B
(rq) If for every b € B there exists a € A, such that a < b, then A <5 B
(rg) If A<y B and A <3 B, then A < B.

Definition 3.8. ([3], [6]). Let (X, <) be a partially ordered set. Two mappings f,g: X — X are said to be weakly
increasing if fx < gfx and gxr < fgx hold for all z € X.

Definition 3.9. (]2]) Let (X, <) be a partially ordered set. Two mapping F,G : X — 2% are said to be weakly
increasing with respect to < if for any x € X we have Fx <; Gy for all y € Fax and Gx <; Fy for all y € Gz.
Similarly two maps F,G : X — 2% are said to be weakly increasing with respect to <y if for any z € X we have
Gy <o Fx for all y € Foz and Fy <5 Gz for all y € Gz.

Now we give some examples.

Example 3.10. (]2]) Let X = [1,00) and < be usual order on X. Consider two mappings F,G : X — 2% defined by
Fx = [1,2% and Gz = [1,2x] for all x € X. Then the pair of mappings F and G are weakly increasing with respect
to <2 but not <; . Indeed, since

Gy =[1,2y] <2 [1,2%] = Fx for all y € Fx

and
Fy =[1,y%] <2 [1,22] = Gz for all y € Gx

so F and G are weakly increasing with respect to <2 but F2 = [1,4] 41 [1,2] = G1 for 1 € F2, so F and G are not
weakly increasing with respect to < .

Example 3.11. ([2]) Let X = [1,00) and < be usual order on X. Consider two mappings F, G : X — 2% defined by
Fz =[0,1] and Gz = [z, 1] for all x € X. Then the pair of mappings F' and G are weakly increasing with respect to
<1 but not < . Indeed, since

Fzr=[0,1] <1 [y,1] =Gy for all y € Fx

and
Gz = [z,1] <1 [0,1] = Fy for all y € Gz

so F' and G are weakly increasing with respect to <; but G1 =1 45 0,1 = F1 for 1 € F'1, so F and G are not weakly
increasing with respect to <5 .

Theorem 3.12. Let (X, <, \) be a partially ordered complete symmetric Branciari Sp-metric space. Suppose that
T : X — 2% are set-valued mappings and satisfies the following conditions:
(4)
(T T ) £ B0 2 WO )+ B0 )01, 72) (5.20)
(A, 2 9) (A Y, 5, Ty)) + Ba(Na, 2, ) min{ (A (. 2, Ty), b(A(y, y, )}

(#i) T and i, be a weakly increasing pair on X w.r.t <p;
(iii) there exists xg € X such that {zo} <1 Tzo and {zo} <1 T?x0;
(iv)X has the property a—regular generalized metric space.

Then T has fixed point 2* € X. Further, for each zg € X, the iterated sequence {x,} with x,1 € Tz, converges
to the fixed point of T
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Proof . Define the sequence z,, in X by 41 € Tz, for all n € Ny. If z,, = 2,41 for some n € Ny, then z* = z,
is a fixed point for 7. Using that the pair of set-valued mappings T and 7, is weakly increasing and by define
a: X XX xX —[0,+00)

1 ifx =X

It can be easily shown that the sequence x,, is nondecreasing w.r.t, < i.e; and

ax({zo}, {zo}, Txo) > 1 = Jz1 € Tap, such that a(xg, o, z1) > 1= 29 < 271.

Now since T' and i, is weakly increasing with respect to <1, we have x1 € Txg <1 Tx;. Thus there exist some
9 € Tz such that 1 < z5. Again since T and i, is weakly increasing with respect to <1, we have o € Tz < Txs.
Thus there exist some z3 € Txy such that o < z3. Continue this process, we will get a nondecreasing sequence
{2, }52; which satisfies 41 € T2y, n =0,1,2,3,--- We get

To X1 X2 R DLy D pg1] DTy X0

In particular z,,z,;; are comparable for all j € N. «a(z,,2,4;) > 1 for all n € Ny and by equation
and we have lim, o0 A(Zpn, Ty, Tnyj) = 0. Following the proof of Theorem , we know that {z,} is a
Cauchy sequence in the partially ordered complete symmetric Branciari Sp-metric space (X, =,). There exists
x* € X such that lim, ;4 o AM(@n, Ty, ") = 0. and condition (iv), there exists a subsequence {x,;} of {z,} such that
A(Tn 41, Tn,41,7%) > (T, Ty, Tx*) > 1 for all j. Thus,

A(x™, 2", Tx™) <E[Na™, 2%, 2p, 1) + AN2™, 2%, 20, 41) + AT2", T2™, 20, 2) + MTn, 41, Ty 1, Tnj12)]
=2k (2", 2", Ty 11) + KA(T2", ™, 2 42) + kN @415 Tyt 15 Ty 12)
=2k (2", 2", T 1) + JN Ty 41, Tyt Tnya2) + RA(T2™, Ta™ Ty, 41)
L2k (2", 2%, T 11) F RNTn 11, Ty 1, T t2) + RHA(T2", Ta*, T, 1)
<O, 2%, Ty 11) + BNy 415 By 1, Ty 12) + KB, 27, 2y 41 )OO, 37, 2 41))

+ Ba( M™%, 2 41) )0 (A2, 2%, Ta™)) + Ba(Ma™, 2%, 2, 41)) 0 (A2, 27, T2™))

BN 2,y 1)) M B(A (", 27, T, 1), (A 1, Tny 1, T5))}]

S2kA(@", 27, @y 41) + EM@ny41s Tng 41, Tny2) T E[BLA@T, 2%, 20, 41) )Y (A(@", 27, 2, 41))

+ Bo(A(@", 27, 1)) (A(2", 27, Ta™)) + Bs(A(a™, 27, 2y 41) )0 (A(2", 27, Ta™))

+ Ba(A(@", 27, @y 1)) min{ep (A(2", 27, T 42)), Y(A(Tn, 415 Ty 41, T2")) }]
Sk[Ba(A(z™, 27, wn1)) Y (A(2™, 2%, Tx7)) + B3(A(z™, 2%, @y 41) ) (A(a”, 27, Tx"))]
SE[Bo(A(x™, 2™, 2y 41)) A", 2™, T™) + 63()\(30*,x*,xnijrl))A(x*,x*,Tx*)]
<k[Ba(AM@™, 2%, 2, 41)) + B3(A(z™, 2%, 0 41))|A (2", 2%, T'x™)

for all j € N and k > 1. Hence, A(z*,2*,T2*) = 0 and so 2* € Tz*. O

Theorem 3.13. Let (X, <, \) be a partially ordered complete symmetric Branciari Sp-metric space. Suppose that
T : X — 2% are set-valued mappings and satisfies the following conditions:
(4)
Hy\(Tx,Tx, Ty) < fr(Ma, 2,y))p(Mw, 2, y)) + B2(Mz, z,y)) (A2, z, Tx))

B3 (A, 2, 9)) b (A, 5, Ty)) + Ba(Ax, 2, 9)) min{ep(A(z, z, Ty), ¥(A(y, v, T))}. (3.21)

(#3) T and i, be a weakly increasing pair on X w.r.t <o;
(i74) there exists xg € X such that Tz <2 {x¢} and T?zg <2 {70};
(iv) X has the property a—regular generalized metric space.

Then T has fixed point 2* € X. Further, for each zg € X, the iterated sequence {x,} with x, 1 € Tz, converges
to the fixed point of T.

Proof . Define the sequence z,, in X by 1 € Tz, for all n € Ny. If z,, = 2,41 for some n € Ny, then z* = z,
is a fixed point for T. Using that the pair of set-valued mappings T and i, is weakly increasing and by define
a: X XX xX —[0,+00)

|1 dfr=y
oz, 2,y) = { 0 ifr=<y.
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It can be easily shown that the sequence x,, is non-increasing w.r.t, < i.e; and

ax(Txo, Txo,{xo}) > 1 = 21 € Txp, such that a(x1,21,20) > 1 = x1 < 0;

Now since T" and i, are weakly increasing with respect to <o, we have Tx1 <2 Txg. Thus there exist some x5 € Txq
such that zo < x7. Again since T and i, are weakly increasing with respect to <o, we have Txy =<9 T'z1. Thus there
exist some x3 € Txs such that x3 < x9. Continue this process, we will get a non-increasing sequence {x,}>2 ; which
satisfies 41 € Tz, and xp10 € Txp41, n=0,1,2,3,--- We get

TOZ X1 =T = o = Xy = Tyl 2= Tpg2 = * 00

In particular z,4;,%, are comparable for all k¥ € N, a(zp1;,z,) > 1 for all j € Ny and by equation (2.1)
and (2.3) we have lim,_ oo A(Zp+j, Tn+j, @n) = 0. Following the proof of Theorem (3.1), we know that {z,} is
a Cauchy sequence in the partially ordered complete symmetric Branciari S,-metric space. (X,<,A). There ex-

ists 2* € X such that lim, 4o A2y, zn,2*) = 0. Following the proof of Theorem , we know that {x,} is
a Cauchy sequence in the partially ordered complete symmetric Branciari Sp-metric space (X, <,)\). There exists
x* € X such that lim, o AM(@n, Zn, ") = 0. and condition (iv), there exists a subsequence {x,,} of {x,} such that
(T 415 Ty 41, ) 2> (T, Ty, Tx*) > 1 for all j. Thus,
A(x™, 2", Tx™) <K[Na™, 2%, 2n, 1) + M@, 0%, 20, 01) + AT, T2, 20, 42) + MTnj41, Tnji1, Toj2)]
=2k (z", 2", Ty 11) + KA(T2", ™, 25 42) + kM@ 41, Tyt 15 Ty 12)
=2k (2", 2", Tp 1) + JN By 41, Ty g1, Tnya2) + RA(T2", Ta™ Ty, 1)
L2k (@, 2%, T, 1) + RN, 415 Ty 1, Tnypp2) + RHA(T2™, Ta™, Ty, 11)
L2k (@™, 2%, T, 1) F RN @, 15 T s Toget2) + R[BLAET, 27, 20, 1) )M ", 2%, 205 41))
+ Ba( M™%, 2 41) )0 (A2, 2%, Ta™)) + Ba(Ma™, 2", 2, 41)) 0 (A2, 2%, T2™))
BN 2" 2 +1) min{$(A ", 37, T 1), G(A (0, 1,20, 1. T2
L2k (2", 2%, 2 11) RN (@11, Ty g1, Ty g2) T R[BL(A(ZT, 27, 2n, 1) )W (AN (2T, 27, 20, 41))
+ Ba( M™%, 2y 1) )0 (A2, 2%, Ta™)) + Ba(Ma™, 2%, 2 41) )0 (A(2™, 27, Tx™))
+ Ba(M(z™, 2%, w0y 41)) min{p( Nz, 2%, 20, 42)), Y(A (@011, Tnj 1, T2")) }]
Sk[B2(Ma™, 2", wn,41) )0 (A", 2%, Ta")) + Bs(A(@™, 2%, 2, 1)) (A(”, 27, Ta™))]
<k[ﬂg()\(a:*,x*,:cnj+1))A(x x*, Tx*™) + 53()\(:0*,x*,xnjk+1))A(x*,x*,Tx*)]
<k[Ba(AMx™, 2", 2, 41)) + B3(A(z™, 2™, 0 41))|A (2", 2%, T'x™)

for all j € N and k > 1. Hence, A(z*,2*,T2*) = 0 and so z* € Tz*. O

3.3 Coupled fixed point

Definition 3.14. ([I0]) Let F : X x X — X be a mapping, where (X, \) is a symmetric Branciari Sp-metric space.
We say that (x,y) € X x X is a coupled fixed point of F' if

v=F(z,y) y=F(y ).

Note that if (x,y) is a coupled fixed point of F' then (y,x) are coupled fixed points of F' too. Our results are based on
the following simple lemma.

Lemma 3.15. ([20]) Let F : X x X — X be a given mapping. Define the mapping Tr : X x X — X x X by
Tr(z,y) = (F(z,y), F(y,z)) for all (z,y) € X x X. Then, (z,y) is a coupled fixed point of F' if and only if (z,y) is a
fixed point of Tp.

Theorem 3.16. Let (X, ) be a complete symmetric Branciari Sp-metric space and F : X x X — X be a given
mapping. Assume there are exist nondecreasing functions v; : [0, 4+00) — [0, +00), @ = 1,2, such that ¢ = 1 + 92 is
convex, ¥(0) = 0, lim,, ;oo ¥"(t) = 0 for all £ > 0, a function a : X2 x X2 x X2 — [0, +0c0) and satisfies the following
conditions:

(i) for all (z,y), (u,v) € X x X,

a((z,y), (2, y), (w, V))AF (2,9), F(2,9), F(u,0)) < 1Az, 2, 1)) + 2 (A, y,0));
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(#4) if for all (z,z,y), (u,u,v) € X X X x X,
O‘((xv'xay)7 (u,u,v)) >1= Q(TF(x7y)aTF(xa y)7TF(u7U)) > la
(791) there exists (xg, o, y0) € X X X x X such that

a((wo, 0, %0), Tr(x0,T0,y0)) > 1 and a(Tr(yo, o), Tr (Yo, To), (Yo, o) > 1; or

(#41)* there exists (xg, o, yo) € X x X x X such that

a(Tr(xo,x0,Y0), (0, T0,y0)) > 1 and a((yo,Y0,0), Tr (Yo, Yo, z0)) > 1;

(i) if {z,} and {y,} are sequences in X such that a(x,,znr1) > 1, @(Yn, Yn, Yn+1) > 1, for all n, x, —» = € X
Yn — Yy € X as n — 00, then there are exist subsequence {x,, } of {z,} and {y,, } of {y,} such that a(z,,,zy,,z) > 1
and @(Yn,. , Yn,.,y) > 1 for all k; or

(tv)* if {z,} and {y,} are sequences in X such that a(xni1,Zn+1,2Zn) = 1, @(Ynt1,Ynt1,Yn) > 1, for all n,
Tpn =2 € X,y = y € X as n — 00, then there are exist subsequence {z,,} of {z,} and {yn,} of {yn} such that
alx,z,Tyn,) > 1 and a(y,y, yn, ) > 1 for all k.
Then, F has a coupled fixed point, that is, there exists (z*,z*,y*) € X x X x X such that z* = F(z*,2*,y*) and

vy =Fytat).

Proof . The idea consists in transporting the problem to the complete symmetric Branciari S,-metric space (Y, 4),
where Y = X x X and 6((z,y), (z,9), (u,v)) = Az, z,u) + A(y,y, v), for all (z,y), (v,v) € X x X. From condition (%),
we have

a((z,y), (z,y), (u, V) AF (2, y), F(x,y), F(u,0)) < 1Mz, 2, u)) + 2(Ay, y, v)) (3.22)
and

a((v, u), (v,u), (y, 2))A(F (v,u), F(v,u), F(y,z)) < 1(A(v,v,9)) + Y2 (Mu, u, )) (3.23)

for all z,y,u,v € X. Adding to , we get (note that v is super-additive)
B(& & mO(TrE, TrE, Trn) <v1(AM&r, &1,m)) + Y2(A(&2, &2, m2)) + 1 (A(m2, M2, €2)) + 2 (A(n1, M, &1))

<Pr( A&, E,m) + A2, m2,62)) + Y2(A (€2, €25 m2) + A1, M1, 1))
:w()‘(flaglv 771) + d(ﬁ27 2, §2))

=1 (6(&, € m)) (3.24)
for all £ = (&1,&1,&), 1= (n1,m1,m2) €Y, where 8:Y XY — [0,400) is the function defined by
B((&1,61,82), (m1,m,m2)) = min{a((&1, 81, €2), (71,11, m2)), a((n2, 12, M), (€2, 82,€1))} (3.25)

and Tr : Y — Y is given by lemma (3.15)). Let {(2n, Zn,yn)} be a sequence in Y = X x X x X such that

ﬁ((fﬂmmmyn), (xn+1awn+17yn+1)) >1 and (:En;mruyn) — (x,:c,y)

as n — +o0o. Using the condition (iv), we obtain easily there exists a subsequence {(zn, , Tn,,Yn, )} of {(@n, Tn,yn)}
such that B((zn,, Tny, Uny ), (€, x,y)) > 1 for all k. Then all the hypotheses of Theorem (3.1 are satisfied. We deduce
the existence of a fixed point of T that gives us from Lemma (3.15)) the existence of a coupled fixed point of F. OJ

3.4 Application

In this section, an existence result for a fractional integral equation

y(t)f(t,a;(a,>y(t))/o h/((;j()g(iig)?—(?)ds Le[0,7], (3.26)

where T'> 0, « € (0,1) and h: [0,7] — R. We suppose that the following conditions are satisfied.

(¢) The function f:[0,7] x R x R — R is continuous.

(7i) There exists an upper semi-continuous function v; : [0, +o00) — [0,4+00), ¢ = 1,2, are nondecreasing functions
such that ¥ = 11 + 19 is convex, ¥(0) = 0, and lim,,_,+, 9™ (t) = 0 for each ¢t > 0,

|f(t,x(t),y(t)) - f(t,u(t),v(t))| < wl(x - u) + ¢2(y - U>7 (327)
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for all (t,z(t),y(t)) and (¢, u(t),v(t)) € [0,T] x R x R.

(ii7) The function h : [0,T] — R is C' and nondecreasing.

(iv) The function g : [0,7] x R x R — R is continuous and there exists a nondecreasing function w : [0, c0) — [0, c0)
such that

lg(t, (1), y(1))| <w(|(z(t),y(®)]) (& 2(),y(t)) € [0,T] x R xR,
(v) There exists ro > 0 such that

w(ro)

(1(r0) + Fo)eoro) (o(T) = 9(0)))" < rol (e 1) and 0272

x (9(T) = 9(0))* <1 (3.28)

where Fy = 3 max{|f(t,0,0)| : t € [0,T]}.

Example 3.17. Let X = C([0,T],R), A : X3 — R{ and A\(z,y,2) = |2(t) — y(t)| + |2(t) — z(t)| + |y(t) — 2(t)] is a
complete symmetric Branciari Sp-metric space for all z,y,z € X and ¢ € [0, T).

Az, z,y) = [a(t) —z(@)] + [2(t) —y(@)] + [2(t) = y(t)] = Ay, y, 2) (3.29)
[z =yl <|z—al+]a—b+[b—yl (3.30)
[z —y| <[z —b[+[b—al+]a—yl (3.31)

Adding (3.30) to , we get

Mz, z,y) =z —y[+ ]z —y| <[z —a|+]a—b]+[b—y|+ |z — b+ |b—a| + |a—y| (3.32)
<4dk|r — a| + 2k|y — b| + 2k|a — b| + |x — b
=k[Ax,z,a) + Az, z,a) + My, y,b) + A(a, a,b)] (3.33)

for all x,y,z € X and a,b € X \ {z,y,2}, a # b, k > 1.
Theorem 3.18. Consider fractional integral equation (3.26) with g € C([0,7] x R x R,R) is C'! and nondecreasing
in the third variables. Suppose that for > w and y > v, we have

Ia+1)
Fo(h(t) = h(s))~

0<g(t,2,y) —g(t,u,v) < (1(z —u) + oy — v)). (3.34)

Then the fractional integral equation (3.26) with the assumptions (i —v) has at least one solution y* € C([0,T],R).

Proof . Let X = C([0,T],R) is partially ordered if we define the following order relation in X:

z,y€ X, z<y< () <yt), forall t € [0,T].

It is well-known that (X, \) is a complete symmetric Branciari S,-metric space with the metric
Az,y,2) = [o(t) —y()] + [2(t) — 2(t)[ + [y(t) — 2(2)].

Suppose {x,} is a nondecreasing sequence in X that converges to € X. Then for every t € [0,T], the sequence
of the real numbers
() S@pt) <o Swp(t) <o

converges to x(t). Therefore, for all ¢t € I and n € N, we have x,,(t) < z(t). Hence z,, < z, for all n € N. Also, X x X
is a partially ordered set if we define the following order relation in X x X :

(z,y) <r (u,v) © x(t) <wu(t) and y(t) < o(t), for all ¢ € [0,T],

for all (z,y), (u,v) € X x X. For any z, y € X, max{z(¢),u(t)} for all ¢t € [0,T] is in X and is the upper bound of
x, u. Therefore, for every (x,y) and (u,v) € X x X max{x(t),u(t)}, max{y(t),v(t)}, in X x X for all t € [0,7T] is
comparable to (z,y) and (u,v). Define F : X x X — X by

Flta(t).y(®) [* R ()g(s.2(s).y(s))
I'(a) A (MU_M$yﬂ£%,hHMtEMT}

Fz,y)(t) =
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Since f is nondecreasing in the second and third of its variables then F' is nondecreasing in each of its variables.

Now, for x > u, y > v, that is, z(t) > u(t), y(t) > v(t) for all ¢t € [0, T]. we have

F(u, 0)(®)] + [F(z,y)(t) — F(u,0)()]

AE(z,y), F(x,y), F(u,0)) =|F(z,y)(t) = F(z,y)(¢)] + |[F (2, y)(t) —
| o)

{f( (1), y(t)) /t W (s)g(s, z(s),
I(a) o (h(t) = h(s))

!
%
>
—
V)
N—

) —
(h(t) = h(0)) }

(67

() = h(0)"

)

(

) —Uu — v
(S))a (wl(x )+'¢)2(y ))
)

(

(W1 (e — ) +¢2<y—v>>}
<ty (d(z, 1)) + Y (d(y, v)). (3.35)

Thus F satisfies the condition of Theorem (3.16). Now, let (z*,y*) be a coupled lower solution of the fractional

integral equation problem (3.26) then we have z* < F(z*,y*) and y* < F(y*,2*). Then, Theorem ({3.16) gives that
F has a unique coupled fixed point (z*,y*) with * = y*. Then 2*(t) is the solution of the integral equation (3.26]). O
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