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Abstract

In this paper, the Lie symmetry analysis method is applied to the high dimensional fractional Zakharov-Kuznetsov
equation. All Lie symmetries and the corresponding conserved vectors for the equation are obtained. The one-
dimensional optimal system is utilized to reduce the aimed equation with Riemann-Liouville fractional derivative to
a low dimensional fractional partial differential equation with Erdélyi-Kober fractional derivative. Then the power
series solution of the reduced equation is given. Moreover, some other low-dimensional reduced fractional differential
equations with Riemann-Liouville fractional derivatives are obtained and can be solved by different methods in the
literatures herein.
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1 Introduction

Nonelinear partial differential equations are increasingly used to model nonlinear physical phenomena. Among
them, the following (2+1)-dimensional Zakharov-Kuznetsov (Z-K) equation is considered:

U+ (Ugg + Uyy +uP)y =0, p=2,34. (1.1)

which, introduced by Zakharov and Kuznetsov, was firstly derived for describing weakly nonlinear ion-acoustic waves
in strongly magnetized lossless plasma in two dimensions [44]. The Z-K equation governs the behavior of weakly
nonlinear ion-acoustic waves in a plasma comprising cold ions and hot isothermal electrons in the presence of a
uniform magnetic field [27, 28]. Various numerical and analytical methods have been subsequently applied to solve
the Z-K and modified Z-K equations [T}, 1T} 19, 20, 22| 37]. Recently, fractional Z-K equation was introduced and
studied in [2, B8]. In [38], Yang et al. studied the conservation laws of space-time fractional mZK equation for Bossby
solitary waves with complete Coriolis force. In [2], Al-deiakeh et al. used Lie symmetry analysis method to study

*Corresponding author
Email addresses: yjicheng@126.com (Jicheng Yu), yqfeng60126.com (Yugiang Feng)

Recetved: December 2023  Accepted: January 2024


http://dx.doi.org/10.22075/ijnaa.2024.32813.4879

362 Yu, Feng

the time-fractional (241)-dimensional Zakharov-Kuznetsov (g, p,r) equation and obtained analytical solutions by the
power series method.

In this paper, Eq. (1.1) are extended to the following (3+1)-dimensional time-fractional version:

Difu+ (Ugy + tyy + Uz +uP); =0, 0<a<1l, p=234 (1.2)

As a generalization of the classical calculus, fractional calculus can be traced back to the letter written by L’Hospital
to Leibniz in 1695. Since then, it has gradually gained the attention of mathematicians. Especially in recent decades, it
has developed rapidly and been successfully applied in many fields of science and technology [12] 211, [32], 35]. Therefore,
it is very important to find the solution of fractional differential equation. So far, there have been some numerical and
analytical methods, such as Adomian decomposition method [5], finite difference method [24], homotopy perturbation
method [25], the sub-equation method [47], the variational iteration method [26], Lie symmetry analysis method [9],
invariant subspace method [8] and so on. Among them, Lie symmetry analysis method has received an increasing
attention.

Lie symmetry analysis method was founded by Norwegian mathematician Sophus Lie at the end of the nineteenth
century and then further developed by some other mathematicians, such as Ovsiannikov [31], Olver [30], Ibragimov
[14, 15, 16] and so on. As a modern method among many analytic techniques, Lie symmetry analysis has been
extended to fractional differential equations (FDEs) by Gazizov et al. [9] in 2007. It was then effectively applied to
various models of the (1+1)-dimensional FDEs [6] [7, [10, 29, 39, [40] 4T, 42, [43| [45 [46] and the (2+1)-dimensional
FDEs [3, B3] 34 48] occurring in different areas of applied science.

This paper applies Lie symmetry analysis method to study the (341)-dimensional time-fractional Z-K equation.
We aim to find all Lie symmetries admitted by the equation and construct the corresponding conserved vector for
each symmetry by the new conservation theorem and the generalization of Noether operator. The one-dimensional
optimal system obtained through Olver’s method [30] is used to reduce the dimensionality of Eq. (1.2), where the
reduced equation is then solved simultaneously to obtain the power series solution.

As we all know, there are many types of definitions for fractional derivative, such as Riemann-Liouville type,
Caputo type, Weyl type and so on. This paper adopts Riemann-Liouville fractional derivative defined by

1 d" f(s,x)
W= adt"f ajas L5 ds, n—1<a<nnéeN

oD f(t,x) = DY oI f(t, ) =
Dy f(t,x), a=néeN

for t > a. We denote the operator ¢D§* as D throughout this paper.

This paper is organized as follows. In Section 2, Lie symmetry analysis of Eq. (1.2) is presented. In Section 3,
the conserved vectors for all the symmetries admitted by Eq. (1.2) are constructed. In Section 4, the one-dimensional
optimal system is derived. In Section 5, similarity reductions and exact solutions are obtained. The conclusion is
given in the last section.

2 Lie symmetry analysis of Eq. (1.2)

Consider the (3+1)-dimensional fractional Z-K equation (1.2), which is assumed to be invariant under the one-
parameter (¢) Lie group of continuous point transformations, i.e.

t" =t+er(t,z,y,z,u) +o(e), a"=zx+e(t,x,y,z u)+ ole),
Yy =y+et,zy,zu)+ole), 2"=z+ebt z,y zu)+ole),
u* =u+en(t, T,y 2,u) +ole), Dfu* = Djfu+en™" + ofe),
Dy-u* = Dyu+en®+o(e), Dyu" = Dyu+en’+o(e), (2.1)

D.-u* = Du+en® +o(e), D2u* = D2u+ en™ + o(e),
Di*u* = DZu +en? +o(e), D%u* = D?*u+ en** + ole),
D3.u* = D3u + en™® 4 o(e), Di* Dy-u* = DEDzu + e + o(e),
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DE*DL* T DngL’u, —+ enxzz —+ 0(6), R

where 7, &, ¢, 0, n are infinitesimals and n®*t, 0%, nY, n*, %, Y, n**, R, P*YY, T2 ... are the corresponding
prolongations of orders «, 1, 2, 3, - - -, respectively. The corresponding group generator is defined by
0 0 0 0 0
X=1T—+E6—+(—+0—+n—. 2.2
"ot T¢as Mooy T P0: T 0u (22)

So the prolongation of the above group generator X has the form

0 0 0 0
P?"(a 3)X X +n® t + " + pree + vy 4 ez , 2.3
T oug T oug T Otgee T Otngy | Otges (2:3)
where
,’7:1: =Dy —utDpT —up D€ — UyDzC —u,D,.0,
nY =Dyn — ueDym — upy Dy€ — uyDyC — u, D0,
77 =D.n—uD, 7 —u.,D.§ — uyDzC —u,D.0,
n r :Dxnw - uzt-DxT - uszxg - uxnyg - uszxgv
N =Dyn? — uyDyT — gy Dy& — Uyy DyC — uy,D,y0, (2.4)
n N :Dznz —uyD, 7 — ua;zsz - uyzDZC - uzzDz97
nLIl :Dmnzl - uthDmT - ua::rxng - uyza:DzC - uza::erey
na:yy :Dxnyy - utnyacT - Uznymg - uynya:C - uznyme,
szz ZDMZZ — Utz DpT — uxzsz€ - uyzzDafC — Uz Dy,
and
et =20 4 g — D) 2 P i “) DpeDyu, — i ) Drepr e, — i ) proDyru.
ote ot ote —\n —\n Y —\n
=1/ 0"n @ _
u o Dn+1 :|Da n
2[5 - (3o
(2.5)
with

= s e e = \n) \m) \r )kl (n+1—a) otm otr=—mouk’

Note that Dy, D;, Dy and D, are the total derivative with respect to ¢, x, y and z, respectively.

Remark 2.1. The infinitesimal transformations (2.1) should conserve the structure of the Riemann-Liouville frac-
tional derivative operator, of which the lower limit in the integral is fixed. Therefore, the manifold ¢ = 0 should be
invariant with respect to such transformations. The invariance condition arrives at

T(t7x7y7zvu)|t20 = O (26)

Remark 2.2. From the expression of y, if the infinitesimal 1 be linear with respect to the variable u, then pu = 0,
that is,

82
872 = 0. (2.7)

The one-parameter Lie symmetry transformations (2.1) are admitted by Eq. (1.2), if the following invariance

criterion holds:
Prio® X (Du+ (Ugs + tyy + Uz +uP)g)|(1.2) =0, (2.8)

which can be rewritten as

(™ + p(p = DU~ 2ugm + puP™'n" + 0™ + "V 4 ") |(1.2) = 0. (2.9)
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Putting n®t, n®, n*®* 7% and %% into (2.9), a over-determined system of differential equations can be obtained
by equating the coefficients of various derivatives of u to zero. Then, by solving the over-determined system, with the
conditions (2.6) and (2.7), the following infinitesimals can be obtained:

o «
T=ct, {=cax+c3, (= oy +cez+ey,

3 3
,_o e (2.10)
= 5012_622/"'65, n= _m61u,

where ¢, ¢, c3, ¢4 and c5 are arbitrary constants. So Eq. (1.2) admitted the five-dimension Lie algebra L° spanned
by

x, 2,20 009 &0 2 O
L T 3% T 3%y T 370 T 3h—1) 0w’
(2.11)
X o _,9 _9 5, 9 v _ 9
2728 8 378, 478:1]’ 5 — Z.

The corresponding one-parameter (€) continuous transformation groups are defined by

hi o (tz,y,z,u) = (F5, 2%, y", 2% u"), i=1,2,3,4,5. (2.12)

By solving the following Lie equations:

d(t*, x*, y*, z*,u*)

= (7—7 57 C’ 0’ n)?

de (2.13)
(t*z", ", 2*7U*)‘6:0 = (t,2,9,2,u),
we can get the following symmetry transformation groups corresponding to X; (i = 1,2,3,4,5):
hic (tay,zu) — (et e¥a,edey, e¥ < e 700 ),
he i (t,z,y,z,u) = (t,z,y + €z, 2 — ey, u),
hs: (t,z,y,z,u) = (t,z+€,y,2,u), (2.14)
hy : (t z,Y, =z, u) - (t,x,y+e,z,u),
h5 : (t T, Y, %, u) — (tvxvyaz+€7u)v

where € is any small real parameter.

3 Conservation laws of Eq. (1.2)

In this section, we will construct conservation laws for the obtained Lie symmetries (2.11) by using the generalization
of the Noether operators and the new conservation theorem [I8 [I7]. The equation (1.2) are denoted as

F = Dju+ (tgz + tyy + vz +uP)y =0, (3.1)
of which the formal Lagrangian is given by
L=v(tz,y,z2)F=vtzy2) (Dtau + (U + Uyy + Uzz + uP)z), (3.2)

where v(t, x,y, z) is a new dependent variable. The Euler-Lagrange operator is

5 0 o 0
5u " ou D7) +Z N zﬂauzl ’ (3:3)

where (Dg*)* is the adjoint operator of Dy. It is defined by the right-sided of Caputo fractional derivative, i.e.

1 T 1 "
e /; (aya=FT agn (s,x)ds, n—1<a<mnneN

(DF) ft.x) = {DRf(t.x) = { DR "
) _neN.
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The adjoint equation to Eq. (1.2) is given by

. 0L . _
F= ou (D) v = puP ™ 0y = Ve — Vayy — Vaze = 0. (3-4)

Next we will use the above adjoint equation and the new conservation theorem to construct conservation laws of
Eq. (1.2). From the classical definition of the conservation laws, a vector C' = (C*, C% C¥ C#) is called a conserved
vector for the governing equation if it satisfies the conservation equation [D,C* 4+ D,C* + D, CY + D,C*|p—o = 0. By
using Noether theorem, the components of conserved vector can be obtained. Firstly, from the fundamental operator
identity, i.e.

)
PredX 4 Dir - T+ Dyé-T+DyC-T+D.0-IT=W- ot DN + Do N* + DyNY + D,N*, (3.5)

where Pr(®3) X is mentioned in (2.3), Z is the identity operator and W = n—Tu; —{ug, — (uy —u, is the characteristic
for group generator X, we can get the Noether operators as follows:

0 0
S Da 1—-k Dk _1\n n )
0 0 0 0 0 0 0
T —¢T D? D? — D, (W)D D, D,—— —D.(W)D
N g * W(a T ou Ugzx * Y aua:y'q N N auwzz) (W) 8u$a::r J(W) yauwyy (W) 8u$zz
+ D2(W) 0 + D2(W) 0 + DX(W) 0
’ 8ux;vw Y 8umyy i 8uLEZZ ’
(3.7)
0 0
NY=(Z+WDyDy—— — D, (W)Dy——+ DD, (W) , (3.8)
ou Uz yy Uzyy aufyy
N?*=0T+WD,D, 9 *D(W)DL+DD(W) 9 (3.9)
auwzz * ? ’U‘ZZZ ’ ? 8’“’122 ’ ’
where n = [a] + 1 and J is given by
f(r= y, )9(6, 2y, z)
J(f,9) T(n—a) / / —)erion dodr. (3.10)
The components of the conserved vector are defined by
Ct=N'L, C®=N"L, CY=NYL, C*=N*L. (3.11)
Case 1: X; = t% %x% + %ya% + %z% — %ua%
The characteristic of X is
2a o « «
W = —mu —tuy — gxuz — gyuy gzuz. (3.12)
Therefore, for 0 < a < 1,
2
Ct' =vD{ Y (W) + J(W,v;) = vD§ 1 (— L - tuy LUy gyuy gzuz)
3(p—1) 3 3 3
(3.13)
+ J(—Lu — tuy — 2 vy — gyu 2 u V)
3(p—1) 37 37 3T
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C% = W (puP™ 0 + vy + Vyy + V22) — 02 De(W) — v, Dy(W) — v, D, (W) + v
2a a
(DZ(W) + Dy(W) + DX(W)) = —(mu +tue + 5 (@us +yuy + zus))
_ +1
(puP ™ v 4 vy + Vyy + Vsz) + M(uxvx + Uy Uy + UV, ) + E(Ugt Vg + Uyr Uy
o
+ uzv,) + g(:v(umvm + UpyVy + Ug2V2) + Y(Upy Vs + Uyy Uy + Uy202) + 2(Uzz g
2pa
+ Uy Vy + uzzvz)) + U(m(uww + Uyy + uzz) + t(uzmt + Uyt + uzzt)
o
+ g(x(um + Uy + Uzzz) + Y(Uszy + Uyyy + Uyzz) + 2(Ugaz + Uyyz + Uzzz))),
y 2 a
CY =0y W — vy Dy(W) +vD, Dy (W) = —vzy(mu + tuy + quz + 3yuy
Do
+ %zuz) + vy(ép(Jr_)l)uz + tug + 3a:um + %yumy + %zum)
e + + 2 gy
— Uo7 Uz Uy xull Uy - FlUzyz ),
3(p—1)" vt T g y 3y vy T g ey
O% =0y, W — 0. Dy(W) + vD,D. (W) (2t tu, + +2
=0, W —v,D, vD,D, = Vg, (———u+tu zur U
3(p— 1) tT3 3Y%
+ 2 )+ v (Mu F bt + Uy + yu + 2 )
( 2pa 4t n « + « + « )
— V573 Uaz Ugz S LUgzz S YUyyz S RAUxzz )
3(p— 1) tTy g¥tev T3
Case 2: X, _Zay —yaz

The characteristic of X5 is
W = —zuy + yu,.

Therefore, for 0 < o < 1,

Ot = vDy N (—zuy + yu,) + J(—2uy + yus, vy,

C* =(—zuy + yu.) (puP ™ v + vy + Uyy + Vzz) — Vg (—2Ugy + YUgs)
— Uy (Uy — ZUyy + YUyz) — Va(—Uy — 2Uys + YUz ) + V(—2Ugay

+ YUz + 2uyz - zuyyy + yuyyz - zuyz - Zuyzz + yuzzz)7

CY = vgy(—2uy + yuz) — vy (—2Uzy + YUszz) + V(Ugs — ZUgyy + Ylay:),

C? = vy, (—2uUy + Yu,) — U (—2Uzy + YUgz) + V(—Ugy — 2Ugys + YUszz)-

Case 3: X3=%
The characteristic of X3 is
W = —u,.

Therefore, for 0 < a < 1,
C' = =D Huy) — J(us,vy),

x —1
C% = —uyp (puP ™70 + Vg + Vyy + Vzz) + Upa Vg + UgyUy + U2V — V(Ugay + Ugyy + Ugzz),
CY = —UpVpy + UzaVy — VUgay,
z
C* = —UgVgz + UpzVy — Vlggs-
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(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)
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Case 4: X, = a%

The characteristic of X4 is
W = —u,.

Therefore, for 0 < o < 1,
C'= _UD?_l(uy) = J(uy, ve),

x __ —1
C% = —uy(puP™ 0 4+ Vg + Uyy + Vz2) + UzyUs + UyyVy + UyzVz — V(Ugay + Uyyy + Uyzz),
Yy _
CY = —UyVgy + UzyVy — Vligyy,
z __
C% = —UyVsp, + UzyVs — Vlgyz-

Case 5: X5 = %
The characteristic of X5 is
W = —u,.

Therefore, for 0 < a0 < 1,
Ct = —’UD?_I(UZ) - J(uza Ut)v

€T —1
C = —Uy (pup UV + Vgg + Uyy + Uzz) + Uz Vg + uyzvy + UzzVy — U(uzxz + uyyz + uzzz)7
CY = —UuUpy + UgaVy — VlUgys,
F—
C = —UpVpz + UgzVz; — VlUgzz.

4 One-dimensional optimal system of Eq. (1.2)

367

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

In this section, the one-dimensional optimal system of Eq. (1.2) is obtained by the method introduced in [30]. It

is easy to check that the group generators in (2.11) are closed under the Lie bracket defined by

[XivXj} = X’LXJ - Xinv (7’7,7 = ]-7 27 374’ 5)
The commutation relationships of these group generators can be seen in Table 1.

Table 1: The Commutation Table of Lie Algebra.

(X, X1 X1 Xe X3 Xy Xs
X, 0 0 —2X; —-2X, —2X;
X5 0 0 0 X5 -Xy
X5  2X3 0 0 0 0
Xy 2X, X5 0 0 0
X5 £ X5 Xy 0 0 0

Then we consider the action of the adjoint operator which is given by the Lie series

52

Ad(exp(gXl))X] = Xj - g[Xia XJ] + E[Xw [XHXJ“ R

(4.1)

(4.2)

where ¢ is an arbitrary parameter. According to (4.2), we calculate the adjoint action of the group generators in

(2.11) which is listed in Table 2.
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Table 2: The Adjoint Representation of Lie Algebra.

Ad X, X, X5 X, X

X1 X1 XQ €%€X3 6%5X4 6%6X5

X X1 X X3 cose Xy —sine X5 cose X5+ sine Xy
X3 X1 - %{-IX;; X2 X3 X4 X5

X4 X1 — %€X4 X2 + 6X5 Xg X4 X5

X5 X1 — %€X5 X2 — €X4 X3 X4 X5

Assuming X = a1 X1 + asXo + a3 X3 + a4 X4 + a5 X5, from Table 2, we can get the following expression:
Ad(exp(e1X1))X = a1 X1 + aa X + a3e3 X5 + ase3° X, + ase3° X5, (4.3)

which can be written as

Ad(exp(lel))X = (al,ag,a3,a4,a5)A1(X1,X2,X3,X4,X5)T, (44)
where
1 0 0 0 0
0 1 0 0 0
A;=[0 0 e3= 0 0
00 0 €3t 0
00 0 0 es=
Similar to A1, we get
1 0 O 0 0 1 0 —%e3 0 0
01 0 0 0 0 1 0 0 0
A, =0 0 1 0 0 , A3=10 0 1 0 01,
0 0 O cosey —siney 0 0 0 1 0
0 O O siney cosey 0 0 0 0 1
1 00 —%es O 1 0 0 O —3€s5
01 0 0 €4 01 0 —e5 0
Ay=1|10 0 1 0 0], As=1]10 0 1 0 0
0 0 O 1 0 0 0 O 1 0
0 0 0 0 1 00 0 O 1
Then the general adjoint matrix is constructed by
1 0 —%63 —%64 —*65
0 1 0 —e5
A=A1AA3A4,As =10 0 1 0
0 0 0 €351 cosey —e 351 sineq
00 0 e3%lsingy  e3°1 coses

To conveniently derive invariant functions, we use these matrixes (A1, Aa, As, A4, As) to construct Table 3, where
Ad(exp(eX;))X is marked P; (i =1,2,-- ,5).

Lemma 4.1. For vector X = Z _, 0;X; with a; € R, the invariant function of symmetry algebra L? is obtained as
E = F(a1,az2), where F is an arbitrary function.

Proof Consider g = exp(sY) with Y = Zl 1 biX; is any element of Lie group G generated by L°. A real function
Z on the Lie algebra L° is called an invariant if it satisfies the following condition:

Z[Ad(9)X] = Z(X) forall X € L°. (4.5)
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Table 3: Table for Construction of Invariant Functions.

Coeff. X7 Coeff. Xy Coeff. X Coeff. Xy Coeff. X

3 5

(3 o (o3

P ai as e3fas e3ay e3fas
Py a1 as as COSE a4 +sine as COSE as — sine ay
P3 aq a9 az — %804 Qg as
P4 a1 a9 as aq — %60,1 as + €az
Py ay as as ag — €ao as — Seaq

3

That is,
2
Ad(exp(eY) X =e~Y Xee¥ = X — e]Y, X] + %[Y, v, X]] - -
:(a1X1 + a0 Xo + a3 X3+ as X4+ CL5X5) — (191X1 (46)
+ 92 Xo + U3 X3 + 94Xy + 195X5)€ + 0(62),
where

a

3
[e%

195 = g(bsal — b1a5) + (b2a4 — b4a2).

«
Y1 =0, ¥9=0, V3= —(bsar —bias), Va= 5(54611 —bias) + (bsaz — baas),

(4.7)

Then the condition (4.5) arrives at
E(a1,a9,as3,a4,a5) = E(a; — e, ag — €9, a3 — €3, a4 — €4, a5 — £V5).
By differentiating the right hand side of the above equation with respect to € and then setting e=0, we collect the
coefficients of b; to obtain the following system of first-order linear PDEs with constant coefficients:

a 0= a 0= a 0=

—a— i _ 7:0,
3a38a3 3a 80,4 3(15 8&5

0= n = 0
— 4+ ay— =0,
8a4 280,5
o=  a 0=

2 8&4 3 ! (90,5
On solving all above equations, we obtain the general invariant functions of Lie algebra L® with the form
E(a17 ag,as, a4, CL5) = F(a17 a2)7
where F' is an arbitrary function. O

Lemma 4.2. The Killing form of Lie algebra L’ is K(X,X) = %2@%, which is a invariant function.

Proof . The Killing form of the symmetry algebra is defined as

K(X,X) = Trace(adX - adX), (4.9)
where
0 0 %ag %a4 %G{,
0 0 0 as —ay
adX =0 0 —%a 0 0
0 0 0 —%G,l a9
0 0 0 —a9 %(11
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Therefore, K (X, X) = ”‘;a%. O

Theorem 4.3. Based on Lemmas 4.1-4.2; the optimal system for the one-dimensional subalgebras of Eq. (1.2) can
be spanned by

X1, Xo, X3, Xa, X5, bXs +dXu, bX3 +dXs, bXy +dXs, bXs + Xy + dXs, (4.10)

where b, ¢ and d are free parameter.

Proof . The detailed process of this proof is similar to the literatures [30} [4, T3] [36], 23]. O

5 Similarity reductions and exact solutions of Eq. (1.2)

In this section, Eq. (1.2) can be reduced to some different (2+1)-, (141)- and (0+1)- dimensional time fractional
differential equations by the obtained one-dimensional optimal system. In what follows, we consider the following
cases.

Case 1: X,

The characteristic equation corresponding to the group generator X is

dt 3dz 3dy 3dz —3(p—1)du (5.1)
t  ax ay az 20 ’ ’
from which, we obtain the similarity variables xt~5, yt~%, 2t~5 and ut GO So we get the invariant solution of
Eq. (1.2) as follows:
2a @ o4 e
u=1t 30D f(w,wy,wg), wi=at 3, wo=yt 3, wg=2zt 3. (5.2)

Theorem 5.1. The similarity transformation v = ¢~ ST f(w1,ws,ws) with the similarity variables w; = 2t~ 5,
wy = Yyt~ %, w3 = 2t~ % reduce Eq. (1.2) to the (2+1)-dimensional time fractional partial differential equation given
by

1-Bp—Do

( 5733(.1;7 R f)(whw%w?)) +pfp_1fw1 + fwlwlwl + fwlwgwg + fwlwgwg - 0 (53)

a’la’a

where (P35, ) is the left-hand Erdélyi-Kober fractional differential operator defined by

. i d 1 d 1 d
(P55 5,0) (w1, wa, w3) 1= H L+J— Wi 1 £w2diwg - 5*2603(17&)3)
j=0 (5.4)
L+km—kK [KJ] + 1, lf K ¢ N,
X (IC61,62,63 1,[))(&)1,&]2,&]3), m= { K, if k€N,
where . ) )
1 [ Pre 1 \e—1lo—(tHk) 3T = L
(K55 5,0) (W1, wa,w3) := § T(K) (s =1)""s D(wis™,was7, wys®s )ds, k>0, (5.5)
Y w(w17w27w3)7 k=0,

is the left-hand Erdélyi-Kober fractional integral operator.

Proof . For 0 < a < 1, the Riemann-Liouville time fractional derivative of u(t, x,y, z) can be obtained as follows:

0w 0¥ 8{ ( 1

t
ot 8ta(t 3(p 1)f(w17w27w3)) ot )/O(tis)iasimf(xsi%vysi%7 7%)d51|

11—«

Assuming r = ﬁ, we have

1—Bp=Do

O _ 9t 2o [ Gp-Da _ o o N
GT: :E {ﬁ/ (T - 1) r 3& R 2f(w1T§,LU2T§,w3r§)dr:|
—« L
0 _Bp—la 1— 2o 1
:a |:t1 3?1371) (IC§7§(7P§_1) af)(wl,w%wg) .
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Because of wy = 2t~ 5, wo = yt~5 and w3 = 2t~ %, the following relation holds:

d o d o d
§w1d71w - ngd—ww — Fw3——1).

= Y(wi, wa,w3) = — 38 dos

8t

Hence, we arrive at

Pu o Bl o, 4 e, 4o, 4
ot 3p—1)  37%dwr  3%%dws, 3 %dws

Gp=1a 1 Er-la

a’la’a

Meanwhile,

_Bp—1a _
(uzz + Uyy + Uzz + up)a: =t 3D (pfp 1fw1 + fw1w1w1 + fw1w2w2 + fw1w3w3)'

This completes the proof. [

- f)(w17w27w3)] =300 (P 35 0 ) (wr,wa,ws).
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Next we use the power series method introduced in [4I] to derive the power series solution of (5.3). Assuming

flwr, w2, w3) = Z arw®, w = Crwr + Cows + Csws,
where ay are constants to be known later, then one can get

Z (k4 Dagw®, f"( Zk+3 Yk 4 2)(k 4 1)agsw”.
k=0 k=0

From [41], we have

(Py 577 Dlonsnen) = (Py =7 TN =3 (E==
k=0 3(p—1)
Substituting (5.6)-(5.8) into (5.3) arrives at the following equation:
© T - Skila o0 o0
Z ((k+3)z k—T)a arw® + pCy Z(k + 1)ak+1wk(z akwk)
im0 T = ==—) =0 k=0

+(CF + C1C3 + C1C3) D (k +3)(k +2) (k + D)agqsw® = 0.
k=0

arpw .

(5.6)

(5.7)

(5.8)

(5.9)

In what follows, we equate the coefficients of different powers of w to obtain the explicit expressions of a; with

F(l (kp— k+2)a)

A(k) = (C3+C1C3 +C1C3)(k +3)(k+2)(k + 1) and B(k) = . ((HZS’;‘; %) - For p = 2,
1 .
s = 50 [BRax+201( > i+ Dainaaz)], (2 0).
iti=k
For p = 3,
1 .
Qjy3 = m [B(k)ak + 301( | Z (i+ 1)a¢+1ajam)}7 (k> 0).
i+j+m=k
For p =4,
1 .
k+3 m [B(k)ak + 401( Z (i + l)aiﬂajaman)}, (k> 0).

i+j+m+n=k

(5.10)

(5.11)

(5.12)
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Thus we get the power series solution of Eq. (1.2) in the form

o
u(t,z,y,2) = t_% Zak(Clmt‘% + ngt_% + C?,Zlf_%)k7
k=0

(5.13)

where a9 = f(0), a1 = f'(0), az = fl;(o), and ap4s are defined as (5.10)-(5.12). Assuming C; = Cy = C5 =1
and s = ¢ + y + 2z in (5.13), Tabs. 4-6 show some values of a,, and o when p = 2,3,4 in Eq. (1.2), respectively.
Correspondingly, Figs. 1-3 illustrate the physical features for the power series solution (5.13) with different parameter
values. As we can see from Figs. 1-3 that the power series solution of Eq. (1.2) is closely related to the order « of the
fractional derivative and the index parameter p.

Table 4: Some of a,, with ap = a1 = a2 = 1,p = 2 for different fractional orders

an aq a9 as a4 as
a=041]1 1 1 | 0.2481081295 | 0.08783865458 | 0.04233146436
a=06|1 1 1 | 0.2222222222 | 0.078040946266 | 0.03389013101
a=08 |1 1 1 | 0.1962692286 | 0.06608613801 | 0.05057643726

(a) a=0.4 |

Figure 1: Numerical simulation of the power series solution (5.13) withp =2, C1 =Cs=Cs=1,a0 =a1 =az=1land s=z+y + z.

Table 5: Some of a,, with ag = a1 = a2 = 1,p = 3 for different fractional orders

an al a9 as aq as
a=04 |1 1 1 | 0.3654490762 | 0.1731381435 | 0.1367412490
a=06 |1 1 1 | 0.3474221223 | 0.1666666667 | 0.1319208180
a=08 |1 1 1 1 0.3289015221 | 0.1601784183 | 0.1262128647

(c) a=0.8 |

Figure 2: Numerical simulation of the power series solution (5.13) with p=3,C1 =C2=C3=1,a0 =a1 =az=1land s=z+y + z.

Case 2: X,
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Table 6: Some of a, with ag = a1 = a2 = 1, p = 4 for different fractional orders

ao ail a9 as aq as
a=04 |1 1 1 | 0.4783860185 | 0.2842548116 | 0.3006471284
a=06 |1 1 1 | 0.4624405244 | 0.2788940982 | 0.2962146614
a=08 |1 1 1 | 0.4458696571 | 0.2742986894 | 0.2915138317
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Figure 3: Numerical simulation of the power series solution (5.13) withp =4, C1 =Co=Cs=1,a0 =a1 =az=1land s=z+y + z.

The characteristic equation corresponding to the group generator Xs is

dt_dr_dy _d:_du

= 5.14
0 0 z -y 0’ (5.14)

from which, we obtain the similarity variables ¢, z, y? + 22 and u. So we get the invariant solution of Eq. (1.2) as
follows:

u= flw,ws,w3), w1 =t wo=2z, wg=y>+ 2> (5.15)
Substituting (5.15) into Eq. (1.2), we have the following reduced equation:
DS f A PP fu + funwsws + 403 funwges = 0. (5.16)
Case 3: X3
The characteristic equation corresponding to the group generator Xj is
dt _dz _dy _dz_du (5.17)

0 1 0 0 0’

from which, we obtain the similarity variables ¢, y, z and u. So we get the invariant solution of Eq. (1.2) as follows:

u = f((.dl,OJQ,OJg), w1 :ta w2 =Y, W3 ==z (518)
Substituting (5.18) into Eq. (1.2), we have the following reduced equation:
De f=0, (5.19)

from which, we can easily get f(wi,wa,ws) = w1 g(ws,ws), that is, u = t*1g(y, z) with g an arbitrary function.
Case 4: X,
The characteristic equation corresponding to the group generator X, is

dt _dv_dy _dz_du
o 0 1 0 0’

(5.20)

from which, we obtain the similarity variables ¢, z, z and u. So we get the invariant solution of Eq. (1.2) as follows:

u= f(w,wa,ws), wi =t ws=2z ws=z. (5.21)
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Substituting (5.21) into Eq. (1.2), we have the following reduced equation:
Dglf + pfpilfu& + fL/J2LAJ2w2 + fw2w3w3 - 0 (522)

Case 5: X5

The characteristic equation corresponding to the group generator Xj is

dt_dr_dy _dz_du

2
0 0 0 1 0’ (5:23)

from which, we obtain the similarity variables ¢, z, y and u. So we get the invariant solution of Eq. (1.2) as follows:

u:f(w17w27w3)7 wlztv Wy =T, W3z =Y. (524)

Substituting (5.24) into Eq. (1.2), we have the following reduced equation:
DS f+pfP fus + Juoswsws T fuswsws = 0. (5.25)

Case 6: b X3+ dX4

The characteristic equation corresponding to the group generator bXs + dX, is

dt_dr_dy_d:_du

0O b d 0 0 (5:26)

from which, we obtain the similarity variables ¢, dz — by, z and u. So we get the invariant solution of Eq. (1.2) as
follows:
u= flw,ws,ws), wi =1t wy=dr—>by, ws=z. (5.27)

Substituting (5.27) into Eq. (1.2), we have the following reduced equations:

Dglf + pdfpilfw'z + (d3 + db2)fw2w2w2 + fw'zwsws = 0. (528)

Case 7: bX3+ dX5

The characteristic equation corresponding to the group generator bXs + dX5 is

dt_dr_dy _dz_du

= = 2
0 b 0 d 0’ (5:29)

from which, we obtain the similarity variables ¢, dz — bz, y and u. So we get the invariant solution of Eq. (1.2) as
follows:
u= f(w,wa,ws), wi =t we=dr—>bz, wz=y. (5.30)

Substituting (5.30) into Eq. (1.2), we have the following reduced equations:

Dglf + pdfp_lfwg + (ds + de)fwzwzwz + fuwswsws = 0. (5'31)

Case 8: bX, + dX5

The characteristic equation corresponding to the group generator bX, 4+ dX5 is

dt_dr_dy_d:_du

0 0 b d 0’ (5.32)

from which, we obtain the similarity variables ¢, dy — bz,  and u. So we get the invariant solution of Eq. (1.2) as
follows:
u= f(w,wa,ws), wi =t, we=dy—bz, ws=uzx. (5.33)

Substituting (5.33) into Eq. (1.2), we have the following reduced equations:

Doojlf +pfp_1fw3 + (d2 + b2)fw2w2‘*’3 + fwswsws = 0. (5-34)
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Case 9: bX3 + CX4 + dX5

The characteristic equation corresponding to the group generator bXs + cX4 + dX5 is

dt _dr_dy_d:_du

0 b c d 0’ (5:35)

from which, we obtain the similarity variables ¢, %IE + %y — %z and u. So we get the invariant solution of Eq. (1.2)

as follows: ) . 5
u= f(wy,ws), wi =t wy= 7% + Y (5.36)

Substituting (5.36) into Eq. (1.2), we have the following reduced equations:

1 1 4
) )fL/szqug =0. (537)

(ztzte

«@ p —1 1

lef‘i’gfp fw2+6

Note that Egs. (5.16), (5.19), (5.22), (5.25), (5.28) , (5.31), (5.34) and (5.37) are the (2+1)-, (1+1)- and (0+1)-

dimensional fractional Z-K equations with Riemann-Liouville fractional derivative, respectively, which have been
studied in [38] 2] [34] and references therein.

6 Conclusion

This paper extends the (1+1)-dimensional and (241)-dimensional fractional partial differential equations to the
(341)-dimensional fractional partial differential equations. Lie symmetry analysis method successfully reduced the
high dimensional fractional partial differential equation to a low dimensional equation and obtained the power series
solution of the reduced equation. This indicates that Lie symmetry analysis method can be effectively applied to some
higher dimensional fractional partial differential equations in physical science and engineering.
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