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Abstract

In this study, a broader class of rational functions r(u(z)) of degree mn, where u(z) is a polynomial of degree m
is taken into consideration and obtain certain sharp compact generalization of well-known inequalities for rational
functions.
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1 Introduction

n .
Let P, denote the set of all complex polynomials P(z) = )~ b;z7 of degree at most n and P’(z) its derivative.
=0
Then from a well known inequality due to Bernstein [2], we have

mi>§|P'(z)| gnmzl>§|P(z)|. (1.1)

|2| |2l

Inequality is best possible and equality holds if P(z) has all zeros at the origin. The above inequality was
proved by Bernstein in 1912 and has been the starting point of a considerable literature in polynomial approximations
and, over a period, various versions and generalizations of this inequality is produced by introducing restrictions on
the multiplicity of zero at z = 0, the modulus of largest root of P(z), restrictions on coefficients etc. If we restrict
ourselves to the class of polynomials having no zeros in |z| < 1, then the above inequality can be sharpened. In
fact, Erdos conjectured and later Lax [5] proved that, if P(z) # 0 in |z| < 1, then

max | P/(2)] < gma}§|P(z)|7 (1.2)

|z|= |2l

whereas, if P(z) has no zeros in |z| > 1, then

max |P'(2)] > gmm% 1P(2)]. (1.3)

|z|= |2
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Inequality is due to Turan [I2]. Both the inequalities and are best possible and equality holds if
P(z) has all its zeros on |z| = 1. It is worth mentioning that different versions of the Turdn’s inequality have appeared
in the literature in more generalized forms in which the underlying polynomial is replaced by more general class of
functions. These inequalities have their own significance and importance in Approximation theory. For the latest
research and development in this direction, one can see some papers (see [8]-[11]).

Jain [4] had used a parameter 8 and proved an interesting generalization of (1.3). More precisely, Jain [4] proved
that if P(z) is a polynomial of degree n and P(z) has all its zeros in |z| < 1, then for every 8 with || <1,

‘mla)i |2P'(2) + %P(zﬂ > %{1 + Re(B)} ‘rn‘ax |P(z)]. (1.4)
zZ|= z|=1
Li et al. [7] gave a new perspective to the above inequalities (1.1))-(1.3]), and extended them to rational functions
with fixed poles. Essentially, in these inequalities they replaced the polynomial P(z) by a rational function r(z) with
poles aj,as, ..., a, all lying in |z| > 1, and z™ was replaced by a Blaschke product B(z). Before proceeding towards
their results, we first introduce the set of rational functions involved. For a; € C with j =1,2,...,n, let
W(z) =]z - a)

Jj=1

and

B(z) := H (1 _ajz), R, =Ry (a1,a2,....,a,) = {;;((Z)) : Pe Pn}.

Then R, is the set of rational functions with poles a1, as,...,a, at most and with finite limit at co. Note that

B(z) € R, and |B(%)] = 1 for |z| = 1. For r(z) = V};((Zz)) € R,,, the conjugate transpose r* of r is defined by

r*(z) = B(z)r(%) In the past few years several papers pertaining to Bernstein-type inequalities for rational functions
have appeared in the study of rational approximations (see, e.g., [1], [3], [6] and [7] ). For r € R,,, Li et al. [7] proved
the following, similar to (1.1]), inequality for rational functions:

r'(2)] < |B'(2)] max r(2)]. (1.5)

As extensions of (1.2)) and (1.3) to rational functions, Li et al. [7] also showed that if » € R,,, and r(z) # 0 in
|z] < 1, then for |z] =1,

@) < B o), (1.6

whereas, if r € R,,, has exactly n zeros in |z| < 1, then for |z| = 1,

/ |B(2)|
Ir'(2) = Tgﬁ%l?‘(@l- (L.7)

We investigate a broader class of rational functions r(u(z)) in this study defined by
Plu(z))
(rou)(z) = r(u(z)) :== ;
W (u(z))

where u(z) is a polynomial of degree m and r € R,,, so that r(u(z)) € R,,,, and

mn

and provide some findings for the aforementioned class of rational functions r(u(z)) with restricted zeros which in turn
generalizes as well as refines the above inequalities.
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2 Main Results

From now on, we shall always assume that all poles aj,ag, ..., a, of 7(u(z)) lie in |z] > 1. For the case when all
poles are in |z| < 1, we can obtain analogous results with suitable modification.

Theorem 2.1. Let r(u(z)) € Ry, and r(u(z)) # 0 in |2z| > 1 except with s-fold zeros at the origin, then for every g
with |8 <1, Re(8) > 0 and for |z| = 1, we have

o1 () (2) + R = S {IB G+ 5 = mio =) + el o), (21)
where mn’ and mn are respectively the number of zeros and poles of r(u(z)).

For u(z) = z, Theorem reduces to the following result.

Corollary 2.2. Let 7(z) € R,, and r(z) # 0 in |z| > 1 except with s-fold zeros at the origin, then for every § with
|8l <1, Re(8) > 0 and for |z| = 1, we have

2r'(2) + gRe(ﬁ)r(z)

> {1+ 5= (=) neld) o). (2.2

We first discuss some consequences of Corollary If we take o; = o, || > 1, for j = 1,2,...,n, then W(z) =
(z— )" and r(z) = (Zli(zgn, and hence we have

ey — =) P() (= —a)" 1P

(z — )
_ _{ nP'(z) — (z — a)P'(2) }
(z — a)ntl
_ —D.P(z)
-~ (z—a)ntl’

where D, P(z) = nP(z)+(a—z)P’(z) is a polynomial of degree at most n—1 and it generalizes the ordinary derivative

in the sense that
D,P
lim {a(z)} = P'(2).

a—00 «

Also, W*(z) = (1 —@z)", which gives B(z) := [ (176-?2). This implies B(z) = n(l-@e)" (lal*~1) Using these

j=1\ z—aj (z—a)nt1

observations in (2.2)) and assuming Re(8) > 0, we get for |z| = 1,

D)+ G Re()a - 9P| 2 3 AT 4 sllal = 1) = (0= w)(la] = 1)+ nllal = DRe(S) }PG)
(Jo = 1)

5 {s o+ nRe(ﬁ)}|P(z)|.

Corollary 2.3. Let P(z) be a polynomial of degree n having no zeros in |z| > 1 except with s-fold zeros at the origin,
then for every real or complex number « with |o| > 1 and Re(3) > 0, we have

(2D P(2) + 2 Re(B)(a ~ 9)P(2)]| > ('az‘z){w’(zn b5 (n= )+ nRe(d) HPE)L (2.3

Dividing two sides of inequality (2.3)) by |a| and letting || — 0o, we have the following result.

Corollary 2.4. Let P(z) be a polynomial of degree n having no zeros in |z| > 1 except with s-fold zeros at the origin,
then for Re(3) > 0, we have

2P (:) 4 GROPG) 2 G {IF G 45— (=) + ne(d) 1P (2.0
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We demonstrate a more broad result rather than establishing Theorem

Theorem 2.5. Let r(u(z)) € Ry, and r(u(z)) # 0 in |z| > 1 except with s-fold zeros at the origin, then for every g
with |8] < 1,0 < { <1, Re(f) > 0 and for |z| = 1, we have

2r' (u(z)) (2) + ZR@(B)r(u(z))’ + ¢m(rou, 1) (s + ZRe(B))
> ;{B’(z) +s—m(n—n')+ nRe(B)} (r(u(z))| + ¢m(rou, 1))7 (2.5)
where mn’ and mn are respectively the number of zeros and poles of r(u(z)) and m(rou, 1) = min|,|—; |r(u(2))|.

Remark 2.6. It is important to mention that bound obtained from Theorem [2.5] is optimal when ¢ = 1. However,
the parameter ¢ plays a vital role for making Theorem 2.5 more general and to get different bounds from it by simply
giving different values to it from 0 to 1 and without changing the hypothesis of the Theorem. For example, for (= 0
(without assuming that r(u(z)) has a zero on |z| = 1), we obtain Theorem If we take s = 0 in (2.5), we get the
following result.

Corollary 2.7. Let 7(u(z)) € Ry, and r(u(z)) # 0 in |z| > 1, then for every S with [3] <1,0<( <1, Re(8) >0
and for |z| = 1, we have

1
1/ (u(e) (2) 4§ Re(B)r(u(e))| + Cmrou D3 Re(8) > 3 { B = mn ')+ ne(d) b (Irw(eD)] + mGron, 1)),
(2.6)
where m(rou, 1) = min|,—; [r(u(z))|.
Now we prove the following result which provides generalization to inequality .

Theorem 2.8. Let r(u(z)) € Ry, and assume r(u(z)) has all its zeros in |z| < 1. Then for every 8 with |5] <1 and
2| =1,

>

(L= 18DIr(u(z))]- (2.7)

=
<l
N
N |

If we take 8 =0 in (2.7)), we get the following result.

Corollary 2.9. Let r(u(z)) € Ry, and assume r(u(z)) has all its zeros in |z| < 1. Then for |z| =1,

|B'(2)]
2

|7 (u(2)) ' (2)] =

Ir(u(2)]. (2.8)

For u(z) = z, (2.8) reduces to (1.7)). Next, we prove a more improved result. The above inequality (2.7)) will be a
consequence from the more fundamental inequality presented by the following theorem.

Theorem 2.10. Let r(u(z)) € Ry, and assume r(u(z)) has all its zeros in |z| < 1. Then for every § with |5] < 1
and |z| =1,

SR o (- ) oo

where m(rou, 1) = minj,— [r(u(2))|.

Rer‘nTrk 2.11. Theorem is a refinement of Theorem it can be easily seen by observing that |1 + §| > \§|
for |B] < 1.
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3 Auxiliary results

For the proofs of our main results, we need the following lemmas.

Lemma 3.1. If r(u(z)) € R, having all its zeros in |z| < 1 except with s-fold zeros at the origin, then for r(u(z)) # 0

and |2| = 1, we have
e (D) 5 15 45 min -1,

where mn’ and mn are respectively the number of zeros and poles of r(u(z)).

Proof . Since r(u(z)) = 1513/((1;((?))) € Rypn, where P(u(z)) has mn' zeros in |z| < 1 with a zero of multiplicity s at the
origin, we can write

21 (2= bi)
H;n;ll (2 —aj) ’

r(u(z)) =
where |b;| <1, i =1,2,3...,mn’ — s. This gives,
mn —S mn

z(r(u(z))) _ z
r(u(z)) - Z z—b Zz—aj' (3:-1)

i=1 1

Since all the zeros of P(u(z)) lie in |z| <1, for |z| = 1 with z # b;, i = 1,2,3,...mn' — s, we have

z
z—b;

z
2 — b

>

- 1‘. (3.2)

Using the fact that Re(z) > 3 if and only if |2| > [z — 1|, we get from (3.2)), Re(
Hence from (3.1)), we get

() 2o 8- S

— 1 !/
s—i—ZRe( z—a3> é[mn mn' + s

) > 1, i=1,2,3..mn —s.

=" la;|? —1 1
2 et !
=s + 2|Z a]|2 — *2 [mn—mn —|—8}

2{|B’(z) +s—m(n— n/)|}
This completes the proof of Lemma O

Lemma 3.2. If r(u(z)) € Ry, having all its zeros in |z| > 1 except with s-fold zeros at the origin, then for r(u(z)) # 0

and |2 — 1, we have
e (FEEDE) < H186) 4 5 - mtn -1,

where mn’ and mn are respectively the number of zeros and poles of (u(z)).

Proof . The proof of Lemma [3.2 follows on the same lines as the proof of Lemma so we omit the details. [J
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Lemma 3.3. Let r(u(z)), s(u(z)) € Ryy, and all the mn’ zeros of s(u(z)) lie in |z| <1 and for |z| =1,
[r(u(2))] < [s(u(2))]
Then for every |5 <1 and |z| = 1,

|B(2)r' (u(2)u' () + gB’(Z)T(U(Z))I < |B(2)s' (u(2)v' () + gB’(Z)S(U(Z))L (3-3)

Proof . The proof of Lemma follows on the same lines as that of given by Li ([6], Theorem 3.2). Hence, we omit
the details. [

Lemma 3.4. Let r(u(z)) € Ry, and all the mn' zeros of r(u(z)) lie in |2] < 1. Then for every |8 <1 and |z| = 1,

| B(2)(r" (u(2)))" + §B'(Z)T*(U(Z))| < |B(2)r' (u(2))u'(2) + gB/(Z)T(u(Z))L (3.4)
Proof . Since r*(u(z)) = B(2)r(u(1/z)), we have
[r*(u(z))] = [r(u(2))| for [z = 1.

Also, r(u(z)) has all its zeros in |z| < 1, we apply Lemma [3.3| with r(u(z)) and s(u(z)) being replaced by r*(u(z))
and r(u(z)) respectively to obtain the result. O

Lemma 3.5. Let r(u(z)) € Ryyp, then for |z =1,
(" (u(2))'[ + |(r(u(2)))| = [B(2)|Ir (u(2))]- (3-5)

Proof . We have r*(u(z)) = B(z)r(u(1/Zz)). Therefore,

(r*(u(2)))" = B'(2)r(u(1/2)) - 7"(U(l/Z))-U’(l/Z);-

Hence for |z| = 1, we have

o |2B'(2) S -
|[(r*(u(2)))'| = Bl2) r(u(z) — 2r'(u(z))u'(2)
Using the fact that zgég) is real, we get
2B'(2)

Equivalently,

This completes the proof of Lemma O



Turan-type inequalities for certain class of meromorphic functions 23

4 Proofs of the Theorems

Proof of Theorem Since r(u(z)) € Riyn, where r(u(z)) has all its zeros in |z| < 1 with s-fold zeros at the
origin, therefore we have for 0 < 0 < 2,
_ Rg(zr'(u(z)).u’(z))
z=et?

e (zr’(u(z)).u'(z) . nﬁ) Gk

) > + D Re(p). (4.1)

2

2=ei0

Since r(u(z)) € Ry, has all its zeros in |2| < 1 with s-fold zeros at the origin, therefore applying Lemma [3.1] on
right hand side of (4.1)), we have

(5 )

Z;@Buﬁn+s—mm—n»+m%wﬁ,

z=etf
for the points ¢, 0 < 6 < 2, other than the zeros of r(u(z)). Hence, we have
zr' (u(e)).u/(

r(u(e))

for the points €, 0 < 6 < 27, other than the zeros of r(u(z)). Since ([#.2) is true for the points ¢, 0 < @ < 27, which
are the zeros of r(u(z)) also, it follows that

ei@ n .
Lo i s - mon =) 4 niels) (12

1

[z’ (u(2))u'(2) + 5 Br(u(z)] = 3

@H@n+s—mm—nv+mwwﬁvw@»7

for |z| =1 and for every 8 with |3] < 1. This completes the proof of Theorem

Proof of Theorem In case 7(u(z)) has a zero on |z| = 1, then m(rou, 1) = min|;|—; |r(u(2))| = 0, and the
result in this case follows from Theorem Henceforth, we suppose that r(u(z)) has all its zeros in |z| < 1, so that
m(rou,1) > 0. Now m(rou,1) < |r(u(z))| for |z| = 1. If p is any complex number such that || < 1, then

|m(rou, 1)pz®| < |r(u(z))| for |z| = 1.

Since all the zeros of r(u(z)) lie in |z| < 1, it follows by Rouché’s theorem that all the zeros of T'(u(z)) =
r(u(z)) + pm(rou, 1)z* also lie in |z| < 1, with s-fold zeros at the origin. Applying Lemma [3.1]to the rational function
T(z) = r(u(z)) + pm(rou,1)z*®, for any 8 with |3] <1 and |z| = 1, we get

AW E) B () ()
&( T(u(2)) +2) R( T(u(2)

zi{B'(z)Prsm(nn')+nRe(5)}, (4.3)

)+ 5 he(s)

which implies

T () + AT > 1B+ 5= mln =) + fe(s) i),
zr' (u(2))u' (2) + %Re(ﬁ)r(u(z)) + %Re(ﬁ)uzsm(rou, 1) + psz*m(rou, 1)‘
> ;{|B/(2)| +s—m(n—n')+ nRe(ﬁ)} ]r(u(z)) + puz*m(rou,1)|,

2r' (u(2))u'(2) + gRe(ﬁ)r(u(z)) + (s + ZRe(ﬁ)),uzsm(rou, 1)’

2 ;{|B/(2) +s—m(n—n')+ nRe(B)} |r(u(z)) + pz’m(rou, 1)’ (4.4)
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Now, choosing the argument of u suitably on the Right hand side of (4.4) such that
|r(u(z)) + pz*m(rou, 1)| = |r(u(2))| + |ulm(rou, 1) for |z| =1,

we obtain from (4.4) that

ar'(u(2))e () + 5 Re(B)r(u(2))

+ludm(ron 1) (s+ 5 Re(s) )

> {15+ s = mtn =) 4 nmel) | (1) + (o, 1) ).

Equivalently,

or' (u(2) (2) + 5 Re(B)r(u(2))

+ ¢m(rou, 1) (s + ZR@(B))
> ;{|B'(z)| +s—m(n—n')+ nRe(ﬂ)} <|r(u(z))| + ¢m(rou, 1)>
This completes the proof of Theorem
Proof of Theorem Since r(u(z)) € Ry, then by Lemma [3.5 we have for |z| = 1,
[(r(u(2)))[ + 1 (r(u(2)))'| = |B'(2)l[r (u(2))].

For any |3| < 1, we have

B
2

‘B(Z)T'(U(Z))u'(Z)Jr B'(z)r(u(2)) gB'(Z)T*(U(Z))

n \B(z)(r*(u(z)))' n

> 1B ) )]+ BN ) - | 5[ 1@l - [ 186 @),
which gives by using and the fact that |r(u(2))| = |r*(u(z))] for |z| =1,

B () + § B )] + | BEC W) + 55 )

> |r' (u(2)u' (2)] + |(r" (u(2)))'] = [BIIB'(2)]|r(u(2))]
> |B'(2)|Ir(u(2))] — |BI| B (2)|Ir (u(2))]-

Now, by Lemma we have for |z| =1,

1B<z>r'<u<z>>u’<z> + DB ()

> ]B(z)(r*(u(z)))' + OB e W)

On combining inequalities (4.6) and (4.7)), we get

I ()| > 2

>
B 2

‘B(Z)r’(U(Z))U’(Z) + (1= [BDIr(u(=)),

for |z| =1 and |B] < 1. Since |B’(z)| # 0 and |B(z)| = 1 for |z| = 1, we get from (4.8)), that

ru@)v'(z) | Briu(z))
B'(2) 2 B(z)

> (- B @),

for |z| =1 and || < 1. This completes the proof of Theorem [2.8

Hussain, Wani

(4.5)

(4.6)

(4.8)

Proof of Theorem [2.10| In case r(u(z)) has some zeros on |z| = 1, then min|r(u(z))| = 0 and the result follows

|z|=1

by Theorem in this case. Henceforth, we assume that all the zeros of r(u(z)) lie in |z] < 1. Let m(rou,1) =

min,— |r(u(z))]. Clearly m(rou,1) > 0 and we have |[Am(rou,1)| < |r(u(z))| on |z| = 1 for any A

with [A] < 1.
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By Rouché’s theorem, the rational function V(z) = r(u(z)) + Am(rou, 1) has all its zeros in |z| < 1. Let W(z) =
B(2)V(1/z) = r*(u(z)) + Am(rou, 1)B(z), then |W(z)| = [V (2)| for |z| = 1. On applying Lemma we get for any
B with |8 <1 and |z| =1,

‘B(z) ((r*(u(z)))’ + AB'(z)m(rou, 1)) + gB’(z) (r*(u(z)) + AB(z)m(rou, 1)) ’

< ‘B(z)r’(u(z)) + gB’(z) (r(u(z)) + dm(rou, 1)) ’ (4.9)
Implying that,
B () + 5 B @) () + 31+ 5 ) BB ()m(rou, 1)

'SB'(z)r(u(z))’ + ‘g’ [A|m(rou, 1)|B'(2)| (4.10)

< ]B(z)r'<u<z>>u'<z> ;

for |z] =1,|8] <1 and |A|] < 1. Choosing the arguments of A in the left hand side of (4.10]) such that

|BE6 (=) + BBy (u(2)) + A1+ g)B(z)B’(z)m(rou, D

2
= ‘B(z)(r*(u(z)))’ + gB’(z)r*(u(z))‘ + [Am(rou, 1) ’1 + g’ |B(2)B’(2)|. (4.11)

Hence, from (4.10) we get by using (4.11]) and |B(2)| =1 for |z| = 1,

BEW () (2) + 5 B (r(uz)| 2 [BE0 @) + 0B @ )] + |A||B’<z>|{\1 ¥

2 2 g‘_‘g‘

}m(rou, 1).
(4.12)

Letting |A| — 1 in (4.12) and adding |B(2)r'(u(2))u'(z) + gB'(z)r(u(z)ﬂ on both sides of it and using (4.6]), we
get the required assertion and this completes the proof of Theorem [2.10]

5 Conclusions

Certain Turdn-type estimates for the modulus of the derivative of rational functions are obtained. The obtained
results produce many inequalities for polynomials and polar derivatives as special cases.
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