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Abstract

The goal of this research article is to study some fixed point results in dislocated quasi metric spaces. These results
are proved for certain generalized contraction conditions involving linear and rational expressions. Our results extend
and generalize some of the well-known fixed point results of the literature available in fixed point theory. Suitable
examples of the established results are also given.
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1 Introduction

Fixed point theory is one of the most progressive and fascinating research areas in nonlinear analysis. Several
researchers have put forward many results related to fixed point theory in different spaces. Fixed point theory deals
with existence and uniqueness of fixed point. The first crucial result was given by Banach in 1922 for a contraction
mapping in a complete metric space known as Banach contraction principle. It has numerous applications in different
branches of mathematics such as differential and integral equation, numerical analysis etc. Dass and Gupta[3] gave a
generalization of Banach contraction principle in a metric space for some rational type contraction conditions.

Hitzler and Seda [4] introduced the notion of dislocated metric space, a generalization of metrics where the distance
of a point from itself need not be zero. This concept was not new as it was studied in the context of domain theory
[9] under the name of metric domains. Zeyada et al. [I3] presented the notion of dislocated quasi metric space and
generalized the results of Hitzler and Seda [4] in this space. These metrics play an important role in topology and
in other branches of science particularly in logic programming and electronic engineering. Recently, different types of
contraction mappings and generalization of Banach contraction principle in these spaces is studied by Isufati [6], Aage
and Salunke [I], Kohli et al. [§], Zoto et al. [14] and many more authors.
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2 Preliminaries

The objective of this section is to introduce some basic definitions with examples and results which will further be
needed to understand next section.

Definition 2.1 ([13]). Let X be a nonempty set and let 7: X x X — [0, 00) be a function satisfying the following
conditions:

(Tl) T(.%‘,.’L') = 0;

(12) 7(x,y) = 7(y,z) = 0, implies that = = y;
(13) T(x,y) = 7(y,x) for all z,y € X;

(14) T(z,y) < 7(xy2) + 7(2,y) for all z,y,z € X.

If 7 satisfies the conditions from (71) to (74),then 7 is called a metric on X. If it satisfies the conditions (71), (2)
and (74), it is called a quasi-metric on X. If 7 satisfies conditions (72), (73), (74), it is called a dislocated metric (or
simply 7 -metric) on X and if 7 satisfies only (72) and (74) then it is called a dislocated quasi-metric (or simply 7¢-
metric) on X.

Nonempty set X together with 7¢g-metric 7i.e. (X,7) is called a dislocated quasi-metric space. By definition
every metric on X is a dislocated metric on X, however the converse is not necessarily true as illustrated in following
example.

Example 2.2 ([11]). Let X = [0,00) and define the distance function 7: X x X — [0, 00) by

7(z,y) = max{z,y},Vo,y € X

Example 2.3 ([11]). Let X = [0, 1], we define the distance function 7: X x X — [0,00) by

(2, y) = [z], Ve, y € X

From example 2.3, we note that a dislocated quasi metric on X need not be dislocated metric on X.

Definition 2.4 ([13]). Let {z,} be a sequence in dislocated quasi metric space (X, 7) then

1. {z,} is known as Tg-convergent to x € X if lim, o0 7(zp, ) = lim, o 7(x, 2,,) = 0.
In this case «x is called 7¢-limit of {z,} and we write z,, — x.
2. {zp} is known as Cauchy sequence in (X, ) if for given € > 0, Ing € N such that

VYm,n > ng, T(Tm, Tn) < € OF T(Tp, Tp) < €
that is, hm’rn,n—)oo T(xmy xn) = lim7n,n—>oo 7'(337“ me) =0.
In above definition, if we replace 7(Zm,, Tn) < € OF T(Zp, Tp) < € by max{7T(Xm, zn), T(Tn, Tm)} < €, the sequence

{zn} in Tg-metric space (X, 7) is called 'bi’ Cauchy.
3. A 7g-metric space (X, 7) is called complete if every Cauchy sequence is a 7¢- convergent sequence.

Proposition 2.5 ([13]). Every convergent sequence in a 7¢- metric space is ‘bi’ Cauchy.

Lemma 2.6 ([13]). Every subsequence of 7¢- convergent sequence to a point ag is 7g- convergent to ag.

Lemma 2.7 ([13]). 7¢- limits in 7¢- metric spaces are unique.

Definition 2.8 ([13]). Let (X, 7) be a 7¢-metric space. A function f : X — X is called a contraction if there exists

0 < a < 1 such that
T(f(z), f(y) < ar(z,y),Vo,y € X
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Lemma 2.9. Let {a,} be a sequence in a 7¢-metric space (X, 7) such that
T(an7 an+1) S hT(an—la an)a

where, 0 < h<1land n=0,1,2,3,.... Then {a,} is a Cauchy sequence in (X, 7).

Proof .Let n > m > 1, we have

T(amaan) S T(amaam,—i-l) +T(am+laam+2) e +T(an—1;an)
< (W™ 4+ ™ 4 B YD1 (ag, ar)
= "1+ h+h*+--+h"™ Hr(ag,a1)
hm
< 75,70 @)

Since 0 < h < 1,h™ — 0 as m — oo. Therefore, {a,} is a Cauchy sequence in (X, 7).

Definition 2.10 ([2]). Let (X, d) be a metric space, a self mapping T : X — X is called a generalized contraction
if and only if for every x,y € X, there exist oy, as, ag, oy such that sup{a; + as + az + 204 : z,y € X} < 1 and

d(Tz, Ty) < and(z,y) + aod(z, Tx) + azd(y, Ty) + asld(z, Ty) + d(y, Tz)]. (2.1)

Ciri¢ [2] proved a unique fixed point theorem for a self mapping which satisfies condition 1) in context of metric
spaces.

3 Main Results

In this section we establish some fixed point theorems for single and pair of continuous self mappings under different
contraction conditions using linear and rational expression in dislocated quasi metric spaces. Our results extend and
generalize some well-known existing results in the literature in 7¢g-metric space. Our results generalize that of Lj.B.Ciric

2 .

Theorem 3.1. Let (X, 7) be a complete Tg-metric space and T : X — X be a continuous function satisfying the
following condition:

P(Te, Ty) < arr(z,y)+aalr (@, Ta)+r(y, Ty)|+aslr(z, Ty)+r(y, To)) bay | o DTE@TY) ] a [W’Ty)T(y’Ty)

7(z,y) +7(y, Ty) 7(z,y) +7(y, Ty)

(3.1)
where aq,as,as, aq, a5 > 0 with a1 + 2as + 4a3 + a4 + a5 < 1 for all z,y € X, then T has a unique fixed point.
Proof . Define a sequence {z,} in X using Picard’s iteration as follows:

Let 29 be any arbitrary element in X,z = T(2g), 22 = T(21), - , Znt1 = T(xy),- -+ . Assume that z, 1 # x, for

any n, because if for any n, z,11 = x,, then z, is a fixed point and there is no need to go further. From (3.1]), we
have

T(Tpt1, Tna2) =T (Txp, TTpni1)
<ar17(Tny Tnt1) + ao[T(Xn, Txn) + T(Tnt1, Tnt1)] + a3[7(@n, Topi1) + T(Tnt1, T2n)]
T(Tpy Ty 1)T(Tny T s 1) } {T(xn,Ta:n+1)7'(xn+1,Txn+1)
T(Zn, Tny1) + T(@nt1, TTnt1) T(Tny Try1) + T(@nt1, TTnt1)
<a17(Tpy Tng1) + a2T(Tp, Tna1) + a7 (Tnt1, Tntz) + as[7(Tn, Tna1) + 7(Tnp1, Tuto)
+ 7(Xnt1, Tnio) + T(Tny Tog1)] + aaT(@Tn, Tng1) + asT(Tnp1, Tnia)
[a1 + a2 + 2a3 + a4)
1= (a2 + 2a3 + as)]

+ aq

(T, Tyl

Let k£ = % Observe that 0 < k < 1 since aj + 2as + 4az + a4 + a5 < 1. Therefore, 7(xy 11, Tpio) <

kT(xp, py1). Similarly, 7(zp, 2ni1) < k7(Tn_1,7,), so we get 7(zp41, Tnie) < k27(2,_1,2,). Proceeding like this,
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we get T(Tpi1, Tnt2) < K" T7(20,21). Since 0 < k < 1= k" — 0 as n — oo. By Lemma 2.9, {x,} is a Cauchy
sequence in complete 7¢-metric space X. So there is a point p € X such that p is the 7¢-limit of {z,}, that is z,, — p.
Since T is continuous, lim,,_, o, Tz,, = T'p implies that lim,, o 11 = T'p. Thus, Tp = p. Hence p is a fixed point of
T.

Uniqueness: If p € X is a fixed point of T" then by condition (3.1)), we have
7(p,p) =7(Tp, Tp)

<a17(p,p) + az[m(p, p) + 7(p,p)] + az[(p, p) + 7(p,p)] + as {

7(p,p)7 (P, p) }Jra [ 7(p,p)7(p,p) ]
.p) +7(p)] L7 (p.p) + (D)

a,
<(a1 + 2a2 + 2a3 + — +

45
2 2

)7(p, ).

Since 0 < (a1 + 2as + 2a3 + % + %) < 1 and 7(p,p) > 0, we have, 7(p,p) = 0. Thus, 7(p,p) = 0, if p is a fixed
point of T'. Suppose that p and ¢ are two fixed points of T'(p # ¢), that is, p = Tp and g = T'q. We have,

7(p,q) =7(Tp, Tq)

<a17(p,q) + a2[t(p, Tp) + 7(q, Tq)] + as[r(p, Tq) + 7(q, Tp)] + a4

7(p,¢)7(p, Tq) } “ [T(p,Tq)T(q,Tq)
7(p,q) +7(q,Tq) 7(p,q) +7(q,Tq)

<[a1 + a3 + a4]7(p, q) + as7(q,p). (3.2)
Similarly,
7(q,p) < lar + a3+ ad7(g,p) + as7(p, q). (3:3)
Subtract from

I7(p,q) — 7(¢,p)| < (a1 + a3 + as) — as||7(p, q) — 7(q,p)|
<la1 + a4l|7(p,q) — 7(q, )|

Since |a; + a4] < 1, we have |7(p,q) — 7(q,p)| = 0. This implies that 7(p,q) = 7(q,p). Putting 7(p,q) = 7(¢,p) in
(13.2), we get 7(p,q) < [a1 + 2a3 + a4]7(p, q). Since 0 < a1 + 2a3 + a4 < 1, we have 7(p,q) = 0. Similarly, 7(q,p) = 0.
Hence p=¢q. O

Example 3.2. Let X = [0,1] and complete 7¢-metric is defined by 7(z,y) = |z| for all z,y € X and define the
continuous self mapping T : X — X by Tz = £
Suppose ay = %70/2 = %7043 = %7014 = 17157015

the unique fixed point of 7" in X.

%. Then T satisfies all the conditions of Theorem 3.1, and 2 = 0 is

8]

Theorem 3.3. Let (X,7) be a complete Tg-metric space and T : X — X be a continuous function satisfying the
following condition:

7(z,Ty)
T(Tx, Ty) < bit(x,y)+bo|r(x,Tx)+ 7(y, Ty { ]
( ) 1 ( ) 2[ ( ) ( )} T(.Z‘,y) +T(y,Ty)
Halr(a. Ty) + 7 T) | o) ] (3.4)
T(x, T(y, Tx , .
’ Y Y 7(x,y) + 7(y, Ty) + 7(x, Ty)
where by, bo, b3 > 0 with by + 2bs 4+ 4b3 < 1 for all z,y € X. Then T has a unique fixed point.
Proof . Define a sequence {z,} in X using Picard’s iteration as follows:
Let 9 be any arbitrary element in X,z = T(2zg), 22 = T(21), - ,Znt1 = T(xy),- -+ . Assume that z, 1 # x, for

any n, because if for any n, z,11 = x,, then z, is a fixed point and there is no need to go further. From (3.4)), we
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have

T(Xnt1, Tng2) =T (T0pn, Txpi1)

T(Tn, Txpit)
T(Tn, Tpt1) + T(an,Tan)]
T(Tpny Try1)
T(Tn, Tpy1) + T(@nt1, Tny1) + (2, Txn_,_l)}
<O17(Tny Tng1) + b2 [T (T Tny1) + T(Tng1, Tng)] + 03[7 (00, Tni2) + T(Tnt1, Tntr)]
<O17(Xny Trg1) + 02T (T, Tig1) + boT (Tnp1, Tog2) + 037 (Th, Tig1)
+ b3T(Tnt1, Tny2) + 037 (Tnt1, Tnyo) + 037 (Tn, Trg1)

[b1+b2+2b3] - )
>~ [1 — (b2 +2b3)] ny4n41l)-

<bi7(n, Tny1) + b2[T(@n, Tan) + T(Xni1, TTng1)] [

+ 03[7 (@0, Tpy1) + T(Tnp1, Try)] [

Let k = %. Observe that 0 < k < 1 since by + 2bs + 4b3 < 1. Therefore, 7(Tp 11, Tnio) < k7(Tpn, Tna1)-

Similarly, 7(zn, Tni1) < k7(Tn_1,2n), 50 We get T(Tni1, Tnio) < K27(Xn_1,20).

Proceeding like this, we get 7(2,41,Tni2) < k"7 (20, 21). Since 0 < k < 1= k" — 0 as n — oo. By Lemma
2.9, {z,,} is a Cauchy sequence in complete Tg-metric space X. So there is a point p € X such that p is the 7¢-limit
of {x,}, that is z,, — p. Since T is continuous, we have lim,_, o, Tz, = Tp. This implies lim,,_,o @, +1 = T'p. Thus,
Tp = p. Hence p is a fixed point of T

Uniqueness: If p € X is a fixed point of T" then by condition (3.4)), we have

7(p,p) =7(Tp, Tp)
7(p,Tp)
7(p,p) + 7(p, Tp) + 7(p, Tp)

7(p,Tp)
7(p,p) + 7(p, Tp)

<b17(p,p) + ba[7(p, Tp) + 7(p, Tp)] + 03[7(p, Tp) + 7(p, Tp)]

2
< <b1 +bo + 3b3> 7(p, p)-

Since 0 < (b1 + ba + %bg,) < 1 and 7(p,p) > 0, we have, 7(p,p) = 0. Thus, 7(p,p) = 0, if p is a fixed point of T'.
Suppose that p and ¢ are two fixed points of T'(p # ¢), that is, p = Tp and ¢ = T'q. We have,

7(p,q) =7(Tp, Tq)

7(p, Tq) 7(p, Tq)
<hir(p. @)+ balr(p. Tp) +7(, 7)) 7(p,q) +7(q,Tq) *balr(p. Ta) +7(a. T) 7(p,q) +7(¢,Tq) + 7(p,Tq)
<[b1 + %B]T(p, Q)+ %T(q,p)- (3.5)
Similarly,
m(¢,p) < [b+ %l7(q,p) + %7 (p, 0). (3.6)

Subtract (3.6]) from (3.5)), we get

I7(p,q) — 7(q, )| < b1lI7(p,q) — 7(q,p)|

Since |by| < 1, we have |7(p,q) — 7(q,p)| = 0. This implies that 7(p, q) = 7(q, p). Putting 7(p, q) = 7(q, p) in (3.5)),
we get 7(p, q) < [b1 + b3]7(p, q). Since 0 < by + b3 < 1, we have 7(p,q) = 0. Similarly, 7(¢q,p) = 0. Hence p = ¢q. U

Example 3.4. Let X = [0, 1] with a complete 7¢-metric defined by 7(z,y) = |z| for all z,y € X and let T : X — X
such that Tz = § be a continuous self mapping. Suppose b; = %, by = %, by = % Then T satisfies all the conditions
of Theorem 3.2, and x = 0 is the unique fixed point of 7" in X.
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Theorem 3.5. Let (X, 7) be a complete Tg-metric space and let A and B be two continuous self mapping A, B :
X — X satisfying the following condition:

7(Az, By) <c17(2,y) + co[r(x, Az) + 7(y, By)] { 7(z, By) }

7(z,y) + 7(y, By)
7(x, By) ]
7(z,y) + 7(y, By) + 7(x, Az) |’

+eslr(e, By) + 7(y, A)] [ (3.7)

where c¢1, o, c3 > 0 with ¢; + 2c3 + 4¢3 < 1 for all x,y € X. Then A, B has a unique common fixed point.

Proof . Let xy € X be arbitrary, we define a sequence {z,} in X as follows:

x1 = A(xg), ©2 = B(x1), 3 = A(x2), -+ , Tan = B(x2n-1), Tant1 = A(xay), -+ for all n € N. We will show that
{zy} is a Cauchy sequence in X. From (3.7) we have,

T($2n+1, $2n+2) :T(Aiﬂzm B$2n+1)

7(T2n, BTont1) ]
T(Zon, Tont1) + T(Ton+1, Bront1)
T(Z2n, BTani1) }
T(Ton, Tont1) + T(Tant1, Brant1) + 7(zan, Azap)
<17 (Ton, Tong1) + c2[T(T2n, Tany1) + T(T2n41, Tont2)]
+ e3[7(@2n, Tant1) + T(T2nt1, Tan2) + T(T2nt1, Tang2) + T(T2n, T2nt1)]

[c1 + o + 2¢3] - )
7[1 — (82 n 263)] 2n, 42n+1)-

<er17(Ton, Tant1) + C2[T(T2n, Azop) + T(T2n41, BTani1)] [

+ c3[7(22n, Bxant1) + T(T2nt1, AZap )] {

Let k = % Observe that 0 < k < 1 since ¢1 +2¢o +4cs < 1. Therefore, 7(x2n41, Zont2) < kT(T2n, Tant1).
Similarly, 7(2on, Toni1) < kT(T2n_1,72,). Proceeding like this, we get 7(Toni1,Toni2) < k2" ir(xg,21). Since

0 <k <1, we have, k2"T! — 0 as n — oo.

By Lemma 2.9, {z,} is a Cauchy sequence in complete T¢g-metric space X. So there is a point p € X such that p is
the 7¢-limit of {z,}, that is x,, — p. Also, the subsequences {A(x2,)} — p and {B(x2,-1)} = p. Since 4,B: X —» X
are continuous, we get A(p) = p and B(p) = p. Thus, p is a fixed point A and B.

Uniqueness of common fixed point: Let p € X be a fixed point of A and B then by condition (3.7)), we have

7(p,p) =7(Ap, Bp)

7(p, Bp) ) + es[7(p, Bp) + 7(p, Ap)] o7 7(p, Bp)

<c17(p,p) + co|m(p, Ap) + 7(p, B
17(p,p) + ealr(p, Ap) +7(p. Bp)] 7(p,p) + 7(p, Bp p,p) + 7(p, Bp) + 7(p, Ap)

2
< Cl+02+503 7(p,p)-

Since 0 < (¢1 + c2 + %03) < 1 and 7(p,p) > 0, we have, 7(p,p) = 0. Thus, 7(p,p) = 0, if p is a fixed point of T
Now let p and ¢ be two fixed points of A and B (p # q), then we have

7(p,q) =7(Ap, Bq)

7(p, Bq) 7(p, Bq)
<c17(p,q) + e2[7(p, Ap) + 7(q, Bq)] T + (0. Ba) + c3[7(p, Bq) + (g, Ap)] Tord) T 7. Ba) STl D)
<ler +es]T(p, @) + c37(q, ). (3.8)
Similarly,
7(¢;p) < ler+ eslr(q,p) + es7(p,q). (3.9)

Subtract (3.9)) from (3.8)), we get

IT(p,q) — 7(g,p)| < [(c1 + ¢e3) — esl[7(p,q) — (g, p)
<lallr(p,q) = 7(q,p)l-
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Since |c1] < 1, we have [7(p,q) — 7(¢,p)| = 0. Hence, 7(p,q) = 7(q,p). Putting 7(p,q) = 7(g,p) in (3.8), we get
7(p,q) < [c1 + 2¢3]7(p, q). Since 0 < ¢1 + 2¢3 < 1, we have 7(p, ¢) = 0. Similarly, 7(¢,p) = 0. Hence p = ¢q. O

Example 3.6. Let X = [0, 1] with a complete 7¢-metric defined by 7(x,y) = |z|, forall z,y € X andlet A,B: X — X

be continuous self mappings defined by Ar = ¢ and Tz = 0 for all x € X. Suppose that ¢; = 3(1),02 = 110,03 = 1

Then A and B satisfy all the conditions of Theorem 3.3, so « = 0 is the unique common fixed point of A and B in X
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