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Abstract

In this paper, we established the Boyd-Wong type and Meir-Keeler type contractions in a new generalized b-metric
space. Two types of fixed point theorems are proven, which extend the same results in the metric and b-metric spaces.
Some examples and one application are also discussed to show the applicability of the results.
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1 Introduction

So far, various generalizations of the metric space concept, which is one of the basic concepts in analysis, have
been established. Including b-metric space, Fp- metric space and etc, see [1I 2] 3] [, 6], [0} [T1].

Definition 1.1. Let X be a nonempty set and d: X x X — [0, +00) for all z,y € X satisfies:

(i) d(x,y) =01if and only if x = y.
(i) d(z,y) = d(y,z)

then
(iii-1) (X, d) is called metric space if for all x,y,z € X and a function s : X x X — [1, +00):

d(z,y) < d(z,z) +d(z,y).
(iii-2) (X,d) is called b-metric space if for all z,y,z € X and a constant s > 1:
d(z,y) < sld(z,z) + d(z,y)]-
(iii-3) (X, d) is called Ep-metric space if for all z,y,z € X and a function s: X x X — [1,+00):

d(z,y) < s(z,y)ld(z, 2) + d(z,y)]-
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Some of these spaces are generalizations of one another, while others may not be related to each other, for example
the class of b-metric spaces is larger than the class of metric spaces, since any metric d is a b-metric with each s > 1.
Based on these generalizations, many other related concepts such as the concept of sequence convergence, Cauchy
sequence, sequentially compactness and related theorems have been discussed. Among these, we point out to the
fixed point theorems such as Banach fixed point theorem and its extensions, where has various types in each of the
generalized metric spaces, see [7, [8, [I3]. In this paper we consider a generalized metric that introduced by [12] and we
prove multiple fixed point theorem that generalized the Boyd-Wong fixed point theorem and Meir-Keeler contraction
principle. Some examples and an application is also discussed to show the applicability of the theorems.

2 Preliminaries
Definition 2.1. [12] Let X as a nonempty set and real numbers «, 5 € [1,4+00). A function d : X x X — [0, +00)
is called (a, 8)- b-metric if for each z,y, z € X verifies the following,
(i) d(z,y) =0 =z =y;
(i) d(z,y) = d(y, z);
(iii) d(z,y) < ad(x, z) + Bd(z,y).

The pair (X, d) is called («, 8)-b-metric space.

Remark 2.2. Due to the symmetric property (ii), by (iii) we have,
d(z,y) < min{ad(z,z) + Bd(z,y), Bd(z, z) + ad(z,y)} ,

and so for fixed a, 8 € [1,400), the spaces (3, a)-b-metric space and («, 8)-b-metric space are the same.

Remark 2.3. Obviously, (1, 1)-b-metric space is exactly the usual metric space and for every a > 1, (o, a)-b-metric
space is just b-metric space. Moreover every b-metric d is an («, 8)-b-metric with « = s and 8 > s.

al*=vls x £y
0; =y
(X,d) is not a metric space in general; for instance, if X = [0,5], a =4, z =0, y = 2 and z = 1 then d(z,y) >
d(x, z) +d(y, z). Whereas, we will show that for appropriate a, 8 > 1, (X, d) is (a, §)-b-metric space. Choose p,q > 1
such that * +$ = 1 and max{p, ¢} < a®em(X): one can prove that these choices are possible. Using Young’s inequality
for products, for each z,y € X we have

Example 2.4. Let X as a bounded subset of R and for some a > 1 let d(z,y) := { . Then obviously

ao=vl < gle—zl+lz—y]
_ g5+ D)a—l 4zl

1 1 1 1
— arlt= 7l galzmyl g gle—=l+5 12—yl

< Calevl 4 Lglu=stygdle—sitd1e—i

p

1 lz—y| 1 |ly—=z|\ ,,diam(X)
< (=a® 7Y 4+ —a¥7*Na

p q

adiavn(X) adiarn(X)
p ’ q

Hence (X, d) is (

)-b-metric space

Remark 2.5. Since the parameters «, 5 are involved in the definition of d as an (a, 8)-b-metric ; from now on, we
denote an («, B)-b-metric d by dq s.

3 Main results

Proposition 3.1. Suppose (X,d) be an arbitrary metric space, diam(X) = sup{d(z,y); z,y € X} < 400 and
g : 0,diam(X)) — [1,+00) be a non-decreasing map such that g(0) = 1 and for some real constants «, 3 > 1 we have

glz+y) < g(a:)ag(y)ﬂ; for all z,y > 0. (3.1)

Then (X, dy g) is an (a, 8)-b-metric space with dy g(z,y) := logy(g(d(z,y))) for each 6 > 1.
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Proof . In this regard, it suffices to study the validity of condition (iii) of the Definition For every x,y,z € X,
we have

logy(g(d(x,y))) < logy(g(d(z,2) + d(y,2)))
< logy(g(d(x,2))*g(d(y, 2))")
= alogy(g(d(w, 2))) + Bloge(g(d(y, 2))).

This shows condition (iii) of definition O

Remark 3.2. By letting g(x) = 6%, since (3.1) is satisfied for & = 5 =1 then d, g, that provides in the Proposition
is exactly equivalent to the metric d.

Example 3.3. Suppose (X,d) be a bounded metric space then according to the Proposition the (o, B)-b-metric
that introduced in the Example 2.4 can be produced by g : [0, diam (X)) — [1,400) where g(t) := 0%

Example 3.4. g(t) = 14+t with @« = 8 = 1 and g(t) = cosh(t) with « = 8 = 2 satisfied the conditions of the
Proposition [3.1

Similar to the metric space the concepts of convergence of a sequence, Cauchy sequence and completeness of the
(a, B)-b-metric space is defined as follows:

Definition 3.5. Let {z,} be a sequence in an («, 3)-b-metric space (X,dq ) . Then

the sequence {z,} converges in (X, d, g) if there exists 2* € X such that lim, o0 dy, g(zn, z*) = 0.
the sequence {z,} is called a Cauchy in (X, dq g) if lim, p—oo da,8(Tn, Tm) = 0.
(X,da,p) is called complete (o, §)-b-metric space if every Cauchy sequence in (X, d, g) is convergent.

Definition 3.6. Suppose «, 8 > 1, a function ¥ : [0, +00) — [0, +00) is called an admissible-contraction function if
»~1(0) = {0} and satisfies at least one of the following conditions:

(S1) 1+ is upper-semi continuous function and for each ¢ > 0, ¥(t) < max{%, %}t
(S2) 4 is nondecreasing function and for each ¢ > 0, lim,, o ¢™(¢t) = 0, where ¢(¢t) = min{a, 8}1(t), and ¢™(¢t) =
P(@" ().

Let us denote the family of all admissible-contraction functions with Y.

Remark 3.7. One can prove that if 1 satisfied (52) then we have 1(t) < max{L, %}t for each ¢ > 0. Moreover if ¢
be nondecreasing and satisfied (S1) then lim,, o, ™ (t) = 0 for each ¢t > 0, as ¢ introduced in (Ss).

Example 3.8. t(t) = (min{2, %})t and ¢(t) = In(1+(min{2, %})t) are examples of admissible-contraction functions.
Theorem 3.9. Let (X, d, g) be a complete (o, §)-b-metric space and T : X — X satisfies
da,ﬁ(T(E7Ty) Sw(da,ﬂ(%y)); V&C7y € X;

where ¢ € Y. Then T has a unique fixed point in X. Moreover, for every xy € X, the recursive Picard sequence
x, = Tx,_1 is converges to the fixed point of T'.

Proof . For arbitrary xy € X consider the Picard iteration x,, = Tx,,—1. Then
o5 (Tn, Tnt1) = da,g(Txn—1,Txn) < P(da,s(Tn-1,n)). (3.2)
If for some ng € N, do g(Tng—1,%n,) = 0 then obviously z,, be a fixed point of T. Hence we suppose that for each

N, do 8(Tng—1,Tny) # 0, thus from (3.2) and due to the properties of ¢ we obtain dy g(zn, Tnt1) < da,g(Tn_1,%n),
which means that the positive sequence ¢, := du,g(Zn, Tnt1) is decreasing and so converges to some ¢ > 0. If ¢ > 0,
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in the case where the function ¥ has condition (S7), from (3.2) and due to the uppersemi continuity of 1, we have
¢ < (c), where contradicts with conditions (Si); hence ¢ = 0.

Further, in the case where the function v has condition (S), without loose of generality suppose min{«, 8} = a.
From (3.2) and due to the monotonicity of ¢ we have

O‘daﬁ(xn"rn-i-l) < (b(da,ﬂ(xn—lvxn)) < ¢(O‘da,5(xn—1axn))m < ¢n(da,l3($0>$1))

and so,
0 < ae < limsup ¢"(do,g(z0,21) =0,
n—oo
thus ¢ = 0. Hence for each ¢ > 0, there exists a positive integer m = m(e) such that for all n > m, ¢, <

max{%w(g), w} Without loose of generality, suppose ¢, < %ﬁ“e), for all n > m. Let

[e%

M. :={x € X;dapg(x,Tpe) < e}
If y € M. we prove that Ty € M.. Indeed,

da,,B(Tyv xm(e)) < ada,,@ (Ty7 Txm(e)) + Bda,ﬁ (xm(€)+17 mm(s))
< aw(da,ﬁ (y» xm(s))) + 5cm(s)
e —a(e)

< a(e) + BT =ec.

Obviously ey € M, therefore ()41 = Ty, () € M(g). Hence we deduce that for each n > m(e); z,, € M(e),
ie., do,g(Tn, Tpmee)) < €. Thus {z,} is a Cauchy sequence in the complete («, 3)-b-metric space X and so it converges
to some z* € X. We will show that z* is the unique fixed point of T'.

dog(z", Tx*) < ady,g(z*, Txy) + Bde,g(Tr,, Tx™)
< 0o p(5", Bnt1) + B (da s (n, 7)),

Since the right hand side of the above inequality converge to zero as n tends to infinity, we derive that do g(z*, Tz*) =
0. Foe uniqueness, suppose for tow distinct z*, y* € X we have T'(z*) = 2* and T(y*) = y* then

* * * * * * . 1 1 * *
daﬁ(x Y ):daﬁ(Tx Ty )S w(daﬁ(‘r Y )) < mln{aaﬁ}da,ﬁ(l‘ Y )

Thus min{é, %} > 1 where is a contradiction by the assumptions. Hence the fixed point problem has a unique
solution in X. OJ

Remark 3.10. In the metric space, since a = 3 = 1, Theorem [3.9] coincide with the Boyd-Wong fixed point Theorem;
see Theorem 1.7 and Theorems 1.8 in [5].

1, zeQnNnX\{1,0};
0; ze{l,0luQ nNX
T doesn’t satisfies the Banach contraction in the metric space (X,d); where d(x,y) = |z — y|. Indeed, if 1 # x €
XNQ,y e XNQ' we have

Example 3.11. Let X :=[0,4]U {1} and T : X — X with Tz = Then obviously

N |

d(Tz,Ty) =1 £ klz — y| = kd(z,y) <

)

for each k € [0, 1]. Whereas, if we equipped X with a («, 3)-b-metric such as
ele=vli 2y € (0,3
L ye{0,1},z € (0, 3];
e5, (z,y)=(0,1);

0; z=y.

doz,ﬁ (.I, y) -

then (X, dq,p) is a complete (o, 8)-b-metric space with a = ez and 8 = 1; Moreover, Then T satisfies

dos(Tz, Ty) < e 2dy g(2,y) (3.3)
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that Theorem [3.9] can be applied to show the existence of a unique fixed point, which is evidently zero. Indeed, if
z,y,z € (0,1] then
e lz=yl < ply=zlg=le—zl o o3 p—lo—zl 4 eIzl

which means d, g(z,y) e%da,rg(w,z) + do p(y, z). Moreover, if z,y € (0, %} and 2{0, 1}, then e~l*=¥l < e +1<,
which means dg g(z,y) < €2dg, 5(x, 2) + da.s(y, z). The other conditions of Definition is obviouly satisfied. Now

we examine the validity of (3.3]). For every x,y € X we have

<
<

da,ﬁ(lvl) = 0; 1‘,y€@—{1,0};
da,5(0,0) = 0; r,y € Q'
dog(Tx,Ty) = { do.5(1,0) = e 2; reQ—{1,0},y e Q;
daﬁ(oa 1):67%; xG{l,O},yGQ;
dy,3(0,0) = 0; z € {1,0},y e Q.

Thus, evidently in all above cases the contraction (3.3)) is satisfied.

Definition 3.12. Let (X,d, g) be a complete («, 8)-b-metric space. Then the mapping T : X — X is said to be
(o, B)-Meir-Keeler contraction if for any € > 0, there exists § > ((max{a, 3})% — 1)e such that for all 2,y € X,

if e<dap(z,y) <e+0 then dops(Tz,Ty) <e.

Remark 3.13. Obviously («, §)-Meir-Keeler contraction coincides with the Meir-Keeler contraction in a metric space
(X,d) with a = 8 = 1; see [9].

Remark 3.14. From the definition evidently we deduce that if T be an («, 8)-Meir-Keeler contraction then
dog(Tz,Ty) < do,p(x,y), for every distinct x,y € X that are non fixed points.

Theorem 3.15. Let (X, dq ) be a complete (o, 5)-b-metric space and let T be a («, 3)-Meir-Keeler contraction
mapping. Then T has a unique fixed point on X.

Proof . For arbitrary zo € X consider the Picard iteration z, = Tx,_1. If for some ng € N, do g(Tng—1,Tn,) = 0
then obviously z,, be a fixed point of T. Hence we suppose that for each n, do g(Zn,—1,%n,) # 0. Regarding the
Remark [3.14] we have

Ao g(Tn, Tnt1) = da,g(Txn_1,Txy) < dag(Tn-1,Zn). (3.4)

Thus ¢, := do,g(Tn, Tnt+1) is & positive decreasing sequence where converges to some ¢ > 0. If ¢ > 0 then due to
the assumption there exists § > (a® — 1)e such that for all 2,y € X,

if ¢c<dag(z,y) <c+9d then dog(Tz,Ty) <c. (3.5)

For given 0§, since the decreasing sequence c¢,, — ¢, there exists m € N, where

c<c, <c+0; forall n>m (3.6)

Hence by choosing © = =, y := x,4+1 with n > m in , we obtain ¢,11 < ¢ which contradicts . Hence we
conclude that ¢, — 0 as n — oco. We have to prove that {z,} is a Cauchy sequence. Otherwise, there exists £ > 0
such that for any M > 0, there exists n > m > M such that d, g(xn, Zm) > 2a3¢. For given e due to the assumption
there exists § > (a® — 1)e such that

if e <dyp(x,y)<e+d then d,g(Tz,Ty)<e. (3.7)

min{(1 — a3)e + §, a3e}

Since ¢, — 0, we can choose M > 0 such that for all k > M, do g(zk, Tx+1) < 1, where 0 < 7 <

a?B+af—pB

Since do (T, Tm) > 203 > (a?B + af + B)n + e and moreover for each k € {m,m + 1,...,n}, we have

Ao, (Tm,; Tjv1) < ada g(Tm, T5) + Bda, (T, 2j41) < ada g(Tm, T5) + 1. (3.8)
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Hence we conclude that there exists j € {m,m + 1,...,n} such that

(B+aB)n+ a’e < dg g(wm, ;) < (2B +af + B)n+a’e <e+4. (3.9)

Hence by (o, §)-Meir-Keeler condition we insert that do g(Zm41,2;41) < €. On the other hand, we have
da,ﬁ(xma xj) S ﬁda,ﬁ(xma $m+1) + ada,[}(merlv xj)
< Bdop(@m; Tm+1) + 0 dap(@mr1, 1) + afda g (241, 75)
< (B+aB)n+ o’s;

which contradicts (3.9). This contradiction proves that z,, must be a Cauchy sequence and so for some z € X, xz,, = =
as n — 0o. Obviously x is a fixed point of T. Indeed, by Remark T is a continuous operator, thus we have

z= lim z,41 = lim Ta, =7T(lim z,)=Tz.
n— o0 n— o0 n— o0

Further, by Remark evidently we conclude that T has a unique fixed point. (I

Remark 3.16. In the metric space, since « = 8 = 1, Theorem|3.15|coincide with the Meir-Keeler fixed point Theorem;
see [9].

4 An application in the integral equations

We shall establish the existence of a solution to the following type of integral equation:

y(t) = o(t) + / w(t, 8)o(s, y(s))ds, (4.1)

where ¢ : [0,1] = R, w: [0,1]2 — [~1,1] and ¢ : [0,1] x R — R are continuous functions and for all s € [0, 1] and
Y1, Y2 € Rsatisfies

In( lp(s,y1) — p(s,y2)| lp(s,y1) — p(s,y2)| 1 < In ly1 — v ly1 — y2l

. 4.2
T oG5 = 2wl T T+ lo(ssu) =Gl - = T r— vl T T+ i =il (4.2)

a(y1,y2)

Proof . Firstly we show that C([a,b]) with (o, §)-b- metric do g(y1,y2) = %elﬁ(ywz), where d(y1,y2) :=
max{|y1(t) — y2(t)];t € [0,1]}, is an («, B)-b- metric space. Indeed,

Gl g) = — WL 82) iy (AW, 2) Az92) iy
’ 1+d(y1,y2) T \1+d(y,2)  1+d(z92)
< Anz) 1ol batn | _dEw) 1ogGe sy
1+d(y1,2) p 1+d(z,y2) q
<

11 1
5€qda,ﬁ(iyl,z) + Eepda,ﬁ(ZaQQ);

where p,¢ > 1 and % + % = 1. Evidently, C([a,b]) with d, g is a complete (o, §)-b- metric. Now, let the well defined

operator © : C([a,b]) — C([a,b]) with O(y) = <(¢) + fol w(t,s)o(s,y(s))ds, we have to show that © satisfies the
condition of the Theorem From (4.2)),

. Jo |t 9)llo(s,y1(5)) = o(s, y(s))|ds
o5 (O(y1), O(12)) < fo |i‘1(t,5)|‘0(say1(5)) —0(s,y2(s))|ds el + fol lw(t, )]|o(s, y1(s)) — Q(s7y2(s))|ds.
1+ [y lw(t,s)llo(s,y1(s)) — o(s, y2(s))lds

_t
1+t

Since maxy s |w(t, s)| < 1 and the function f(t) = is decreasing, we deduce that

sup, (lo(s, y1(s)) — o(s, y2(s))])

sups(lofs,11(5)) = 2o 1D T sup, (Jols, 1)) — el v2()))
dap (O, Ow2)) < T ™ (5,52 )] ps(lo(s,y o(s,y

oo (3)) — oo ga(ey) | Al S el ()
su o8, 91\8)) — 018, ¥2(5))1 1+ [o(s, y1(s)) — (s, y2(s)]) .
=W T el () = el (43)
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On the other hand, according to (4.2)), we deduce that
(s, y1(s)) — o(s, y2(5))]

lo(s,y1(5)) — o(s,y2(s))| oL+ lo(s,y1(s)) — o(s,y2(s)]) e’lmel‘f;ﬁ";;
L+ e(s, 1 (5) = els,2(5))) S Tt (4.4)

Therefore from (4.3)), (4.4]) we derive

o3 (O(11), O(y2)) < e 'da (Y1, y2).

Since for each t > 0, e~ ¢ —t < 0, we have e~} < max{ -4, 4 }. So the condition of the Theorem is fulfilled

I
er

with ¢(t) = e~ 1t. O
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