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Abstract

We study in this paper the existence and uniqueness of solutions to initial value problems for semilinear differential
equations involving ψ-Caputo differential derivatives of an arbitrary l ∈ (0, 1), using the fixed theorem. We do analyse
further the M-L-U-H stability and the M-L-U-H-R stability. Then we conclude with an example to illustrate the
result.
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1 Introduction

Recently, it has been proven that differential equations involving fractional derivatives have captured the interest
of many mathematicians. This is because they can represent various phenomena in several scientific fields (the
nonlinear oscillation of earthquakes, the fluid-dynamic traffic model, flow in porous, ...) and have proven to be effective
models in areas such as physics, mechanics, biology, chemistry, control theory, and other domains. for example, see
[10, 22, 16, 18, 19]-[31, 37, 39, 40, 48].

It is common to research the existence and uniqueness of solutions, as well as techniques for explicit and numerical
solutions that are exact and stable. Commonly used techniques to demonstrate the existence and uniqueness of
solutions include the fixed point theorem, upper-lower solutions, iterative approach, and numerical method.

In the study of fractional differential equations, Ulam-Hyers stability is a crucial concept that relates to the stability
of solutions concerning changes in the initial data ([2, 3, 12, 20, 21, 24, 25, 52]).

Furthermore, Mittag-Leffler-Ulam-Hyers stability, generalized Mittag-Leffler-Ulam-Hyers stability, Mittag-Leffler-
Ulam-Hyers–Rassias stability, and generalized Mittag-Leffler–Ulam–Hyers–Rassias stability are the four types of sta-
bilities of the mild solution of the fractional evolution equation in Banach space that Wang and Zhou presented in
[53].

There are two famous ways to define fractional integrals and derivatives: the Riemann-Liouville and the Caputo.
In a paper by Almeida [7], he presents a generalized version of these derivatives by considering the Caputo fractional
derivative of a function with respect to another function called ψ. He studied some useful properties of this new
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definition of the fractional derivative. The advantage of this definition is that it allows for greater model accuracy by
choosing an appropriate ψ function. For more information on ψ-Caputo and Caputo fractional derivatives, please refer
to the following papers: [1, 7]-[9, 46]. Motivated by [49, 55] we consider the following evolution problem ψ-Caputo
fractional semilinear differential equation:{

CDl,ψ
0+ χ(ι) = −Aχ(ι) + ℏ(ι, χ(ι),ℜχ(ι)), ι ∈ Λ,

χ(0) = χ0
(1.1)

with −A generates an analytic compact semigroup (V (ι))ι≥0 of uniformly bounded linear operators on a Banach space

X , ℏ : Λ × X℘ × X℘ → X is a given function and CDl,ψ
0+ is the ψ-Caputo fractional derivative of order l ∈ (0, 1),

ν > 0, x0 ∈ X . This derivative gives a more general framework to the results in the literature. The term ℜχ(ι) which
may be interpreted as a control on the system is defined by: ℜχ(ι) =

∫ ι
0
J(ι, τ)χ(τ)dτ, where J ∈ C(S,R+), with

S = {(ι, τ) ∈ R2 : 0 ≤ τ ≤ ι ≤ ν}.
The theory that the nonlinear components meet Lipschitz criteria or linear growth requirements was used to treat

fractional differential equations in various previous publications. It can be difficult to verify these prerequisites at
times.

In our research, we examined the existence and uniqueness of a mild solution for a fractional semilinear differential
equation under certain unusual situations. We specifically looked at cases where the nonlinear term satisfies only
a few local growth requirements (see conditions (C2) and (C3)). These conditions are much weaker than Lipschitz’s
circumstances and linear growth conditions.

2 Preliminaries

We proceed by setting Λ = [0, ν]. We denote by X a Banach space with norm ∥.∥ and −A : D(A) → X is the
infinitesimal generator of a compact analytic semigroup of uniformly bounded linear operators (V (ι))ι≥0. This means
there exists M > 1 such that

∥V (ι)∥ ≤MV .

To define the fractional power A℘ for 0 < α < 1 as a closed linear operator on its domain D(A℘) with inverse A−℘,
we assume that 0 ∈ ρ(A). we will present some basic properties in the theorem below.

Theorem 2.1. [43]

1. X℘ = D(A℘) is a Banach space with the norm ∥χ∥℘ = ∥A℘χ∥ for each χ ∈ D(A℘).

2. V (ι) : X → Xα for each ι > 0.

3. A℘V (ι)χ = V (ι)A℘χ for each χ ∈ D(A℘) and ι ≥ 0.

4. For every ι > 0, A℘V (ι) is bounded on X and there exist C℘ > 0 such that

∥A℘V (ι)∥ ≤ M℘

ι℘
.

5. A−℘ is bounded linear operator for 0 ≤ ℘ ≤ 1, there exists C℘ such that ∥A−℘∥ ≤ C℘.

6. If < ℘ ≤ γ, then D(Aγ) ↪→ D(A℘).

Remark 2.2. [34] The restriction V℘(ι) of V (ι) to X℘ is exactly the part of V (ι) in X℘. Let χ ∈ X℘, (V (ι))ι≥0 is a
strongly continuous semigroup on X℘ and ∥V℘(ι)∥ ≤ ∥V (ι)∥ for all ι ≥ 0.

Lemma 2.3. [34] (V℘(ι))ι≥0 is an immediately compact semigroup in X℘, hence it is immediately norm continuous.

The Banach space C(Λ,X℘) is denoted by C℘ with ℘ ∈ (0, ν) it supnorm:

∥χ∥∞ = sup
ι∈Λ

∥χ∥℘ , for χ ∈ C℘

We will also provide the required data and resources on ψ-fractional derivatives and ψ-fractional integrals,
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Definition 2.4. [8] Let l > 0, χ ∈ L1(Λ,R) and ψ ∈ Cn(Λ,R) such that ψ′(ι) > 0 for all ι ∈ Λ. The ψ-Riemann
Liouville fractional integral of order l of the function χ is given by

CI l,ψ0+ χ(ι) =
1

Γ(l)

∫ ι

0

ψ′(κ)(ψ(ι)− ψ(κ))l−1χ(κ)dκ. (2.1)

Definition 2.5. [8] Let l > 0, χ ∈ Cn−1(Λ,R) and ψ ∈ Cn(D,R) such that ψ′(ι) > 0 for all ι ∈ Λ. The ψ-Caputo
fractional derivative of order l of the function χ is given by

CDl,ψ
0+ χ(ι) =

1

Γ(n− l)

∫ ι

0

ψ′(κ)(ψ(ι)− ψ(κ))n−l−1χψ[n](κ)dκ, (2.2)

where

χψ[n](κ) =

(
1

ψ′(ι)

d

dκ

)n
χ(κ), n = [l] + 1,

and [l] denotes the integer part of the real number l.

Proposition 2.6. [8] Let l > 0, χ ∈ Cn−1(Λ,R), then we have the following propositions

1. CDl,ψ
0+ I

l,ψ
0+ χ(ι) = χ(ι).

2. I l,ψ0+
CDl,ψ

0+ χ(ι) = χ(ι)−
n−1∑
k=0

χψ
[k]

(0)

k! (ψ(ι)− ψ(0))k.

3. I l,ψ0+ is linear and bounded from C(Λ,R) to C(Λ,R).

Definition 2.7. [22] Let χ, ψ : [0,∞) → R be real valued functions such that ψ(ι) is continuous and ψ′(ι) > 0 on
[0,∞). The generalized Laplace transform of χ is denoted by

Lψ{χ(κ)}(µ) =
∫ ∞

0

e−µ(ψ(κ)−ψ(0))ψ′(κ)χ(κ)dκ. (2.3)

for all κ.

Definition 2.8. [22] Let χ and σ be two functions that are piecewise continuous on Λ and ψ(ι) of exponential order.
We define the generalized convolution of χ and σ by

(χ ∗ψ σ)(ι) =
∫ ι

0

χ(κ)σ
(
ψ−1(ψ(ι) + ψ(0)− ψ(κ))

)
ψ′(κ)dκ.

Theorem 2.9. [22] Let l > 0 and χ be a piecewise continuous function on Λ and ψ(κ) of exponential order. Then

Lψ{I l,ψ0+ χ(κ)}(µ) =
I l,ψ0+ χ(κ)

µl
. (2.4)

Theorem 2.10. [5, 48] Let χ1, χ2 be two integrable functions and ℏ be a continuous function on Λ. Allow ψ ∈ C(Λ,R)
be an increasing function to the extent that ψ′(ι) > 0 for ι ∈ Λ. Suppose that

1. χ1 and χ2 are nonnegative.
2. ℏ is nonnegative and nondecreasing. In case

χ1(ι) ≤ χ2(ι) + ℏ(ι)
∫ ι

0

(ψ(ι)− ψ(ς))l−1ψ′(ς)χ1(ς)dς,

subsequently

χ1(ι) ≤ χ2(ι) +

∫ ι

0

∞∑
w=1

(ℏ(ι)Γ(l))w

Γ(wl)
(ψ(ι)− ψ(ς))wl−1ψ′(ς)χ2(ς)dς,

for all ι ∈ Λ.

Corollary 2.11. Under the hypotheses of theorem 2.10, let χ2 be nondecreasing function on Λ. Then we have

χ1(ι) ≤ χ2(ι)El[ℏ(ι)Γ(l)(ψ(ι)− ψ(0))l], ι ∈ Λ

where

El(ϱ) =

∞∑
w=0

ϱw

Γ(wl + 1)
,

is the Mittag-Leffler function with one parameter for all ϱ ∈ C and l > 0.
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3 Representation of mild solution

In this part, we will first define the term ”mild solution” for the problem (1.1) and demonstrate the following
theorem and foundational lemma. To ensure that, we make the following assumptions.

(C1) V (κ), κ > 0 is a compact analytic semigroup and lim
κ→0+

V (κ) = I (the identity operator).

(C2) there exists γ ∈ [℘, 1] such that the function ℏ : Λ×X℘ ×X℘ → Xγ satisfies the following properties:

(a) for all (χ, ς) ∈ X℘ ×X℘, the function ℏ(., χ, ς) is strongly measurable.

(b) for all ι ∈ Λ, the function ℏ(ι, .) : X℘ ×X℘ → Xγ is continuous.

(c) for all o > 0, ∃ a functionn Io ∈ L∞(Λ, (0,∞)) such that

sup{∥ℏ(ι, χ, ς)∥γ : ∥χ∥℘ ≤ o, ∥ς∥℘ ≤ j∗νo} ≤ Io(ι), ι ∈ Λ,

and there exists a constant ξ > 0 such that

lim
o→+∞

inf
1

o

∫ ι

0

(ψ(ι)− ψ(κ))l−1ψ′(κ)Io(κ)dκ ≤ ξ < +∞.

where j∗ := max{J(ι, κ) : (ι, κ) ∈ S}.

(C3) ℏ : Λ×X℘ ×X℘ → X is continuous function and there exist functions; ℓ1(ι) and ℓ2(ι) such that

∥ℏ(ι, χ2(ι),ℜχ2(ι))− ℏ(ι, χ1(ι),ℜχ1(ι))∥℘ ≤ ℓ1(ι) ∥χ2 − χ1∥℘ + ℓ2(ι) ∥ℜχ2 −ℜχ1∥℘ ,

ι ∈ Λ, χ2, χ1 ∈ X℘, denote I l,ψ0+ ℓ(ι) = sup
ν∈Λ

{I l,ψ0+ ℓ1, I
l,ψ
0+ ℓ2}.

According to the definition 2.5 and the proposition 2.6, it is necessary to rewrite the Cauchy problem in the
equivalent integral equation

χ(ι) = χ0 +
1

Γ(l)

∫ ι

0

(ψ(ι)− ψ(κ))l−1ψ′(κ)(Aχ(κ) + ℏ(κ, χ(κ),ℜχ(κ)))dκ. (3.1)

Lemma 3.1. If (3.1) holds, then we have

χ(ι) =

∫ ∞

0

Φl(ϱ)V ((ψ(ι)−ψ(0))lϱ)χ0dϱ+l

∫ ι

0

∫ ∞

0

ϱΦl(ϱ)(ψ(ι)−ψ(κ))l−1ψ′(κ)V ((ψ(ι)−ψ(0))lϱ)ℏ(κ, χ(κ),ℜχ(κ)))dϱdκ,

(3.2)
where

Φl(ϱ) =
1

l
ϱ−1− 1

l ωl

(
ϱ−

1
l

)
≥ 0, ωl =

1

π

∞∑
p=1

(
(−1)p−1ϱ−lp−1Γ(pl + 1)

p!
sin(plπ)

)
, ϱ ∈ (0,∞).

Proof . Let µ > 0. Applying (2.3) and (2.4) to (3.1), we get

X(µ) =
χ0

µ
+

1

µl
(AX(µ) +H(µ)),

where

X(µ) =

∫ ∞

0

e−µ(ψ(κ)−ψ(0))ψ′(κ)χ(κ)dκ and H(µ) =

∫ ∞

0

e−µ(ψ(κ)−ψ(0))ψ′(κ)ℏ(κ, χ(κ),ℜχ(κ)))dκ.

This means that

X(µ) = µl−1(µlI − A)−1χ0 + (µlI − A)−1H(µ) = µl−1

∫ ∞

0

e−µ
lςV (ς)χ0dς +

∫ ∞

0

e−µ
lςV (ς)H(µ)dς.

By putting ς = κl, dς = lκl−1dκ, we get

X(µ) = l

∫ ∞

0

(µκ)l−1e−(µκ)lV (κl)χ0dκ+ l

∫ ∞

0

κl−1e−(µκ)lV (κl)H(µ)dκ,
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next, we alter κ to ψ(ι)− ψ(0);

X(µ) =l

∫ ∞

0

µl−1(ψ(ι)− ψ(0))l−1ψ′(ι)e−(µ(ψ(ι)−ψ(0)))lV ((ψ(ι)− ψ(0))l)χ0dt

+ l

∫ ∞

0

(ψ(ι)− ψ(0))l−1ψ′(ι)e−(µ(ψ(ι)−ψ(0)))lV ((ψ(ι)− ψ(0))l)H(µ)dι

=

∫ ∞

0

−1

µ

d

dι

[
e−(µ(ψ(ι)−ψ(0)))l

]
V ((ψ(ι)− ψ(0))l)χ0dι

+

∫ ∞

0

∫ ∞

0

l(ψ(ι)− ψ(0))l−1ψ′(ς)ψ′(ι)e−(µ(ψ(ι)−ψ(0)))lV ((ψ(ι)− ψ(0))l)e−µ(ψ(ι)−ψ(0))H(µ)dςdι.

Using the fact that

∫ ∞

0

e−µϱωl(ϱ)dϱ = e−µ
l

, where l ∈ (0,∞):

X(µ) =

∫ ∞

0

∫ ∞

0

ϱωl(ϱ)e
−µ(ψ(ι)−ψ(0))ψ′(ι)V ((ψ(ι)− ψ(0))l)χ0dϱdι

+

∫ ∞

0

∫ ∞

0

∫ ∞

0

l(ψ(ι)− ψ(0))l−1ψ′(ς)ψ′(ι)ωl(ϱ)e
−µ(ψ(ι)−ψ(0))ϱV ((ψ(ι)− ψ(0))l)× e−µ(ψ(ι)−ψ(0))H(µ)dϱdςdι

=

∫ ∞

0

e−µ(ψ(ι)−ψ(0))ψ′(ι)

(∫ ∞

0

ωl(ϱ)V

(
(ψ(ι)− ψ(0))l

ϱl

)
χ0dϱ

)
dι

+

∫ ∞

0

∫ ∞

0

∫ ∞

0

lψ′(ς)ψ′(ι)e−µ(ψ(ι)+ψ(ς)−2ψ(0)) (ψ(ι)− ψ(0))l−1

ϱl
ωl(ϱ)× V

(
(ψ(ι)− ψ(0))l

ϱl

)
H(µ)dϱdςdι

=

∫ ∞

0

e−µ(ψ(ι)−ψ(0))ψ′(ι)

(∫ ∞

0

ωl(ϱ)V

(
(ψ(ι)− ψ(0))l

ϱl

)
χ0dϱ

)
dι

+

∫ ∞

0

∫ ∞

ι

∫ ∞

0

lψ′(κ)ψ′(ι)e−µ(ψ(κ)−ψ(0))
(ψ(ι)− ψ(0))l−1

ϱl
ωl(ϱ)V

(
(ψ(ι)− ψ(0))l

ϱl

)
× ℏ

(
ψ−1(ψ(κ)− ψ(ι) + ψ(0)), χ(ψ−1(ψ(κ)− ψ(ι) + ψ(0))),ℜχ(ψ−1(ψ(κ)− ψ(ι) + ψ(0)))

)
dϱdκdι

=

∫ ∞

0

e−µ(ψ(ι)−ψ(0))ψ′(ι)

(∫ ∞

0

ωl(ϱ)V

(
(ψ(ι)− ψ(0))l

ϱl

)
χ0dϱ

)
dι+

∫ ∞

0

e−µ(ψ(κ)−ψ(0))

×
(∫ κ

0

∫ ∞

0

lψ′(ς)
(ψ(κ)− ψ(ς))l−1

ϱl
ωl(ϱ)V

(
(ψ(κ)− ψ(ς))l

ϱl

)
ℏ(ς, χ(ς),ℜχ(ς))dϱdς

)
ψ′(κ)dκ.

By using the inverse Laplace transform, we can accomplish the following:

X(µ) =

∫ ∞

0

V

(
(ψ(ι)− ψ(ς))l

ϱl

)
ωl(ϱ)χ0dϱ

+ l

∫ ι

0

∫ ∞

0

V

(
(ψ(ι)− ψ(ς))l

ϱl

)
× (ψ(ι)− ψ(ς))l−1

ϱl
ωl(ϱ)ℏ(ς, χ(ς),ℜχ(ς))ψ′(ς)dϱdς

=

∫ ∞

0

V
(
(ψ(ι)− ψ(0))lϱ

)
Φl(ϱ)χ0dϱ

+ l

∫ ι

0

∫ ∞

0

ϱV
(
(ψ(ι)− ψ(0))lϱ

)
× (ψ(ι)− ψ(ς))l−1Φl(ϱ)ℏ(ς, χ(ς),ℜχ(ς))ψ′(ς)dϱdς.

For χ ∈ X and 0 < l < 1, two families {X l
ψ(ι, ς) : 0 ≤ ς ≤ ι ≤ ν} and {Y lψ(ι, ς) : 0 ≤ ς ≤ ι ≤ ν} of operators are as

follows:

X l
ψ(ι, ς)χ =

∫ ∞

0

Φl(ϱ)V ((ψ(ι)− ψ(ς))lϱ)χdϱ : X × X → X℘

and

Y lψ(ι, ς)χ = l

∫ ∞

0

ϱΦl(ϱ)V ((ψ(ι)− ψ(ς))lϱ)χdϱ : X × X → X℘

respectively. □

Lemma 3.2. [49] The operators X l
ψ(ι, ς) and Y

l
ψ(ι, ς) meet the following requirements:
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1. for all ι ≥ ς ≥ 0 and χ ∈ X℘, the operators X l
ψ(ι, ς) and Y

l
ψ(ι, ς) are bounded linear operators, i.e∥∥X l

ψ(ι, ς)χ
∥∥
℘
≤MV ∥χ∥℘ and

∥∥Y lψ(ι, ς)χ∥∥℘ ≤ MV

Γ(l)
∥χ∥℘ .

2. The operators X l
ψ(ι, ς) and Y lψ(ι, ς) are strongly continuous for all ι ≥ ς ≥ 0. That is, χ ∈ X℘ and for all

0 ≥ ς ≥ ι1 ≥ ι2, we have the following:∥∥X l
ψ(ι2, ς)χ−X l

ψ(ι1, ς)χ
∥∥
℘
→ 0 and

∥∥Y lψ(ι2, ς)χ− Y lψ(ι1, ς)χ
∥∥
℘
→ 0

as ι2 → ι1.
3. The operators X l

ψ(ι, ς) and Y
l
ψ(ι, ς) are compact operators, for all ι, ς > 0.

4. If X l
ψ(ι, ς) and Y

l
ψ(ι, ς) are strongly continuous compact semigroups of linear bounded operators.

5. If 0 < l < 1, then
CDl,ψ

0+ {X l
ψ(ι, 0)χ0} = A{X l

ψ(ι, 0)χ0}
and

CDl,ψ
0+ {P ι0{w(ι)}}+ w(ι) = A{P ι0{w(ι)}}+ w(ι),

where

P ι0{χ(ι)} :=

∫ ι2

ι1

(ψ(ι2)− ψ(ς))l−1ψ′(ς)Y lψ(ι2, ς)χ(ς)dς,

such that ι1, ι2 ∈ Λ; χ,w ∈ C℘.

Definition 3.3. A solution χ(.;χ0;u) ∈ C℘ is called an ℘-mild solution of (1.1) if it satisfies:

χ(t) = X l
ψ(ι, 0)χ0 +

∫ ι

0

(ψ(ι)− ψ(ς))l−1ψ′(ς)Y lψ(ι, ς)ℏ(ς, χ(ς),ℜχ(ς))dς (3.3)

4 Existence and unicity result

Theorem 4.1. Suppose that the conditions (C1) and (C2) are met and

MV ξ

Γ(l)
Cγ−℘ < 1 (4.1)

then the fractional semilinear equation (1.1) has a mild solution on Λ.

Proof . We define the function Hϵ : C℘ → C℘ such as

(Hϵχ)(ι) = X l
ψ(ι, 0)χ0 +

∫ ι

0

(ψ(ι)− ψ(ς))l−1ψ′(ς)Y lψ(ι, ς)ℏ(ς, χ(ς),ℜχ(ς))dς.

Define, ℧o = {χ ∈ C℘ : χ(0) = χ0; ∥χ∥℘ ≤ o}. Then, ℧o is a closed, convex, and bounded subset of the Banach
space C℘, it is necessary to prove that, the operator Hϵ : C℘ → C℘ has a fixed point. We will now proceed step by step:

Step 1. For an arbitrary ϑ > 0, there exists a positive constant o = o(ϑ) such that Hϑ(℧o(ϑ)) ⊂ ℧o(ϑ). Let ϑ > 0,

there exists χ ∈ ℧o, then for ιo ∈ Λ; such that
∥∥Hϑ(℧o(ϑ))

∥∥
℘
> o.

Depending on Lemma 3.2 and condition (C2), here’s what we have:

o < ∥(Hϑχ)(ιo)∥℘ ≤
∥∥∥∥X l

ψ(ιo, 0)χ0 +

∫ ιo

0

(ψ(ιo)− ψ(ς))l−1ψ′(ς)Y lψ(ιo, ς)ℏ(ς, χ(ς),ℜχ(ς))dς
∥∥∥∥
℘

≤
∥∥X l

ψ(ιo, 0)χ0

∥∥
℘
+

∥∥∥∥∫ ιo

0

(ψ(ιo)− ψ(ς))l−1ψ′(ς)Y lψ(ιo, ς)ℏ(ς, χ(ς),ℜχ(ς))dς
∥∥∥∥
℘

≤MV ∥χ0∥℘ +

∫ ιo

0

(ψ(ιo)− ψ(ς))l−1ψ′(ς)
∥∥A℘−γY lψ(ιo, ς)Aγℏ(ς, χ(ς),ℜχ(ς))∥∥ ds

≤MV ∥χ0∥℘ +
MV C

γ−℘

Γ(l)

∫ ιo

0

(ψ(ιo)− ψ(ς))l−1ψ′(ς)Io(ς)dς

≤MV ∥χ0∥℘ +
MV C

γ−℘

Γ(l)
× ξ.
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Dividing to both side by o and taking the lower limit as o→ ∞, we obtain

1 ≤ lim
o→∞

inf
MV ∥χ0∥℘

o
+ lim
o→∞

inf

MV C
γ−℘

Γ(l) × ξ

o
=
MV ξ

Γ(l)
Cγ−℘ < 1,

which leads us to a contradiction. Therefore, Hϑ(℧o(ϑ)) ⊂ ℧o(ϑ) for some o(ϑ) > 0.

Step 2. We show that Hϑ is continuous. Let (χn) be a sequence of ℧o so that χn → χ in ℧o. The function ℏ is
continuous on Λ×X℘ ×X℘, then we can say that

ℏ(ς, χn(ς),ℜχn(ς)) −→ ℏ(ς, χ(ς),ℜχ(ς)), as n→ ∞.

We have now, for ι ∈ Λ

∥(Hϑχ)(ι)− (Hϑχn)(ι)∥℘ =

∫ ι

0

ψ′(ς)(ψ(ι)− ψ(ς))l−1
∥∥A℘−γY lψ(ι, ς)Aγ [ℏ(ς, χn(ς),ℜχn(ς))− ℏ(ς, χ(ς),ℜχ(ς))]

∥∥ dς
≤MV C

γ−℘

Γ(l)

∫ ι

0

ψ′(ς)(ψ(ι)− ψ(ς))l−1 ∥ℏ(ς, χn(ς),ℜχn(ς))− ℏ(ς, χ(ς),ℜχ(ς))∥γ dς

for ι ∈ Λ. Using the fact that

∥ℏ(ς, χn(ς),ℜχn(ς))− ℏ(ς, χ(ς),ℜχ(ς))∥γ ≤ 2Io(ς) for ς ∈ Λ;

and for each ι ∈ Λ since ℏ conforms to (C2), using the Lebesgue Dominated Convergence Theorem ones proves that

MV C
γ−α

Γ(l)

∫ ι

0

ψ′(ς)(ψ(ι)− ψ(ς))l−1 ∥ℏ(ς, χn(ς),ℜχn(ς))− ℏ(ς, χ(ς),ℜχ(ς))∥γ dς −→ 0.

Then we can say that
lim
ι→∞

∥Hϑχn −Hϑχ∥℘ = 0.

In other terms Hϑ is continuous.

Step 3. To prove that Hϑ is compact. we have to show that φ(ι) = {(Hϑχ)(ι) : χ ∈ ℧o} is relatively compact in
X℘, for all ι ∈ Λ. It goes without saying that {(Hϑχ)(0) : χ ∈ ℧o} is compact. Let ι ∈ (0, ν], ∀g > 0, we define the set
φκ(ι) = {(Hκ,g

ϑ χ)(ι) : χ ∈ ℧o} :

(Hκ,g
ϑ χ)(ι) =

∫ ∞

g

Φl(ϱ)V ((ψ(ι)− ψ(0))lϱ)χ0dϱ

+ l

∫ ι−g

0

∫ ∞

g

ϱΦl(ϱ)(ψ(ι)− ψ(ς))l−1ψ′(ς)V ((ψ(ι)− ψ(0))lϱ)ℏ(ς, χ(ς),ℜχ(ς))dϱdς

=

∫ ∞

g

Φl(ϱ)V ((ψ(ι)− ψ(0))lϱ− κlg + κlg)χ0dϱ

+ l

∫ ι−g

0

∫ ∞

g

ϱΦl(ϱ)(ψ(ι)− ψ(ς))l−1ψ′(ς)V ((ψ(ι)− ψ(0))lϱ− κlg + κlg)ℏ(ς, χ(ς),ℜχ(ς))dϱdς

=

∫ ∞

g

Φl(ϱ)[V (κlg)V ((ψ(ι)− ψ(0))lϱ− κlg)]χ0dϱ

+ l

∫ ι−g

0

∫ ∞

g

ϱΦl(ϱ)(ψ(ι)− ψ(ς))l−1ψ′(s)[V (κlg)V ((ψ(ι)− ψ(0))lϱ− κlg)]ℏ(ς, χ(ς),ℜχ(ς))dϱds

=V (κlg)

∫ ∞

g

Φl(ϱ)[V ((ψ(ι)− ψ(0))lϱ− κlg)]χ0dϱ

+ lV (κlg)

∫ ι−g

0

∫ ∞

g

ϱΦl(ϱ)(ψ(ι)− ψ(ς))l−1ψ′(ς)[V ((ψ(ι)− ψ(0))lϱ− κlg)]ℏ(ς, χ(ς),ℜχ(ς))dϱdς.

Thus, by the compactnesss of V (κlg) for κlg > 0 and the boundedness of

∫ ∞

g

Φl(ϱ)[V ((ψ(ι)−ψ(0))lϱ−κlg)]χ0dϱ+

l

∫ ι−g

0

∫ ∞

g

ϱΦl(ϱ)(ψ(ι)−ψ(ς))l−1ψ′(ς)[V ((ψ(ι)−ψ(0))lϱ−κlg)]×ℏ(ς, χ(ς),ℜχ(ς))dϱdς on ℧o, it is obvious that φκ(ι)
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is a relatively compact set in X℘. In addition,

∥(Hϑχ)(ι)− (Hκ,g
ϑ χ)(ι)∥

℘
=

∥∥∥∥∫ g

0

Φl(ϱ)V ((ψ(ι)− ψ(0))lϱ)χ0dϱ

∥∥∥∥
℘

+ l

∥∥∥∥∫ ι−g

0

∫ ∞

g

ϱΦl(ϱ)(ψ(ι)− ψ(ς))l−1ψ′(ς)V ((ψ(ι)− ψ(0))lϱ)ℏ(ς, χ(ς),ℜχ(ς))dϱdς
∥∥∥∥
℘

=
∥∥V ((ψ(ι)− ψ(0))lϱ)χ0

∥∥
℘

∫ g

0

Φl(ϱ)dϱ

+ q

∥∥∥∥∫ t

ι−κ

∫ ∞

g

ϱΦl(ϱ)(ψ(ι)− ψ(ς))l−1ψ′(ς)V ((ψ(ι)− ψ(0))lϱ)ℏ(ς, χ(ς),ℜχ(ς))dϱdς
∥∥∥∥
℘

=MV ∥χ0∥α
∫ g

0

Φl(ϱ)dϱ+ lMV (Cγ−℘ + ∥Io∥L∞)

∫ ι

ι−κ
(ψ(ι)− ψ(ς))l−1ψ′(ς)

∫ g

0

ϱΦl(ϱ)dϱdς.

In other words, we can tell that there are relatively compact sets arbitrarily close to the set φ(ι), ∀ι ∈ Λ. Thus,
φ(ι), is relatively compact in X℘. Since it is compact at ι = 0. We get the relative compactness of φ(ι) in X℘, ∀ι ∈ Λ.
Step 4. For 0 < ι2 ≤ ι1 ≤ ν; we have

∥(Hχ)(ι2)− (Hχ)(ι1)∥℘ ≤
∥∥X l

ψ(ι2, 0)χ0 −X l
ψ(ι1, 0)χ0

∥∥
℘
+

∥∥∥∥∫ ι2

ι1

ψ′(ς)(ψ(ι2)− ψ(ς))l−1Y lψ(ι2, ς)ℏ(ς, χ(ς),ℜχ(ς))dς
∥∥∥∥
℘

+

∥∥∥∥∫ ι1

0

ψ′(ς)[(ψ(ι2)− ψ(ς))l−1 − (ψ(ι1)− ψ(ς))l−1]Y lψ(ι2, ς)ℏ(ς, χ(ς),ℜχ(ς))dς
∥∥∥∥
℘

+

∥∥∥∥∫ ι1

0

ψ′(ς)(ψ(ι2)− ψ(ς))l−1[Y lψ(ι2, ς)− Y lψ(ι1, ς)]ℏ(ς, χ(ς),ℜχ(ς))dς
∥∥∥∥
℘

≤
∥∥X l

ψ(ι2, 0)χ0

∥∥
℘
+
∥∥X l

ψ(ι1, 0)χ0

∥∥
℘
+

∫ ι2

ι1

ψ′(ς)(ψ(ι2)− ψ(ς))l−1
∥∥Y lψ(ι2, ς)ℏ(ς, χ(ς),ℜχ(ς))dς∥∥℘

+

∫ ι1

0

ψ′(ς)[(ψ(ι2)− ψ(ς))l−1 − (ψ(ι1)− ψ(ς))l−1]
∥∥Y lψ(ι2, ς)ℏ(ς, χ(ς),ℜχ(ς))dς∥∥℘

+

∥∥∥∥∫ ι1−ε

0

ψ′(ς)(ψ(ι2)− ψ(ς))l−1[Y lψ(ι2, ς)− Y lψ(ι1, ς)]ℏ(ς, χ(ς),ℜχ(ς))dς
∥∥∥∥
℘

+

∥∥∥∥∫ ι1

ι1−ε
ψ′(ς)(ψ(ι2)− ψ(ς))l−1[Y lψ(ι2, ς)− Y lψ(ι1, ς)]ℏ(ς, χ(ς),ℜχ(ς))dς

∥∥∥∥
℘

≤MV ∥χ0∥℘ +MV ∥χ0∥℘ +
(ψ(ι2)− ψ(ι1))

l

l

∥∥A℘−γY lψ(ι2, ς)Aγℏ(ς, χ(ς),ℜχ(ς))dς∥∥
+

1

l
[(ψ(ι2)− ψ(ι1))

l + (ψ(ι1)− ψ(0))l − (ψ(ι2)− ψ(0))l]
∥∥A℘−γY lψ(ι2, ς)Aγℏ(ς, χ(ς),ℜχ(ς))dς∥∥

+
1

l
[(ψ(ι1)− ψ(0))l + (ψ(ι1)− ψ(ι1 − ε))l]

∥∥A℘−γ [Y lψ(ι2, ς)− Y lψ(ι1, ς)]A
γℏ(ς, χ(ς),ℜχ(ς))dς

∥∥
+

1

l
(ψ(ι1)− ψ(ι1 − ε))l

∥∥A℘−γ [Y lψ(ι2, ς)− Y lψ(ι1, ς)]A
γℏ(ς, χ(ς),ℜχ(ς))dς

∥∥
≤2MV ∥χ0∥℘ +

(ψ(ι2)− ψ(ι1))
lMV Cγ−℘

Γ(l + 1)
∥I∥L∞ +

MV Cγ−℘
Γ(l + 1)

[(ψ(ι2)− ψ(ι1))
l + (ψ(ι1)− ψ(0))l − (ψ(ι2)− ψ(0))l] ∥I∥L∞

+
MV Cγ−℘
Γ(l + 1)

[(ψ(ι1)− ψ(0))l + (ψ(ι1)− ψ(ι1 − ε))l] sup
ς∈[0,ι1−ε]

∥∥Y lψ(ι2, ς)− Y lψ(ι1, ς)
∥∥ ∥I∥L∞

+ 2(ψ(ι1)− ψ(ι1 − ε))l
MV Cγ−℘
Γ(l + 1)

∥I∥L∞ .

By the condition (C1) and Lemma 3.2 we have proven that ∥(Hχ)(ι2)− (Hχ)(ι1)∥℘ → 0 as ι2 → ι1. It is obvious
to say that {Hχ), χ ∈ ℧o} is a family of equicontinuous functions. By the Arzela-Ascoli Theorem, since H(℧o)
equicontinue, It is simple to infer that H(℧o) is relatively compact in C℘.

Furthermore, it is simple to determine that, H is continuous in C℘, which means it is completely continuous on
C℘. Of course, this means that by Schauder’s fixed point theorem H has a fixed point χ ∈ ℧o. This is the necessary
confirmation to state that (1.1) has a mild solution on Λ. □
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Remark 4.2. Using theorem 4.1, it is noted that if ψ is a bijection function, then (1.1) has a minimum of one mild
solution, given that

ν < ψ−1

((
Γ(l + 1)

MV Cγ−℘

) 1
l

+ ψ(0)

)
.

Theorem 4.3. Assume the condition (C3) holds. Then the problem (1.1) has a unique mild solution.

Proof . Let χ1 and χ2 be the solutions of the problem (1.1) in ℧o. Then for each w ∈ {1, 2}, the solution χw satisfies

(Hχw)(ι) = X l
ψ(ι, 0)χ0 +

∫ ι

0

(ψ(ι)− ψ(ς))l−1ψ′(ς)Y lψ(ι, ς)ℏ(ς, χw(ς),ℜχw(ς))dς.

Then, for any ι ∈ Λ, we have

∥(Hχ1)(ι)− (Hχ2)(ι)∥℘ ≤
∫ ι

0

(ψ(ι)− ψ(ς))l−1ψ′(ς)
∥∥Y lψ(ι, ς)[ℏ(ι, χ1(ι),ℜχ1(ι))− ℏ(ι, χ2(ι),ℜχ2(ι))]

∥∥
℘
dς

≤MV

Γ(l)

∫ ι

0

(ψ(ι)− ψ(ς))l−1ψ′(ς) ∥ℏ(ι, χ1(ι),ℜχ1(ι))− ℏ(ι, χ2(ι),ℜχ2(ι))∥℘ dς

≤MV

Γ(l)

∫ ι

0

(ψ(ι)− ψ(ς))l−1ψ′(ς)[ℓ1(ς) ∥χ1(ς)− χ2(ς)∥℘ + ℓ2(ς) ∥ℜχ1(ς)−ℜχ2(ς)∥℘]dς

≤MV I
l,ψ
0+ ℓ1(ι) ∥χ1 − χ2∥℘ +MV j

∗I l,ψ0+ ℓ2(ι) ∥χ1 − χ2∥℘
≤MV I

l,ψ
0+ ℓ(ι) ∥χ1 − χ2∥℘ (1 + j∗)

≤MV (1 + j∗)

Γ(l)

∫ ι

0

(ψ(ι)− ψ(ς))l−1ψ′(ς)ℓ(ς) ∥χ1(ς)− χ2(ς)∥℘ dς.

≤ℓ
∗MV (1 + j∗)

Γ(l)

∫ ι

0

(ψ(ι)− ψ(ς))l−1ψ′(ς) ∥χ1(ς)− χ2(ς)∥℘ dς,

where ℓ∗ = sup
ι∈Λ

|ℓ(ι)|. We get the wanted result by using the theorem 2.10: χ1 ≡ χ2. Hence there is only one unique

solution for (1.1). □

Definition 4.4. [23] A function ℏ satisfies the local Lipshitz condition in χ(ι), uniformly in ι on bounded intervals
if for every ι′ ≥ 0 and κ ≥ 0 there is a constant ℓ(cst, ι′) such that

∥ℏ(ι, χ1)− ℏ(ι, χ2)∥℘ ≤ ℓ(cst, ι′) ∥χ1 − χ2∥℘ ,

for all χ1, χ2 ∈ X℘, and ι ∈ Λ.

Theorem 4.5. Let ℏ : Λ×X℘×X℘ → X is continuous in ι for ι ≥ 0 and locally Lipschitz continuous in X℘, uniformly
in ι on bounded intervals. Then for every χ0 ∈ X℘ there is a ιmax <∞ such that{

CDl,ψ
0+ χ(ι) = −Aχ(ι) + ℏ(ι, χ(ι),ℜχ(ι)), ι > ι0,

χ(ι0) = χ0

has a unique mild solution χ on [0, ιmax).

Proof . We begin by demonstrating that for each ι > 0, χ0 ∈ X℘, the problem from above has a unique mild solution
under the presumptions of our theorem, χ(ι) on an interval [ι0, ι1] whose length is restricted beneath by

β(ι0, ∥χ0∥℘) = min{1,
∥χ0∥℘ Γ(l + 1)

j(ι0)ℓ(j(ι0), ι0 + 1) + n(ι0)
},

where ℓ(cst, ι) is the local Lipschitz constant of ℏ and j(ι0) = 2 ∥χ0∥℘MV (ι0). Indeed let ι1 = ι0 + β(ι0, ∥χ0∥℘), the
mapping H : C℘ → C℘ by

(Hχ)(ι) = X l
ψ(ι, ι0)χ0 +

∫ ι

ι0

(ψ(ι)− ψ(ς))l−1ψ′(ς)Y lψ(ι, ς)ℏ(ς, χ(ς),ℜχ(ς))dς.
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maps the sphere of radius j(ι0) at 0 of C([ι0, ι1],X℘), into itself, then

∥(Hχ)(ι)∥℘ ≤
∥∥X l

ψ(ι, ι0)χ0

∥∥
℘
+

∥∥∥∥∫ ι

ι0

(ψ(ι)− ψ(ς))l−1ψ′(ς)Y lψ(ι, ς)ℏ(ι, χ(ι),ℜχ(ι))
∥∥∥∥
℘

dς

≤MV (ι0) ∥χ0∥℘ +
MV (ι0)

Γ(l)

∫ ι

ι0

(ψ(ι)− ψ(ς))l−1ψ′(ς)
∥∥ℏ(ι, χ(ι),ℜχ(ι))

∥∥
℘
dς

≤MV (ι0) ∥χ0∥℘ +
MV (ι0)

Γ(l)

∫ ι

ι0

(ψ(ι)− ψ(ς))l−1ψ′(ς)
[∥∥ℏ(ι, χ(ι),ℜχ(ι))− ℏ(ς, 0, 0)

∥∥
℘
+ ∥ℏ(ς, 0, 0)|℘

]
dς

≤MV (ι0) ∥χ0∥℘

+
MV (ι0)

Γ(l)

∫ ι

ι0

(ψ(ι)− ψ(ς))l−1ψ′(ς)[
(
ℓ1(cst1, ι

′)
∥∥χ(ς)

∥∥
℘
+ ℓ2(cst2, ι

′)
∥∥ℜχ(ς)

∥∥
℘

)
+ ∥ℏ(ς, 0, 0)∥℘]dς

≤MV (ι0) ∥χ0∥℘ +
MV (ι0)

Γ(l)

∫ ι

ι0

(ψ(ι)− ψ(ς))l−1ψ′(ς)
[(
ℓ1
∥∥χ(ς)

∥∥
℘
+ ℓ2

∥∥χ(ς)
∥∥
℘
j∗
)
+ ∥ℏ(ς, 0, 0)∥℘

]
dς

≤MV (ι0) ∥χ0∥℘ +
MV (ι0)(ψ(ι)− ψ(ι0))

l

Γ(l + 1)
(ℓ1(j(ι0), ι0 + 1)j(ι0) + ℓ2(j(ι0), ι0 + 1)j(ι0)j

∗)

+
MV (ι0)

Γ(l)

∫ ι

ι0

(ψ(ι)− ψ(ς))l−1ψ′(ς) ∥ℏ(ς, 0, 0)∥℘ dς

and this is all due to the fact that j(ι0) = 2MV (ι0) ∥χ0∥℘ . Now, we put n(ι0) = max{∥ℏ(ς, 0, 0)∥℘ : 0 ≤ ι0 ≤ ι0 + 1},

∥(Hχ)(ι)∥℘ ≤MV (ι0) ∥χ0∥℘ +MV (ι0)j(ι0)
ℓ(j(ι0), ι0 + 1)(ψ(ι)− ψ(ι0))

l

Γ(l + 1)
+
MV (ι0)

Γ(l)

∫ ι

ι0

(ψ(ι)− ψ(ς))l−1ψ′(ς)n(ι0)dς

≤MV (ι0) ∥χ0∥℘ +MV (ι0)j(ι0)
ℓ(j(ι0), ι0 + 1)(ψ(ι)− ψ(ι0))

l

Γ(l + 1)
+
MV (ι0)n(ι0)

Γ(l)
(ψ(ι)− ψ(ι0))

l

≤MV (ι0)

(
∥χ0∥℘ +

(ψ(ι)− ψ(ι0))
l

Γ(l + 1)
[j(ι0)ℓ(j(ι0), ι0 + 1) + n(ι0)]

)
≤2MV (ι0)n(ι0) = j(ι0)

whereby the last inequality is derived from the meaning of ι1, in this sphere, H fulfills a uniform Lipschitz condition
with constant ℓ = ℓ(j(ι0), ι0 + 1) and hence, just like in Theorem’s 4.1 proof, it has a single mild solution χ(ι) in the
sphere. The intended resolution of the mild solution is for our last problem on the interval [ι1, ι2].

As a result of what we’ve just demonstrated if χ(ι) is a mild solution of{
CDl,ψ

0+ χ(ι) = −Aχ(ι) + ℏ(ι, χ(ι),ℜχ(ι)), ι > ι0,
χ(ι0) = χ0

on the interval [0, κ]. It can be extended to the interval [0, κ + β] with β > 0 by defining on [κ, κ + β], χ(ι) = α(ι)
where α(ι) is the solution of the integral equation

(Hχ)(ι) = X l
ψ(κ, ι)χ0 +

∫ ι

κ

(ψ(ι)− ψ(ς))l−1ψ′(ς)Y lψ(ι, ς)ℏ(ς, χ(ς),ℜχ(ς))dς, κ ≤ ι ≤ κ+ β.

Additionally, β depends solely on ∥χ(κ)∥, j(κ) and n(κ). [0, ιmax[ should represent the maximal interval of existence
of mild solution χ(ι) of (1.1). Provided that ιmax then lim

ι→ιmax

∥χ(ι)∥ = ∞, as there would be a sequence otherwise ιw

converge to ιmax such that ∥χ(ι)∥ ≤ cst for all w.

This would suggest based on our recent proof that for each ιw close enough to ιmax, χ(ι) specified on [0, ιw] can
reach [0, ιw + β] in which β > 0 is not dependent upon ιw, therefore, it is possible to expand χ(ι) beyond ιmax conflict
with the meaning of ιmax.

To illustrate the local mild solution’s uniqueness χ(ι) of (1.1) as we observe, if χ1(ι) is a mild solution of (1.1)
thereafter, at each closed interval [0, ι0] where χ(ι) and χ1(ι) both exist and coincide according to the uniqueness
argument provided after the Theorem 4.3’s proof. Consequently, ιmax is the same for both χ(ι) and χ1(ι) and on
[0, ιmax[: χ ≡ χ1. □
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5 Mittag-Leffler-Ulam-Hyers stability

For ℏ : Λ×X℘ ×X℘ → X , ϖ ∈ C(Λ,R+) and ϵ > 0 we consider the equation

CDl,ψ
0+ χ(ι) = Aχ(ι) + ℏ(ι, χ(ι),ℜχ(ι)), ι ∈ Λ, (5.1)

as well as the subsequent inequalities∣∣∣CDl,ψ
0+ χ(ι)− Aχ(ι)− ℏ(ι, χ(ι),ℜχ(ι))

∣∣∣ ≤ ϵ, ι ∈ Λ, (5.2)∣∣∣CDl,ψ
0+ χ(ι)− Aχ(ι)− ℏ(ι, χ(ι),ℜχ(ι))

∣∣∣ ≤ ϖ(ι), ι ∈ Λ, (5.3)∣∣∣CDl,ψ
0+ χ(ι)− Aχ(ι)− ℏ(ι, χ(ι),ℜχ(ι))

∣∣∣ ≤ ϵϖ(ι), ι ∈ Λ. (5.4)

Definition 5.1. [49] If there exists a real number C > 0 such that for each ϵ > 0 and for each solution ζ ∈ C1(Λ,X℘)
of inequality (5.2) there exists a mild solution χ ∈ C℘ of (5.1) with

|ζ(ι)− χ(ι)| ≤ ϵCEl(ι), ι ∈ Λ,

we can say that (5.1) is M-L–U–H stable, concerning El

Definition 5.2. [49] If there exists a function ϑ ∈ C(R+,R+), ϑ(0) = 0, such that for each ϵ > 0 and for each
solution ζ ∈ C1(Λ,X℘) of inequality (5.2) there exists a mild solution χ ∈ C℘ of (5.1) with

|ζ(ι)− χ(ι)| ≤ Cϑ(ϵ)El(ι), ι ∈ Λ,

we can say that (5.1) is M-L–U–H stable, concerning El

Remark 5.3. Definition 5.1 implies definition 5.2.

Remark 5.4. A function χ ∈ C1(Λ,X℘) is a solution (5.2) if and only if there exists a function λ ∈ C1(Λ,X℘) such
that

1. |λ(ι)| ≤ ϵ for ι ∈ Λ.

2. CDl,ψ
0+ χ(ι) = Aχ(ι) + ℏ(ι, χ(ι),ℜχ(ι)) + λ(ι), ι ∈ Λ.

Remark 5.5. If ζ ∈ C1(Λ,X℘) is a solution (5.2), then ζ a solution of the following integral inequality∣∣∣∣ζ(ι)−X l
ψ(ι, 0)ζ(0)−

∫ ι

0

(ψ(ι)− ψ(ς))l−1ψ′(ς)Y lψ(ι, ς)ℏ(ς, ζ(ς),ℜζ(ς))dς
∣∣∣∣ ≤ ϵ

∫ ι

0

(ψ(ι)− ψ(ς))l−1ψ′(ς)
∥∥Y lψ(ι, ς)∥∥℘ dς.

Theorem 5.6. Assume that ℏ : Λ×X℘ ×X℘ → X and there exists ℓh > 0 such that

|ℏ(ι, χ1)− ℏ(ι, χ2)| < ℓh|χ1 − χ2|,

for all ι ∈ Λ, and χ1, χ2 ∈ X . Then (5.1) is M-L-U-H stable.

Proof . Let ζ ∈ C1(Λ,X℘) be a solution of (5.2). Let us denote by χ ∈ C℘ the unique solution of the semilinear
problem {

CDl,ψ
0+ χ(ι) = −Aχ(ι) + ℏ(ι, χ(ι),ℜχ(ι)), ι ∈ Λ,

χ(0) = ζ(0)
(5.5)

We have

χ(ι) = X l
ψ(ι, 0)ζ(0) +

∫ ι

0

(ψ(ι)− ψ(ς))l−1ψ′(ς)Y lψ(ι, ς)ℏ(ς, ζ(ς),ℜζ(ς))dς, ι ∈ Λ.



12 Baihi, Kajouni, Hilal

Then we get∣∣∣∣ζ(ι)−X l
ψ(ι, 0)ζ(0)−

∫ ι

0

(ψ(ι)− ψ(ς))l−1ψ′(ς)Y lψ(ι, ς)ℏ(ς, χ(ς),ℜχ(ς))dς
∣∣∣∣ ≤ϵ ∫ ι

0

(ψ(ι)− ψ(ς))l−1ψ′(ς)
∥∥Y lψ(ι, ς)∥∥℘ dς

≤MV

Γ(l)
ϵ

∫ ι

0

(ψ(ι)− ψ(ς))l−1ψ′(ς)dς

≤ MV

Γ(l + 1)
ϵ(ψ(ι)− ψ(0))l.

It follows that

|ζ(ι)− χ(ι)| ≤
∣∣∣∣ζ(ι)−X l

ψ(ι, 0)ζ(0)−
∫ ι

0

(ψ(ι)− ψ(ς))l−1ψ′(ς)Y lψ(ι, ς)ℏ(ς, χ(ς),ℜχ(ς))dς
∣∣∣∣

≤
∣∣∣∣ζ(ι)−X l

ψ(ι, 0)ζ(0)−
∫ ι

0

(ψ(ι)− ψ(ς))l−1ψ′(ς)Y lψ(ι, ς)ℏ(ς, ζ(ς),ℜζ(ς))dς
∣∣∣∣

+

∫ ι

0

(ψ(ι)− ψ(ς))l−1ψ′(ς)
∥∥Y lψ(ι, ς)∥∥℘ |ℏ(ς, ζ(ς),ℜζ(ς))− ℏ(ς, χ(ς),ℜχ(ς))|dς

≤ MV

Γ(l + 1)
ϵ(ψ(ι)− ψ(0))l +

MV

Γ(l)

∫ ι

0

(ψ(ι)− ψ(ς))l−1ψ′(ς)(ℓh1|ζ(ς)− χ(ς)|+ ℓh2|ℜζ(ς)−ℜχ(ς)|)dς

≤ MV

Γ(l + 1)
ϵ(ψ(ι)− ψ(0))l +

MV

Γ(l)

∫ ι

0

(ψ(ι)− ψ(ς))l−1ψ′(ς)(ℓh1|ζ(ς)− χ(ς)|+ ℓh2|ζ(ς)− χ(ς)|j∗)dς

≤ MV

Γ(l + 1)
ϵ(ψ(ι)− ψ(0))l +

MV

Γ(l)
(1 + j∗)ℓh

∫ ι

0

(ψ(ι)− ψ(ς))l−1ψ′(ς)|ζ(ς)− χ(ς)|dς,

where ℓh = sup
ι∈Λ

{ℓh1, ℓh2}. By corollary 2.11, we obtain

|ζ(ι)− χ(ι)| ≤ MV

Γ(l + 1)
ϵ(ψ(ν)− ψ(0))l + El(MV ℓh(1 + j∗)(ψ(ι)− ψ(0))l).

□

6 Mittag-Leffler-Ulam-Hyers-Rassias stability

Definition 6.1. [49] If there exists a real number Cϖ > 0, such that for each ϵ > 0 and for each solution ζ ∈ C1(Λ,X℘)
of inequality (5.4) there exists a mild solution χ ∈ C℘ of (5.1) with

|ζ(ι)− χ(ι)| ≤ ϵCϖϖ(ι)El(ι), ι ∈ Λ,

we can say that (5.1) is M-L–U–H-R stable, concerning ϖEl

Definition 6.2. [49] If there exists a real number Cϖ > 0, such that for each solution ζ ∈ C1(Λ,X℘) of inequality
(5.3) there exists a mild solution χ ∈ C℘ of (5.1) with

|ζ(ι)− χ(ι)| ≤ Cϖϖ(ι)El(ι), ι ∈ Λ,

we can say that (5.1) is M-L–U–H-R stable, concerning ϖEl

Remark 6.3. Definition 6.1 implies definition 6.2.

Theorem 6.4. Suppose that the subsequent is true.

a) ℏ : Λ×X℘ ×X℘ → X
b) ℓ1(ι) and ℓ2(ι) are nonnegative, non decreasing continuous functions defined on ι ∈ [0,∞)

|ℏ(ι, χ2(ι),ℜχ2(ι))− ℏ(ι, χ1(ι),ℜχ1(ι))| < ℓ1(ι)|χ1 − χ2|+ ℓ2(ι)|ℜχ1 −ℜχ2|,

for all ι ∈ Λ, and χ1, χ2 ∈ X .
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c) The function ϖ ∈ C([0,∞),R+) is increasing and there exists α > 0 such that∫ ι

0

(ψ(ι)− ψ(ς))l−1ψ′(ς)
∥∥Y lψ(ι, ς)∥∥℘ dς ≤ αϖ(ι),

Then (5.1) is M-L-U-H-R stable with respect to ϖEl.

Proof . Let ζ ∈ C1(Λ,∞) be a solution of (5.3). Then we get∣∣∣∣ζ(ι)−X l
ψ(ι, 0)ζ(0)−

∫ ι

0

(ψ(ι)− ψ(ς))l−1ψ′(ς)Y lψ(ι, ς)ℏ(ς, ζ(ς),ℜζ(ς))dς
∣∣∣∣ ≤ ∫ ι

0

(ψ(ι)− ψ(ς))l−1ψ′(ς)ϖ(ς)
∥∥Y lψ(ι, ς)∥∥℘ dς

≤αϖ(ι), ι ∈ (0,∞).

Let χ ∈ C(Λ,∞) the unique mild solution of the semilinear problem{
CDl,ψ

0+ χ(ι) = −Aχ(ι) + ℏ(ι, χ(ι),ℜχ(ι)), ι ∈ (0,∞),
χ(0) = ζ(0)

(6.1)

We have

χ(ι) = X l
ψ(ι, 0)ζ(0) +

∫ ι

0

(ψ(ι)− ψ(ς))l−1ψ′(ς)Y lψ(ι, ς)ℏ(ς, ζ(ς),ℜζ(ς))dς, ι ∈ (0,∞).

It follows that

|ζ(ι)− χ(ι)| ≤
∣∣∣∣ζ(ι)− ∫ ι

0

(ψ(ι)− ψ(ς))l−1ψ′(ς)Y lψ(ι, ς)ℏ(ς, χ(ς),ℜχ(ς))dς
∣∣∣∣

+

∫ ι

0

(ψ(ι)− ψ(ς))l−1ψ′(ς)
∥∥Y lψ(ι, ς)∥∥℘ |ℏ(ς, ζ(ς),ℜζ(ς))− ℏ(ς, χ(ς),ℜχ(ς))|dς

≤αϖ(ι) +
MV

Γ(l)

∫ ι

0

(ψ(ι)− ψ(ς))l−1ψ′(ς)[ℓ1(ι)|ζ(ς)− χ(ς)|+ ℓ2(ι)|ℜζ(ς)−ℜχ(ς)|]dς

≤αϖ(ι) +
MV

Γ(l)

∫ ι

0

(ψ(ι)− ψ(ς))l−1ψ′(ς)[ℓ1(ι)|ζ(ς)− χ(ς)|+ ℓ2(ι)|ζ(ς)− χ(ς)|j∗]dς

≤αϖ(ι) +
MV ℓ(ι)(1 + j∗)

Γ(l)

∫ ι

0

(ψ(ι)− ψ(ς))l−1ψ′(ς)|ζ(ς)− χ(ς)|dς,

where ℓ(ι) = sup
ι∈Λ

(ℓ1(ι), ℓ2(ι)). By Corollary 2.11, we obtain

|ζ(ι)− χ(ι)| ≤ αϖ(ι)El(MV ℓ(ι)(1 + j∗)(ψ(ι)− ψ(0))l).

□

7 Example

The example that follows is examined in the final section to back up the theorem 4.1’s result. Examine the following
equation for a fractional partial differential:

CD
1
2 ,ι

0+ χ(ι, y) =
∂2

∂y2
χ(ι, y) +

e−ι

9 + eι
cos

(
χ(ι, y) +

∫ ι

0

cos(ις)χ(ς, y)dς

)
,

χ(ι, 0) = χ(ι, π), ι ∈ Λ
χ(0, y) = χ0(y), y ∈ [0, π]

(7.1)

where l = 1
2 , Aχ =

∂2

∂y2
χ(ι, y), χ(ι) = χ(ι, y),

ℏ(ι, χ(ι),ℜχ(ι)) = e−ι

9 + eι
cos

(
χ(ι, y) +

∫ ι

0

cos(ις)χ(ς, y)dς

)
and ψ(ι) = ι.
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Let X be defined as X = L2[0, π] and A by Aυ = −υ′′
on the domain

D(A) = {υ(.) ∈ L2[0, π], υ, υ
′
, are absolutely continuous, υ

′′
∈ L2[0, π], υ(0) = υ(π) = 0}.

It is noticeable that A has a discrete spectrum and the eigenvalues are {−n2 : n ∈ N with the corresponding

normalized eigenvectors en(y) =
√

2
π sinny. Consequently,

Aυ = −
∞∑
n=1

n2 ⟨υ, en⟩ en, υ ∈ D(A).

In addition, A is the infinitesimal generator of a bounded analytic semigroup (V (ι))ι≥0, where

V (ι)υ =

∞∑
n=1

e−n
2ι ⟨υ, en⟩ en, υ ∈ X .

Surely, for all ι ≥ 0, ∥V (ι)∥ ≤ e−ι. Hence, we take MV = 1, which implies that sup
ι∈(0,∞)

∥V (ι)∥ = 1 and (C1) are

satisfied. For l = 1
2 , the operator A

1
2 is given by the following:

A
1
2 υ = −

∞∑
n=1

n ⟨υ, en⟩ en, υ ∈ D(A
1
2 ).

where D(A
1
2 ) = {υ ∈ X :

∞∑
n=1

n ⟨υ, en⟩ en ∈ X} and
∥∥∥A− 1

2

∥∥∥ = 1. Let X 1
2
=
(
D(A

1
2 ), ∥ ∥ 1

2

)
, where ∥χ∥ 1

2
=
∥∥∥A 1

2χ
∥∥∥
X

for χ ∈ D(A
1
2 ). It’s evident now that the purpose ℏ : Λ× [0, π]× R → R fulfils the following conditions:

1. for all (ι, χ) ∈ Λ× [0, π], ℏ(ι, χ, .) is continuous.
2. for all ς ∈ R, ℏ(., ., ς) is measurable.
3. for all ι ∈ Λ and ς ∈ R, ℏ(ι, ς) is differentiable and ∂

∂χℏ(ι, χ, ς) ∈ X .
4. ℏ(0, ., .) = ℏ(π, ., .) = 0.

5. there exists C > 0 such that for all (ι, χ, ς) ∈ Λ× [0, π]× R,
∣∣∣ ∂∂χℏ(ι, χ, ς)∣∣∣ ≤ C.

We now ∀φ ∈ X 1
2
possess the following

⟨ℏ(ι, φ,ℜφ), en⟩ =
∫ π

0

(
e−ι

9 + eι
cos

(
φ(ι, y) +

∫ ι

0

cos(ις)φ(ς, y)dς

))
.

(√
2

π
sinny

)
dy

=
1

n

∫ π

0

∂

∂y

(
e−ι

9 + eι
cos

(
φ(ι, y) +

∫ ι

0

cos(ις)φ(ς, y)dς

))
.

(√
2

π
cosny

)
dy.

This suggests that ℏ : Λ×X 1
2
×X 1

2
→ X 1

2
. Moreover, ∀o > 0 by the Minkowski inequality, Our possessions include:

sup
∥φ∥ 1

2
≤o

∥ℏ(ι, φ,ℜφ)∥ 1
2
= sup

∥φ∥ 1
2
≤o

∥∥∥∥ ∂∂y
(

e−ι

9 + eι
cos

(
φ(ι, y) +

∫ ι

0

cos(ις)φ(ς, y)dς

))∥∥∥∥
X

= sup
∥φ∥ 1

2
≤o

(∫ π

0

∣∣∣∣ ∂∂y
(

e−ι

9 + eι
cos

(
φ(ς, y) +

∫ ι

0

cos(ις)φ(ς, y)dς

))∣∣∣∣2 dy
) 1

2

≤ sup
∥φ∥ 1

2
≤o

(∫ π

0

(
e−ι

9 + eι
sin

(
φ(ι, y) +

∫ ι

0

cos(ις)φ(ς, y)dς

)(
|φ(ι, y)|+ | ∂

∂y

∫ ι

0

cos(ις)φ(ι, y)dς|
))2

dy

) 1
2

≤ sup
∥φ∥ 1

2
≤o

(
e−ι

9 + eι
sin

(
φ(ι, y) +

∫ ι

0

cos(ις)φ(ς, y)dς

)
(∥φ∥X + j∗ν ∥φ∥X )

)

≤(1 + j∗ν)o
e−ι

9 + eι
sin

(
φ(ι, y) +

∫ ι

0

cos(ις)φ(ς, y)dς

)
≤Io(ι).
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Consequently, ℏ meets the requirements (C2) in the following way:

lim
o→+∞

inf
1

o
(ψ(ι)− ψ(ς))l−1ψ′(ς)Io(ς)dς

= lim
o→+∞

inf
1

o

∫ ι

0

(ι− ς)−
1
2 (1 + j∗ν)o

e−ι

9 + eι
sin

(
φ(ι, y) +

∫ ι

0

cos(ις)φ(ς, y)dς

)
dς

≤(1 + j∗ν)

∥∥∥∥ e−ι

9 + eι
sin

(
φ(ι, y) +

∫ ι

0

cos(ις)φ(ς, y)dς

)∥∥∥∥
L∞

∫ ι

0

(ι− ς)−
1
2

≤2ν
1
2 (1 + j∗ν)

∥∥∥∥(φ(ι, y) + ∫ ι

0

cos(ις)φ(ς, y)dς

)∥∥∥∥
L∞

= ξ.

Thus, (7.1) has at least one mild solution.

Conclusion

We examined a semilinear ψ-fractional differential equation with starting conditions in this work, which involved
the Volterra integral operator with an integral kernel. The Schauder fixed point theorem allowed us to determine the
solution’s existence. For the uniqueness of the solution, we utilized contraction principle. Additionally, we offered at
least one [0, ιmax] solution to (1.1). A few requirements are established for the HU stable, HU-R stable, generalized
HU stable, and generalized HU-R stable of (1.1). We demonstrated the existence and uniqueness of (1.1) with an
example.
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