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Abstract

In this paper, we define rational type Geraghty tower contraction mapping and prove the existence of such finite and
infinite rational Geraghty tower theorem(s) in complete metric spaces. The results we establish in this paper extend,
improve, generalise and unify some existing results in the literature.
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1 Introduction

In 1922, Polish mathematician Stefan Banach established a remarkable fixed point theorem known today as Banach
Contraction Principle (BCP) which is one of the most important results of analysis and considered as the main source
of metric fixed point theory. It is the most widely applied fixed point result in many branches of mathematics because
it requires the structure of complete metric space with contractive condition on the map which is easy to test in
this setting. In Banach’s theorem, X is a complete metric space with metric d and f : X — X is required to be a
contraction, that is there must exist L < 1 such that d(f(z), f(y)) < Ld(z,y) for all z,y € X. The conclusion is that
f has a fixed point, in fact exactly one of them. In 1969, Meir and Keeler [18] obtained the following interesting fixed
point result as also an extension of BCP. Let (X, d) be a complete metric space and T : X — X be a mapping such
that for each € > 0 there exists §(e) > 0 such that € < d(z,y) < € + d(e) implies d(Tx,Ty) < € for all z,y € X. Then
T has a unique fixed point.

In fact, there are vast amount of literatures dealing with extensions or generalizations of this remarkable theorem.
This has encountered in so many extensions/generalizations to mention a few as recorded in [3], [10} 1T} 13}, 5], 16}, 17,
18, 28, 291, 30}, BT, B2] B3] etc and their references therein.

In this paper, it is almost impossible to cover all the known extensions or generalizations of the celebrated contrac-
tion principle due to S. Banach [2], which appeared in literature in 1922. However, an attempt is made to present some
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extensions of the BCP in which the conclusion is obtained under mild modified conditions and which play important
role in the development of metric fixed point theory.

Somewhere in combinatorial set theory we do encounter tower of infinite ordinals, a positive result i.e; w¥” —
(www,?)) and in elementary calculus, integration of a tower function of the types x — %" and z — %" poses
great amount of difficulty and interesting in its own right. In metrical fixed point theories, especially, contraction
mappings involving such tower to our knowledge has not been in print since the time of Banach. This is what we
propose to do in this present paper. We shall define and prove Geraghty tower contraction mapping theorems in the
setting of metric spaces.

Among these generalizations cited above, what actually cut our fancy is the one given by M. Geraghty [13] and we
will try to get it’s tower form and other related forms.

Decade ago, Amini-Harandi and Emami [I] characterized the result of Geraghty in the context of a partially ordered
complete metric space with some application to ordinary differential equations. Gordji et al. [14] defined the notion
of 1)-Geraghty type contraction and supposedly improved and extended the results of Amini-Harandi and Emami [I].
Cho, Bae and Karapinar [9] defined the concept of a-Geraghty contraction type maps in the setting of a metric space
and proved the existence and uniqueness of a fixed point of such maps in the context of a complete metric space.
Popescu [27] generalized the results obtained in Cho et al. [9] and gave other conditions to prove the existence and
uniqueness of a fixed point of a-Geraghty contraction type maps in the context of a complete metric space. See also
[4, 7, [8, 19, 22| 23| [24] 25] for other results in fixed point theory.

In this present paper, we will define finite and infinite rational Geraghty metric tower map and prove that fixed
point theorems containing such tower contraction exists. Our results in this work includes in its full strength Banach
contraction principle and Geraghty contraction mapping, [2] 3], [13] 211, 28]. We hope that the results of this paper will
open another important aspect of contraction maps in literature of metrical fixed point theory.

2 Preliminaries

Definition 2.1. [26] Let (X, d) be a metric space, {xj }ren a sequence in X, and let € X. Then,
(a) The sequence {xj}ren is said to be convergent in (X, d) and converges to zg, if for given € > 0 there exists
ng € N such that d(xg, z¢) < € for all k > ng and this fact is represented by klirn T = Tg OF T} — To as k — oo.
— 00

(b) The sequence {xy }ren is said to be Cauchy sequence in (X, d) if for given e > 0 there exists ng € N such that
d(zg, Tpyp) < € for all k > ng, p > 0 or equivalently, klim d(zg, Tryp) = 0 for all p > 0.
— 00

(¢) (X,d) is said to be a complete metric space if every Cauchy sequence in X converges to some z € X.

Definition 2.2. [I3] S is the class of functions o : Rt — [0, 1) with
(i) RT = {t € R|t > 0},
(ii) a(t,) > 1 = ¢, — 0 as n — oo.

Definition 2.3. [] For each n € N, let S,, denote the class of n-tuples of functions (81, B2, 83, - , Bn), where for
each ¢ € {1,2,--- ,n}, B; : Ry U{oo} — [0,1) and the following implications holds: S;(tx) = Bi(tx) + B2(tx) +
<+« + Bp(ty) — 1 implies ¢, — 0. It follows that, for each m € {1,2,--- ,n}, if (51,52,83, -+ ,Bm) € Sm, then
{B1, 82,55, , Bm,0,0,0--- ,0} € S,,, where 0 is a zero function.

n—m entries

Remark 2.4. Note that, if (3,3, ,8) € S,, then we also have the following: S(tx) — % implies t; — 0.
—_——

n entries

We will in this paper take Fge, as the class of all Geraghty functions.

Theorem 2.5. [I3] Let X be a complete metric space. Let f: X — X with d(f(x), f(y)) < d(z,y), for all z,y € X.
Let x9 € X and set f(x,—1) =z, for all n > 0. Then z,, — z* in X, with 2* a unique fixed point of f, iff for any two
sub-sequences zp, and zp, with xp, # zp,, we have that €, — 1 only if d,, — 0.
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Remark 2.6. In [Theorem 2.5| we take for any pair of sequences x,, and y, with x,, # y,, we write d,, = d(xn, yn)

— d(f(wn)vf(yn))
and Q, = oy

Theorem 2.7. [13] Let f : X — X be a contraction on a complete metric space. Let zg € X and set f(x,-1) = x,
for all n > 0. Then z,, — z* in X, where z* a unique fixed point of f in X, iff there exists an a in Fge, such that for
all n,m

d(f(zn), f(zm)) < al(d(@n, Tm))d(Tn, Tm)- (2.1)
Theorem 2.8. [13] Let (X, p) be a complete metric space and T': X — X such that there is an o € Fge, satisfying

p(Tz, Ty) < ap(x,y))p(z,y), (2.2)

for all x,y € X. Then the sequence {zy }ren defined by Tzi_1 = x converges to a unique fixed point of T in X for
k>1.

Definition 2.9. [21] Let (X, d) be a metric space and T : X — X such that there is {«, 8,7, d,€} € Fger. Then T
is called a metric tower map if

d(Tz,Ty) < a(d(z,y))d(z, y)* (2.3)

where, Ag := B(d(z,y))d(z,Tx), By = v(d(z,y))d(y, Ty), Cs := §(d(z,y))d(z,Ty); De := e(d(z,y))d(y, Tx), for all
distinct z,y € X

Remark 2.10. This type of tower map is called Geraghty tower of order 5. Also observe that we can possibly change
the positions of Ag, B, Cs and D.. For example see Okeke and Francis [21].

Following Okeke et al. [25], and Okeke and Francis [2I] we have the immediate constructions. For each n € N,
let Frger be the class of n-tuples of functions {p1, 2, pn} and for each ¢ € {1,2,3,--- ,n}, the map p; : Ry U
{00} — [0,1), so that we have the following p;(tx) = p1(tx)p2(te) - pn(ty) = 1 = t — 0. Now for each
m € {1,2,--- ,n}, suppose that {u1,p2, - pm} € Fmger, then {u1, 2, tim,0,0,0--- 0} € Fruger, where 0 is a

n—m times

zero function. Again, if {y, p - u} € Fpger, then p;(ty) — % implies tp — 0 for all 4. If {u1, 2, pin} € FnGers
—_———

n times
then w(u1, 2, fin) € Fnger 18 a permutation of (uy, po, - ). If (11, 2, fin) € Fnger, then its subsequences
i€ (Hnys Mgy Mny) € FmGer for each m € {1,2,--- ,n}. pn, # pn, for all 4,5 € {1,2,--- ,m}, where u,, €

{pe, poy - pin }-

3 Main Results

Theorem 3.1. Let (X,d) be a complete metric space and T : X — X such that there are {«, 3,7,9,¢} € Fger
satisfying;

AT, Ty)? < ald(e,y)d(e, )% (3.1)
where,
Ay Bld(z,y))d(z, Tx) _ (d(=,y))d(y, Ty) e 6(d(z,y))d(z, Ty) _eld(z,y))d(y, Tx)

1 e(d(z,y))d(y, Txz)’ By = 1+ e(d(x,y))d(y, Tx)’ T l4eld(x,y)d(y, Tx) T 1+ e(d(z,y))d(y, Tx)

for all distinct close z,y € X and In"(d(z,y)) < d(x,y), d*(x,y) < d(x,y) for all k € N. Then the sequence {z}ren
defined by Txy_1 = x) converges to a unique fixed point of T in X.

Proof . Suppose, if possible, otherwise. Let xp = Txy_1, then xp 1 = Ty for all £k € N. But xp # xpy1 and this
implies that d(xg,xk+1) > 0, so that d(zg, xxy1) = d(Txk—1,Tx)). From inequality (3.1)), take x = zx_1 and y = z,
for all k£ € N, thus

d(zp, wpy1)? = d(Tag—1, Txy)?



244 Francis, Okeke

SO‘(d(xk—hxk))d(xk—l,xlﬂ)AgW& : (3.2)
where,
p oo Py, en))d(zp-y, Top-) 5 y(d(ze-1, 2k))d(zr, Tak)
P T ¥ e(d(an—r, an))d(zr, Tap—1)’ ' 1+ e(d(@p_1,z))d(zg, TTp_1)
O O0(d(xzg—1,x))d(xp—1, Tx)) D. - e(d(xg—1,xk))d(xg, Trr—_1)
T T ¥ e(d@whor, wp))d(r, Top—1) ¢ 1+ e(d(wp_r,wx))d(xr, Top—1)
So that,
. Bld(zr—1,7x))d(Tr_1,Tk) B y(d(xg—1,2x))d(2r, Try1)
A 1+ e(d(zg—1,zk))d(x), T8)’ T 14 e(d(zp—1, wr))d(Tn, 1)
o . @iy 2e))d(@n-1, wr1) 5 eld(@r-1, 2n))d(@n, 21)
5§ = e =

1+ e(d(zp—1, 1)) d(xr, 1)

Thus, Ag = B(d(zk—1,zk))d(@k—1,2k), By = v(d(zr-1,2k))d(@k, Tht1), Cs = 0(d(Tr—1,2r))d(Tk—1,Tk+1);

e(d(zp—1,7x))d(2y, 21) . .
= 0. Therefore, inequalit .3.2 reduced to
1+ e(d(zn_1, z))d(zr, 1) quality (3.2

1+ e(d(zp—1,2r))d(xr, T8)

€ T

By
d(xp, 211)? < ad(@p_1, 25))d(Tp_1, 1)

g
= a(d(zk-1,2)) exp{ln (d(mk7xk1)) }
= a(d(xr—1,2)) exp{ABB” In <d(xk, xk1)> }
B 1 B2
< a(d(xg—1, L)) AB” In (d(xk,xk_l)) + A K
2 1 B ,
X In d(xk,xk_l) _|__,,+7A " In d(a:k,xk_l) + -
= afd(zk_1,2k))4 exp(By1In(45)) In (d(mk,mk1)>
1
+ = exp(B2 In(Ag)) In ( (Th, Tp— 1)) +oee 4 ] exp(BY In(Ap)) In" (d(mk, xk1)> + e }
1
= a(d(zk_1, k) {(1 + B, In(Ag) + B2 In? (Ag)+---+ EB? ln”(Ag)) In (d(xk,xk_l))
1 1 1o
+5 (1 + B2In(Ap) + 5B;L In?(Ag) + -+ EBz In (A,B)> In2 (d(kak_l)) I
1 r 1 1.2 1 nri.T n
+ ﬂ(l + Bl In(Ag) + 533 In“(Ag) +--- + EBV In (Aﬁ)> In (d(-fk,wkl)) + - }
1 1 .
< a(d(xkhxk)){ (B7 In(Ag) + 533 In?(Ag) + - + HB;L In (AB)> In (d(xk,xk1)>
1 1 1o
3 <33 In(Ap) + 5By In*(Ag) + - + B n (A5)> In* <d(fﬂk,rk_1)> o
1 1 T 1 nr T n
+ ﬁ (B: ln(A,g) + iB,Qy 1112(14,3) + -+ HB,Y In (A[;()) In <d($ka$k—1)> + - }
< a(d(mk_l,mk)){ (B,y ln(Ag) + B’QY 1H2(Aﬁ) 4+ 4 BZ/L lnn(Aﬁ)> In (d(mk,mk_1)>
B2In(Ag) + B In*(Ag) + -+ B2" ln”(A5)> In? (d(mk, mk1)> 4

(
+ <B; In(Ag) + B2 In*(Ag) + -+ BI" 1n’“(Aﬁ)> In" (d(mk,xk1)> + - }
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_ Oé(d(l‘k—hxk)){i iB’v" In"(Ag) In™ (d(xk,ﬂ?k—l))}

n=0r=0

— ald(ei-r.a) 3 3-{ (s, o0) i)™

n=0r=0

x In"(B(d(wr—1,2))d(xp—1,71)) In" (d(wkﬂ?kl))}

<D0 ald(@-r, @) Bd(we-1, @)V (d(wy -1, 2x))d(@y, Tp-1)

0
_ (i a(d(zg—1, 7)) B(d(TK-1, k)

1=~ (d(@p_1, 1)) >d($kaxk1)» (3.3)

o (AE7 In(d(z, xk1))) j
d(zg, tx41)? <ald(zp—1,z1)) Z
=0

B .
> AB’Y In’ (d(Ik,l‘kfl))

=a(d(zp—1, 1)) Y

§=0 J

4!

= Alen d(xp, Tp—1
<aldarr,z) 3 20 (j!k k1)

J=0

s €Xp (B% ln(A;a)) In(d(zg, T—1))

< BT In" (Ap)

2

|

Q

—

IS

—~

8

o

L

8

o

(]

U
—~
8
ES
8
=
L

= 4! e rl

N d(r, Tho1) o= V" (d(xp_1, 1)) AT (2, In"(B(d(zr—1,2k))d(xp—1, 2
—a(d(@e1,2) Y ( kj'k ) N~ Vg, w) )T (2 k+1)r' (Bd(zp—1, ) (21, 21))

j=0 : r=0 ’

o d(wprz)) 33 21 2N (2 Be) 1;(/;?2@1@_1, zi))d(@r—y, ar))d(wn, zx-1)
=0 o

j=07r=0

<a(d(zk-1,7k)) Z Z’Y”(d(wkq, o)) d(@r, Tr1) B(d(Tr-1, 2k))d(@k—1, T )d(2k, TH—1)
7j=07r=0

<a(d(@p-1,21)) Y Y V" (d(wr—1, 2x))d(wr, Ts1) BA(wr—1, 7x) )d(Th, 1)
7j=07r=0

=33 ald(wr-1,2x)Bd(@r—1, 7)Y (d(xh -1, 28)) (21, Thop 1)k, TE1)-

Hence,
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_ 2 a(d(zp_1, 7)) B(d(zr_1, Tk)) e
_<¥ ey L) (3.4)

Therefore, from inequality (3.3)) or (3.4), we get;
o0 oo

d(xg, Tpa1) < a(d(xk_l,xk))ﬁ(d(xk_l,xk))’yjr(d(xk_l,xk))d(mk,xk_l). (3.5)
§=0r=0

Therefore,

[M]8
M2

d(zg, Trt1) < ‘ a(d(ze—1, z1))B(d(@r—1,2£))V" (d(zh—1, Tk))d(Th, Tp—1)

-
I
o
5
Il
=)

=
[M]8

<
|
=)
5
I
)

a(d(ze—1, 7)) B(d(xr—1, 7))y (d(Th—1, Tk))d(Th—1, Th—2)

=
M8

<
|
=)
5
|
)

a(d(ze—1, 7)) B(d(xr—1, 7)Y (d(Th—1, Tk))d(Th—2, Th—3)

Thus, {d(zk, Tx+1) }ren is a non-increasing sequence and bounded below for which the sequence converges to some
real number a > 0 (say). If a > 0, then we see that

d(xp, Tpy1) ZZO‘ (zh—1, 2)) B(d(zr—1, 1))V (d(p—1, 21) ) d(T), Thm1). (3.7)
7=07r=0
Thus,
1< 152011110{22 (Th_1,21) )5(d(xk1,xk))7ﬁ(d(xk1,xk))}. (3.8)
7j=07r=0

This implies that klim d(xk—1,xr) = 0, which is a contradiction. Therefore,
—00

lim d(zg, zg+1) = 0. (3.9)

k—o0

Now, we shall show that {xy}ren is a Cauchy sequence in X. Suppose that there exists an ¢* > 0 for which we
define two sub—sequences {xk,; }jen and {z, bnen of {2 }ren such that for k; > ky > k, v, > xp;—1 and zx; # xp,
so that d(xy;,rr,) > € and d(zp,_,,xr,) < n, d(@k,_,,v5,) < 9. Now d(xy,,xk,)? = d(Txy,_,,Txy, ,)?. Take
T =mk,;_, and y = g, _,, so inequality becomes;

d(xkjaxkh) _d(Txk] 17T$kh—1)2
cDe
5
< a(d(xkjfl’xkh—l))d<xkjfl7xkh—1)A ) (3'10)
where,
A = B(d(mk] 19 Lk ))d( kj— 17T'Tk ) B. - (d(mk] 10 Tk ))d(xkh—17Txkh—l)
? 1+6(d(xkj 17xklh ))d(xk‘h—lﬁT‘rkjfl)’ 7 1+€(d(xkj—17xkh ))d(xkhfl7T$kj71)7
Cy:= (d(x kj—1 Thy— 1)) ( kj— v Tk, 1) D. - (d($7 1 Lhn— 1))d(xkh*1’Txk7—1)
1+6( (xk7 19 Ty, 1)) (xkh 17Tzk )7 ‘ 1+6( (zk] 1> Lhp,— 1))d(xkh,17T$kj_1)7
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for jix > hi > k, hence,

Ag = /B(d(xkj—l’xkh,—l))d(zkj—l7ij) B. — ’Y(d(zkj—17Ikh—l))d(xkh—l7xkh)
ST T e d(an, st ))A@r k) T e(d(@r, s a ))d(@h, )
Cs — 6(d(xk]‘71vxkh71)> (ka 1’xkh) — e(d(xkj—17xkh—l))d(xkh 17xk)
T T e(d(xn, y wh )@, k) T 1 e(d(@r, o ))d(@h, 1)

So that,

AB — ﬂ(d(l’kg 15zkh 1))d(l’kj 17xkj) SB(d(xkjil,xkh_l))d(mkj . k;]),

1+€(d(xkj 19 Lk 1))d(xkhf1v‘rk')
(d({E 1> Lhp 1)) (xkh 17xk'h)
B, = b < v
ot 1 —I—e(d(xk] Tk 1))d(xkh Lz ) = ’Y(d(xkjfl7xkh,71))d(xkh—1’xkh)7
(d(l‘ 13 Lhy— 1))d(.’1) 1axkh)
= ki ki <4(d ) d )
Cs T eden, voam ) d@n o an) (d(@r,_ys Thy_y))d(Th; s Ty ),
Dg — ( (xk] 13Ty, _ 1)) (‘Tkh 1axk ) ) S E(d(xkj,“xkh_l))d(xkh_lyxkj)7

I+ e(d(xqu » Thp_y ))d(xkh—l » Lk
for k; > kp > k. Thus, from inequality (3.10), we get;

d(ﬂjkj,zkh) d(TﬂSkj I,Txkh71)2

cPe
B,
< a(d($kj—17ajkh—l))d(xkj—17xkh—l)Aﬁ
55
= afdon, o)) e AT o, o))
cPe cbe

5 1 5
= a(d(xkjumkh—l)){l + Ag’y ln(d(xkj—17xkh—l)) + EAEW 1n2(d(xkj—17xkh—l)) + e

1 %"
B, n
+EAB In (d(xkj17xkh,—l))+...}

2
BS!SDE 1 BS‘S 2
< a(d(xkj—l7xkh—1)) Aﬁ ln(d(xkj—17xkh—1)) + 5‘4,6 In (d(xkj—17xkh—1)) +oee

C 5

AR W, e, )+ }

De
_ a(d(xkﬂ,wkM)){exp{B% 1n<A5>} In(d(es, .2, ,)

1 De 1
+ o] B )t don,an, )+ o] B () b dGon, )+

m

CJDE 1 Cfg 5 1 CéDe m
= a(d(Tk;_,, Th,_,))q | 1+ By IH(A,B)+§Bv In (A,B)+"'+m3w In™(Ag) | In(d(zk,; ,, Tk, ,))

1 D2 1 CDg 1 Cng
5 (1 B8 )+ 7 ) e B ) ) )+
1 cbe 1 CD4n 1 Dm" o .
+ H (1 + B'yé (AB) + 2B ]nz(A[?> -+ 7B (Aﬁ)) In (d(xkj7171'kh71)) + .. }

CéDe 1 05? 2 1 C(SD?L k
< a(d(xkj—kah—l)) B’Y 111(145) + §B’Y In (Aﬁ) + EB’Y In (Aﬂ) ln(d(xkj—ﬂxkh—l))

1 D¢ 1 _cPe 1P
45 (B mas) 4 5B mi ) e LB Wk (A) ) (e, )
Dmn

1 C,?? 1 C,;Diln 2 m n
ot | By 1H(A5)+§Bv In"(Ag) + +*B n"(Ag) | In"(d(zr, s Thy_,)) + -
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= old(zx,_, > Thy_, {<exp< “In(B )) n(4p) > (ex (C )) In*(Ag) +
+% (c In( 7))> ™ (Ag) In(d(zk, ,, Thy_, ; <exp <c )))ln(Aﬂ)
—|—;<exp (cf? In(B )))m (Ag)+ -+ — ( ( fm In(B) )

+ o (exp (c(?‘ In(B, ))) In(Ag) + ( ( w)) In®(45) +

+% exp (ng”“ In W)>)1nm(Aﬂ)> " (d(x, ., 2h, )+

B
_ D. L op2 )2 !
= a(d(@r,_,;Tr,_,)) 14+ Cy<In(By) + 505 In*(B,)+---+ ﬁ06 In"(B,) | ) In(Ap)

/\’U

In™(Ag) In%( (d(@h; 1 Thp 1))+

1 2 1 4 1 21
+5 ((1 +CP In(B,) + 5056 n?(B,) + -+ ﬁcfe 1nl(37))) In?(Ag) + -
1 i 1 21 1 ml
+ m'(<1 +CPIn(B,) + 5056 n2(B,) 4 -+ + ﬁcfe lnl(BV)>> In'(Ag) x In(d(zx, ,,Tp, ,))
1 D? 1 pt. o 1 p2
5 (14657 m(By) + 5057 *(By) + -+ — C5" n'(B) | In(Ayg)
1 4 1 6 1 a1
+3 ((1 +CP In(B,) + che In?(B,) + - + mcfe 1nl(B,y)> In?(Ag) +
1 21 1 41 1 2ml
+ W<<1 +CP< In(B,) + 506[’6 n?(B,) 4 - + ﬁcfe 1nl(B7)) lnl(A5)>)> x In*(d(zy; 2k, _,))
1 1 1 ml
+ot— (((1 + 0 (B + 2C5 n*(B,) + - + ﬁcfe lnl(By)> In(Ag)
1 4 1 6 1 4l
+3 ((1 +CP (B, + 50(?6 n?(B,) + -+ ﬁcfe lnl(Bv)) In?(Ag) + - --
]_ D i’m 1 D€2l m 2 ]_ D: m m 1
o ( (1+ 65 m(By) + 5657 ?(By) + -+ 5O n"™(By) | In'(Ap)

1 _p2 1 1
< a(d(wr,_,, 2, 1)){ (C’D In(B,) + 5056 n?(B,) 4 -+ ﬁCff lnl(B,y)) In(Ag)

+ ;((cf In(B,) + 505 *(By) + -+ %Cf? ln’(Bw)) In*(Ag) +

+ n;((cfi In(B,) + cffl I?(B,) + -+ %C(;DT lnl(Bw)>> ' (Ag) x In(d(zx; y, ok, )

s g (e mim) + geP wlm,) 4t P l(B) ) n(as)

+ ;((cf? In(B,) + 5OP (B, + -4 O hll(Bv)) In*(Ag) +

+ni!<<cf?1 (B,) + 5O W(By) 44 7 OF" lnl(B”)) ml(Aﬁ)))) )
b (P Lo wem ot o w s, ) mia

+ ;((053 In(B,) + %Cfg In®*(B,) + -+ + lljcfgl lﬂl(Bv)> In*(45) +

e (0P wim) 4 2P B, 4k bR (B ) w4 ) )
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I v, )+ |
1 2 2
= a(d(xk,_,, askhl)){ <<exp(D€ In(Cs)) In(B,) + 3 exp(D: In(Cs)) In*(By) + - -
%exp(Dl In(Cy)) n! (B )) In(Ag)
1 2 C 1 4 C 2 1 21 C l 2 A
+ 3 ((exp(D6 In(Cs)) In(B,) + 3 exp(D, In(Cs)) In*(By) + --- + il exp(DZ' In(Cs)) In (Bv)) In“(Ap)

4o % <<exp(Dg In(C5)) In(B,) + % exp(D?' In(C5)) In*(B,) + - - -

ll'exp(Dml In(Cs)) In™ (B )> 1nl(Aﬂ)>)> In(d(zr; 2K, ,))

* K((eXP(Df In(Cs)) In(By) + %em(D? In(Cs)) In*(B,) + -+ %exp(DQl In(Cy)) In' (B >> In(Ag)
+ % <(€XP(DZ1 ln(Cé)) IH(B'y> + % eXp(DS ln(C(;)) 1112(37) + .4+ %GXP(D?I 111(05)) lnl(ny)) 1D2(Aﬂ)
+- 11, ((EXP(DZl In(Cs)) In(B,) + %exp(D?l In(Cs)) In*(B,) + - --

ll'exp(D%l In(Cs)) In (BW)> lnm(Ag))>) m2(d(zr, Tk, )+

(ot n(5.) & oD @) A(B) &4 oD nCo i (5) )
+ % <(exp(D? 111(06)) ln(B'y> + % exp(DS 111(05)) ln2(B’Y) 4+ 4 %exp(Dfl ln(C5)) 1nl(B,y)) 1112(143)
T ll, ((eXp(D’"l In(Cs)) In(B) + %exp(Dfml In(Cs)) In%(B,) + - - -

+ Zl!exp(D;lml In(Cs)) lnl(Bﬂ{)> lnm(A5)>>) In"(d(zg,_,, Th,_,)) + - }

= a(d(xkjl,xkhl)){ <<<1 + D.In(Cs) + %Df In?(Cs) + - + %D: 1n’“(05)) In(B.)

1 1
+ 2(1 + D?In(Cs) + 2D4 In?(Cs) + - + —‘DST lnT(C(;)) n*(B,) + - --
1
+ (1 + DI In(Cys) + Df" In*(Cs) + - Z,D” In" (05)) (BV)> In(Ag)
T.
+ ;<(<1 + D?In(Cjs) + D4 In*(Cs) + —'DST 111’"(6’5)) In(B,)
T
1 4 1 6 1 71T 2
+§ 1+ D In(Cs) +2D ln(C’)+---+;Deln(C(5) In*(B,)+---
1 1 1
+5 (1 + D*" In(Cj) + §D§” In?(Cs) + - + “D“" In" (05)) 1nl(Bv)) In?(Ag) +
1 , 1,
+ p (((1 + DI In(Cs) + §Dg In?(Cs) + - l'Dl’“ In" (05)) n(By)
1 1
+5 (1 D?"In(Cjs) + inr In?(Cs) + - Z'D” In" (C,;)) In*(B,) + -
1
+5 (1 + D™ n(Cs) + Df” In*(Cs) + - “D”m In” (05)> lnl(B,y)) lnm(AB)>)> x In(d(zp,;_,, Tk, ,))
1 2 1 41,2 1 AT
+5 L+ DZIn(Cs) + 5D (Cs) + -+ + =D n"(Cy) | In(By)
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+

1+ D! In(Cs) + Dsln (C)+~~~+:‘Dfrlnr(C’5)> n*(B,) + - -

+
== N

+
N~ N -

((1 + D*In(Cj5) + 2D8 In?(Cs) + - + ﬁDfT lnT(C5)> In(B,)

+

(
<1 + D" In(Cjs) + ;Dfrln2(05)+ ;Dwm (a;)) (7)>1n(A5)
(
(

1
14 DSIn(Cs) + D12 In?(Cs) +--- + —'Df" 1n’”(05)> n*(B,) +---
+ <1+D4T In(Cs) + 3 DST In*(Cs) + - - o+ D4T In" (05)) nl(B,y)) In*(Ag) +
+ 1'<<<1+Df’" In(Cs) + %D?T In*(Cjs) + - T+ D2m’“ In"(Cs) >ln
m.:
1 4r 1 8r 1.2 1 4mr 2
+ 3 14+ D" In(Cs) + §D€ In“(Cs) + —|— D In"(Cs) ) In"(By) +

1 mnr 1 mnr mir
— (1 DI In(Cy) 4 S DA IR(Cy) 4 D2 (Cy) ) (B ) ™ (AB))»
X 1n2(d(mk]‘—1’xkh71)) +e

1 1
T (((1 + D{In(Cs) + 5 DI *(Cs) + -+ + Z'D“ In” (05)> n(B,)

1 1
+5 <1 + D" In(Cs) + §D§T In?(Cs) + - Z'D” In" (Q;)) In*(B,) + - -
1 rm 1 2mr 1..2 1 rml .7 l
+ —(1+ D™ In(Cs) + =D In*(Cs) +--- + — D™ In" (Cs) | In(B,) | In(Ap)
m) 2 m!
1 1 1
+ = (((1 + DX In(Cs) + 5Df In?(Cs) + - + D h{(ag)) In(B,)
+

1 1
(1 + DS1n(Cs) + §D612 In%(Cs) + - + f'DgT h{(@)) n2(B,) + - --

+ (1+D4Tln(05)+ —D8" In*(Cs) + -- +l,D4lT1n (C(;)> 1nl(37)> In?(Ag) +

— ﬁ__‘._. N = N

1 .
+— < ( <1 + D™ In(Cs) + 5DSW In*(Cs) + -+ + ﬁD;"” In” (05)) In(B.)
1 2mr 1 4mr 1.2 1 2mlr 1.7 2
+ 3 1+ D™ 1n(Cs) + §DE In*(Cs) +--- + ﬁDe In"(Cs) | In*(By) + - -+
1 irn 1 2nlr1.,2 1 nmlr 1,7 l m
+ ] 1+ D" 1n(Cs) + §DE In“(Cs) +--- + HDE In"(Cs) ) In'(By) | In™(Ap)

< " (d(n, 2 )t }

IN

a(d(xkj_l,xkhl)){ <((D€ In(Cs) + %D? In?(Cs) + -+ + %D: 1nr(c(;)> In(B,)
n’(

+

1
( In(Cs) + D§1n2(05)+--~+—,D3T1nT Cs +e

_l_

(©9)) w5,
D" 1n(Cjs) + D§T1n2(c§)+ S+ “D“ln (05)) 1nl(37)) In(Ag)
Cs) | In(B

+
3|~ NIE NIE 3| N

<D21n Cs) + D41n (Cs) + -+—,D§"lnr( 5)) (By)
T.

_|_

7N N
u/—\

41n(Cys) + D6ln (C)+..-+:,Dgln7"(a;)> n*(B,) + -

+

(DQT In(C D4T In?(Cs) + - ;,D“" In” (q;)) lnl(B,Y)> In?(Ag) +

Francis, Okeke
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1
+ (<<DT In(Cs) + D’ In*(Cs) + - + Z'D” In” (a;)) n(B,)
1 2r 1 4r 1 rl
+5( DI (Cy) + 5D In?(Cs) + + 5 D¢ " (Cs) n’(B,) + -
1
+ T'(D” In(Cs) + D2” In*(Cs) + -+ + Z,D”m In" (05)) 1nl(37)> lnm(A,@))>) x Wn(d(zr,_,, 2k, ,))
1 .
+ 2(((1)2 In(Cs) + D4 In*(Cs) + -+ + ED; 1nr(05)> In(B,)
1 8 1 4r . .T 2
—|—§ DlIng-l— Dln(C’)—|—~~—|—ﬁDe In"(Cs) | In*(B,) +---
1 1
+“<D2’"ln (Cs) + D4T In?(Cs) + - + HD?” In" (05)) i W)) In(Ag)
1 1
+ 3 <(<D4 In(Cys) + 2D8 In?(Cs) + - + ED?T lnr(05)> In(B,)
1 1
+2< n(Cs) + D121n (C)+~-~+HDS’"IHT(C§)> In*(B,) + -

<D4T In(Cs) + DST In*(Cs) + - + l'D;*T In"(Cs )) lnl(Bﬂ,)> In?(A4g) +
T
1 2r 4rq..2 1 2mr
—' D" 1n(Cs) + DE ln(C'(s)Jr-'-JrﬁDE In"(Cs) | In(B
1 1
. (Dz“” In(C) + 5D IE(Cs) 1 DI I (Cs) ) (B +
+ — (DQ"”" In(Cs) + %ngr In?(Cs) + - DQW In"(Cjs) ) In’(B ) In"™ (A,@)>>)

( ( j—19 Loy _ 1)) +oe
(((DT In(Cs) + 2D2’" In*(Cs) + -+ + l'D“" In" (05)) n(B,)
+ = (D In(Cs) + D4T In?(Cs) + -+ + l'DlT In" (Cg)) n*(B,)+---

1 1 :
|<D”” In(Cs) + DW In?(Cs) + - + %D:ml 1117(05)) lnl(B,,)) In(Ag)

<(<D4 In(Cs) + ;Dg In?(Cs) + - + %D: lnT(C’(;)> In(B,)

+

L
T3
1 1

3 <D§ In(Cs) + §D€12 In*(Cs) + -+ + —'DS’" lnT(C(;)) n?(B,) + - -
1

+ 5 (D‘” In(C %Dfr In*(Cs) + - Z'D‘“T In" (05)) lnl(Bv)) In*(Ag) +
T.

m'

1

" <(<D”" In(Cs) + ngr *(Cs) + -+ + DI hf(czs)) In(B,)
1 2mr 1 Amr .2 1 2mlr .. T 2
+ 3 D™ In(Cs) + §D6 In*(Cs) +--- + ﬁDs In"(Cs) | In*(By) + -+

1 ™ 1 ner 1 nmir T m
+ n!(Di In(Cs) + 5Df I (C5) 4 - + D " n (05)) 1nl(37)> In (A@)))
) 0o |

1 1

= a(d(xkj_l,xkhl)){ <<<D€ In(Cs) + in In?(Cs) + -+ + ﬁD: lnr(C5)> In(B,)

1 1 1
T3 (D? In(Cs) + 5 D¢ n*(Cs) + -+ — D lnT(C'(;)> ?(B,) + - -
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+ :,(D’“ In(Cs) + %DST In*(Cs) + - l'D“ In” (Q)) (B7)> In(Ag)
1 2 1 472 1 2r .. T

+ 3 DZ1n(Cs) + §D€ In“(Cs) +--- + ﬁDe In"(Cs) | In(B,)
1 1 61..2 1 AT 2

+5 D? 111((,*5)4-§D6 In (Cg)+-~-+—'D6 In"(Cs) | In*(By) + - - -

+ 1,(D37‘ In(Cs) + %Dgr In*(Cs) + - Z'D” In” (Q;)) (BV)> In?(Ag) +
T.

+ :,(((Dg In(Cs) + %D: In*(Cjs) + - Z'D” In” (c(;)> n(B,)
1 2r 1 4r .2 1 rl

+ 3 DZ" In(Cs) + §DE In*(Cs) + - l'D In"(Cs) ) In®*(B,,) + - -
1

_l_

=
A/~

D™ In(Cjs) + %Df” In?(Cs) + - + Z'D”m In" (a;)) 1nl(37)> 1nm(Aﬂ))>) x In(d(zr,_,, Th,_,))

+ ;(((DQ In(Cs) + %Df In?(Cs) + -+ + —'DZ 1nr(05)) In(B,)
T.
+ ;<D In(Cs) + %Df In?(Cs) + - + l,D;*T 1nr(05)> n*(B,) +---
+ Z1,<D2” In(Cs) + %D;‘T In*(Cs) + - + “DW In’ (05)) (Bw)) In(Ag)
+ ;<(<D§ In(Cjs) + %D? In?(Cs) + - + %D?’” 1nr(05)) In(B,)
1 1
+ 2< In(Cs) + 2D”m (Cs) + -+ ﬁDS’" lnT(C(;)) n*(B,) + - -
<D4T In(Cs) + DSrm (Cs)+--+ l'D;”lnT(c )) lnl(BA,)> In?(Ag) +
1
o

<(<D3T In(Cs) + 5D;““ In?(Cs) + - T+ - Dzmr In"(Cs) )m
1 4r 1 87 1..2 1 dmr 1,7 2

+ 3 DX In(Cs) + §D6 In*(Cs) +--- + —'D6 In"(Cs) | In*(B,) +

+(D2mT1 (Cs )+%D§W In?(Cs) + - - - DQm”l "(Cs) ) In'(B )m (A@)))

0 (@5 T y)) F
(((DT In(Cs) + D”ln (Cs) + -+ + l'D“" In" (05)) n(B,)

+ = (D 1n(C)+ D4T1n (Cs)+-+ ”D“ln (C@) n*(B,) + -

<D”” In(Cs) + Df"" In*(Cs) + -+ + %ngl M(a;)) lnl(B,y)) In(Ag)

1 1 1
+3 (((D;* In(Cjs) + 5D§ In?(Cs) + - + ED: lnT(C(;)> In(B,)
1 1 T T
+ 5 (DEI(CS) + FDRURCY) 4 DY (Co) | W () 4 -
1
+ (D4’ In(C D87 In?(Cs) + -- Z'D‘“T In" (05)) lnl(BV)> In?(Ag) +
T.

_|_
Is

1 r
m! (((D”" In(Cs) + D?W *(Cs) + -+ + D" In <Ca>> In(B,)

1 1
+3 <D§W In(Cjs) + 503"“" In%(Cs) + - --

1 miLr T
+ED52 I (05)> n*(B,) + - -
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n % (DQ‘" In(Cs) + %Df”l’” In®*(Cs) + -+ + %D?m" 111’“(05)) 1nl(Bv)> 1Hm(Aﬁ>>>>
x In"(d(xr,_,, Th,_,)) + - }

< a(d(zr, ,,xk, 1)){ (((DE In(C5) + D2 n*(Cs) + -+ + D hf(%)) In(B,)

+ ( D?>In(Cs) + D*In*(Cy) + - - - + D" ln’”(Ca)) n*(B,) + -

"

In(Cs) + D* In*(Cs) + --- + D" lnT(C(;)) 1nl(37)) In(Ag)

DI
+ ((D2 In(Cs) + D*In*(Cs) + - - - + D" h{(a;)) In(B,)
D?

_l_

In(Cs) + DS n*(Cs5) 4 --- + D lnr(05)> n*(B,) + - -
+ ( D" In(C5) + D" 1n*(Cs) +--- + D" 1n’“(05)> 1nl(37)> In®(Ag) +
+ ((DT In(Cs) + D" In*(Cs) + --- + D" 1n7“(c*5)> In(B,)

+ [ D¥ In(Cs) + D" In*(Cs) + -+D:l1n7“(c(5)> n*(B,) +---

(
(
(
(
(
(
(
(
i
(
(
(
(
(
(
(
o

+

D"'In(C5) + D In®(Cs) + - - + D™ lnT(C'(;)) lnl(B7)> lnm(A5)>>> x In(d(zk,_,, Th,_,))

_|_

((D2 In(Cs) + D¥1n*(Cs) + ~+D:lnT(C5)) In(B,)
D*1n(C5) 4+ DEIn®(Cs) + ~+D3Tlnr(05)) n*(B,) +---
+ ( D?"In(Cs) + D" In*(Cs) + - - - + D" 1n7"(05)) 1nl(37)) In(Ag)
+ ((D4ln (Cs) + D¥In*(Cs) + ---+D§r1nr(05)) In(B,)

+ ( DS In(C5) + D2 In? (C5)+-~-+DST1nT(C5)) n*(B,) + - --
+ [ D} In(Cs) + D" In (05)+-.-+D§T'1nr(05)> lnl(Bv)) In?(Ag) +
+ <<D2T In(Cs) + D¥ 1n*(C5) + - - - + D*™" lnT(C(;)) In(B,)

+ ( D" In(Cs) + DB In? (C(;)+-~~+DfmrlnT(C’5)) n*(B,) +---

D> In(Cs) + D¥™" n?(Cs) + - - - + D?>™r 1nT(C'5)> lnl(Bv)> 1nm(Aﬂ)>>)

x In? (d(@;_y s Thy_y)) + -+

+ (((D: In(Cs) + D*" In?*(Cs) + --- + D" 1nr(05)) In(B,)

+ (D27 In(Cs) + D¥ In?(C5) + -~-+Di"1nr(05)> n*(B,) +---

+ <D”” In(C5) + D™ In*(Cs) + - -- + D™ lnT(C(;)> 1nl(37)> In(Ag)
<

+ ((D4ln (Cs) + D¥In*(Cs) + -+D:1nT(C,;)> In(B,)
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+ ( DS 1In(C5) + D} 1n? (C’g)+~~+D§T1nT(C§)> n*(B,) + - -

+

D¥ In(Cs) + D¥ In®(Cs) + - - - + D" lnT(C’(;)) lnl(Bw)) In?(Ag) +

+ | D2 In(Cs) + DI n?(Cs) + -+D3m“'1nr(05)> *(B,) + -

(
(
+ (((DW In(Cs) + D> In?(Cs) + - - - + D" hlr(C&)) In(B,)
(
“(

D™ In(C5) + D2 In*(Cy) + -+ + D™ 1nr(cé)> In'( Bﬁ) In"™ (A 5)> ))
" (d(zk, , 70_,) +}

= a(d(z, . ka)){ (((dd(xk“ o)y ) (A, wn )@, 7))
+ (e(d(‘rkj—l ’ xkh—l))d(xkh—l ) xk?j))Q 1n2(5(d(xkj—l ) xkh—l))d(xkj—l7xkh,)) +

+ (€(d(xk7j—1 ) xkh—l))d(xkh—l y Lk ))T 1nr(6(d(xkj71 ) ‘Tkhfl))d(xk?j—l ’ mkh)))

X ln( d(wkj—17xkh,—l) d(mkh—uxkh)) + ((e(d(xkj17$kh—1))d(xkh—1’mkj)))2

( )
X ln( (d(xkj717xkhfl))d($k] 19 wkh)) ( ( (ka 19 Lhkp 1))d($kh—17mkj>))4
) ( xkh)) ( (d(xkj 17 xkh71))d(xkh71’xkj)))zr
)

)d
x In" (5 d(a:kj—17a:kh—1 )d(I 13 Lhy, )) ( ( (Ik] 19 Lhy— 1))d(xkh—17'xkh))+“.
+ <(€(d(xkj—17xkh1))d(xk’h 15 Lk )))Tln( ( (xlﬁ 1) Lhy, 1))d(xkj 1>xkh))
+ (e(d(@r, s wry ) d(xn, o) W (S(d(ar, y, wn,,))d(@r s r,)) + -
( (d(r, sy h ) AT,y ax,))" L ( (A, s Ty ))d(Thy s Tk )
l'y xkj 19 Lhp, 1))d(xkh 19 xkh))ln(/B(d(xkj—l’xkh—l))d(xk?j—l’xk?j))
( (1o ohn e, o0, 3, i, s, )
(aj kj_1> xkh—l))d<xkh—l xkj)) 1n2(6<d($kj—1’xkh—l))d(xkj—l’xkh))+.-.
(

Thj—1s CEkh71))d(xkh—1 » Tk; ))2T

X ln (6( (xkj,17xkh71
(

X lnr(é(d(xkjfl ) xkh—l))d(xkj—l ) xkh))) ln(v(d(mk]’—l y Lhp 1 ))d(xkh—l ) xkh))

R (R N T M T )

+ (e(d(@r, k) d(@hy > Tr,) I (S(d(Th; s k)Tl Ty ) +
+ (e(d(@r,_y Try s ))d(@hy_y s Try)) " I (0(d (g, @y ) )d (@, zkh)))

x In®(y(d(zr; s hy 2 ))A(Thyy s Thy ) +

+ <(€(d($kj_uxkh1))d($kh1’$k1))2’" In(d(d(zr,_, Tr,,_,))d(Tr; 1 Tk )

+(e(d(@n, s wn ) d(@n, s on) I (S(d(@r, s on, )@y s r,) + -

+ (E(d(‘rkj—l ) zkh71))d(1‘kh71 » Lk ))lr lnT(J(d(xkFl y Lhp_1 ))d(xkj—l ) xkh)))

X lnl (V(d(xkja ’ xkh1))d($kh17xkh))> lnz(ﬁ(d('rkj—l’xkh—l))d(xkj—l ) xkj)) +o
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(o, vmny o, ) WO, vl v,)
+ (e(d(@r, Tk, ))d(@hy s Try)" 02 (O(d(@hy Tk, ))d(@hy s T ) +
+ (e(d(ar, ul’khl))d(xkh1,zkj))lr1Hr(5(d($kj_u$khJ)d(wkj_uwkh)))

X In(Y(d(@r;_y > Thy, )T,y Ty, )

((6( Tk, 1 Thy )Ty, 21,))* (S (d(hy s Ty, ) )k, s Tk ))

e(d(@r; s @hy))d(@r, s w,)) " W 0(d(wr, @, )T,y T,)) +
(d(xkjuwkh_l))d(fﬂkh_uxkj))”1HT(5(d($kjlvmkh_l))d(xkjnxkh)o

x In®(Y(d(zp;_y s Tk 2 ) ATk s Thy ) +

+ <(€(d($kj_nmkh_l))d(xkh_mxkj))” In(d(d(w,_, 2h,_, ) )d(Th;_y> Ty, )

F(e(d(@n, s )@, s wn,) P WP (3@, s, )@y s @,) 4

+ (E(d(xk’j—l s xkh,—l))d(xkh—l y Lk ))rlm lnr(d(d(xkj—l y Lhp 1 ))d(mk’j—l ) mkh)))

+
+
+ (e

< In' w(d(%kahl))d(xkhl,xkh))) lnmw(d(xkj1,xkh1>>d<zkjUzkj))))

7N

(€(d(@rys ) (@r,y, 20,)) (O (d(@ Ty )@y Ty )
(e(d(zh;_y wr,_,))d(@r, s wny))* I (0(d(n; v, ) (n,y 2hy )+
(E(d(%laﬂfkh_l))d(xkh_uwkj))‘”1nr(5(d($kj17$kh_1))d($k,-1awkh))>
< 0 (Y(d(@ry_ys 2y )@y Ty )+
+ ((G(d(ffkj17ffkh,_l))d(mkh_uxk,-))gr n(0(d(@; s T,y ))d(@; 15 Thy, )
+(eld(@r,_y s ) A(@h, gy 21,) Y 107 (@ s )@y T )+
+ (eld(@r,_y s T, )2k, y)*" 1nr(5(d(33kjuwkh_l))d(xkﬂaxkh)))
"y(d(@n s i) (2w, o, ))) In(B(d(wr, s 2,y ))d(Th, s k)
<(( (Th;_ys Thy_y ) A( TRy, Tk N? In(0(d(zr;_,, Thy_y))d(Th;_, Thy, )
(e @)@,y 2xy))* 0P Oy Ty )) (s )+
+ (e(d(@r; s Thy_y ) AT,y 5 Ty ) Tlﬂr(5(d($k1uﬂfkhl))d(xkjpxkh)))

X ln(V(d(f‘Ck]q ’ xkh—l))d(‘rkh—l Tky, ))

+ <(€( (xkj—17xkh—1))d(xkh 17Tk )) ln(é(d(‘rk]‘—l’xkh—l))d(xkj—17xkh))
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+ (e(d(@r,_y whp ) d(@hy s Th,) 2 I (8(d (T, Thy ) (Thy s TRy )+
+ (e(d@r s Thy o ))d(zr, s 2y))*" 1Hr(5(d(17k,~_1733khJ)d(xkj_nﬂfkh)))

W (y(d(@r; s ) d(@h, s h,)) + -

+ <(€(d(xkj_w’0kh1))d(mkh17$k1))4r In(6(d(wr,_y s Thy_y))d(@Th;_y > Ty )

+ (e(d(r,_y ) A,y )Y 0 (S(d e,y )@, Ty ) +

+ (E(d(zkj—l’zkh—l))d(xkh—17$kj))4r lnr(a(d(xkjl7xkh1))d(‘rkjl7xkh))>
'7( (xk_] 10 Lk 1)) (xkh 1) xkh))) lnz(ﬁ(d('rkj—l’xkhfl))d(mkj—l’mkj))+.'.

g
((( xk; 19 Lkp 1 d(‘rkh 19 Lk )) T1n<5(d(xkj—17l.kh—l))d(xkj—l’mkh))
€ (CE kj_1)Lhky_ 1))d($kh 15 Lk )) ln (5(d(xkj—17xkh—l))d(‘xkj—lﬂxkh,))+“.
((E kj_ 17xkh—l))d(xkh—l7xkj))2mr1nr(§(d(xkj17xkh—1)>d(xkj17xkh))>
x ln(v(d(ka—lﬂxkh—l))d(mkh—l’wkh))

<(6( (xkj—l » L1 ))d(xk?h—l ) xkj))4r ln(é(d(l‘k]f1 » k1 ))d(‘rk}j—l ) 'Tkh))

(e(d
+ (e(d

e(d(@n, 1, @) d(@ry s wr,)* WP O(d(@r, s wr, ))d(Tr, 4 @,) + -
(CLC S DG 99 ) il 1DT(5(d($kjuwkh1))d($kj17%1)))

x In*(Y(d(@h, s Tk 1)) Ty Thy ) +

+ ((G(d(xkjuxkhl))d(mkhuxkj))w In((d(zr,_y, Thy,_,))d(Th;_y, Tky,))

+ (e(d(wr; s Thy_y))d( TRy s xkj))4mr 1n2(5(d(xkj71,xkh_l))d(xkjfl,xkh)) + -

+ (e(d(xkj—l ) xkh—l))d<xk‘h—1 » Lk ))2rml lnr<6(d<xk]‘71 y Lhp_1 ))d(xkj—l ; xkh)))

+
+(
+ (e

X Inl(y <d<xkj1,xkh,_1>>d<xkh_“wkh>>) " (3o, ) ) ) )
><1n d(xh, s Thy )+

(((( (ks 2 T Dy 30)) ISy 0,y 78,))

(e(d(@r,_, r,_))d(@h,_, 2n,))* 0P (S(d(ar,_,, p, ) ))d(r,, 28,)) + -

el Do )P O, vk, o))
x In(y(d(@r; s Thy,_y))d(Thy, 15 Tk )
(el Do, )2 W, )
(e(d(@; s why_ ) d(@hy_y s 2r,) 0P (S(d (@, wh, ) d(r, s Th, ) +
(o, o2, WO, o, ) )
< In®(y(d(xn,_,,2x, )k, T,)) + -
+ <(6(d($kj17ffkh,_l))d(wkh_uxkj))m In(5(d(r, s Thy ) d(@h; 1 Tk,))

+ (e(d(xk’j—l’zkh—l))d(xkh—l ) Z'k'j))er 1n2(5(d(‘rk9‘—1vIkh71))d(xkj—1 ) xkh)) +oee

+
+
+
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(e(d(@ryys @y ) (@r s 2a,))* 02 (O (d(n; -y 2, ))d(@n; g 2n, )+
+ (e(d(@r;_y > Thyy )T,y 5 Thy )" 1DT(5(d($kJ1’$kh1))d(%17%1)))
x In(y(d(zn, s oy, _,))d(Th,_y, Try,))
+ <(6( (@hy 1o Tk )@,y 2x,)° (S, s T, ))d (@ 28, )
+(e(d(@ s @) d(@h, g 21,)) 2 10 (S (s )@y @) + -
+ (e(d(@r; g, Tr—0))d(@r s k)" 1HT(5(d($kjuﬂﬁkhl))d(wkjuxkh)))
< P (Y(d@r s )@,y Tn,)) + o
+ ((ﬁ(d(xkﬂwkhJ)d(l‘khpxkj))M In(6(d(zr, s Ty )T, T, )
+ (e(d(@n, s ) A(@h, s wn,)) Y I (S @, y)) @y )

+ (e(d(xk?j—l ) xkh—l))d(wkh—l y Lk ))4” lnr(é(d(xkj71 ) xkhf1))d(xk171 ’ xkh)))
x In' (7( (xkj 19 Lhp, 1)) (wkh 1) xkh))) lnz(/B(d(xkj—17xkh—l))d(xkj—l’xkj)) +o

(e, om0 )™ (G, v, )
+ (e(d(@n,_y k) d(@hy s Ta,) ™ I (O(d(hy Ty ))d(@hy s T, ) +
+ (e(d(@r s wry ) d(xr, s xr,)™ " (8(d(n, s w, )@y, fﬂkh)))
X In(Y(d(@r;_y > Thy )T,y Ty, )
+ ((G(d(xkjuxkhl))d(mkhuwkj))zw n(8(d(xh, s Ty, ))d(zh, > Tk, )
+(e(d(@r s wry))d(wr, s w,) " I (6(d(@n, @, ))d(r, xr,)) 4
el Dy, )P WO, o, ) )
< In®(y(d(@r, s wry o)) d(Tr, s Tn,)) +
e ((eaan v o0, G, )
+ (e(d(@ry s wry ) d(wr, s w,)* " PG (d(r, s wr, ))d(Tr, @)+

+ (E(d(‘rkj—l s xkh—l))d(xkh,—l y Lk ))rnlm lnT(é(d(xkjfl ) xkh,—l))d(xkj—l ) xkh)))
(3o, vt Dt ) ) W3, s, ) ) )
X lnn(d(xkj—17xkh—l)) +oee }

< ataon,svon D] (((Aon o, ), Do, )

+ 62(d(xk171 ) xkh—l))d(xkh—l’xkj)é(d(xkj—l’xkh—l))d(xk?j—l ) xkh) +ee
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+ er(d(xkj—l ) xkh—l))d(xkh—l ) wk]’)ar(d(xk]‘_1 y Lhp—y ))d(z’k’j—l ) mkh))

X ’Y(d(xkj—l"rkh—l))d(l'kh—l’mkh) + (62(d(xkj17xkh1))d(xkhl7$kj))

X 5(d(zkj—1 ) zkh—l))d(xkj—l ) Ikh) =+ 64(d(xkj—1 ) xkh—l))d(xkh—l ) xkj))
X 6(d(xk7j—1 ) xkh—l))d<xk]‘—l7$kh) + 4+ €2T(d(xkj717xkhil))d(mkhil’xk:j))

X 5(d(xkj—1 ) xkh—l))d(mkj—l7mkh,)’Y(d xkj—l?‘rkh—l))d(xkh,—l ) xkh) +
+ (GT(d(xkjnxkh 1))d($/€h 19 Lk ))6(d<xkjl7xkhl>)d(xkj17xk7h)
)

(
+ €2r(d(xkj—1’xkh—l) d(mkh 1T )6( (xkj 19 Thp— 1))d(x7€1 19 xkh) + -
+€Tl(d(mkj—1’xkh—l))d(l‘kh—l’xk;)d(d(xk] 1 Lk ))d(xkj 17xkh)
X ’y(d(xkj—17xkh—l))d($kh 1’xkh)/8(d< kj_1sLkp_ 1)>d( kj_1sT )

+ (((e%d(a:kjl,xkh1>>d<xkhl,xma(d(xkjl,xkhl»d(%ua:kh)

+ 64(d(xk]>1 ) Ikh—l))d(zkh—17xkj)(s(d(xkj—l ) xkh—l))d(zkj—l’zkh) +oee
+ egr(d(xkj—17xkh—l))d(xkh—l’mkj)

X 6(d(xk7j—1 ) xkh71))d($k171 ) xkh))’}/(d(l‘k‘jl y Lhp—1 ))d(xkh—l ) xkh)

N G L E S T

+ €O (d(wry gy )Ty wn)0 (A s h, )@ s h,) + -
+e (d(r, 1y Thy_y))A(Thy Ty )0 (TR, s s xkhl))d(ﬂikjl,xkh)>

X Y d(@h; s Thy,y))A(Thy s Tk, ) + o

o G L O L RN L N

+ € (d( @,y T, ))A(@Thyy gy Ty )(A( Ty s Thy ) A(Thy Tk )+

+ elr(d(mkj71 3 mkh—l))d(xkh—l » Lk )6(d(ajkj71 ) xkh—l))d<xk]’—l ; xkh))
ot 10, Dy v0,) ) (A, oD, o

((( Aoty ), )0, )i, )
€ (d(@p;_y s Ty, )@k, g Thy ) (A s Toy_y)) @k Tky) + -
" d’“(d(mkj1,xkh_n)dmh_l,xma(d(%l,xkh_lnd(mkkah))
X Y(d(@hy_y Thyoy)) A @y > Thy,)
+ <62T(d($kjmxkh1))d($k;L17$kj)5(d($kj17$kh1))d($kj1,wkh)
+ e4r(d(xkj71,xkhfl))d(:rkhfl,mkj)é(d(mkjfl,zkhfl))d(xkjfl Ty ) e
ittt (o, )
X (A @,y Thyy—y ) ATl Tk ) + -
+ (él’"(d(wkj17xkh_l))d(wkh_uwkj)fS(d(%uﬂﬂkh_l))d(%uﬂ?kh)

+ €2Tl(d(xkj—l7xkh—l))d(xkh,—l ; xkj)é(d(xkj—17xkh—l))d(xk’j—l"Tk'h,) +oe
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4 e”m<d<xk_,»_l,xkhJ)d(xkhl,xkjm(d(xkj_l,xkhJ)d(xkj_l,xkh,))
x v(d(kazkhl»d(xkhNmkh))ﬁ(d(mkjUmk,”))d(xk“,xkj))) < d(@s, 2 Ths)

+ (((an, om0, v, o, )

+ 64(d(xkj—1 ) xkh—l))d(xk}h—l’xkj)ts(d(xkj—l ) xkh,—l))d(xkjfl ) xkh) +ee

+ er(d(xkj—17xkh1))d(‘rkh17xkj)5(d(xkj—l7xkh1))d(xk]‘—1’xkh)> X V(d(xkj—17xkh—l))d(xkh—l’xkh)
o G S T Ty

+ 68(d(xk]>1 ) xkh—l))d(zkh—17xkj)(s(d(xkj—l ) xkh—l))d(zkj—l’zkh) +oee

+ €4T(d(xkj—1 y Lhp 1 ))d(xk'h—l y Ty )5(d(xk’j—1 3 xk’h,—l))d(wkj—l ) xkh)) X v(d(z’k’j—l ) mkh—l))d(xkh—l ) :L'kh)

TR (e”(dmﬂ N IR T C C N ¥
+ €4r(d(xkj—1’xkh—l))d(zkh—l?‘/Ek’j)(s(d(‘rk’j—l’Ikh—l))d(xkj—l ) xkh) +oee

+ 62rl(d(l’k]‘—1 y Lhp 1 ))d(xkh—l ’ mkj)(s(d(mkj—l y Thp 1 ))d(‘rk]‘_1 ; xkh))
X V(d(xkj—l y Lhp—1 ))d(wkh—l ) Ikh)) B(d(xkj—1 ) ‘rkh—l))d(xkj—l ’ ij)

+( (e4<d<kaxkh1>>d<xkhl,xma(d(kaxkh1>>d<xkj1,xkh>
+ 68(d(xkj—l ) xkh—l))d(zkh—17xkj)(s(d(xkj—l ) xkh—l))d(zkj—l’zkh) +oee

+ 64T(d(xkj—1 y Lhp_1 ))d(xk'h—l y Ty )5(d(xk’j—1 3 xk’h,—l))d(wkj—l ) wkh)) X V(d(xkj—l ) xkh—l))d(xkh—l ) :L'kh)

+ (éﬁ(d(zk,.Uzkhl))d(xkhl,xkj>6<d<xkj1,xkh1>>d<xkjl,xkh>
+ elz(d(‘rkj—l ) Ikh—l))d(xkh—l ) :I"kj)é(d(zkj—l ) Ikh—l))d(xkj—l7xkh) +oee

+ Eﬁr(d(xkjfl ) xkh—l))d(xkh,—l y Thej )5(d(xk]‘—1 ; xkh—l))d(xkj—l ) xkh)) X ’y(d(xk'j—l ) xkh,—l))d(mkh—l ) xkh)

N (e‘"(d(xkj_l,xkh1>>d<xkh1 ) )0(d(r, s an (s, o0
+ egr(d(xkj—lﬂxkh,—l))d(xkh—lﬂxk’j)(s(d(xk’j—l’xk’h,—l))d(wk]‘—l ) 'Tkh) + e

+ €4T(d(xkj71 ’ xkh—l))d(xkh—l y Ty )6(d(xk7j—1 ’ ‘rkh—1))d(xk7‘71 ) xkh))
<ttt Dl 1,) ) B, o, Do, va)

+ (((e”(d(%1,%1>>d<xmxkj>5<d<xkjl,ka))d(mkj1,%)
+ €4T(d(xk_7—1"Tkh—l))d(zkh—lﬂ‘/Ek’j)(;(d(‘rkj—lﬂIkh—l))d(xkj—l ) xkh) +oee

+ 62mr(d(xk]‘71 ) xk’h—l))d(xkh—l ) xkj)a(d(xkj—l y Lhp 1 ))d(‘rkj—l ’ xkh)) X ,y(d(xkjfl y Thp—q ))d(‘rkh—1 ’ xkh)

4 <e4’"<d<xkj_“xkh1>>d<xkh1,xkj>6<d<xkj_l,xkhJ)d(xkj_l,xkh)
+ egr(d(xkj—lﬂxkh—l))d(xkh—lﬂxk’j)(s(d(xk’j—l’xk’h,—l))d(wk]‘—l ) 'Tkh) + e

+ €4m7‘(d(xkj71 ) xkh—l))d(xkh,—l ) xkj)a(d(xkjfl y Lhp 1 ))d(xkjfl ) Z'kh)) X ’V(d(l’@,l ? Lhn—1 ))d(xkh—l ’ xkh’)
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et (szr(d(xk]‘—uxkh1))d(xkh1 ) xk’j)é(d(mk]‘—l ’ mkh—l))d(xkj—17xkh)

+ €4mr(d(xkj—1 ) xkh—l))d(xkh—l ) 'Tkj)a(d(l.kj—l7mkh—l))d(‘rkj—17‘rkh) +oee

+ €2rml(d(mkj71 3 mkh—l))d('rkh—l » Lk )6(d(‘rkj—1 ) ‘rkh—l))d(mkj—l ) xkh))

X W(d(xk]‘—l’xkh—l))d(xkh,—l?xkh))ﬁ(d(xk]‘—l?‘rkh—l))d(xkj—l’xkj)))) X d(mkj—17mkh—1) +oe

(< @on o050, Do,

+ €2T(d(xkj—1’xkh,—l))d(mkh—13xk’j)(s(d(xkj—l’xkh—l))d(xkj—l ) xkh) + e

+ EQmT(d(xk]‘17xkh,—l))d(xkh,—l7$k5j)5(d(xkj17mk5h,—1))d(xkj17xk7h)> X ,V(d(xkj—17xkh—l))d(‘rkh—l7xkh)
o G L N L RN L N

+ €4T(d(xkj—1’xkh—l))d(xkh,—l’xkj)é(d(xkj—l’xkh—l))d(xkj—l ) xkh) + e

+ elr(d(mkj—l’xkh—l))d(xkh—l ) ‘rkj)é(d(‘rk?j—l ) xkh—l))d<xk]’17xkh)) X W(d(xkj—l y mkh—1))d(‘rkh—17xkh) +e
+ <erm(d(xkj—1’xkh—l))d(xkh—17xkj)a(d(mkj—IVl.k?h,—l))d(xkj—17xkh)

+ GQmT(d(xky‘fl ) xkh,—l))d(xkh,—l ) xkj)a(d(xkj—IVmkh—l))d(xkj—17xkh) +ooe

+ erml(d(xk171 » Lhp_1 ))d(xkh—l ) xkj)(s(d(xkj—l » k1 ))d(‘rkj—l ’ mkh))
X W(d(xkj—l ) xkh—l))d(xkh—l ’ xkh)) ﬁ(d(xk?j—l ’ xkh—1))d(xk]‘71 ) xk]‘)

(e, o, o, v, )

+ 68(d(mkj—1vmkh—l))d(xkh—mxkj)(s(d(xkj_lvxkh—l))d(xkj_uxkh,) +ooe

+ er(d(xkj17mkh—l))d(‘rkh—17xkj)(s(d(xkj17xkh—1)>d(xkj17xkh)) X ’Y(d(xkj—l’xkh—l))d(mkh—l’xkh)
+ <€6(d(xkj1}xkh,—1))d(xkh,—17xkj)5(d(xkj17xkh,—1))d(xkj17xkh)

+ 612(d($kj71 ) wkh—l))d(xkh,—l » Lk )5(d($kj—1 ) xkh—l))d(xk?j—l7xk?h,) +-

+ €6T(d(xkj—1’xkh—l))d(‘wk’h—17xk?j>6(d(xk7j—17xkh—l))d(xkj—l y xkh)) X ’y(d(mkj—l ’ mkh—l))d(xkh—l ’ xkh) +

+ (64T(d(xkj17xkh—l))d(xkh—wxkj)é(d(wkj17wkh,—1))d(xkj1ﬂxkh)
+ 68T(d(xkj—17xkh—l))d(‘rkh—l’mkj>6(d(mkj—l’mkh—l))d(mk]’—l ; mkh) + -

D)o, ), )
X ’Y(d(xkj17xkh—1))d(‘rkh—1’xk?h))ﬁ(d(xkjl’mkh—l))d(xkjl y mkj) + -

o (G L R U R L
+ GQmT(d(xky‘fl ) xkh—l))d(xkh,—l ) xkj)a(d(xkj—IVmkh,—l))d(xkj—l7$kh) +

+ emrl(d(xkja y Lhp 1 ))d(xkh—l ) xkj)é(d(xkj—l y Lhp—1 ))d('rk?j—l ) xkh)) X ,Y(d(‘rkj—l ) xkh—l))d(xk?h—l ) xkh)

+ (6277”-(d(xkj1 ’ xkh—l))d(xkh—l y They )5(d(xk7j—1 ’ xkh—1))d(xk7‘71 ) xkh)
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+ €4mr(d($kj71 ’ $k}L—1))d(xk}L—1 ) xkj)é(d(xkj—l ) xkh—l))d(‘rkj—l"rkh) +e

+ €2mrl(d(xk]‘—1 T I CT Tk; )5(d(xk‘j—1 ) zkh—l))d(xkj—l ) xkh)) x Py(d(xkj—l s Tk 1 )Tk, > Thn)

e (ot )3 Do,
+ Eglrn(d(mkjflﬁmkh—1))d<mkh—1 » Lk )6((1(‘@’63‘71 ’ xkh—l))d(xkj—l7xkh) + -

+ erlmn(d(xkjf1 ) xk’h—l))d(xkh—l y Lk )6(d(xk7j—1 ) xkhf1))d(wk171 ) xkh))
X ’Y(d(xkj17xkh—1))d($kh—1’xkh)>ﬁ(d(mkj1’mkh—1))d($7€1 19 Lk ))>> X d(xkj—l’xkh—1> +- }

= Z ZZ Z a(d(zkj—l’zkhfl))ﬂ(d(xkj—l7$kh—1))d(l‘k] 15 Lk )F)/(d(xkj—l7xkh—l))

d(ajkh 1’mkh)6(d(xk] 13 Lky ))d(zkg 1vzkiz)€rlmn(d($k] 13 Lky, ))d(zkh 19Tk )d(xk] 13 Lhy, ) (311)
(@, wr,)" <Y DY ald(@n, vk, )B(d(xn, vk, )@k, k)Y (d(T_ wr, )
n=0r=0 =0 m=0
d(a:kh 1’xkh)6(d(xkj 13 Lky ))d(mk] 1)3:/%) rlmn(d(xkj 13 Lky ))d(mkfh 19Tk )d(ka 13 Lky ) (312)

Therefore,

[o olENNe BN O lNe o]

d(xkj’xkh) <nv Z Z Z Z a(d(xk?j7xkh—l))ﬁ(d(xkj"Tkh—l))ry(d(xkj7$kh—l))

n=0r=0 (=0 m=0
6(d($k] y Lhy, — ))Grlmn (d(l'kj y Lhp—1 ))d(xkj ) xkh—l)

X ald(@, wry ) B(d(@ry  Try )Yy, T ,))S(d(2hy, 2Ry )
=y Y Z 1 — et (d(zy,, r,_,))

d('xkj’xkh—l)' (313)
n=0r=0 [=0

Repeating the above processes again, we get;

(d(xkj—l ) xkh—Z))d(xkj—l ’ xkh—Q)

— i i i a(d(@ry s Thy s ) B Zhy s Thy o)) V(A(@Ry 5 Ty 5)) (AT 15 Ty _))

1- erln(d(xkj71 ) xkh—Z))

d(xk’j—l ) xk’h—z)'

(3.14)

From inequality (3.12), we have;
o0 o0 o0 o0

1< . lim inf Z Z Z a(d(xk'j’wkh—l))ﬁ(d(mkj’xkh—l))’}/(d(xk’j7xkh—l))é(d(xkj7mkh—1))€Tlmn(d(xkj’wkh—l))’
0l=0m

j,h—o0

(3.15)

or from inequality (3.13)), we get;

oo 0 o0 oo

1 < lim lnfzzzz ‘xkj’xkh—l))ﬁ(d(xkjﬂxkh,—l))v(d(‘xk]‘?xkh—l))é(d(xk]‘7xkh—l))erlmn(d(xkj7xkh—l))’

77 Jrh=ro0 n=0r=0 [=0 m=0
(3.16)

which implies that d(xy,,zy,_,) = 0, so that
d(zr;, Tr,) <€, (3.17)
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which is a contradiction. Hence {zy}ren is a Cauchy sequence in X. Since X is complete, there is a candidate

z* € X such that zp — z* € X. Now we show that z* is a fixed point of T. Suppose that Tz*

d(zp, Tx*) = d(Txk—1,Tz*). From inequality (3.1), take v = z1_; and y = z* for all k € N, thus

d(zy, Tx*)? = d(Txp_1, Ta*)?

< a(d(zp—1,2%))d(zp—1,2%)" ;

where,
. Bld(zg—1,2"))d(xg—1,TxK—1) B y(d(zp_1,2*))d(z*, Tx*)
P T  ed(mpr, *))d(@*, Trp—r)’ ' 1+ e(d(@p1,2%))d(@*, Top_1)’
Oy = 6(d(zg—1,2"))d(zg—1,Tz") p. . _d(@i,z7))d(@", Tay_y)
© lte(d(mp-1,2%))d(@r, Top—1)” 7 L+ e(d(wp-1,2%))d(@", Top-1)
Thus,
o Bl e N ) (et Ta)
P T ¥ e(d(mp_y, 2*))d(@*, z)” 7 1+ e(d(wpy,2%))d(z*, zp)’
Or O(d(xg—1,2"))d(zk—1, Tx*) D. - e(d(xg—1,x*))d(z*, x))
o 1+ e(d(zp_1,2%))d(z*, zK)’ 1+ e(d(zp1, z¥))d(a*, 1)
Therefore,

_ Bld(xg—1,2"))d(@—1,2k)
o 1+ e(d(xp—1,2*))d(z*, x1)
— y(d(xg—1,x*))d(x*, Tx*)
T Tt e(d(@r,at))d(z, o)
6(d(1‘k—1a1‘ Nd(xg—1,Tx*) . .
1+6(d(1’k_1,1'*))d(x*,xk) S 6(d(x/€71;$ ))d(l‘kfl’Tx )7

e(d(zp—_1,2™))d(z*, xr)
1+ e(d(xp—1,x*))d(z*, x))

< Bld(xp—1,27))d(xp—1,Tk),

< y(d(zp—r,27))d(a", Tz"),

Cs =

D, = <e(d(xp_1,2"))d(x", xp).

From inequality (3.12), we get,
d(z*,Tz*)*> =0,

# x* and

(3.18)

(3.19)

a contradiction. Therefore, x* = Tx*. For the uniqueness, suppose that the fixed point of T' in X that is z* = Tx*
for some z* € Fiz(T). Again, suppose if possible that there exists another fixed point of 7' in X, that is y* = T'y* for

some y* € Fiz(T). Now suppose that o* # y* = d(z*,y*) > 0. Therefore

d(z*,y*)? = d(T=*, Ty*)?

De
S5

< a(d(z*,y*))d(*,y*) "t

cDe

= ald(z®,y*)) exp (47" 1nd<x*,y*>)

> ABWC‘?? In™ d(z*, y*

— a(dar ) Y 2 A

—_— l'* * hl d(x ) 5 ¢ n

= aldla ) 30 (57 mas)

where,
4o Pl yT))d@t, Te) — p  (d(et,y7))d(y", Ty")
T T e(d(at, )y, Ter) T Tt e(d(xt, y))d(y*, Tar)
o, o 0y, Ty <d<x*,y ))d(y*, Tx*)
T 1+ e(d(xr, y*))d(y*, Ta*) 1+ e(d(xr, y*))d(y, Ta*)

(3.20)
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for all distinct 2*,y* € Fiz(T). We can see clearly from inequality (3.20) that

da* ") < ofd(z*,y")) exp (1n<d<x*, y*»). (3.21)
So that
da* ") < ald(",y"))(d(a*,y7)). (3.22)
Thus,
da*,y*) < a(d(a, y*))d(", "). (3.23)

So, a(d(z*,y*)) = 1 = d(z*,y*) = 0. Therefore,
da*, ) =0, (3.24)

which is a contradiction. Hence equation (3.24]) shows that the sequence {zy}ren defined by Tap_; = xp converges
to a unique fixed point of 7" in X and the proof is completed. [J

Remark 3.2. (a) If y(d(x,y)) # 0 and B, = 0, invoking the condition that d*(z,y) < d(z,y), k¥ € N and closed
z,y € X hold, then the inequality collapsed to Geraghty contraction inequality, i.e., d(Tz, Ty) < a(d(z,y))d(z,y)
which is itself a generalization of results given in Rakotch [28] since the class of functions defined in Geraghty [13] is
more general. That is Rakotch [28] considered o : Ry — [0,1) and is monotone decreasing or increasing. Obviously,
such an « is clearly in the class S. Again if o : Ry — [0,1) and is continuous, however, such an « is clearly in the
class S and this is the result of Boyd-Wong [3].

(b) The Remark (a) is itself generalizations of famous Banach contraction inequality. That is to say, if a(d(z,y)) = L
(say), for 0 < L < 1, then d(Tx,Ty) < Ld(z,y), for all z,y € X.

(¢) Suppose W <1 and €(d(z,y)) € Fger class, Then Theorem 3.1 surprisingly reduced to Theorem
3.1 in Okeke-Francis [21].

Corollary 3.3. Let (X,d) be a complete metric space and T : X — X such that there are {a, d} € Fger satisfying;

cc5
C&

d(Tx,Ty) < a(d(z,y))d(z,y)% ", (3.25)

o(d(z,y))d(z, Ty)
1+ e(d(z, y))d(y, T)
k € N. Then the sequence {xy}ren defined by Tz, = xx converges to a unique fixed point of T in X.

where, Cs := ; for all distinct close z,y € X and In*(d(z,y)) < d(z,y), d*(z,y) < d(z,y) for all

Proof . Suppose that xp = Txp_1, then x411 = Tay for all k € N. But x, # g1 and this implies that d(zk, zgp4+1) >
0, so that d(zp,xk+1) = d(Txk—1,Txk). From inequality (3.25)), take z = a1 and y = x; for all k£ € N, thus, by
[Theorem 3.1] we’ re done. [

Corollary 3.4. Let (X,d) be a complete metric space and T : X — X such that there are {«, 3,7,0,¢} € Fger
satisfying;

Cs

d(Tz, Ty a(d(x,y))d(x,y)cf” , (3.26)

) <
vdz.y)dy, Ty) o . 0d@y)dTy) —n,  _  edy))dly Tz)
~ 1+ e(d(w,y)d(y, Ta)’ L+ e(d(w,y))d(y, Tz)" " 1+e(d(z,y)d(y, Tz)’
z,y € X and In*(d(x,y)) < d(z,y), d*(z,y) < d(z,y) for all k € N. Then the sequence {x } ren defined by Tay_1 = 25,
converges to a unique fixed point of T in X.

where, B, for all distinct close

Proof . For the uniqueness, suppose that the fixed point of T'in X that is #* = Ta* for some 2* € Fiz(T). Again,
suppose if possible that there exists another fixed point of T in X, that is y* = Ty* for some y* € Fix(T). Now
suppose that * # y* = d(z*,y*) > 0. Therefore

d(z*,y*) =d(Tx*,Ty")
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pCs
< a(d(@",y"))d(@*,y")% ", (3.27)
y(d(z*,y*))d(y", Ty") 6(d(z*,y*))d(z", Ty") e(d(z”,y"))d(y", Tz")
here, B, = e = , for all
vheres By = T ddwr g dly, o)’ T T ddGet g )l To) T+ e(d@,y )dly Ta7) "
distinct *,y* € Fiz(T). So that
= @y )dlyny) o 0de )ty o eld y))dly, e
T T e(d(ar, y))d(y*, ) L+ e(d(@*,y*))d(y*,z*)" 7 1+ e(d(z*,y7))d(y*, =)
From inequality , we get;
d(z*,y") < a(d(z™,y*))d(z",y). (3.28)

Solving inequality (3.28), we that d(z*,y*) = 0. or since a € Fger, 1 < a(d(z*,y*)). Therefore, 2* = y*. For the
existence, interchange the roles of Ag, B.,,Cs and D, in inequality (3.1) we are done. O

Corollary 3.5. Let (X,d) be a complete metric space and T : X — X such that there are {«, 3,7,0,€} € Fger
satisfying;

AT, Ty) < old(, ))d(r, )" (3.29)
e BTy da)dw.Ty) [, sd(y)deTy)
T T e(d(w,y)d(y, Tw) 7 T+ ed(z,y)d(y, Tr) ° " 1+ e(d(w,y))d(y, o)’

D, = c(d(@,y)dly, Tz) for all distinct x,y € X for all k¥ € N. Then the sequence {xj}ren defined by

1+ e(d(z,y))d(y, Tz)’
Txp_1 = x) converges to a unique fixed point of T in X.

Proof . Suppose that x = T'zp_1, then x411 = Txy, for all k € N. But x, # xg41 and this implies that d(zk, zp41) >
0, so that d(zg, xp41) = d(Tak—_1, Txr). From inequality (3.29), take z = ;1 and y = z, for all k € N, thus

Ce
D,?“
d(Txy_1,Txy) < a(d(zp_1,zx))d(zp_1,21) (3.30)
where,
An Bld(xr—1,7x))d(x)—1, TR 1) , Y(d(wp—1,7x))d(wg, Ty)
P T Y e@nr, zn)d(@m Trne1) " 1+ e(d(zp_1,25))d(@r TTr1)’
_ O(d(xk—1,7k))d (-1, T ) _ eld(@p—1,zx))d(TE, TTR-1)
Cy = . D, = .
1+ e(d(mk,l,xk))d(xk,Txk,l) 1+ E(d(:)’;k 17$k))d(.%‘k,T:B}c,1)
Thus,

Ag = Bd(xg—1,zx))d(Tk—1,71), By :=v(d(wp_1,2k))d(Tk, Ths1),
05 = (5(d($k,1, mk))d(xk,1,$k+1), D6 = e(d(mk,l,xk))d(xhxk) =0.

So inequality (3.30) becomes,
d(Txp—1,Txy) < a(d(zr—1,2k))d(TK—1,Tk). (3.31)

We need only to show that the existence of such an « in Fg., is equivalent to say that for x,, — z* in X, with
2* a unique fixed point of T, iff for any two sub-sequences xp,, and zj, of x,, with =), # zp,, we have that Q,, — 1
only if d, — 0, where we take for any pair of sequences xz, and y, with x,, # y,, we write d,, = d(2,,y,) and

Q, = W. First assume such an « exists. Let {xp,} and {zy,} be two subsequences with =, # xy, .

Assume that ©,, — 1 as n — oco. Then it follows from inequality (3.31)) that a(d(xp,,zr,)) — 1. But then since
a € Fger, we have d(xp, ,xy, ) — 0. Next assume that the sequential condition holds. Define o : RT — R as follows

at) = sup{w d(Zp, Tym) > t}. From inequality (3.31)), the quotients are all below 1 and so « is defined
for all t > 0 and o < 1. Now assume that a(t,) — 1 for ¢, € RT. We may further assume without loss of generality

that 1 — L < a(t,) < 1. We must show ¢, — 0. But «a(t,) is the above least upper bound. So there is for each n > 0
a pair {xhn} and {zy, } in {z,} with d(zs,,zx,) > t, and 1 — L < W < a(t,). So the sequence Q,, — 1
as n — oo. But then by the sequential condition above, d(xy,,, zx,) — 0. So t, — 0, as was shown. This completes

the proof of Corollary O
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Remark 3.6. Corollary [3.5]is a generalization of[Theorem 2.7 as in Geraghty [13]. That is take a sequential operator
sequence of the form zp = T'xi_1, then the structure in Corollary collapsed into Theorem 1.3 in [13].

The above result is also true with an infinite type contraction as the following result shows;

Proposition 3.7. Let (X,d) be a complete metric space and T : X — X such that there are {«, 3,7,9, ¢} € Fger
satisfying;

C (5

By

d(T, Ty) < ald(x,y))d(x, )" ; (3.32)

where,

Bld(z, y))d(z, Tx) __(d(z,y))d(y, Ty) _ _0d(z,y))d(z, Ty) _ _€ld(z,y))d(y, Tx)

Ap = 1+e(d(z,y)d(y, Tz)" 7" 1+e(d(z,y))d(y,Tz)’ TAT e(d(z,y)d(y, Tx) " 1+ e(d(z,y))d(y, Tx)

for all distinct z,y € X for all k € N. Then the sequence {zy }ren defined by Tz, = xx converges to a unique fixed
point of T in X.

Proof . Suppose that xp = Txp_1, then x4 = Tay for all k € N. But xp # g1 and this implies that d(xk, zgp+1) >
0, so that d(xg, xk41) = d(Txk—1,Txr). From inequality (3.32)), take x = x_1 and y = z, for all k € N, thus

C
Ca
A(Txp_1, Txy) < o(d(@p_r, xp))d(zp_1, 2)5 , (3.33)
where,
. B(d(xp—1,xx))d(@p—1,T2TR—1) B Y(d(xp—1,28))d(2K, T2))
P T Y ed@pv, 2n)d(@m Tan1) ' 1+ e(d@p1,21))d(@r, Top_1)’
(w1, mp))d(wp—1, Ty) ~e(d(wp—1, zx))d(zg, Tog—1)
Cs = , D.:= )
1+6( (:L'k 1,£L'k)) (xk,Txk_l) 1+6(d(1’k 1,£L'k)) (xk,Txk_l)
Thus,
Ag = B(d(xp—1,2k))d(xp—1, k), By :=y(d(@xp—1,2k))d(@k, Tps1),
05 = 5(d($k,1,xk))d(xk,1,$k+1), D6 = E(d(l'k,l,ﬁk))d(xbl'k) =0.
So inequality (3.33)) becomes,
d(Txg—1,Txy) < a(d(zp—1,2k))d(TK—1,Tk). (3.34)

Following the proof of Corollary we see that the sequence {xj}ren defined by Tap_; = xp converges to a
unique fixed point of T in X. O

Remark 3.8. Proposition is an infinite version of Theorem 1.3 in [I3]. i.e., take a sequential operator sequence of
the form xj, = Tx)_1, then the structure in Propositioncollapsed into Theorem 1.3 in [I3]. Hence d(Txg—_1,Txk) <
a(d(zk—1,2zk))d(xk-1,2k). Put kK —1 = m and k = n, thus d(Tz,,,Tx,) < a(d(@m,xn))d(Tm, z,) which is the
inequality in Theorem 1.3 of [I3].

Corollary 3.9. Let (X, d) be a complete metric space and T : X — X such that there are {«, 8,7, 9, ¢} € Fger with
a < 1 satisfying;

d(Tz, Ty) < a(d(z,y))d(z,y)* 2 (3.35)
where,
A, .= P y)de,Te) - Ad@y))dy,Ty) ., dday))de,Ty) __cld(z,y))d(y, T'x)
T Tt e(d(z,y)d(y, Tx)’ 77 1+ e(d(z,y)d(y, Tx)” ° " 1+ e(d(z,y)d(y, Tx)’ " 1+ e(d(w,y))d(y, T)

for all distinct close z,y € X and In"(d(x,y)) < d(x,y), d*(z,y) < d(z,y) for all k € N and x,y € X. Then the
sequence {zj }ren defined by Tap_1 = xj, converges to a unique fixed point of T in X.
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Proof . From Corollary [3.5] inequality (3.35) we have

d(zg, 2ps1) < ald(@p_1, 2p))d(Tp_1, 23) P TR0 @) A@R-1,20) (3.36)
Therefore,
d(xg, Tgpa1) Za (xk—1,28)) " (d(zp—1, Tk ))d(TK-1, Tk)- (3.37)
n=0
So that

d(@k; Th+1) Z (@h—1,21))B" (d(@k-1, 2k))d(Th—1, T1)

<Y ald(@p—r, @x))B" (d(wp—1, wx))d(2) 2, Tp1)
n=0

.< d(ﬂil,.’EQ). (338)

Thus, {d(zk, Tx+1) }ren is a non-increasing sequence and bounded below for which the sequence converges to some
real number ¢ > 0 (say). If £ > 0, then we see that from inequality (3.37)), we get

1< lim inf;)a(d(mk_hzk))ﬁn(d(xk_l,xk)). (3.39)

So that klim d(xk—1,2r) = 0, a contradiction. Therefore,
—00

lim d(zg,zr+1) = 0. (3.40)

k—o0

The Cauchyness of {xy }ren is the same in inequality (3.16)) of [Theorem 3.1} Hence {z}ren is a Cauchy sequence
in X. Due to completeness of X, there is a candidate z* € X such that x; — x* € X. Now we show that z* is a
fixed point of T'. Suppose that Tx* # «* and d(zy, Tx*) = d(Txg—1, Tx*). From inequality , take x = xj_1 and
y = 2" for all k£ € N, thus

d(zg, Tx*) = d(Txg—1, T2")

B
obe”
< a(d(zp_1,2"))d(zp_1,2%)%" (3.41)
where;
_ Bd(xp—1,2"))d(xr—1,TTr—1) B Y(d(xp—1,2%))d(x*, Tz*)
P T+ eld(wpr, 29))d(z*, Tap1)’ 7 1+ e(d(ap1,2%))d(z*, Top_q)’
s — 0(d(zg—1,2%))d(xp—1, Tx*) D. = e(d(zp—1,2*))d(x*, Tap_1)
o1+ e(d(xp_1,x*))d(z*, Tap_1) 4 eld(mp_y, ¥))d(x*, Top_1)
Thus,

Apg = p(d(xp—1,27))d(xp—1, k), By :=y(d(xp_1,27))d(x", Tx"),
Cs :=0(d(xg—1,2"))d(xk—1,Tx*), De:=e(d(xp_1,2"))d(x",x).
From inequality , we get;
d(z*, Tz*) = 0, (3.42)

a contradiction. Therefore, x* = Tz*. For the uniqueness, suppose that the fixed point of 7" in X that is * = Tz*
for some z* € Fiz(T). Again, suppose if possible that there exists another fixed point of 7" in X, that is y* = Ty* for
some y* € Fiz(T). Now suppose that a* # y* = d(z*,y*) > 0. Therefore

d(z”,y") = d(Tz", Ty")
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< a(d* y )y ) (3.43)
where,
e BN ) e Ty
P T ed(e yﬂﬁﬂy Ta)’ T Tt e(d(ar,y))d(y", Tar)
iy SN Ty) eyl T
C 1+e(d(ar,y ))d(y ,Tw*)’ T Tt e(d(ar,y))d(y*, Ter)’
for all distinct z*, y* € Fiz(T). Inequality shows that
dz*, ") < ald(z,y")). (3.44)

Therefore, the sequence {x }ren defined by Txp_1 = xp converges to a unique fixed point of T in X. O

Corollary 3.10. Let (X, d) be a complete metric space and T : X — X such that there are {«, 3,7, 9, €} € Fger and
there exists § € RT satisfying;
C

ATz, Ty) 5 ald(e, ), (3.45)

where,

Ay = Bld(z,y))d(z,Tx) _q(d(w,y)d(y, Ty) _ 0(d(z,y))d(x, Ty) _ eld(z,y))d(y, Tx)

T 1+ e(d(z,y)d(y, Tr) T T+ e(d(z,y)d(y, Tx)’ " 1+ e(d(z,y)d(y, Tx)’ " 1+ e(d(w,y))d(y, T)

for all distinct x,y € X for all k € N. Then the sequence {xy }ren defined by Tz_1 = ) converges to a unique fixed
point of T in X.

Proof . We give the proof of Corollary in its full strength. We prove in two cases:
(a) Observe first that if # = 0, then inequality (3.45) reduced to

d(Tz, Ty) < a(d(z,y))d(z,y). (3.46)

First assume that z, — z* in X and let {x,} and {zx,} be any two subsequences of {z,}. Then clearly
dn = d(zp,, ,yn, ) — 0 so the condition is satisfied. Next assume the condition is satisfied for a given initial point ¢ in
X Then d,, = d(xy,yn) is a decreasing sequence of nonnegative real numbers and so approaches some € > 0. Assume
€ > 0. Then letting h, = n and k, = n + 1, we have that d,, — ¢ > 0 while Q,, =+ 1 as n — oco. So the condition
is violated. Thus d(2y,,z,+1) — 0 as n — co. Now assume the given sequence of iterates {x,} is not Cauchy. Then
there exists some € > 0 such that every tail {x,},>n of the sequence has diameter Dy = sup,, ,,>n d(Tn, Tm) > €.
Given this €, we will construct a pair of subsequences violating the condition. For any n > 0, let N,, be large that
AT, Tma1) < %L for all m > N,,, as is possible that d(x,,, m+1) — 0. Let h,, > N,, be the lowest integer such that for
some ky, > hy, d(zp,,xp,) > €. Such pairs exist by the above diameter condition. Next choose k,, to be the least such
integer above hy,. Then either k, —1 = h,, or d(zp, ,zn,—1) < €. In either case we have € < d,, = d(zp,,, Th,—1) < €+ %
Moreover, using the triangular inequality, from inequality , we have

_2
1 Z Qn = d(T(mh")’T(yk’n)) Z dn n
d(Tn; Yn) dn

(3.47)

So Q, — 1 while d,, — ¢, again violating the condition. So {z,} must be a Cauchy sequence in X and as X is
complete, we have x,, — x* for some x* in X. Then by the usual arguments, x* is a unique fixed point of T and the
proof of (a) is complete.

(b) if 8 # 0, then inequality (3.45) becomes;

c
A(HDe)B‘Yé

d(Tz,Ty) z a(d(z,y))d(z,y)"s ; (3.48)
where,

Ay L@ y)d@.Te) —p - Ad@y))dey,Ty) . Od@y)deTy) ,  cd@y)dy T)
O Tt e(d(a,y))d(y, Te) 77 T4 e(d(a,y))d(y, Te)’ 7 T+ e(d(w,y))d(y, Te)’ " 1+ e(d(x,y))d(y, Tx)
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for all distinct x,y € X for all kK € N. Suppose that z; = Txg_1, then xp1 = Txy for all k € N. But 2 # z141 and
this implies that d(xg, k1) > 0, so that d(xg, zrx+1) = d(Txk—1,Txi). From inequality (3.48), take ©+ = x5_1 and
y = xy, for all k € N, thus

Cs
d(Txp—1,Tx) S oz(cl(:r:;g,hﬂck))d(yck,l,9ck)‘4§39D5)Bw : (3.49)
where,
Ay Bld(zr—1,7x))d(xk—1, TTr-1) B - Y(d(wgp—1,wk))d(zk, T ,
1+ e(d(wp—1,zk))d(zg, Tor—1)’ T 1+ e(d(p—1, zr))d(Th, TTR—1)
Cs = O(d(xg—1,x))d(xp—1, Txy) D, = (d(:c _1,xk))d(xg, Txp—_1) '
1+ e(d(xg—1,xr))d(xg, TTr—1) + e(d(xg—1,xk))d(xg, TTr—1)
Thus,

Aﬂ = ﬁ(d(xk,l, xk))d(xk,l, l'k), B»y = 'Y(d(xkfla xk))d(xkv karl)v
Cs == 0(d(zp—1,2x))d(Tk-1,Tp41), De = e(d(@p-1, 2x))d(z), 21) = 0.

So inequality (3.49) becomes,

d(Txp—1,Txy) S a(d(zr—1,2k))d(TK—1,Tk). (3.50)

We need only to show that the existence of such an « in Fge, is equivalent to say that for z,, — z* in X, with =*
a unique fixed point of T, if and only if for any two subsequences z,, and zp, of x, with =5, # zp,, we have that
Q,, — 1 only if d,, — 0, where we take for any pair of sequences z,, and y, with x,, # y,, we write d,, = d(xy,yn)
and Q, = W. First assume such an o exists. Let {z}, } and {zx, } be two subsequences with =, # x,.
Assume that Q, 3’1 as n — oco. Then it follows from inequality that a(d(zp,, ,xk,)) — 1. But then since

a € Fger, we have d(zp, ,xg, ) — 0. Next assume that the sequential condition holds. Define o : RT™ — R as follows
a(t) = sup{ T (@n). L(zm)) d(xpn, xm) > t}. From inequality (3.50) the quotients are all below 1 and so « is defined

d(mnvim)
for all t > 0 and o < 1. Now assume that «(t,) — 1 for ¢, € RT. We may further assume without loss of generality
that 1 — L < a(t,) < 1. We must show ¢, — 0. But «a(t,) is the above least upper bound. So there is for each n > 0
a pair {xhn} and {z, } in {z,} with d(zp, , 2, ) > t, and

1 d(T(zn,) T(xk,))
1- - < dCon  70) < afty). (3.51)

So the sequence 2, — 1 as n — co. But then by the sequential condition above, d(x,
was shown. This completes the proof of Corollary [3.10] O

k,) = 0. Sot, — 0, as

n,’

Remark 3.11. Observe that Corollary generalized Geraghty [I3]. To be more direct, just as in case (a) of our
proof, take § = 0, then Corollary (3.10) reduced to Theorem 2.1 in [I3]. Again, if 6 # 0, then take z) = Txy_1, then
inequality (3.45]) collapsed to d(Txg—1,Txr) S a(d(zk—1,xx))d(Tk—1, ) which agree with the inequality in Theorem
1.3 of [13].

Corollary is also true if inequality (3.45) is replace with an infinite type as the following result shows.

Proposition 3.12. Let (X, d) be a complete metric space and T': X — X such that there are {«, 8,7,0,€} € Fger
and there exists # € RT satisfying;

Cés

AT, Ty) 5 aldw g S (3.52)

where,

o BAEETY) e )Ty 0Ty i, g)d, )
A 1+e(d(z,y)d(y, Tz)" 7" 1+e(d(z,y))d(y,Tx)’ T l4eld(z,y)d(y, Tx)” " 1+ e(d(z,y))d(y, Tx)

for all distinct z,y € X for all k € N. Then the sequence {zj}ren defined by Tap_1 = x converges to a unique fixed
point of T" in X.
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Proof . Observe first that if § = 0, then inequality (3.52) reduced to
d(Tx, Ty) < ald(z,y))d(z,y). (3.53)

Copy every other thing in the proof of Corollary [3.10] and we are done. O

Remark 3.13. Take # = 0, then observe that Proposition reduced to Theorem 1.1 of [13], i.e., d(Tz,Ty) <
a(d(z,y))d(z, y).

Corollary 3.14. Let (X, d) be a complete metric space and T : X — X such that there are {a, 3,7, 6, €} € Fger and
there exists § € R satisfying;

A(To,Ty) < alda ),y S"" (3.54)

where,

Bld(z,y))d(z,Tx) _ (d(=,y))d(y, Ty) _ 0(d(x,y))d(x, Ty) _eld(z,y)d(y, Tx)

As =1 +e(d(r,y))d(y, Tz)’ 7 T+ ed(@y)d(y.Tx) ° " T+ e(d(z,y)dy, Te)” " 1+ e(d(z,y))d(y, Tz)

for all distinct x,y € X for all k € N. Then the sequence {xj }ren defined by Tz,_1 = ) converges to a unique fixed
point of T"in X.

Proof . We prove as follows:
(a) if @ = 0, then inequality (3.54]) becomes;

d(Tx, Ty) < ald(z,y))d(z,y). (3.55)

This is Geraghty contraction map or inequality (3.55)) or [Theorem 2.8 see [I3] for the proof.
(b) if 8 # 0, then inequality (3.54) becomes;

AT, Ty) < ofdz. ()" (3.56)
where,
B(d(z,y))d(z, Tx) _d(=,y))d(y, Ty) _4(d(z,y))d(z, Ty) _ eld(z,y))d(y, Tz)

ST T ed(a,y))d(y, To) T Tt e(d(w,y)d(y, To) 7 T+ e(d(w,y)d(y, Ta) 7 T+ e(d(w, y))d(y, T)
for all distinct x,y € X for all k € N. Suppose that x, = Txy_1, then 2511 = Tay for all k£ € N. But xp, # zr41 and
this implies that d(zg, k1) > 0, so that d(xg, 2x41) = d(Tag—_1,Txx). From inequality (3.56]), take 2 = x;_; and
y =z, for all k € N, thus

.
Dfé
d(Txg_1,Tzi) < a(d(xk_l,xk))d(zk_l,zk)AB ; (3.57)
where,
. Bld(xr—1,21))d(xr—1, Trr 1) B Y(d(wg—1,wx))d(wg, Ts,)
P T  ed@i—r, xn)d(@m Tan—1)’ ' 1+ e(d@p1,x1))d(@r, Top_1)’
 0(d(wp—1,2p))d(zR—1, Tp) _eld(@p_1,p))d(wg, Trg—1)
Cys = . D= .
L+ e(d(zg—1, 1)) d(zk, TTK-1) 1+ e(d(zg—1, 1)) d(zk, TTK—1)
Thus,

Ag = B(d(xp—1,zr))d(h—1,21), By :=y(d(wp—_1,21))d(Tr, Trs1),
05 = (5(d($k,1, xk))d(xk—17$k+1), [)6 = e(d(xk,l,xk))d(xhxk) =0.

So inequality (3.56) becomes;
d(Txp—1,Txy) < a(d(zp—1,2K))d(TK—-1,2K)- (3.58)

It follows Corollary above or this is [Theorem 2.7l Therefore, the sequence {zy}ren defined by Tap_1 = x4
converges to a unique fixed point of 7" in X. [J
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Remark 3.15. As 6 = 0, then Corollary becomes Corollary 3.1 in [I3] which is itself the generalization of result
in [28]. This is so because such an « is clearly in the class Fger.

Proposition 3.16. Let (X,d) be a complete metric space and T : X — X such that there are {«, 8,7,0,€} € Fger
and there exists § € RT satisfying;

c;

AT, Ty) < aldz.g))dz S (3.59)
where,
Bd(z,y))d(z, Tx) o y(d(z,y)d(y, Ty)  0(d(z,y))d(x, Ty)  eld(z,y)d(y, Tx)

1)

Agi=q Fe(d(zy)dy, Tz)" 7 1+e(d(@y)dy,Tz) °~ 1+e(dx,9)dy,Tz)’ 1+ e(d(z,y))d(y, Tx)

for all distinct z,y € X for all k € N. Then the sequence {z }ren defined by Tz, = xx converges to a unique fixed
point of T in X.

Proof . It follows from the proof of Corollary and we conclude that the sequence {xy }ren defined by Txp_1 = xk
converges to a unique fixed point of T in X. O

Remark 3.17. As § = 0, then Proposition becomes Corollary 3.3 in [I3] which is itself the generalization of
result in Boyd-Wong [3]. See some results in [33]. This is so because such an « is clearly in the class Fg.,. However,
if 0 #£ 0, then take x, = Tx)_1, then inequality collapsed to d(Txk_1,Tzr) S a(d(zk—_1,x))d(TK—1, ) which
agree with the inequality in Corollary 3.3 of [13].

Conjecture 3.18. Can conclusion of Corollary hold if we replace inequality (3.25)) with an infinite type? i.e.,

d(Tz, Ty) < a(d(z,y))d(z,y)% " | (3.60)

§(d(x,y))d(z, Ty)
1+ e(d(z,y))d(y, Tx)’

where, Cy :=
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