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Abstract

In this paper, we define rational type Geraghty tower contraction mapping and prove the existence of such finite and
infinite rational Geraghty tower theorem(s) in complete metric spaces. The results we establish in this paper extend,
improve, generalise and unify some existing results in the literature.
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1 Introduction

In 1922, Polish mathematician Stefan Banach established a remarkable fixed point theorem known today as Banach
Contraction Principle (BCP) which is one of the most important results of analysis and considered as the main source
of metric fixed point theory. It is the most widely applied fixed point result in many branches of mathematics because
it requires the structure of complete metric space with contractive condition on the map which is easy to test in
this setting. In Banach’s theorem, X is a complete metric space with metric d and f : X → X is required to be a
contraction, that is there must exist L < 1 such that d(f(x), f(y)) ≤ Ld(x, y) for all x, y ∈ X. The conclusion is that
f has a fixed point, in fact exactly one of them. In 1969, Meir and Keeler [18] obtained the following interesting fixed
point result as also an extension of BCP. Let (X, d) be a complete metric space and T : X → X be a mapping such
that for each ϵ > 0 there exists δ(ϵ) > 0 such that ϵ ≤ d(x, y) < ϵ+ δ(ϵ) implies d(Tx, Ty) < ϵ for all x, y ∈ X. Then
T has a unique fixed point.

In fact, there are vast amount of literatures dealing with extensions or generalizations of this remarkable theorem.
This has encountered in so many extensions/generalizations to mention a few as recorded in [3, 10, 11, 13, 15, 16, 17,
18, 28, 29, 30, 31, 32, 33] etc and their references therein.

In this paper, it is almost impossible to cover all the known extensions or generalizations of the celebrated contrac-
tion principle due to S. Banach [2], which appeared in literature in 1922. However, an attempt is made to present some
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extensions of the BCP in which the conclusion is obtained under mild modified conditions and which play important
role in the development of metric fixed point theory.

Somewhere in combinatorial set theory we do encounter tower of infinite ordinals, a positive result i.e; ωωω →

(ωωω

, 3) and in elementary calculus, integration of a tower function of the types x 7→ xx
x··

·x

and x 7→ xx
x··

·x
··
·

poses
great amount of difficulty and interesting in its own right. In metrical fixed point theories, especially, contraction
mappings involving such tower to our knowledge has not been in print since the time of Banach. This is what we
propose to do in this present paper. We shall define and prove Geraghty tower contraction mapping theorems in the
setting of metric spaces.

Among these generalizations cited above, what actually cut our fancy is the one given by M. Geraghty [13] and we
will try to get it’s tower form and other related forms.

Decade ago, Amini-Harandi and Emami [1] characterized the result of Geraghty in the context of a partially ordered
complete metric space with some application to ordinary differential equations. Gordji et al. [14] defined the notion
of ψ-Geraghty type contraction and supposedly improved and extended the results of Amini-Harandi and Emami [1].
Cho, Bae and Karapinar [9] defined the concept of α-Geraghty contraction type maps in the setting of a metric space
and proved the existence and uniqueness of a fixed point of such maps in the context of a complete metric space.
Popescu [27] generalized the results obtained in Cho et al. [9] and gave other conditions to prove the existence and
uniqueness of a fixed point of α-Geraghty contraction type maps in the context of a complete metric space. See also
[4, 7, 8, 19, 22, 23, 24, 25] for other results in fixed point theory.

In this present paper, we will define finite and infinite rational Geraghty metric tower map and prove that fixed
point theorems containing such tower contraction exists. Our results in this work includes in its full strength Banach
contraction principle and Geraghty contraction mapping, [2, 3, 13, 21, 28]. We hope that the results of this paper will
open another important aspect of contraction maps in literature of metrical fixed point theory.

2 Preliminaries

Definition 2.1. [26] Let (X, d) be a metric space, {xk}k∈N a sequence in X, and let x ∈ X. Then,

(a) The sequence {xk}k∈N is said to be convergent in (X, d) and converges to x0, if for given ϵ > 0 there exists
n0 ∈ N such that d(xk, x0) < ϵ for all k ≥ n0 and this fact is represented by lim

k→∞
xk = x0 or xk → x0 as k → ∞.

(b) The sequence {xk}k∈N is said to be Cauchy sequence in (X, d) if for given ϵ > 0 there exists n0 ∈ N such that
d(xk, xk+p) < ϵ for all k ≥ n0, p > 0 or equivalently, lim

k→∞
d(xk, xk+p) = 0 for all p > 0.

(c) (X, d) is said to be a complete metric space if every Cauchy sequence in X converges to some x ∈ X.

Definition 2.2. [13] S is the class of functions α : R+ → [0, 1) with

(i) R+ = {t ∈ R|t > 0},
(ii) α(tn) → 1 =⇒ tn → 0 as n→ ∞.

Definition 2.3. [4] For each n ∈ N, let Sn denote the class of n-tuples of functions (β1, β2, β3, · · · , βn), where for
each i ∈ {1, 2, · · · , n}, βi : R+ ∪ {∞} → [0, 1) and the following implications holds: βi(tk) := β1(tk) + β2(tk) +
· · · + βn(tk) → 1 implies tk → 0. It follows that, for each m ∈ {1, 2, · · · , n}, if (β1, β2, β3, · · · , βm) ∈ Sm, then
{β1, β2, β3, · · · , βm, 0, 0, 0 · · · , 0︸ ︷︷ ︸

n−m entries

} ∈ Sn, where 0 is a zero function.

Remark 2.4. Note that, if (β, β, · · · , β︸ ︷︷ ︸
n entries

) ∈ Sn, then we also have the following: β(tk) → 1
n implies tk → 0.

We will in this paper take FGer as the class of all Geraghty functions.

Theorem 2.5. [13] Let X be a complete metric space. Let f : X → X with d(f(x), f(y)) < d(x, y), for all x, y ∈ X.
Let x0 ∈ X and set f(xn−1) = xn for all n > 0. Then xn → x∗ in X, with x∗ a unique fixed point of f , iff for any two
sub-sequences xhn and xhk

with xhn ̸= xhk
, we have that Ωn → 1 only if dn → 0.
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Remark 2.6. In Theorem 2.5, we take for any pair of sequences xn and yn with xn ̸= yn, we write dn = d(xn, yn)

and Ωn = d(f(xn),f(yn))
d(xn,yn)

.

Theorem 2.7. [13] Let f : X → X be a contraction on a complete metric space. Let x0 ∈ X and set f(xn−1) = xn
for all n > 0. Then xn → x∗ in X, where x∗ a unique fixed point of f in X, iff there exists an α in FGer such that for
all n,m

d(f(xn), f(xm)) ≤ α(d(xn, xm))d(xn, xm). (2.1)

Theorem 2.8. [13] Let (X, ρ) be a complete metric space and T : X → X such that there is an α ∈ FGer satisfying

ρ(Tx, Ty) ≤ α(ρ(x, y))ρ(x, y), (2.2)

for all x, y ∈ X. Then the sequence {xk}k∈N defined by Txk−1 = xk converges to a unique fixed point of T in X for
k ≥ 1.

Definition 2.9. [21] Let (X, d) be a metric space and T : X → X such that there is {α, β, γ, δ, ϵ} ∈ FGer. Then T
is called a metric tower map if

d(Tx, Ty) ≤ α(d(x, y))d(x, y)A
B

C
Dϵ
δ

γ
β , (2.3)

where, Aβ := β(d(x, y))d(x, Tx), Bγ := γ(d(x, y))d(y, Ty), Cδ := δ(d(x, y))d(x, Ty); Dϵ := ϵ(d(x, y))d(y, Tx), for all
distinct x, y ∈ X

Remark 2.10. This type of tower map is called Geraghty tower of order 5. Also observe that we can possibly change
the positions of Aβ , Bγ , Cδ and Dϵ. For example see Okeke and Francis [21].

Following Okeke et al. [25], and Okeke and Francis [21] we have the immediate constructions. For each n ∈ N,
let FnGer be the class of n-tuples of functions {µ1, µ2, · · ·µn} and for each i ∈ {1, 2, 3, · · · , n}, the map µi : R+ ∪
{∞} → [0, 1), so that we have the following µi(tk) := µ1(tk)µ2(tk) · · ·µn(tk) → 1 =⇒ tk → 0. Now for each
m ∈ {1, 2, · · · , n}, suppose that {µ1, µ2, · · ·µm} ∈ FmGer, then {µ1, µ2, · · ·µm, 0, 0, 0 · · · , 0︸ ︷︷ ︸

n−m times

} ∈ FmGer, where 0 is a

zero function. Again, if {µ, µ, · · ·µ}︸ ︷︷ ︸
n times

∈ FnGer, then µi(tk) → 1
n implies tk → 0 for all i. If {µ1, µ2, · · ·µn} ∈ FnGer,

then π(µ1, µ2, · · ·µn) ∈ FnGer is a permutation of (µ1, µ2, · · ·µn). If (µ1, µ2, · · ·µn) ∈ FnGer, then its subsequences
i.e; (µn1 , µn2 , · · ·µnm) ∈ FmGer for each m ∈ {1, 2, · · · , n}. µni ̸= µnj for all i, j ∈ {1, 2, · · · ,m}, where µni ∈
{µ1, µ2, · · ·µn}.

3 Main Results

Theorem 3.1. Let (X, d) be a complete metric space and T : X → X such that there are {α, β, γ, δ, ϵ} ∈ FGer

satisfying;

d(Tx, Ty)2 ≤ α(d(x, y))d(x, y)A
B

C
Dϵ
δ

γ
β , (3.1)

where,

Aβ :=
β(d(x, y))d(x, Tx)

1 + ϵ(d(x, y))d(y, Tx)
, Bγ :=

γ(d(x, y))d(y, Ty)

1 + ϵ(d(x, y))d(y, Tx)
, Cδ :=

δ(d(x, y))d(x, Ty)

1 + ϵ(d(x, y))d(y, Tx)
, Dϵ :=

ϵ(d(x, y))d(y, Tx)

1 + ϵ(d(x, y))d(y, Tx)

for all distinct close x, y ∈ X and lnk(d(x, y)) ≤ d(x, y), dk(x, y) ≤ d(x, y) for all k ∈ N. Then the sequence {xk}k∈N
defined by Txk−1 = xk converges to a unique fixed point of T in X.

Proof . Suppose, if possible, otherwise. Let xk = Txk−1, then xk+1 = Txk for all k ∈ N. But xk ̸= xk+1 and this
implies that d(xk, xk+1) > 0, so that d(xk, xk+1) = d(Txk−1, Txk). From inequality (3.1), take x = xk−1 and y = xk
for all k ∈ N, thus

d(xk, xk+1)
2 = d(Txk−1, Txk)

2



244 Francis, Okeke

≤ α(d(xk−1, xk))d(xk−1, xk)
A

B
C

Dϵ
δ

γ
β , (3.2)

where,

Aβ :=
β(d(xk−1, xk))d(xk−1, Txk−1)

1 + ϵ(d(xk−1, xk))d(xk, Txk−1)
, Bγ :=

γ(d(xk−1, xk))d(xk, Txk)

1 + ϵ(d(xk−1, xk))d(xk, Txk−1)
,

Cδ :=
δ(d(xk−1, xk))d(xk−1, Txk)

1 + ϵ(d(xk−1, xk))d(xk, Txk−1)
, Dϵ :=

ϵ(d(xk−1, xk))d(xk, Txk−1)

1 + ϵ(d(xk−1, xk))d(xk, Txk−1)
.

So that,

Aβ :=
β(d(xk−1, xk))d(xk−1, xk)

1 + ϵ(d(xk−1, xk))d(xk, xk)
, Bγ :=

γ(d(xk−1, xk))d(xk, xk+1)

1 + ϵ(d(xk−1, xk))d(xk, xk)
,

Cδ :=
δ(d(xk−1, xk))d(xk−1, xk+1)

1 + ϵ(d(xk−1, xk))d(xk, xk)
, Dϵ :=

ϵ(d(xk−1, xk))d(xk, xk)

1 + ϵ(d(xk−1, xk))d(xk, xk)
.

Thus, Aβ := β(d(xk−1, xk))d(xk−1, xk), Bγ := γ(d(xk−1, xk))d(xk, xk+1), Cδ := δ(d(xk−1, xk))d(xk−1, xk+1);

Dϵ :=
ϵ(d(xk−1, xk))d(xk, xk)

1 + ϵ(d(xk−1, xk))d(xk, xk)
= 0. Therefore, inequality (3.2) reduced to

d(xk, xk+1)
2 ≤ α(d(xk−1, xk))d(xk−1, xk)

A
Bγ
β

= α(d(xk−1, xk)) exp

{
ln

(
d(xk, xk−1)

)A
Bγ
β

}
= α(d(xk−1, xk)) exp

{
A

Bγ

β ln

(
d(xk, xk−1)

)}
≤ α(d(xk−1, xk))

{
A

Bγ

β ln

(
d(xk, xk−1)

)
+

1

2
A

B2
γ

β

× ln2
(
d(xk, xk−1)

)
+ · · ·+ 1

n!
A

Bn
γ

β lnn
(
d(xk, xk−1)

)
+ · · ·

}
= α(d(xk−1, xk))

{
exp(Bγ ln(Aβ)) ln

(
d(xk, xk−1)

)
+

1

2
exp(B2

γ ln(Aβ)) ln
2

(
d(xk, xk−1)

)
+ · · ·+ 1

n!
exp(Bn

γ ln(Aβ)) ln
n

(
d(xk, xk−1)

)
+ · · ·

}
= α(d(xk−1, xk))

{(
1 +Bγ ln(Aβ) +

1

2
B2

γ ln
2(Aβ) + · · ·+ 1

n!
Bn

γ lnn(Aβ)

)
ln

(
d(xk, xk−1)

)
+

1

2

(
1 +B2

γ ln(Aβ) +
1

2
B4

γ ln
2(Aβ) + · · ·+ 1

n!
B2n

γ lnn(Aβ)

)
ln2

(
d(xk, xk−1)

)
+ · · ·

+
1

r!

(
1 +Br

γ ln(Aβ) +
1

2
B2r

γ ln2(Aβ) + · · ·+ 1

r!
Bnr

γ lnr(Aβ)

)
lnn

(
d(xk, xk−1)

)
+ · · ·

}
≤ α(d(xk−1, xk))

{(
Bγ ln(Aβ) +

1

2
B2

γ ln
2(Aβ) + · · ·+ 1

n!
Bn

γ lnn(Aβ)

)
ln

(
d(xk, xk−1)

)
+

1

2

(
B2

γ ln(Aβ) +
1

2
B4

γ ln
2(Aβ) + · · ·+ 1

n!
B2n

γ lnn(Aβ)

)
ln2

(
d(xk, xk−1)

)
+ · · ·

+
1

r!

(
Br

γ ln(Aβ) +
1

2
B2r

γ ln2(Aβ) + · · ·+ 1

r!
Bnr

γ lnr(Aβ)

)
lnn

(
d(xk, xk−1)

)
+ · · ·

}
≤ α(d(xk−1, xk))

{(
Bγ ln(Aβ) +B2

γ ln
2(Aβ) + · · ·+Bn

γ lnn(Aβ)

)
ln

(
d(xk, xk−1)

)
+

(
B2

γ ln(Aβ) +B4
γ ln

2(Aβ) + · · ·+B2n
γ lnn(Aβ)

)
ln2

(
d(xk, xk−1)

)
+ · · ·

+

(
Br

γ ln(Aβ) +B2r
γ ln2(Aβ) + · · ·+Bnr

γ lnr(Aβ)

)
lnn

(
d(xk, xk−1)

)
+ · · ·

}
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= α(d(xk−1, xk))

{ ∞∑
n=0

∞∑
r=0

Bnr
γ lnr(Aβ) ln

n

(
d(xk, xk−1)

)}

= α(d(xk−1, xk))

∞∑
n=0

∞∑
r=0

{
(γ(d(xk−1, xk))d(xk, xk+1))

nr

× lnr(β(d(xk−1, xk))d(xk−1, xk)) ln
n

(
d(xk, xk−1)

)}
≤

∞∑
n=0

∞∑
r=0

α(d(xk−1, xk))β(d(xk−1, xk))γ
nr(d(xk−1, xk))d(xk, xk−1)

=

( ∞∑
r=0

α(d(xk−1, xk))β(d(xk−1, xk))

1− γr(d(xk−1, xk))

)
d(xk, xk−1), (3.3)

d(xk, xk+1)
2 ≤α(d(xk−1, xk))

∞∑
j=0

(
A

Bγ

β ln(d(xk, xk−1))

)j

j!

=α(d(xk−1, xk))

∞∑
j=0

A
Bj

γ

β lnj(d(xk, xk−1))

j!

≤α(d(xk−1, xk))

∞∑
j=0

A
Bj

γ

β ln(d(xk, xk−1))

j!

=α(d(xk−1, xk))

∞∑
j=0

exp

(
Bj

γ ln(Aβ)

)
ln(d(xk, xk−1))

j!

=α(d(xk−1, xk))

∞∑
j=0

d(xk, xk−1)

j!

∞∑
r=0

(
Bj

γ ln(Aβ)

)r

r!

=α(d(xk−1, xk))

∞∑
j=0

d(xk, xk−1)

j!

∞∑
r=0

Bjr
γ lnr(Aβ)

r!

=α(d(xk−1, xk))

∞∑
j=0

d(xk, xk−1)

j!

∞∑
r=0

γjr(d(xk−1, xk))d
jr(xk, xk+1) ln

r(β(d(xk−1, xk))d(xk−1, xk))

r!

=α(d(xk−1, xk))

∞∑
j=0

∞∑
r=0

γjr(d(xk−1, xk))d
jr(xk, xk+1) ln

r(β(d(xk−1, xk))d(xk−1, xk))d(xk, xk−1)

j!r!

≤α(d(xk−1, xk))

∞∑
j=0

∞∑
r=0

γjr(d(xk−1, xk))d
jr(xk, xk+1) ln

r(β(d(xk−1, xk))d(xk−1, xk))d(xk, xk−1)

≤α(d(xk−1, xk))

∞∑
j=0

∞∑
r=0

γjr(d(xk−1, xk))d(xk, xk+1)β(d(xk−1, xk))d(xk−1, xk)d(xk, xk−1)

≤α(d(xk−1, xk))

∞∑
j=0

∞∑
r=0

γjr(d(xk−1, xk))d(xk, xk+1)β(d(xk−1, xk))d(xk, xk−1)

=

∞∑
j=0

∞∑
r=0

α(d(xk−1, xk))β(d(xk−1, xk))γ
jr(d(xk−1, xk))d(xk, xk+1)d(xk, xk−1).

Hence,

d(xk, xk+1) ≤
∞∑
j=0

∞∑
r=0

α(d(xk−1, xk))β(d(xk−1, xk))γ
jr(d(xk−1, xk))d(xk, xk−1)
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=

( ∞∑
j=0

α(d(xk−1, xk))β(d(xk−1, xk))

1− γj(d(xk−1, xk))

)
d(xk, xk−1). (3.4)

Therefore, from inequality (3.3) or (3.4), we get;

d(xk, xk+1) ≤
∞∑
j=0

∞∑
r=0

α(d(xk−1, xk))β(d(xk−1, xk))γ
jr(d(xk−1, xk))d(xk, xk−1). (3.5)

Therefore,

d(xk, xk+1) ≤
∞∑
j=0

∞∑
r=0

α(d(xk−1, xk))β(d(xk−1, xk))γ
jr(d(xk−1, xk))d(xk, xk−1)

≤
∞∑
j=0

∞∑
r=0

α(d(xk−1, xk))β(d(xk−1, xk))γ
jr(d(xk−1, xk))d(xk−1, xk−2)

≤
∞∑
j=0

∞∑
r=0

α(d(xk−1, xk))β(d(xk−1, xk))γ
jr(d(xk−1, xk))d(xk−2, xk−3)

...

≤ d(x0, x1). (3.6)

Thus, {d(xk, xk+1)}k∈N is a non-increasing sequence and bounded below for which the sequence converges to some
real number a ≥ 0 (say). If a > 0, then we see that

d(xk, xk+1) ≤
∞∑
j=0

∞∑
r=0

α(d(xk−1, xk))β(d(xk−1, xk))γ
jr(d(xk−1, xk))d(xk, xk−1). (3.7)

Thus,

1 ≤ lim
k→∞

inf

{ ∞∑
j=0

∞∑
r=0

α(d(xk−1, xk))β(d(xk−1, xk))γ
jr(d(xk−1, xk))

}
. (3.8)

This implies that lim
k→∞

d(xk−1, xk) = 0, which is a contradiction. Therefore,

lim
k→∞

d(xk, xk+1) = 0. (3.9)

Now, we shall show that {xk}k∈N is a Cauchy sequence in X. Suppose that there exists an ϵ∗ > 0 for which we
define two sub-sequences {xkj

}j∈N and {xkh
}h∈N of {xk}k∈N such that for kj > kh > k, xkj

≥ xkj−1 and xkj
̸= xkh

so that d(xkj , xkh
) > ϵ∗ and d(xkj−1 , xkj ) < η, d(xkh−1

, xkh
) < ϑ. Now d(xkj , xkh

)2 = d(Txkj−1 , Txkh−1
)2. Take

x = xkj−1 and y = xkh−1
, so inequality (3.1) becomes;

d(xkj
, xkh

)2 = d(Txkj−1
, Txkh−1

)2

≤ α(d(xkj−1
, xkh−1

))d(xkj−1
, xkh−1

)A
B

C
Dϵ
δ

γ
β , (3.10)

where,

Aβ :=
β(d(xkj−1

, xkh−1
))d(xkj−1

, Txkj−1
)

1 + ϵ(d(xkj−1 , xkh−1
))d(xkh−1

, Txkj−1)
, Bγ :=

γ(d(xkj−1
, xkh−1

))d(xkh−1
, Txkh−1

)

1 + ϵ(d(xkj−1 , xkh−1
))d(xkh−1

, Txkj−1)
,

Cδ :=
δ(d(xkj−1 , xkh−1

))d(xkj−1 , Txkh−1
)

1 + ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, Txkj−1

)
, Dϵ :=

ϵ(d(xkj−1 , xkh−1
))d(xkh−1

, Txkj−1)

1 + ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, Txkj−1

)
,
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for jk > hk > k, hence,

Aβ :=
β(d(xkj−1

, xkh−1
))d(xkj−1

, xkj
)

1 + ϵ(d(xkj−1 , xkh−1
))d(xkh−1

, xkj )
, Bγ :=

γ(d(xkj−1
, xkh−1

))d(xkh−1
, xkh

)

1 + ϵ(d(xkj−1 , xkh−1
))d(xkh−1

, xkj )
,

Cδ :=
δ(d(xkj−1

, xkh−1
))d(xkj−1

, xkh
)

1 + ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

)
, Dϵ :=

ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

)

1 + ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

)
.

So that,

Aβ :=
β(d(xkj−1

, xkh−1
))d(xkj−1

, xkj
)

1 + ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

)
≤ β(d(xkj−1

, xkh−1
))d(xkj−1

, xkj
),

Bγ :=
γ(d(xkj−1

, xkh−1
))d(xkh−1

, xkh
)

1 + ϵ(d(xkj−1 , xkh−1
))d(xkh−1

, xkj )
≤ γ(d(xkj−1

, xkh−1
))d(xkh−1

, xkh
),

Cδ :=
δ(d(xkj−1

, xkh−1
))d(xkj−1

, xkh
)

1 + ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

)
≤ δ(d(xkj−1 , xkh−1

))d(xkj−1 , xkh
),

Dϵ :=
ϵ(d(xkj−1 , xkh−1

))d(xkh−1
, xkj )

1 + ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

)
≤ ϵ(d(xkj−1

, xkh−1
))d(xkh−1

, xkj
),

for kj > kh > k. Thus, from inequality (3.10), we get;

d(xkj , xkh
)2 = d(Txkj−1 , Txkh−1

)2

≤ α(d(xkj−1 , xkh−1
))d(xkj−1 , xkh−1

)A
B

C
Dϵ
δ

γ
β

= α(d(xkj−1
, xkh−1

)) exp

{
A

B
C

Dϵ
δ

γ

β ln(d(xkj−1
, xkh−1

))

}

= α(d(xkj−1 , xkh−1
))

{
1 +A

B
C

Dϵ
δ

γ

β ln(d(xkj−1 , xkh−1
)) +

1

2
A

B
C

D2
ϵ

δ
γ

β ln2(d(xkj−1
, xkh−1

)) + · · ·

+
1

n!
A

B
C

Dn
ϵ

δ
γ

β lnn(d(xkj−1
, xkh−1

)) + · · ·
}

≤ α(d(xkj−1 , xkh−1
))

{
A

B
C

Dϵ
δ

γ

β ln(d(xkj−1 , xkh−1
)) +

1

2
A

B
C

D2
ϵ

δ
γ

β ln2(d(xkj−1 , xkh−1
)) + · · ·

+
1

n!
A

B
C

Dn
ϵ

δ
γ

β lnn(d(xkj−1
, xkh−1

)) + · · ·
}

= α(d(xkj−1
, xkh−1

))

{
exp

{
B

CDϵ
δ

γ ln(Aβ)

}
ln(d(xkj−1

, xkh−1
))

+
1

2
exp

{
B

C
D2

ϵ
δ

γ ln(Aβ)

}
ln2(d(xkj−1

, xkh−1
)) + · · ·+ 1

n!
exp

{
B

C
Dn

ϵ
δ

γ ln(Aβ)

}
lnn(d(xkj−1

, xkh−1
)) + · · ·

}
= α(d(xkj−1 , xkh−1

))

{(
1 +B

CDϵ
δ

γ ln(Aβ) +
1

2
B

C
D2

ϵ
δ

γ ln2(Aβ) + · · ·+ 1

m!
B

C
Dm

ϵ
δ

γ lnm(Aβ)

)
ln(d(xkj−1 , xkh−1

))

+
1

2

(
1 +B

C
D2

ϵ
δ

γ ln(Aβ) +
1

2
B

C
D4

ϵ
δ

γ ln2(Aβ) + · · ·+ 1

m!
B

C
D2m

ϵ
δ

γ lnm(Aβ)

)
ln2(d(xkj−1 , xkh−1

)) + · · ·

+
1

n!

(
1 +B

C
Dn

ϵ
δ

γ ln(Aβ) +
1

2
B

C
D4n

ϵ
δ

γ ln2(Aβ) + · · ·+ 1

m!
B

C
Dmn

ϵ
δ

γ lnm(Aβ)

)
lnn(d(xkj−1

, xkh−1
)) + · · ·

}
≤ α(d(xkj−1

, xkh−1
))

{(
B

CDϵ
δ

γ ln(Aβ) +
1

2
B

C
D2

ϵ
δ

γ ln2(Aβ) + · · ·+ 1

m!
B

C
Dm

ϵ
δ

γ lnk(Aβ)

)
ln(d(xkj−1

, xkh−1
))

+
1

2

(
B

C
D2

ϵ
δ

γ ln(Aβ) +
1

2
B

C
D4

ϵ
δ

γ ln2(Aβ) + · · ·+ 1

m!
B

C
D2m

ϵ
δ

γ lnk(Aβ)

)
ln2(d(xkj−1

, xkh−1
))

+ · · ·+ 1

n!

(
B

C
Dn

ϵ
δ

γ ln(Aβ) +
1

2
B

C
D4n

ϵ
δ

γ ln2(Aβ) + · · ·+ 1

m!
B

C
Dmn

ϵ
δ

γ lnm(Aβ)

)
lnn(d(xkj−1 , xkh−1

)) + · · ·
}



248 Francis, Okeke

= α(d(xkj−1 , xkh−1
))

{(
exp

(
CDϵ

δ ln(Bγ)

)
ln(Aβ)

)
+

1

2

(
exp

(
C

D2
ϵ

δ ln(Bγ)

))
ln2(Aβ) + · · ·

+
1

m!

(
exp

(
C

Dm
ϵ

δ ln(Bγ)

))
lnm(Aβ) ln(d(xkj−1

, xkh−1
)) +

1

2

((
exp

(
C

D2
ϵ

δ ln(Bγ)

)))
ln(Aβ)

+
1

2

(
exp

(
C

D4
ϵ

δ ln(Bγ)

))
ln2(Aβ) + · · ·+ 1

m!

(
exp

(
C

D2m
ϵ

δ ln(Bγ)

))
lnm(Aβ) ln

2(d(xkj−1 , xkh−1
)) + · · ·

+
1

n!

((
exp

(
CDϵ

δ ln(Bγ)

))
ln(Aβ) +

1

2

(
exp

(
C

D4
ϵ

δ ln(Bγ)

))
ln2(Aβ) + · · ·

+
1

m!

(
exp

(
C

Dmn
ϵ

δ ln(Bγ)

))
lnm(Aβ)

)
lnn(d(xkj−1

, xkh−1
)) + · · ·

}
= α(d(xkj−1 , xkh−1

))

{((
1 + CDϵ

δ ln(Bγ) +
1

2
C

D2
ϵ

δ ln2(Bγ) + · · ·+ 1

l!
C

Dl
ϵ

δ lnl(Bγ)

))
ln(Aβ)

+
1

2

((
1 + C

D2
ϵ

δ ln(Bγ) +
1

2
C

D4
ϵ

δ ln2(Bγ) + · · ·+ 1

l!
C

D2l
ϵ

δ lnl(Bγ)

))
ln2(Aβ) + · · ·

+
1

m!

((
1 + C

Dl
ϵ

δ ln(Bγ) +
1

2
C

D2l
ϵ

δ ln2(Bγ) + · · ·+ 1

m!
C

Dml
ϵ

δ lnl(Bγ)

))
lnl(Aβ)× ln(d(xkj−1

, xkh−1
))

+
1

2

(((
1 + C

D2
ϵ

δ ln(Bγ) +
1

2
C

D4
ϵ

δ ln2(Bγ) + · · ·+ 1

m!
C

D2l
ϵ

δ lnl(Bγ)

)
ln(Aβ)

+
1

2

((
1 + C

D4
ϵ

δ ln(Bγ) +
1

2
C

D6
ϵ

δ ln2(Bγ) + · · ·+ 1

m!
C

D4l
ϵ

δ lnl(Bγ)

)
ln2(Aβ) + · · ·

+
1

m!

((
1 + C

D2l
ϵ

δ ln(Bγ) +
1

2
C

D4l
ϵ

δ ln2(Bγ) + · · ·+ 1

l!
C

D2ml
ϵ

δ lnl(Bγ)

)
lnl(Aβ)

)))
× ln2(d(xkj−1 , xkh−1

))

+ · · ·+ 1

n!

(((
1 + C

Dl
ϵ

δ ln(Bγ) +
1

2
C

D2l
ϵ

δ ln2(Bγ) + · · ·+ 1

l!
C

Dml
ϵ

δ lnl(Bγ)

)
ln(Aβ)

+
1

2

((
1 + C

D4
ϵ

δ ln(Bγ) +
1

2
C

D6
ϵ

δ ln2(Bγ) + · · ·+ 1

l!
C

D4l
ϵ

δ lnl(Bγ)

)
ln2(Aβ) + · · ·

+
1

l!

((
1 + C

Dlm
ϵ

δ ln(Bγ) +
1

2
C

D2lm
ϵ

δ ln2(Bγ) + · · ·+ 1

l!
C

Dnlm
ϵ

δ lnm(Bγ)

)
lnl(Aβ)

)))
× lnn(d(xkj−1

, xkh−1
)) + · · ·

}
≤ α(d(xkj−1

, xkh−1
))

{(
CDϵ

δ ln(Bγ) +
1

2
C

D2
ϵ

δ ln2(Bγ) + · · ·+ 1

l!
C

Dl
ϵ

δ lnl(Bγ)

)
ln(Aβ)

+
1

2

((
C

D2
ϵ

δ ln(Bγ) +
1

2
C

D4
ϵ

δ ln2(Bγ) + · · ·+ 1

l!
C

D2l
ϵ

δ lnl(Bγ)

))
ln2(Aβ) + · · ·

+
1

m!

((
C

Dl
ϵ

δ ln(Bγ) +
1

2
C

D2l
ϵ

δ ln2(Bγ) + · · ·+ 1

m!
C

Dml
ϵ

δ lnl(Bγ)

))
lnl(Aβ)× ln(d(xkj−1

, xkh−1
))

+
1

2

((
C

D2
ϵ

δ ln(Bγ) +
1

2
C

D4
ϵ

δ ln2(Bγ) + · · ·+ 1

m!
C

D2l
ϵ

δ lnl(Bγ)

)
ln(Aβ)

+
1

2

((
C

D4
ϵ

δ ln(Bγ) +
1

2
C

D6
ϵ

δ ln2(Bγ) + · · ·+ 1

m!
C

D4l
ϵ

δ lnl(Bγ)

)
ln2(Aβ) + · · ·

+
1

m!

((
C

D2l
ϵ

δ ln(Bγ) +
1

2
C

D4l
ϵ

δ ln2(Bγ) + · · ·+ 1

l!
C

D2ml
ϵ

δ lnl(Bγ)

)
lnl(Aβ)

)))
× ln2(d(xkj−1

, xkh−1
))

+ · · ·+ 1

n!

((
C

Dl
ϵ

δ ln(Bγ) +
1

2
C

D2l
ϵ

δ ln2(Bγ) + · · ·+ 1

l!
C

Dml
ϵ

δ lnl(Bγ)

)
ln(Aβ)

+
1

2

((
C

D4
ϵ

δ ln(Bγ) +
1

2
C

D6
ϵ

δ ln2(Bγ) + · · ·+ 1

l!
C

D4l
ϵ

δ lnl(Bγ)

)
ln2(Aβ) + · · ·

+
1

l!

((
C

Dlm
ϵ

δ ln(Bγ) +
1

2
C

D2lm
ϵ

δ ln2(Bγ) + · · ·+ 1

l!
C

Dnlm
ϵ

δ lnm(Bγ)

)
lnl(Aβ)

)))
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× lnn(d(xkj−1 , xkh−1
)) + · · ·

}
= α(d(xkj−1

, xkh−1
))

{((
exp(Dϵ ln(Cδ)) ln(Bγ) +

1

2
exp(D2

ϵ ln(Cδ)) ln
2(Bγ) + · · ·

+
1

l!
exp(Dl

ϵ ln(Cδ)) ln
l(Bγ)

)
ln(Aβ)

+
1

2

((
exp(D2

ϵ ln(Cδ)) ln(Bγ) +
1

2
exp(D4

ϵ ln(Cδ)) ln
2(Bγ) + · · ·+ 1

l!
exp(D2l

ϵ ln(Cδ)) ln
l(Bγ)

)
ln2(Aβ)

+ · · ·+ 1

m!

((
exp(Dl

ϵ ln(Cδ)) ln(Bγ) +
1

2
exp(D2l

ϵ ln(Cδ)) ln
2(Bγ) + · · ·

+
1

l!
exp(Dml

ϵ ln(Cδ)) ln
m(Bγ)

)
lnl(Aβ)

)))
ln(d(xkj−1 , xkh−1

))

+
1

2

(((
exp(D2

ϵ ln(Cδ)) ln(Bγ) +
1

2
exp(D4

ϵ ln(Cδ)) ln
2(Bγ) + · · ·+ 1

l!
exp(D2l

ϵ ln(Cδ)) ln
l(Bγ)

)
ln(Aβ)

+
1

2

((
exp(D4

ϵ ln(Cδ)) ln(Bγ) +
1

2
exp(D6

ϵ ln(Cδ)) ln
2(Bγ) + · · ·+ 1

l!
exp(D4l

ϵ ln(Cδ)) ln
l(Bγ)

)
ln2(Aβ)

+ · · ·+ 1

l!

((
exp(D2l

ϵ ln(Cδ)) ln(Bγ) +
1

2
exp(D4l

ϵ ln(Cδ)) ln
2(Bγ) + · · ·

+
1

l!
exp(D2ml

ϵ ln(Cδ)) ln
l(Bγ)

)
lnm(Aβ)

)))
ln2(d(xkj−1

, xkh−1
)) + · · ·

+
1

n!

(((
exp(Dl

ϵ ln(Cδ)) ln(Bγ) +
1

2
exp(D2l

ϵ ln(Cδ)) ln
2(Bγ) + · · ·+ 1

l!
exp(Dml

ϵ ln(Cδ)) ln
l(Bγ)

)
ln(Aβ)

+
1

2

((
exp(D4

ϵ ln(Cδ)) ln(Bγ) +
1

2
exp(D6

ϵ ln(Cδ)) ln
2(Bγ) + · · ·+ 1

l!
exp(D4l

ϵ ln(Cδ)) ln
l(Bγ)

)
ln2(Aβ)

+ · · ·+ 1

l!

((
exp(Dml

ϵ ln(Cδ)) ln(Bγ) +
1

2
exp(D2ml

ϵ ln(Cδ)) ln
2(Bγ) + · · ·

+
1

l!
exp(Dnml

ϵ ln(Cδ)) ln
l(Bγ)

)
lnm(Aβ)

)))
lnn(d(xkj−1 , xkh−1

)) + · · ·
}

= α(d(xkj−1
, xkh−1

))

{(((
1 +Dϵ ln(Cδ) +

1

2
D2

ϵ ln
2(Cδ) + · · ·+ 1

r!
Dr

ϵ ln
r(Cδ)

)
ln(Bγ)

+
1

2

(
1 +D2

ϵ ln(Cδ) +
1

2
D4

ϵ ln
2(Cδ) + · · ·+ 1

r!
D2r

ϵ lnr(Cδ)

)
ln2(Bγ) + · · ·

+
1

r!

(
1 +Dr

ϵ ln(Cδ) +
1

2
D2r

ϵ ln2(Cδ) + · · ·+ 1

l!
Dlr

ϵ lnr(Cδ)

)
lnl(Bγ)

)
ln(Aβ)

+
1

2

(((
1 +D2

ϵ ln(Cδ) +
1

2
D4

ϵ ln
2(Cδ) + · · ·+ 1

r!
D2r

ϵ lnr(Cδ)

)
ln(Bγ)

+
1

2

(
1 +D4

ϵ ln(Cδ) +
1

2
D6

ϵ ln
2(Cδ) + · · ·+ 1

r!
Dr

ϵ ln
r(Cδ)

)
ln2(Bγ) + · · ·

+
1

r!

(
1 +D2r

ϵ ln(Cδ) +
1

2
D4r

ϵ ln2(Cδ) + · · ·+ 1

l!
Dlr

ϵ lnr(Cδ)

)
lnl(Bγ)

)
ln2(Aβ) + · · ·

+
1

r!

(((
1 +Dr

ϵ ln(Cδ) +
1

2
Dr

ϵ ln
2(Cδ) + · · ·+ 1

l!
Dlr

ϵ lnr(Cδ)

)
ln(Bγ)

+
1

2

(
1 +D2r

ϵ ln(Cδ) +
1

2
D4r

ϵ ln2(Cδ) + · · ·+ 1

l!
Drl

ϵ lnr(Cδ)

)
ln2(Bγ) + · · ·

+
1

r!

(
1 +Drl

ϵ ln(Cδ) +
1

2
D2rl

ϵ ln2(Cδ) + · · ·+ 1

l!
Drlm

ϵ lnr(Cδ)

)
lnl(Bγ)

)
lnm(Aβ)

)))
× ln(d(xkj−1

, xkh−1
))

+
1

2

(((
1 +D2

ϵ ln(Cδ) +
1

2
D4

ϵ ln
2(Cδ) + · · ·+ 1

r!
Dr

ϵ ln
r(Cδ)

)
ln(Bγ)
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+
1

2

(
1 +D4

ϵ ln(Cδ) +
1

2
D8

ϵ ln
2(Cδ) + · · ·+ 1

r!
D4r

ϵ lnr(Cδ)

)
ln2(Bγ) + · · ·

+
1

l!

(
1 +D2r

ϵ ln(Cδ) +
1

2
D4r

ϵ ln2(Cδ) + · · ·+ 1

l!
D2rl

ϵ lnr(Cδ)

)
lnl(Bγ)

)
ln(Aβ)

+
1

2

(((
1 +D4

ϵ ln(Cδ) +
1

2
D8

ϵ ln
2(Cδ) + · · ·+ 1

r!
D4r

ϵ lnr(Cδ)

)
ln(Bγ)

+
1

2

(
1 +D6

ϵ ln(Cδ) +
1

2
D12

ϵ ln2(Cδ) + · · ·+ 1

r!
D6r

ϵ lnr(Cδ)

)
ln2(Bγ) + · · ·

+
1

m!

(
1 +D4r

ϵ ln(Cδ) +
1

2
D8r

ϵ ln2(Cδ) + · · ·+ 1

r!
D4r

ϵ lnr(Cδ)

)
lnl(Bγ)

)
ln2(Aβ) + · · ·

+
1

m!

(((
1 +D2r

ϵ ln(Cδ) +
1

2
D4r

ϵ ln2(Cδ) + · · ·+ 1

r!
D2mr

ϵ lnr(Cδ)

)
ln(Bγ)

+
1

2

(
1 +D4r

ϵ ln(Cδ) +
1

2
D8r

ϵ ln2(Cδ) + · · ·+ 1

r!
D4mr

ϵ lnr(Cδ)

)
ln2(Bγ) + · · ·

+
1

m!

(
1 +D2mr

ϵ ln(Cδ) +
1

2
D4mr

ϵ ln2(Cδ) + · · ·+ 1

r!
D2mlr

ϵ lnr(Cδ)

)
lnl(Bγ)

)
lnm(Aβ)

)))
× ln2(d(xkj−1

, xkh−1
)) + · · ·

+
1

n!

(((
1 +Dr

ϵ ln(Cδ) +
1

2
D2r

ϵ ln2(Cδ) + · · ·+ 1

l!
Dlr

ϵ lnr(Cδ)

)
ln(Bγ)

+
1

2

(
1 +D2r

ϵ ln(Cδ) +
1

2
D4r

ϵ ln2(Cδ) + · · ·+ 1

l!
Dlr

ϵ lnr(Cδ)

)
ln2(Bγ) + · · ·

+
1

m!

(
1 +Drm

ϵ ln(Cδ) +
1

2
D2mr

ϵ ln2(Cδ) + · · ·+ 1

m!
Drml

ϵ lnr(Cδ)

)
lnl(Bγ)

)
ln(Aβ)

+
1

2

(((
1 +D4

ϵ ln(Cδ) +
1

2
D8

ϵ ln
2(Cδ) + · · ·+ 1

r!
Dr

ϵ ln
r(Cδ)

)
ln(Bγ)

+
1

2

(
1 +D6

ϵ ln(Cδ) +
1

2
D12

ϵ ln2(Cδ) + · · ·+ 1

r!
D6r

ϵ lnr(Cδ)

)
ln2(Bγ) + · · ·

+
1

r!

(
1 +D4r

ϵ ln(Cδ) +
1

2
D8r

ϵ ln2(Cδ) + · · ·+ 1

l!
D4lr

ϵ lnr(Cδ)

)
lnl(Bγ)

)
ln2(Aβ) + · · ·

+
1

m!

(((
1 +Dmr

ϵ ln(Cδ) +
1

2
D2mr

ϵ ln2(Cδ) + · · ·+ 1

r!
Dmlr

ϵ lnr(Cδ)

)
ln(Bγ)

+
1

2

(
1 +D2mr

ϵ ln(Cδ) +
1

2
D4mr

ϵ ln2(Cδ) + · · ·+ 1

r!
D2mlr

ϵ lnr(Cδ)

)
ln2(Bγ) + · · ·

+
1

n!

(
1 +Dlrn

ϵ ln(Cδ) +
1

2
D2nlr

ϵ ln2(Cδ) + · · ·+ 1

r!
Dnmlr

ϵ lnr(Cδ)

)
lnl(Bγ)

)
lnm(Aβ)

)))
× lnn(d(xkj−1 , xkh−1

)) + · · ·
}

≤ α(d(xkj−1
, xkh−1

))

{(((
Dϵ ln(Cδ) +

1

2
D2

ϵ ln
2(Cδ) + · · ·+ 1

r!
Dr

ϵ ln
r(Cδ)

)
ln(Bγ)

+
1

2

(
D2

ϵ ln(Cδ) +
1

2
D4

ϵ ln
2(Cδ) + · · ·+ 1

r!
D2r

ϵ lnr(Cδ)

)
ln2(Bγ) + · · ·

+
1

r!

(
Dr

ϵ ln(Cδ) +
1

2
D2r

ϵ ln2(Cδ) + · · ·+ 1

l!
Dlr

ϵ lnr(Cδ)

)
lnl(Bγ)

)
ln(Aβ)

+
1

2

(((
D2

ϵ ln(Cδ) +
1

2
D4

ϵ ln
2(Cδ) + · · ·+ 1

r!
D2r

ϵ lnr(Cδ)

)
ln(Bγ)

+
1

2

(
D4

ϵ ln(Cδ) +
1

2
D6

ϵ ln
2(Cδ) + · · ·+ 1

r!
Dr

ϵ ln
r(Cδ)

)
ln2(Bγ) + · · ·

+
1

r!

(
D2r

ϵ ln(Cδ) +
1

2
D4r

ϵ ln2(Cδ) + · · ·+ 1

l!
Dlr

ϵ lnr(Cδ)

)
lnl(Bγ)

)
ln2(Aβ) + · · ·
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+
1

r!

(((
Dr

ϵ ln(Cδ) +
1

2
Dr

ϵ ln
2(Cδ) + · · ·+ 1

l!
Dlr

ϵ lnr(Cδ)

)
ln(Bγ)

+
1

2

(
D2r

ϵ ln(Cδ) +
1

2
D4r

ϵ ln2(Cδ) + · · ·+ 1

l!
Drl

ϵ lnr(Cδ)

)
ln2(Bγ) + · · ·

+
1

r!

(
Drl

ϵ ln(Cδ) +
1

2
D2rl

ϵ ln2(Cδ) + · · ·+ 1

l!
Drlm

ϵ lnr(Cδ)

)
lnl(Bγ)

)
lnm(Aβ)

)))
× ln(d(xkj−1 , xkh−1

))

+
1

2

(((
D2

ϵ ln(Cδ) +
1

2
D4

ϵ ln
2(Cδ) + · · ·+ 1

r!
Dr

ϵ ln
r(Cδ)

)
ln(Bγ)

+
1

2

(
D4

ϵ ln(Cδ) +
1

2
D8

ϵ ln
2(Cδ) + · · ·+ 1

r!
D4r

ϵ lnr(Cδ)

)
ln2(Bγ) + · · ·

+
1

l!

(
D2r

ϵ ln(Cδ) +
1

2
D4r

ϵ ln2(Cδ) + · · ·+ 1

l!
D2rl

ϵ lnr(Cδ)

)
lnl(Bγ)

)
ln(Aβ)

+
1

2

(((
D4

ϵ ln(Cδ) +
1

2
D8

ϵ ln
2(Cδ) + · · ·+ 1

r!
D4r

ϵ lnr(Cδ)

)
ln(Bγ)

+
1

2

(
D6

ϵ ln(Cδ) +
1

2
D12

ϵ ln2(Cδ) + · · ·+ 1

r!
D6r

ϵ lnr(Cδ)

)
ln2(Bγ) + · · ·

+
1

m!

(
D4r

ϵ ln(Cδ) +
1

2
D8r

ϵ ln2(Cδ) + · · ·+ 1

r!
D4r

ϵ lnr(Cδ)

)
lnl(Bγ)

)
ln2(Aβ) + · · ·

+
1

m!

(((
D2r

ϵ ln(Cδ) +
1

2
D4r

ϵ ln2(Cδ) + · · ·+ 1

r!
D2mr

ϵ lnr(Cδ)

)
ln(Bγ)

+
1

2

(
D4r

ϵ ln(Cδ) +
1

2
D8r

ϵ ln2(Cδ) + · · ·+ 1

r!
D4mr

ϵ lnr(Cδ)

)
ln2(Bγ) + · · ·

+
1

m!

(
D2mr

ϵ ln(Cδ) +
1

2
D4mr

ϵ ln2(Cδ) + · · ·+ 1

r!
D2mlr

ϵ lnr(Cδ)

)
lnl(Bγ)

)
lnm(Aβ)

)))
× ln2(d(xkj−1

, xkh−1
)) + · · ·

+
1

n!

(((
Dr

ϵ ln(Cδ) +
1

2
D2r

ϵ ln2(Cδ) + · · ·+ 1

l!
Dlr

ϵ lnr(Cδ)

)
ln(Bγ)

+
1

2

(
D2r

ϵ ln(Cδ) +
1

2
D4r

ϵ ln2(Cδ) + · · ·+ 1

l!
Dlr

ϵ lnr(Cδ)

)
ln2(Bγ) + · · ·

+
1

m!

(
Drm

ϵ ln(Cδ) +
1

2
D2mr

ϵ ln2(Cδ) + · · ·+ 1

m!
Drml

ϵ lnr(Cδ)

)
lnl(Bγ)

)
ln(Aβ)

+
1

2

(((
D4

ϵ ln(Cδ) +
1

2
D8

ϵ ln
2(Cδ) + · · ·+ 1

r!
Dr

ϵ ln
r(Cδ)

)
ln(Bγ)

+
1

2

(
D6

ϵ ln(Cδ) +
1

2
D12

ϵ ln2(Cδ) + · · ·+ 1

r!
D6r

ϵ lnr(Cδ)

)
ln2(Bγ) + · · ·

+
1

r!

(
D4r

ϵ ln(Cδ) +
1

2
D8r

ϵ ln2(Cδ) + · · ·+ 1

l!
D4lr

ϵ lnr(Cδ)

)
lnl(Bγ)

)
ln2(Aβ) + · · ·

+
1

m!

(((
Dmr

ϵ ln(Cδ) +
1

2
D2mr

ϵ ln2(Cδ) + · · ·+ 1

r!
Dmlr

ϵ lnr(Cδ)

)
ln(Bγ)

+
1

2

(
D2mr

ϵ ln(Cδ) +
1

2
D4mr

ϵ ln2(Cδ) + · · ·+ 1

r!
D2mlr

ϵ lnr(Cδ)

)
ln2(Bγ) + · · ·

+
1

n!

(
Dlrn

ϵ ln(Cδ) +
1

2
D2nlr

ϵ ln2(Cδ) + · · ·+ 1

r!
Dnmlr

ϵ lnr(Cδ)

)
lnl(Bγ)

)
lnm(Aβ)

)))
× lnn(d(xkj−1

, xkh−1
)) + · · ·

}
= α(d(xkj−1 , xkh−1

))

{(((
Dϵ ln(Cδ) +

1

2
D2

ϵ ln
2(Cδ) + · · ·+ 1

r!
Dr

ϵ ln
r(Cδ)

)
ln(Bγ)

+
1

2

(
D2

ϵ ln(Cδ) +
1

2
D4

ϵ ln
2(Cδ) + · · ·+ 1

r!
D2r

ϵ lnr(Cδ)

)
ln2(Bγ) + · · ·
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+
1

r!

(
Dr

ϵ ln(Cδ) +
1

2
D2r

ϵ ln2(Cδ) + · · ·+ 1

l!
Dlr

ϵ lnr(Cδ)

)
lnl(Bγ)

)
ln(Aβ)

+
1

2

(((
D2

ϵ ln(Cδ) +
1

2
D4

ϵ ln
2(Cδ) + · · ·+ 1

r!
D2r

ϵ lnr(Cδ)

)
ln(Bγ)

+
1

2

(
D4

ϵ ln(Cδ) +
1

2
D6

ϵ ln
2(Cδ) + · · ·+ 1

r!
Dr

ϵ ln
r(Cδ)

)
ln2(Bγ) + · · ·

+
1

r!

(
D2r

ϵ ln(Cδ) +
1

2
D4r

ϵ ln2(Cδ) + · · ·+ 1

l!
Dlr

ϵ lnr(Cδ)

)
lnl(Bγ)

)
ln2(Aβ) + · · ·

+
1

r!

(((
Dr

ϵ ln(Cδ) +
1

2
Dr

ϵ ln
2(Cδ) + · · ·+ 1

l!
Dlr

ϵ lnr(Cδ)

)
ln(Bγ)

+
1

2

(
D2r

ϵ ln(Cδ) +
1

2
D4r

ϵ ln2(Cδ) + · · ·+ 1

l!
Drl

ϵ lnr(Cδ)

)
ln2(Bγ) + · · ·

+
1

r!

(
Drl

ϵ ln(Cδ) +
1

2
D2rl

ϵ ln2(Cδ) + · · ·+ 1

l!
Drlm

ϵ lnr(Cδ)

)
lnl(Bγ)

)
lnm(Aβ)

)))
× ln(d(xkj−1

, xkh−1
))

+
1

2

(((
D2

ϵ ln(Cδ) +
1

2
D4

ϵ ln
2(Cδ) + · · ·+ 1

r!
Dr

ϵ ln
r(Cδ)

)
ln(Bγ)

+
1

2

(
D4

ϵ ln(Cδ) +
1

2
D8

ϵ ln
2(Cδ) + · · ·+ 1

r!
D4r

ϵ lnr(Cδ)

)
ln2(Bγ) + · · ·

+
1

l!

(
D2r

ϵ ln(Cδ) +
1

2
D4r

ϵ ln2(Cδ) + · · ·+ 1

l!
D2rl

ϵ lnr(Cδ)

)
lnl(Bγ)

)
ln(Aβ)

+
1

2

(((
D4

ϵ ln(Cδ) +
1

2
D8

ϵ ln
2(Cδ) + · · ·+ 1

r!
D4r

ϵ lnr(Cδ)

)
ln(Bγ)

+
1

2

(
D6

ϵ ln(Cδ) +
1

2
D12

ϵ ln2(Cδ) + · · ·+ 1

r!
D6r

ϵ lnr(Cδ)

)
ln2(Bγ) + · · ·

+
1

m!

(
D4r

ϵ ln(Cδ) +
1

2
D8r

ϵ ln2(Cδ) + · · ·+ 1

r!
D4r

ϵ lnr(Cδ)

)
lnl(Bγ)

)
ln2(Aβ) + · · ·

+
1

m!

(((
D2r

ϵ ln(Cδ) +
1

2
D4r

ϵ ln2(Cδ) + · · ·+ 1

r!
D2mr

ϵ lnr(Cδ)

)
ln(Bγ)

+
1

2

(
D4r

ϵ ln(Cδ) +
1

2
D8r

ϵ ln2(Cδ) + · · ·+ 1

r!
D4mr

ϵ lnr(Cδ)

)
ln2(Bγ) + · · ·

+
1

m!

(
D2mr

ϵ ln(Cδ) +
1

2
D4mr

ϵ ln2(Cδ) + · · ·+ 1

r!
D2mlr

ϵ lnr(Cδ)

)
lnl(Bγ)

)
lnm(Aβ)

)))
× ln2(d(xkj−1

, xkh−1
)) + · · ·

+
1

n!

(((
Dr

ϵ ln(Cδ) +
1

2
D2r

ϵ ln2(Cδ) + · · ·+ 1

l!
Dlr

ϵ lnr(Cδ)

)
ln(Bγ)

+
1

2

(
D2r

ϵ ln(Cδ) +
1

2
D4r

ϵ ln2(Cδ) + · · ·+ 1

l!
Dlr

ϵ lnr(Cδ)

)
ln2(Bγ) + · · ·

+
1

m!

(
Drm

ϵ ln(Cδ) +
1

2
D2mr

ϵ ln2(Cδ) + · · ·+ 1

m!
Drml

ϵ lnr(Cδ)

)
lnl(Bγ)

)
ln(Aβ)

+
1

2

(((
D4

ϵ ln(Cδ) +
1

2
D8

ϵ ln
2(Cδ) + · · ·+ 1

r!
Dr

ϵ ln
r(Cδ)

)
ln(Bγ)

+
1

2

(
D6

ϵ ln(Cδ) +
1

2
D12

ϵ ln2(Cδ) + · · ·+ 1

r!
D6r

ϵ lnr(Cδ)

)
ln2(Bγ) + · · ·

+
1

r!

(
D4r

ϵ ln(Cδ) +
1

2
D8r

ϵ ln2(Cδ) + · · ·+ 1

l!
D4lr

ϵ lnr(Cδ)

)
lnl(Bγ)

)
ln2(Aβ) + · · ·

+
1

m!

(((
Dmr

ϵ ln(Cδ) +
1

2
D2mr

ϵ ln2(Cδ) + · · ·+ 1

r!
Dmlr

ϵ lnr(Cδ)

)
ln(Bγ)

+
1

2

(
D2mr

ϵ ln(Cδ) +
1

2
D4mr

ϵ ln2(Cδ) + · · ·+ 1

r!
D2mlr

ϵ lnr(Cδ)

)
ln2(Bγ) + · · ·



Fixed point theorems satisfying rational tower-type mapping in a complete metric spaces 253

+
1

n!

(
Dlrn

ϵ ln(Cδ) +
1

2
D2nlr

ϵ ln2(Cδ) + · · ·+ 1

r!
Dnmlr

ϵ lnr(Cδ)

)
lnl(Bγ)

)
lnm(Aβ)

)))
× lnn(d(xkj−1

, xkh−1
)) + · · ·

}
≤ α(d(xkj−1

, xkh−1
))

{(((
Dϵ ln(Cδ) +D2

ϵ ln
2(Cδ) + · · ·+Dr

ϵ ln
r(Cδ)

)
ln(Bγ)

+

(
D2

ϵ ln(Cδ) +D4
ϵ ln

2(Cδ) + · · ·+D2r
ϵ lnr(Cδ)

)
ln2(Bγ) + · · ·

+

(
Dr

ϵ ln(Cδ) +D2r
ϵ ln2(Cδ) + · · ·+Dlr

ϵ lnr(Cδ)

)
lnl(Bγ)

)
ln(Aβ)

+

(((
D2

ϵ ln(Cδ) +D4
ϵ ln

2(Cδ) + · · ·+D2r
ϵ lnr(Cδ)

)
ln(Bγ)

+

(
D4

ϵ ln(Cδ) +D6
ϵ ln

2(Cδ) + · · ·+Dr
ϵ ln

r(Cδ)

)
ln2(Bγ) + · · ·

+

(
D2r

ϵ ln(Cδ) +D4r
ϵ ln2(Cδ) + · · ·+Dlr

ϵ lnr(Cδ)

)
lnl(Bγ)

)
ln2(Aβ) + · · ·

+

(((
Dr

ϵ ln(Cδ) +D4r
ϵ ln2(Cδ) + · · ·+Dlr

ϵ lnr(Cδ)

)
ln(Bγ)

+

(
D2r

ϵ ln(Cδ) +D4r
ϵ ln2(Cδ) + · · ·+Drl

ϵ lnr(Cδ)

)
ln2(Bγ) + · · ·

+

(
Drl

ϵ ln(Cδ) +D2rl
ϵ ln2(Cδ) + · · ·+Drlm

ϵ lnr(Cδ)

)
lnl(Bγ)

)
lnm(Aβ)

)))
× ln(d(xkj−1

, xkh−1
))

+

(((
D2

ϵ ln(Cδ) +D4
ϵ ln

2(Cδ) + · · ·+Dr
ϵ ln

r(Cδ)

)
ln(Bγ)

+

(
D4

ϵ ln(Cδ) +D8
ϵ ln

2(Cδ) + · · ·+D4r
ϵ lnr(Cδ)

)
ln2(Bγ) + · · ·

+

(
D2r

ϵ ln(Cδ) +D4r
ϵ ln2(Cδ) + · · ·+D2rl

ϵ lnr(Cδ)

)
lnl(Bγ)

)
ln(Aβ)

+

(((
D4

ϵ ln(Cδ) +D8
ϵ ln

2(Cδ) + · · ·+D4r
ϵ lnr(Cδ)

)
ln(Bγ)

+

(
D6

ϵ ln(Cδ) +D12
ϵ ln2(Cδ) + · · ·+D6r

ϵ lnr(Cδ)

)
ln2(Bγ) + · · ·

+

(
D4r

ϵ ln(Cδ) +D8r
ϵ ln2(Cδ) + · · ·+D4r

ϵ lnr(Cδ)

)
lnl(Bγ)

)
ln2(Aβ) + · · ·

+

(((
D2r

ϵ ln(Cδ) +D4r
ϵ ln2(Cδ) + · · ·+D2mr

ϵ lnr(Cδ)

)
ln(Bγ)

+

(
D4r

ϵ ln(Cδ) +D8r
ϵ ln2(Cδ) + · · ·+D4mr

ϵ lnr(Cδ)

)
ln2(Bγ) + · · ·

+

(
D2mr

ϵ ln(Cδ) +D4mr
ϵ ln2(Cδ) + · · ·+D2mlr

ϵ lnr(Cδ)

)
lnl(Bγ)

)
lnm(Aβ)

)))
× ln2(d(xkj−1 , xkh−1

)) + · · ·

+

(((
Dr

ϵ ln(Cδ) +D2r
ϵ ln2(Cδ) + · · ·+Dlr

ϵ lnr(Cδ)

)
ln(Bγ)

+

(
D2r

ϵ ln(Cδ) +D4r
ϵ ln2(Cδ) + · · ·+Dlr

ϵ lnr(Cδ)

)
ln2(Bγ) + · · ·

+

(
Drm

ϵ ln(Cδ) +D2mr
ϵ ln2(Cδ) + · · ·+Drml

ϵ lnr(Cδ)

)
lnl(Bγ)

)
ln(Aβ)

+

(((
D4

ϵ ln(Cδ) +D8
ϵ ln

2(Cδ) + · · ·+Dr
ϵ ln

r(Cδ)

)
ln(Bγ)
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+

(
D6

ϵ ln(Cδ) +D12
ϵ ln2(Cδ) + · · ·+D6r

ϵ lnr(Cδ)

)
ln2(Bγ) + · · ·

+

(
D4r

ϵ ln(Cδ) +D8r
ϵ ln2(Cδ) + · · ·+D4lr

ϵ lnr(Cδ)

)
lnl(Bγ)

)
ln2(Aβ) + · · ·

+

(((
Dmr

ϵ ln(Cδ) +D2mr
ϵ ln2(Cδ) + · · ·+Dmlr

ϵ lnr(Cδ)

)
ln(Bγ)

+

(
D2mr

ϵ ln(Cδ) +D4mr
ϵ ln2(Cδ) + · · ·+D2mlr

ϵ lnr(Cδ)

)
ln2(Bγ) + · · ·

+

(
Dlrn

ϵ ln(Cδ) +D2nlr
ϵ ln2(Cδ) + · · ·+Dnmlr

ϵ lnr(Cδ)

)
lnl(Bγ)

)
lnm(Aβ)

)))
× lnn(d(xkj−1

, xkh−1
)) + · · ·

}
= α(d(xkj−1

, xkh−1
))

{(((
ϵ(d(xkj−1

, xkh−1
))d(xkh−1

, xkj
) ln(δ(d(xkj−1

, xkh−1
))d(xkj−1

, xkh
))

+ (ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

))2 ln2(δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

)) + · · ·

+ (ϵ(d(xkj−1 , xkh−1
))d(xkh−1

, xkj ))
r lnr(δ(d(xkj−1 , xkh−1

))d(xkj−1 , xkh
))

)
× ln(γ(d(xkj−1

, xkh−1
))d(xkh−1

, xkh
)) +

(
(ϵ(d(xkj−1

, xkh−1
))d(xkh−1

, xkj
)))2

× ln(δ(d(xkj−1 , xkh−1
))d(xkj−1 , xkh

)) + (ϵ(d(xkj−1 , xkh−1
))d(xkh−1

, xkj )))
4

× ln2(δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

)) + · · ·+ (ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

)))2r

× lnr(δ(d(xkj−1 , xkh−1
))d(xkj−1 , xkh

)) ln2(γ(d(xkj−1 , xkh−1
))d(xkh−1

, xkh
)) + · · ·

+

(
(ϵ(d(xkj−1

, xkh−1
))d(xkh−1

, xkj
)))r ln(δ(d(xkj−1

, xkh−1
))d(xkj−1

, xkh
))

+ (ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

))2r ln2(δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

)) + · · ·
+ (ϵ(d(xkj−1

, xkh−1
))d(xkh−1

, xkj
))rl lnr(δ(d(xkj−1

, xkh−1
))d(xkj−1

, xkh
))

× lnl(γ(d(xkj−1
, xkh−1

))d(xkh−1
, xkh

)) ln(β(d(xkj−1
, xkh−1

))d(xkj−1
, xkj

))

+

(((
(ϵ(d(xkj−1

, xkh−1
))d(xkh−1

, xkj
))2 ln(δ(d(xkj−1

, xkh−1
))d(xkj−1

, xkh
))

+ (ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

))4 ln2(δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

)) + · · ·
+ (ϵ(d(xkj−1

, xkh−1
))d(xkh−1

, xkj
))2r

× lnr(δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

))

)
ln(γ(d(xkj−1

, xkh−1
))d(xkh−1

, xkh
))

+

(
(ϵ(d(xkj−1

, xkh−1
))d(xkh−1

, xkj
))4 ln(δ(d(xkj−1

, xkh−1
))d(xkj−1

, xkh
))

+ (ϵ(d(xkj−1 , xkh−1
))d(xkh−1

, xkj ))
6 ln2(δ(d(xkj−1 , xkh−1

))d(xkj−1 , xkh
)) + · · ·

+ (ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

))r lnr(δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

))

)
× ln2(γ(d(xkj−1 , xkh−1

))d(xkh−1
, xkh

)) + · · ·

+

(
(ϵ(d(xkj−1

, xkh−1
))d(xkh−1

, xkj
))2r ln(δ(d(xkj−1

, xkh−1
))d(xkj−1

, xkh
))

+ (ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

))4r ln2(δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

)) + · · ·

+ (ϵ(d(xkj−1 , xkh−1
))d(xkh−1

, xkj ))
lr lnr(δ(d(xkj−1 , xkh−1

))d(xkj−1 , xkh
))

)
× lnl(γ(d(xkj−1

, xkh−1
))d(xkh−1

, xkh
))

)
ln2(β(d(xkj−1

, xkh−1
))d(xkj−1

, xkj
)) + · · ·
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+

(((
(ϵ(d(xkj−1 , xkh−1

))d(xkh−1
, xkj ))

r ln(δ(d(xkj−1 , xkh−1
))d(xkj−1 , xkh

))

+ (ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

))r ln2(δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

)) + · · ·

+ (ϵ(d(xkj−1 , xkh−1
))d(xkh−1

, xkj ))
lr lnr(δ(d(xkj−1 , xkh−1

))d(xkj−1 , xkh
))

)
× ln(γ(d(xkj−1

, xkh−1
))d(xkh−1

, xkh
))

+

(
(ϵ(d(xkj−1 , xkh−1

))d(xkh−1
, xkj ))

2r ln(δ(d(xkj−1 , xkh−1
))d(xkj−1 , xkh

))

+ (ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

))4r ln2(δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

)) + · · ·

+ (ϵ(d(xkj−1 , xkh−1
))d(xkh−1

, xkj ))
lr lnr(δ(d(xkj−1 , xkh−1

))d(xkj−1 , xkh
))

)
× ln2(γ(d(xkj−1

, xkh−1
))d(xkh−1

, xkh
)) + · · ·

+

(
(ϵ(d(xkj−1 , xkh−1

))d(xkh−1
, xkj ))

rl ln(δ(d(xkj−1 , xkh−1
))d(xkj−1 , xkh

))

+ (ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

))2rl ln2(δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

)) + · · ·

+ (ϵ(d(xkj−1 , xkh−1
))d(xkh−1

, xkj ))
rlm lnr(δ(d(xkj−1 , xkh−1

))d(xkj−1 , xkh
))

)
× lnl(γ(d(xkj−1

, xkh−1
))d(xkh−1

, xkh
))

)
lnm(β(d(xkj−1

, xkh−1
))d(xkj−1

, xkj
))

))
× ln(d(xkj−1 , xkh−1

))

+

(((
(ϵ(d(xkj−1

, xkh−1
))d(xkh−1

, xkj
))2 ln(δ(d(xkj−1

, xkh−1
))d(xkj−1

, xkh
))

+ (ϵ(d(xkj−1 , xkh−1
))d(xkh−1

, xkj ))
4 ln2(δ(d(xkj−1 , xkh−1

))d(xkj−1 , xkh
)) + · · ·

+ (ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

))r lnr(δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

))

)
× ln(γ(d(xkj−1 , xkh−1

))d(xkh−1
, xkh

))

+

(
(ϵ(d(xkj−1

, xkh−1
))d(xkh−1

, xkj
))4 ln(δ(d(xkj−1

, xkh−1
))d(xkj−1

, xkh
))

+ (ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

))8 ln2(δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

)) + · · ·

+ (ϵ(d(xkj−1 , xkh−1
))d(xkh−1

, xkj ))
4r lnr(δ(d(xkj−1 , xkh−1

))d(xkj−1 , xkh
))

)
× ln2(γ(d(xkj−1

, xkh−1
))d(xkh−1

, xkh
)) + · · ·

+

(
(ϵ(d(xkj−1 , xkh−1

))d(xkh−1
, xkj ))

2r ln(δ(d(xkj−1 , xkh−1
))d(xkj−1 , xkh

))

+ (ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

))4r ln2(δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

)) + · · ·

+ (ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

))2rl lnr(δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

))

)
× lnl(γ(d(xkj−1 , xkh−1

))d(xkh−1
, xkh

))

)
ln(β(d(xkj−1 , xkh−1

))d(xkj−1 , xkj ))

+

(((
(ϵ(d(xkj−1

, xkh−1
))d(xkh−1

, xkj
))4 ln(δ(d(xkj−1

, xkh−1
))d(xkj−1

, xkh
))

+ (ϵ(d(xkj−1 , xkh−1
))d(xkh−1

, xkj ))
8 ln2(δ(d(xkj−1 , xkh−1

))d(xkj−1 , xkh
)) + · · ·

+ (ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

))4r lnr(δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

))

)
× ln(γ(d(xkj−1 , xkh−1

))d(xkh−1
, xkh

))

+

(
(ϵ(d(xkj−1

, xkh−1
))d(xkh−1

, xkj
))6 ln(δ(d(xkj−1

, xkh−1
))d(xkj−1

, xkh
))
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+ (ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

))12 ln2(δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

)) + · · ·

+ (ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

))6r lnr(δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

))

)
× ln2(γ(d(xkj−1

, xkh−1
))d(xkh−1

, xkh
)) + · · ·

+

(
(ϵ(d(xkj−1

, xkh−1
))d(xkh−1

, xkj
))4r ln(δ(d(xkj−1

, xkh−1
))d(xkj−1

, xkh
))

+ (ϵ(d(xkj−1 , xkh−1
))d(xkh−1

, xkj ))
8r ln2(δ(d(xkj−1 , xkh−1

))d(xkj−1 , xkh
)) + · · ·

+ (ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

))4r lnr(δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

))

)
× lnl(γ(d(xkj−1

, xkh−1
))d(xkh−1

, xkh
))

)
ln2(β(d(xkj−1

, xkh−1
))d(xkj−1

, xkj
)) + · · ·

+

(((
(ϵ(d(xkj−1 , xkh−1

))d(xkh−1
, xkj ))

2r ln(δ(d(xkj−1 , xkh−1
))d(xkj−1 , xkh

))

+ (ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

))4r ln2(δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

)) + · · ·

+ (ϵ(d(xkj−1 , xkh−1
))d(xkh−1

, xkj ))
2mr lnr(δ(d(xkj−1 , xkh−1

))d(xkj−1 , xkh
))

)
× ln(γ(d(xkj−1

, xkh−1
))d(xkh−1

, xkh
))

+

(
(ϵ(d(xkj−1 , xkh−1

))d(xkh−1
, xkj ))

4r ln(δ(d(xkj−1 , xkh−1
))d(xkj−1 , xkh

))

+ (ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

))8r ln2(δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

)) + · · ·

+ (ϵ(d(xkj−1 , xkh−1
))d(xkh−1

, xkj ))
4mr lnr(δ(d(xkj−1 , xkh−1

))d(xkj−1 , xkh
))

)
× ln2(γ(d(xkj−1

, xkh−1
))d(xkh−1

, xkh
)) + · · ·

+

(
(ϵ(d(xkj−1 , xkh−1

))d(xkh−1
, xkj ))

2mr ln(δ(d(xkj−1 , xkh−1
))d(xkj−1 , xkh

))

+ (ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

))4mr ln2(δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

)) + · · ·

+ (ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

))2rml lnr(δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

))

)
× lnl(γ(d(xkj−1 , xkh−1

))d(xkh−1
, xkh

))

)
lnm(β(d(xkj−1 , xkh−1

))d(xkj−1 , xkj ))

)))
× ln2(d(xkj−1

, xkh−1
)) + · · ·

+

((((
(ϵ(d(xkj−1 , xkh−1

))d(xkh−1
, xkj ))

r ln(δ(d(xkj−1 , xkh−1
))d(xkj−1 , xkh

))

+ (ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

))2r ln2(δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

)) + · · ·

+ (ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

))2mr lnr(δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

))

)
× ln(γ(d(xkj−1

, xkh−1
))d(xkh−1

, xkh
))

+

(
(ϵ(d(xkj−1 , xkh−1

))d(xkh−1
, xkj ))

2r ln(δ(d(xkj−1 , xkh−1
))d(xkj−1 , xkh

))

+ (ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

))4r ln2(δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

)) + · · ·

+ (ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

))lr lnr(δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

))

)
× ln2(γ(d(xkj−1

, xkh−1
))d(xkh−1

, xkh
)) + · · ·

+

(
(ϵ(d(xkj−1

, xkh−1
))d(xkh−1

, xkj
))rm ln(δ(d(xkj−1

, xkh−1
))d(xkj−1

, xkh
))

+ (ϵ(d(xkj−1 , xkh−1
))d(xkh−1

, xkj ))
2mr ln2(δ(d(xkj−1 , xkh−1

))d(xkj−1 , xkh
)) + · · ·
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+ (ϵ(d(xkj−1 , xkh−1
))d(xkh−1

, xkj ))
rml lnr(δ(d(xkj−1 , xkh−1

))d(xkj−1 , xkh
))

)
× lnl(γ(d(xkj−1

, xkh−1
))d(xkh−1

, xkh
))

)
ln(β(d(xkj−1

, xkh−1
))d(xkj−1

, xkj
))

+

(((
(ϵ(d(xkj−1

, xkh−1
))d(xkh−1

, xkj
))4 ln(δ(d(xkj−1

, xkh−1
))d(xkj−1

, xkh
))

+ (ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

))8 ln2(δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

)) + · · ·

+ (ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

))r lnr(δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

))

)
× ln(γ(d(xkj−1

, xkh−1
))d(xkh−1

, xkh
))

+

(
(ϵ(d(xkj−1

, xkh−1
))d(xkh−1

, xkj
))6 ln(δ(d(xkj−1

, xkh−1
))d(xkj−1

, xkh
))

+ (ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

))12 ln2(δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

)) + · · ·

+ (ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

))6r lnr(δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

))

)
× ln2(γ(d(xkj−1 , xkh−1

))d(xkh−1
, xkh

)) + · · ·

+

(
(ϵ(d(xkj−1

, xkh−1
))d(xkh−1

, xkj
))4r ln(δ(d(xkj−1

, xkh−1
))d(xkj−1

, xkh
))

+ (ϵ(d(xkj−1 , xkh−1
))d(xkh−1

, xkj ))
8r ln2(δ(d(xkj−1 , xkh−1

))d(xkj−1 , xkh
)) + · · ·

+ (ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

))4lr lnr(δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

))

)
× lnl(γ(d(xkj−1

, xkh−1
))d(xkh−1

, xkh
))

)
ln2(β(d(xkj−1

, xkh−1
))d(xkj−1

, xkj
)) + · · ·

+

(((
ϵ(d(xkj−1 , xkh−1

))d(xkh−1
, xkj ))

mr ln(δ(d(xkj−1 , xkh−1
))d(xkj−1 , xkh

))

+ (ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

))2mr ln2(δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

)) + · · ·

+ (ϵ(d(xkj−1 , xkh−1
))d(xkh−1

, xkj ))
mrl lnr(δ(d(xkj−1 , xkh−1

))d(xkj−1 , xkh
))

)
× ln(γ(d(xkj−1

, xkh−1
))d(xkh−1

, xkh
))

+

(
(ϵ(d(xkj−1 , xkh−1

))d(xkh−1
, xkj ))

2mr ln(δ(d(xkj−1 , xkh−1
))d(xkj−1 , xkh

))

+ (ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

))4mr ln2(δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

)) + · · ·

+ (ϵ(d(xkj−1 , xkh−1
))d(xkh−1

, xkj ))
2mrl lnr(δ(d(xkj−1 , xkh−1

))d(xkj−1 , xkh
))

)
× ln2(γ(d(xkj−1

, xkh−1
))d(xkh−1

, xkh
)) + · · ·

+

(
(ϵ(d(xkj−1 , xkh−1

))d(xkh−1
, xkj ))

lrn ln(δ(d(xkj−1 , xkh−1
))d(xkj−1 , xkh

))

+ (ϵ(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

))2lrn ln2(δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

)) + · · ·

+ (ϵ(d(xkj−1 , xkh−1
))d(xkh−1

, xkj ))
rnlm lnr(δ(d(xkj−1 , xkh−1

))d(xkj−1 , xkh
))

)
× lnl(γ(d(xkj−1

, xkh−1
))d(xkh−1

, xkh
))

)
lnm(β(d(xkj−1

, xkh−1
))d(xkj−1

, xkj
))

)))
× lnn(d(xkj−1

, xkh−1
)) + · · ·

}
≤ α(d(xkj−1 , xkh−1

))

{(((
ϵ(d(xkj−1 , xkh−1

))d(xkh−1
, xkj )δ(d(xkj−1 , xkh−1

))d(xkj−1 , xkh
)

+ ϵ2(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

)δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

) + · · ·
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+ ϵr(d(xkj−1 , xkh−1
))d(xkh−1

, xkj )δ
r(d(xkj−1 , xkh−1

))d(xkj−1 , xkh
)

)
× γ(d(xkj−1

, xkh−1
))d(xkh−1

, xkh
) +

(
ϵ2(d(xkj−1

, xkh−1
))d(xkh−1

, xkj
))

× δ(d(xkj−1 , xkh−1
))d(xkj−1 , xkh

) + ϵ4(d(xkj−1 , xkh−1
))d(xkh−1

, xkj ))

× δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

) + · · ·+ ϵ2r(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

))

× δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

)γ(d(xkj−1
, xkh−1

))d(xkh−1
, xkh

) + · · ·

+

(
ϵr(d(xkj−1

, xkh−1
))d(xkh−1

, xkj
)

)
δ(d(xkj−1

, xkh−1
))d(xkj−1

, xkh
)

+ ϵ2r(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

)δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

) + · · ·
+ ϵrl(d(xkj−1 , xkh−1

))d(xkh−1
, xkj )δ(d(xkj−1 , xkh−1

))d(xkj−1 , xkh
)

× γ(d(xkj−1 , xkh−1
))d(xkh−1

, xkh
)β(d(xkj−1 , xkh−1

))d(xkj−1 , xkj )

+

(((
ϵ2(d(xkj−1

, xkh−1
))d(xkh−1

, xkj
)δ(d(xkj−1

, xkh−1
))d(xkj−1

, xkh
)

+ ϵ4(d(xkj−1 , xkh−1
))d(xkh−1

, xkj )δ(d(xkj−1 , xkh−1
))d(xkj−1 , xkh

) + · · ·
+ ϵ2r(d(xkj−1

, xkh−1
))d(xkh−1

, xkj
)

× δ(d(xkj−1 , xkh−1
))d(xkj−1 , xkh

)

)
γ(d(xkj−1 , xkh−1

))d(xkh−1
, xkh

)

+

(
ϵ4(d(xkj−1

, xkh−1
))d(xkh−1

, xkj
)δ(d(xkj−1

, xkh−1
))d(xkj−1

, xkh
)

+ ϵ6(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

)δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

) + · · ·

+ ϵr(d(xkj−1 , xkh−1
))d(xkh−1

, xkj )δ(d(xkj−1 , xkh−1
))d(xkj−1 , xkh

)

)
× γ(d(xkj−1

, xkh−1
))d(xkh−1

, xkh
) + · · ·

+

(
ϵ2r(d(xkj−1

, xkh−1
))d(xkh−1

, xkj
)δ(d(xkj−1

, xkh−1
))d(xkj−1

, xkh
)

+ ϵ4r(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

)δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

) + · · ·

+ ϵlr(d(xkj−1 , xkh−1
))d(xkh−1

, xkj )δ(d(xkj−1 , xkh−1
))d(xkj−1 , xkh

)

)
× γ(d(xkj−1

, xkh−1
))d(xkh−1

, xkh
)

)
β(d(xkj−1

, xkh−1
))d(xkj−1

, xkj
) + · · ·

+

(((
ϵr(d(xkj−1

, xkh−1
))d(xkh−1

, xkj
)δ(d(xkj−1

, xkh−1
))d(xkj−1

, xkh
)

+ ϵr(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

)δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

) + · · ·

+ ϵlr(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

)δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

)

)
× γ(d(xkj−1

, xkh−1
))d(xkh−1

, xkh
)

+

(
ϵ2r(d(xkj−1

, xkh−1
))d(xkh−1

, xkj
)δ(d(xkj−1

, xkh−1
))d(xkj−1

, xkh
)

+ ϵ4r(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

)δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

) + · · ·

+ ϵlr(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

)δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

)

)
× γ(d(xkj−1

, xkh−1
))d(xkh−1

, xkh
) + · · ·

+

(
ϵlr(d(xkj−1

, xkh−1
))d(xkh−1

, xkj
)δ(d(xkj−1

, xkh−1
))d(xkj−1

, xkh
)

+ ϵ2rl(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

)δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

) + · · ·
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+ ϵrlm(d(xkj−1 , xkh−1
))d(xkh−1

, xkj )δ(d(xkj−1 , xkh−1
))d(xkj−1 , xkh

)

)
× γ(d(xkj−1

, xkh−1
))d(xkh−1

, xkh
)

)
β(d(xkj−1

, xkh−1
))d(xkj−1

, xkj
)

))
× d(xkj−1

, xkh−1
)

+

(((
ϵ2(d(xkj−1

, xkh−1
))d(xkh−1

, xkj
)δ(d(xkj−1

, xkh−1
))d(xkj−1

, xkh
)

+ ϵ4(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

)δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

) + · · ·

+ ϵr(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

)δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

)

)
× γ(d(xkj−1

, xkh−1
))d(xkh−1

, xkh
)

+

(
ϵ4(d(xkj−1 , xkh−1

))d(xkh−1
, xkj )δ(d(xkj−1 , xkh−1

))d(xkj−1 , xkh
)

+ ϵ8(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

)δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

) + · · ·

+ ϵ4r(d(xkj−1 , xkh−1
))d(xkh−1

, xkj )δ(d(xkj−1 , xkh−1
))d(xkj−1 , xkh

)

)
× γ(d(xkj−1 , xkh−1

))d(xkh−1
, xkh

)

+ · · ·+
(
ϵ2r(d(xkj−1

, xkh−1
))d(xkh−1

, xkj
)δ(d(xkj−1

, xkh−1
))d(xkj−1

, xkh
)

+ ϵ4r(d(xkj−1 , xkh−1
))d(xkh−1

, xkj )δ(d(xkj−1 , xkh−1
))d(xkj−1 , xkh

) + · · ·

+ ϵ2rl(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

)δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

)

)
× γ(d(xkj−1

, xkh−1
))d(xkh−1

, xkh
)

)
β(d(xkj−1

, xkh−1
))d(xkj−1

, xkj
)

+

(((
ϵ4(d(xkj−1 , xkh−1

))d(xkh−1
, xkj )δ(d(xkj−1 , xkh−1

))d(xkj−1 , xkh
)

+ ϵ8(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

)δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

) + · · ·

+ ϵ4r(d(xkj−1 , xkh−1
))d(xkh−1

, xkj )δ(d(xkj−1 , xkh−1
))d(xkj−1 , xkh

)

)
× γ(d(xkj−1 , xkh−1

))d(xkh−1
, xkh

)

+

(
ϵ6(d(xkj−1

, xkh−1
))d(xkh−1

, xkj
)δ(d(xkj−1

, xkh−1
))d(xkj−1

, xkh
)

+ ϵ12(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

)δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

) + · · ·

+ ϵ6r(d(xkj−1 , xkh−1
))d(xkh−1

, xkj )δ(d(xkj−1 , xkh−1
))d(xkj−1 , xkh

)

)
× γ(d(xkj−1 , xkh−1

))d(xkh−1
, xkh

)

+ · · ·+
(
ϵ4r(d(xkj−1

, xkh−1
))d(xkh−1

, xkj
)δ(d(xkj−1

, xkh−1
))d(xkj−1

, xkh
)

+ ϵ8r(d(xkj−1 , xkh−1
))d(xkh−1

, xkj )δ(d(xkj−1 , xkh−1
))d(xkj−1 , xkh

) + · · ·

+ ϵ4r(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

)δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

)

)
× γ(d(xkj−1

, xkh−1
))d(xkh−1

, xkh
)

)
β(d(xkj−1

, xkh−1
))d(xkj−1

, xkj
) + · · ·

+

(((
ϵ2r(d(xkj−1 , xkh−1

))d(xkh−1
, xkj )δ(d(xkj−1 , xkh−1

))d(xkj−1 , xkh
)

+ ϵ4r(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

)δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

) + · · ·

+ ϵ2mr(d(xkj−1 , xkh−1
))d(xkh−1

, xkj )δ(d(xkj−1 , xkh−1
))d(xkj−1 , xkh

)

)
× γ(d(xkj−1 , xkh−1

))d(xkh−1
, xkh

)

+

(
ϵ4r(d(xkj−1

, xkh−1
))d(xkh−1

, xkj
)δ(d(xkj−1

, xkh−1
))d(xkj−1

, xkh
)

+ ϵ8r(d(xkj−1 , xkh−1
))d(xkh−1

, xkj )δ(d(xkj−1 , xkh−1
))d(xkj−1 , xkh

) + · · ·

+ ϵ4mr(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

)δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

)

)
× γ(d(xkj−1

, xkh−1
))d(xkh−1

, xkh
)
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+ · · ·+
(
ϵ2mr(d(xkj−1 , xkh−1

))d(xkh−1
, xkj )δ(d(xkj−1 , xkh−1

))d(xkj−1 , xkh
)

+ ϵ4mr(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

)δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

) + · · ·

+ ϵ2rml(d(xkj−1 , xkh−1
))d(xkh−1

, xkj )δ(d(xkj−1 , xkh−1
))d(xkj−1 , xkh

)

)
× γ(d(xkj−1

, xkh−1
))d(xkh−1

, xkh
)

)
β(d(xkj−1

, xkh−1
))d(xkj−1

, xkj
)

)))
× d(xkj−1

, xkh−1
) + · · ·

+

((((
ϵr(d(xkj−1

, xkh−1
))d(xkh−1

, xkj
)δ(d(xkj−1

, xkh−1
))d(xkj−1

, xkh
)

+ ϵ2r(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

)δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

) + · · ·

+ ϵ2mr(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

)δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

)

)
× γ(d(xkj−1

, xkh−1
))d(xkh−1

, xkh
)

+

(
ϵ2r(d(xkj−1 , xkh−1

))d(xkh−1
, xkj )δ(d(xkj−1 , xkh−1

))d(xkj−1 , xkh
)

+ ϵ4r(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

)δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

) + · · ·

+ ϵlr(d(xkj−1 , xkh−1
))d(xkh−1

, xkj )δ(d(xkj−1 , xkh−1
))d(xkj−1 , xkh

)

)
× γ(d(xkj−1 , xkh−1

))d(xkh−1
, xkh

) + · · ·

+

(
ϵrm(d(xkj−1

, xkh−1
))d(xkh−1

, xkj
)δ(d(xkj−1

, xkh−1
))d(xkj−1

, xkh
)

+ ϵ2mr(d(xkj−1 , xkh−1
))d(xkh−1

, xkj )δ(d(xkj−1 , xkh−1
))d(xkj−1 , xkh

) + · · ·

+ ϵrml(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

)δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

)

)
× γ(d(xkj−1

, xkh−1
))d(xkh−1

, xkh
)

)
β(d(xkj−1

, xkh−1
))d(xkj−1

, xkj
)

+

(((
ϵ4(d(xkj−1 , xkh−1

))d(xkh−1
, xkj )δ(d(xkj−1 , xkh−1

))d(xkj−1 , xkh
)

+ ϵ8(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

)δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

) + · · ·

+ ϵr(d(xkj−1 , xkh−1
))d(xkh−1

, xkj )δ(d(xkj−1 , xkh−1
))d(xkj−1 , xkh

)

)
× γ(d(xkj−1 , xkh−1

))d(xkh−1
, xkh

)

+

(
ϵ6(d(xkj−1

, xkh−1
))d(xkh−1

, xkj
)δ(d(xkj−1

, xkh−1
))d(xkj−1

, xkh
)

+ ϵ12(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

)δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

) + · · ·

+ ϵ6r(d(xkj−1 , xkh−1
))d(xkh−1

, xkj )δ(d(xkj−1 , xkh−1
))d(xkj−1 , xkh

)

)
× γ(d(xkj−1 , xkh−1

))d(xkh−1
, xkh

) + · · ·

+

(
ϵ4r(d(xkj−1

, xkh−1
))d(xkh−1

, xkj
)δ(d(xkj−1

, xkh−1
))d(xkj−1

, xkh
)

+ ϵ8r(d(xkj−1 , xkh−1
))d(xkh−1

, xkj )δ(d(xkj−1 , xkh−1
))d(xkj−1 , xkh

) + · · ·

+ ϵ4lr(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

)δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

)

)
× γ(d(xkj−1

, xkh−1
))d(xkh−1

, xkh
)

)
β(d(xkj−1

, xkh−1
))d(xkj−1

, xkj
) + · · ·

+

((
ϵmr(d(xkj−1 , xkh−1

))d(xkh−1
, xkj )δ(d(xkj−1 , xkh−1

))d(xkj−1 , xkh
)

+ ϵ2mr(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

)δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

) + · · ·

+ ϵmrl(d(xkj−1 , xkh−1
))d(xkh−1

, xkj )δ(d(xkj−1 , xkh−1
))d(xkj−1 , xkh

)

)
× γ(d(xkj−1 , xkh−1

))d(xkh−1
, xkh

)

+

(
ϵ2mr(d(xkj−1

, xkh−1
))d(xkh−1

, xkj
)δ(d(xkj−1

, xkh−1
))d(xkj−1

, xkh
)
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+ ϵ4mr(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

)δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

) + · · ·

+ ϵ2mrl(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

)δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

)

)
× γ(d(xkj−1

, xkh−1
))d(xkh−1

, xkh
)

+ · · ·+
(
ϵlrn(d(xkj−1 , xkh−1

))d(xkh−1
, xkj )δ(d(xkj−1 , xkh−1

))d(xkj−1 , xkh
)

+ ϵ2lrn(d(xkj−1 , xkh−1
))d(xkh−1

, xkj )δ(d(xkj−1 , xkh−1
))d(xkj−1 , xkh

) + · · ·

+ ϵrlmn(d(xkj−1
, xkh−1

))d(xkh−1
, xkj

)δ(d(xkj−1
, xkh−1

))d(xkj−1
, xkh

)

)
× γ(d(xkj−1

, xkh−1
))d(xkh−1

, xkh
)

)
β(d(xkj−1

, xkh−1
))d(xkj−1

, xkj
)

)))
× d(xkj−1

, xkh−1
) + · · ·

}
=

∞∑
n=0

∞∑
r=0

∞∑
l=0

∞∑
m=0

α(d(xkj−1
, xkh−1

))β(d(xkj−1
, xkh−1

))d(xkj−1
, xkj

)γ(d(xkj−1
, xkh−1

))

d(xkh−1
, xkh

)δ(d(xkj−1 , xkh−1
))d(xkj−1 , xkh

)ϵrlmn(d(xkj−1 , xkh−1
))d(xkh−1

, xkj )d(xkj−1 , xkh−1
). (3.11)

d(xkj
, xkh

)2 ≤
∞∑

n=0

∞∑
r=0

∞∑
l=0

∞∑
m=0

α(d(xkj−1
, xkh−1

))β(d(xkj−1
, xkh−1

))d(xkj−1
, xkj

)γ(d(xkj−1
, xkh−1

))

d(xkh−1
, xkh

)δ(d(xkj−1 , xkh−1
))d(xkj−1 , xkh

)ϵrlmn(d(xkj−1 , xkh−1
))d(xkh−1

, xkj )d(xkj−1 , xkh−1
). (3.12)

Therefore,

d(xkj
, xkh

) ≤ ηϑ

∞∑
n=0

∞∑
r=0

∞∑
l=0

∞∑
m=0

α(d(xkj
, xkh−1

))β(d(xkj
, xkh−1

))γ(d(xkj
, xkh−1

))

δ(d(xkj
, xkh−1

))ϵrlmn(d(xkj
, xkh−1

))d(xkj
, xkh−1

)

= ηϑ

∞∑
n=0

∞∑
r=0

∞∑
l=0

α(d(xkj
, xkh−1

))β(d(xkj
, xkh−1

))γ(d(xkj
, xkh−1

))δ(d(xkj
, xkh−1

))

1− ϵrln(d(xkj
, xkh−1

))
d(xkj

, xkh−1
). (3.13)

Repeating the above processes again, we get;

d(xkj−1 , xkh−1
) ≤ ηϑ

∞∑
n=0

∞∑
r=0

∞∑
l=0

∞∑
m=0

α(d(xkj−1 , xkh−2
))β(d(xkj−1 , xkh−2

))γ(d(xkj−1 , xkh−2
))

δ(d(xkj−1
, xkh−2

))ϵrlmn(d(xkj−1
, xkh−2

))d(xkj−1
, xkh−2

)

= ηϑ

∞∑
n=0

∞∑
r=0

∞∑
l=0

α(d(xkj−1 , xkh−2
))β(d(xkj−1 , xkh−2

))γ(d(xkj−1 , xkh−2
))δ(d(xkj−1 , xkh−2

))

1− ϵrln(d(xkj−1
, xkh−2

))
d(xkj−1

, xkh−2
).

(3.14)

From inequality (3.12), we have;

1 ≤ lim
j,h→∞

inf

∞∑
n=0

∞∑
r=0

∞∑
l=0

∞∑
m=0

α(d(xkj , xkh−1
))β(d(xkj , xkh−1

))γ(d(xkj , xkh−1
))δ(d(xkj , xkh−1

))ϵrlmn(d(xkj , xkh−1
)),

(3.15)

or from inequality (3.13), we get;

1

ηϑ
≤ lim

j,h→∞
inf

∞∑
n=0

∞∑
r=0

∞∑
l=0

∞∑
m=0

α(d(xkj
, xkh−1

))β(d(xkj
, xkh−1

))γ(d(xkj
, xkh−1

))δ(d(xkj
, xkh−1

))ϵrlmn(d(xkj
, xkh−1

)),

(3.16)

which implies that d(xkj
, xkh−1

) = 0, so that
d(xkj , xkh

) < ϵ∗, (3.17)
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which is a contradiction. Hence {xk}k∈N is a Cauchy sequence in X. Since X is complete, there is a candidate
x∗ ∈ X such that xk → x∗ ∈ X. Now we show that x∗ is a fixed point of T . Suppose that Tx∗ ̸= x∗ and
d(xk, Tx

∗) = d(Txk−1, Tx
∗). From inequality (3.1), take x = xk−1 and y = x∗ for all k ∈ N, thus

d(xk, Tx
∗)2 = d(Txk−1, Tx

∗)2

≤ α(d(xk−1, x
∗))d(xk−1, x

∗)A
B

C
Dϵ
δ

γ
β , (3.18)

where,

Aβ :=
β(d(xk−1, x

∗))d(xk−1, Txk−1)

1 + ϵ(d(xk−1, x∗))d(x∗, Txk−1)
, Bγ :=

γ(d(xk−1, x
∗))d(x∗, Tx∗)

1 + ϵ(d(xk−1, x∗))d(x∗, Txk−1)
,

Cδ :=
δ(d(xk−1, x

∗))d(xk−1, Tx
∗)

1 + ϵ(d(xk−1, x∗))d(x∗, Txk−1)
, Dϵ :=

ϵ(d(xk−1, x
∗))d(x∗, Txk−1)

1 + ϵ(d(xk−1, x∗))d(x∗, Txk−1)
.

Thus,

Aβ :=
β(d(xk−1, x

∗))d(xk−1, xk)

1 + ϵ(d(xk−1, x∗))d(x∗, xk)
, Bγ :=

γ(d(xk−1, x
∗))d(x∗, Tx∗)

1 + ϵ(d(xk−1, x∗))d(x∗, xk)
,

Cδ :=
δ(d(xk−1, x

∗))d(xk−1, Tx
∗)

1 + ϵ(d(xk−1, x∗))d(x∗, xk)
, Dϵ :=

ϵ(d(xk−1, x
∗))d(x∗, xk)

1 + ϵ(d(xk−1, x∗))d(x∗, xk)
.

Therefore,

Aβ :=
β(d(xk−1, x

∗))d(xk−1, xk)

1 + ϵ(d(xk−1, x∗))d(x∗, xk)
≤ β(d(xk−1, x

∗))d(xk−1, xk),

Bγ :=
γ(d(xk−1, x

∗))d(x∗, Tx∗)

1 + ϵ(d(xk−1, x∗))d(x∗, xk)
≤ γ(d(xk−1, x

∗))d(x∗, Tx∗),

Cδ :=
δ(d(xk−1, x

∗))d(xk−1, Tx
∗)

1 + ϵ(d(xk−1, x∗))d(x∗, xk)
≤ δ(d(xk−1, x

∗))d(xk−1, Tx
∗),

Dϵ :=
ϵ(d(xk−1, x

∗))d(x∗, xk)

1 + ϵ(d(xk−1, x∗))d(x∗, xk)
≤ ϵ(d(xk−1, x

∗))d(x∗, xk).

From inequality (3.12), we get,
d(x∗, Tx∗)2 = 0, (3.19)

a contradiction. Therefore, x∗ = Tx∗. For the uniqueness, suppose that the fixed point of T in X that is x∗ = Tx∗

for some x∗ ∈ Fix(T ). Again, suppose if possible that there exists another fixed point of T in X, that is y∗ = Ty∗ for
some y∗ ∈ Fix(T ). Now suppose that x∗ ̸= y∗ =⇒ d(x∗, y∗) > 0. Therefore

d(x∗, y∗)2 = d(Tx∗, T y∗)2

≤ α(d(x∗, y∗))d(x∗, y∗)A
B

C
Dϵ
δ

γ
β

= α(d(x∗, y∗)) exp

(
A

B
C

Dϵ
δ

γ

β ln d(x∗, y∗)

)

= α(d(x∗, y∗))

∞∑
m=0

A
B

C
Dm

ϵ
δ

γ

β lnm d(x∗, y∗)

m!

= α(d(x∗, y∗))

∞∑
m=0

lnm d(x∗, y∗)

m!
exp

(
B

C
Dm

ϵ
δ

γ lnAβ

)
, (3.20)

where,

Aβ :=
β(d(x∗, y∗))d(x∗, Tx∗)

1 + ϵ(d(x∗, y∗))d(y∗, Tx∗)
, Bγ :=

γ(d(x∗, y∗))d(y∗, T y∗)

1 + ϵ(d(x∗, y∗))d(y∗, Tx∗)
,

Cδ :=
δ(d(x∗, y∗))d(x∗, T y∗)

1 + ϵ(d(x∗, y∗))d(y∗, Tx∗)
, Dϵ :=

ϵ(d(x∗, y∗))d(y∗, Tx∗)

1 + ϵ(d(x∗, y∗))d(y∗, Tx∗)
,



Fixed point theorems satisfying rational tower-type mapping in a complete metric spaces 263

for all distinct x∗, y∗ ∈ Fix(T ). We can see clearly from inequality (3.20) that

d(x∗, y∗)2 ≤ α(d(x∗, y∗)) exp

(
ln(d(x∗, y∗))

)
. (3.21)

So that
d(x∗, y∗)2 ≤ α(d(x∗, y∗))(d(x∗, y∗)). (3.22)

Thus,
d(x∗, y∗) ≤ α(d(x∗, y∗))d(x∗, y∗). (3.23)

So, α(d(x∗, y∗)) → 1 =⇒ d(x∗, y∗) = 0. Therefore,

d(x∗, y∗) = 0, (3.24)

which is a contradiction. Hence equation (3.24) shows that the sequence {xk}k∈N defined by Txk−1 = xk converges
to a unique fixed point of T in X and the proof is completed. □

Remark 3.2. (a) If γ(d(x, y)) ̸= 0 and Bγ = 0, invoking the condition that dk(x, y) ≤ d(x, y), k ∈ N and closed
x, y ∈ X hold, then the inequality (3.1) collapsed to Geraghty contraction inequality, i.e., d(Tx, Ty) ≤ α(d(x, y))d(x, y)
which is itself a generalization of results given in Rakotch [28] since the class of functions defined in Geraghty [13] is
more general. That is Rakotch [28] considered α : R+ → [0, 1) and is monotone decreasing or increasing. Obviously,
such an α is clearly in the class S. Again if α : R+ → [0, 1) and is continuous, however, such an α is clearly in the
class S and this is the result of Boyd-Wong [3].

(b) The Remark (a) is itself generalizations of famous Banach contraction inequality. That is to say, if α(d(x, y)) = L
(say), for 0 < L < 1, then d(Tx, Ty) ≤ Ld(x, y), for all x, y ∈ X.

(c) Suppose 1
1+ϵ(d(x,y))d(y,Tx) ≤ 1 and ϵ(d(x, y)) ∈ FGer class, Then Theorem 3.1 surprisingly reduced to Theorem

3.1 in Okeke-Francis [21].

Corollary 3.3. Let (X, d) be a complete metric space and T : X → X such that there are {α, δ} ∈ FGer satisfying;

d(Tx, Ty) ≤ α(d(x, y))d(x, y)C
C

C
Cδ
δ

δ
δ , (3.25)

where, Cδ :=
δ(d(x, y))d(x, Ty)

1 + ϵ(d(x, y))d(y, Tx)
; for all distinct close x, y ∈ X and lnk(d(x, y)) ≤ d(x, y), dk(x, y) ≤ d(x, y) for all

k ∈ N. Then the sequence {xk}k∈N defined by Txk−1 = xk converges to a unique fixed point of T in X.

Proof . Suppose that xk = Txk−1, then xk+1 = Txk for all k ∈ N. But xk ̸= xk+1 and this implies that d(xk, xk+1) >
0, so that d(xk, xk+1) = d(Txk−1, Txk). From inequality (3.25), take x = xk−1 and y = xk for all k ∈ N, thus, by
Theorem 3.1 we’ re done. □

Corollary 3.4. Let (X, d) be a complete metric space and T : X → X such that there are {α, β, γ, δ, ϵ} ∈ FGer

satisfying;

d(Tx, Ty) ≤ α(d(x, y))d(x, y)C
B

D
Cδ
ϵ

γ
δ , (3.26)

where, Bγ :=
γ(d(x, y))d(y, Ty)

1 + ϵ(d(x, y))d(y, Tx)
, Cδ :=

δ(d(x, y))d(x, Ty)

1 + ϵ(d(x, y))d(y, Tx)
; Dϵ :=

ϵ(d(x, y))d(y, Tx)

1 + ϵ(d(x, y))d(y, Tx)
, for all distinct close

x, y ∈ X and lnk(d(x, y)) ≤ d(x, y), dk(x, y) ≤ d(x, y) for all k ∈ N. Then the sequence {xk}k∈N defined by Txk−1 = xk
converges to a unique fixed point of T in X.

Proof . For the uniqueness, suppose that the fixed point of T in X that is x∗ = Tx∗ for some x∗ ∈ Fix(T ). Again,
suppose if possible that there exists another fixed point of T in X, that is y∗ = Ty∗ for some y∗ ∈ Fix(T ). Now
suppose that x∗ ̸= y∗ =⇒ d(x∗, y∗) > 0. Therefore

d(x∗, y∗) = d(Tx∗, T y∗)
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≤ α(d(x∗, y∗))d(x∗, y∗)C
B

D
Cδ
ϵ

γ
δ , (3.27)

where, Bγ :=
γ(d(x∗, y∗))d(y∗, Ty∗)

1 + ϵ(d(x∗, y∗))d(y∗, Tx∗)
, Cδ :=

δ(d(x∗, y∗))d(x∗, Ty∗)

1 + ϵ(d(x∗, y∗))d(y∗, Tx∗)
, Dϵ :=

ϵ(d(x∗, y∗))d(y∗, Tx∗)

1 + ϵ(d(x∗, y∗))d(y∗, Tx∗)
, for all

distinct x∗, y∗ ∈ Fix(T ). So that

Bγ :=
γ(d(x∗, y∗))d(y∗, y∗)

1 + ϵ(d(x∗, y∗))d(y∗, x∗)
, Cδ :=

δ(d(x∗, y∗))d(x∗, y∗)

1 + ϵ(d(x∗, y∗))d(y∗, x∗)
, Dϵ :=

ϵ(d(x∗, y∗))d(y∗, x∗)

1 + ϵ(d(x∗, y∗))d(y∗, x∗)
.

From inequality (3.27), we get;
d(x∗, y∗) ≤ α(d(x∗, y∗))d(x∗, y∗). (3.28)

Solving inequality (3.28), we that d(x∗, y∗) = 0. or since α ∈ FGer, 1 ≤ α(d(x∗, y∗)). Therefore, x∗ = y∗. For the
existence, interchange the roles of Aβ , Bγ , Cδ and Dϵ in inequality (3.1) we are done. □

Corollary 3.5. Let (X, d) be a complete metric space and T : X → X such that there are {α, β, γ, δ, ϵ} ∈ FGer

satisfying;

d(Tx, Ty) ≤ α(d(x, y))d(x, y)A
D

B
Cδ
γ

ϵ
β ; (3.29)

where, Aβ :=
β(d(x, y))d(x, Tx)

1 + ϵ(d(x, y))d(y, Tx)
, Bγ :=

γ(d(x, y))d(y, Ty)

1 + ϵ(d(x, y))d(y, Tx)
, Cδ :=

δ(d(x, y))d(x, Ty)

1 + ϵ(d(x, y))d(y, Tx)
;

Dϵ :=
ϵ(d(x, y))d(y, Tx)

1 + ϵ(d(x, y))d(y, Tx)
, for all distinct x, y ∈ X for all k ∈ N. Then the sequence {xk}k∈N defined by

Txk−1 = xk converges to a unique fixed point of T in X.

Proof . Suppose that xk = Txk−1, then xk+1 = Txk for all k ∈ N. But xk ̸= xk+1 and this implies that d(xk, xk+1) >
0, so that d(xk, xk+1) = d(Txk−1, Txk). From inequality (3.29), take x = xk−1 and y = xk for all k ∈ N, thus

d(Txk−1, Txk) ≤ α(d(xk−1, xk))d(xk−1, xk)
A

D
B

Cϵ
δ

γ
β , (3.30)

where,

Aβ :=
β(d(xk−1, xk))d(xk−1, Txk−1)

1 + ϵ(d(xk−1, xk))d(xk, Txk−1)
, Bγ :=

γ(d(xk−1, xk))d(xk, Txk)

1 + ϵ(d(xk−1, xk))d(xk, Txk−1)
,

Cδ :=
δ(d(xk−1, xk))d(xk−1, Txk)

1 + ϵ(d(xk−1, xk))d(xk, Txk−1)
, Dϵ :=

ϵ(d(xk−1, xk))d(xk, Txk−1)

1 + ϵ(d(xk−1, xk))d(xk, Txk−1)
.

Thus,
Aβ := β(d(xk−1, xk))d(xk−1, xk), Bγ := γ(d(xk−1, xk))d(xk, xk+1),

Cδ := δ(d(xk−1, xk))d(xk−1, xk+1), Dϵ := ϵ(d(xk−1, xk))d(xk, xk) = 0.

So inequality (3.30) becomes,

d(Txk−1, Txk) ≤ α(d(xk−1, xk))d(xk−1, xk). (3.31)

We need only to show that the existence of such an α in FGer is equivalent to say that for xn → x∗ in X, with
x∗ a unique fixed point of T , iff for any two sub-sequences xhn

and xhk
of xn with xhn

̸= xhk
, we have that Ωn → 1

only if dn → 0, where we take for any pair of sequences xn and yn with xn ̸= yn, we write dn = d(xn, yn) and

Ωn = d(T (xn),T (yn))
d(xn,yn)

. First assume such an α exists. Let {xhn} and {xkn} be two subsequences with xhn ̸= xkn .

Assume that Ωn → 1 as n → ∞. Then it follows from inequality (3.31) that α(d(xhn
, xkn

)) → 1. But then since
α ∈ FGer, we have d(xhn

, xkn
) → 0. Next assume that the sequential condition holds. Define α : R+ → R as follows

α(t) = sup{d(T (xn),T (xm))
d(xn,xm) : d(xn, xm) ≥ t}. From inequality (3.31), the quotients are all below 1 and so α is defined

for all t > 0 and α ≤ 1. Now assume that α(tn) → 1 for tn ∈ R+. We may further assume without loss of generality
that 1− 1

n ≤ α(tn) ≤ 1. We must show tn → 0. But α(tn) is the above least upper bound. So there is for each n > 0

a pair {xhn
} and {xkn

} in {xn} with d(xhn
, xkn

) ≥ tn and 1− 1
n <

d(T (xhn ),T (xkn ))
d(xhn ,xkn ) ≤ α(tn). So the sequence Ωn → 1

as n → ∞. But then by the sequential condition above, d(xhn
, xkn

) → 0. So tn → 0, as was shown. This completes
the proof of Corollary 3.5. □
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Remark 3.6. Corollary 3.5 is a generalization of Theorem 2.7 as in Geraghty [13]. That is take a sequential operator
sequence of the form xk = Txk−1, then the structure in Corollary 3.5 collapsed into Theorem 1.3 in [13].

The above result is also true with an infinite type contraction as the following result shows;

Proposition 3.7. Let (X, d) be a complete metric space and T : X → X such that there are {α, β, γ, δ, ϵ} ∈ FGer

satisfying;

d(Tx, Ty) ≤ α(d(x, y))d(x, y)A
D

B
C

C··
·

δ
δ

γ
ϵ

β , (3.32)

where,

Aβ :=
β(d(x, y))d(x, Tx)

1 + ϵ(d(x, y))d(y, Tx)
, Bγ :=

γ(d(x, y))d(y, Ty)

1 + ϵ(d(x, y))d(y, Tx)
, Cδ :=

δ(d(x, y))d(x, Ty)

1 + ϵ(d(x, y))d(y, Tx)
, Dϵ :=

ϵ(d(x, y))d(y, Tx)

1 + ϵ(d(x, y))d(y, Tx)

for all distinct x, y ∈ X for all k ∈ N. Then the sequence {xk}k∈N defined by Txk−1 = xk converges to a unique fixed
point of T in X.

Proof . Suppose that xk = Txk−1, then xk+1 = Txk for all k ∈ N. But xk ̸= xk+1 and this implies that d(xk, xk+1) >
0, so that d(xk, xk+1) = d(Txk−1, Txk). From inequality (3.32), take x = xk−1 and y = xk for all k ∈ N, thus

d(Txk−1, Txk) ≤ α(d(xk−1, xk))d(xk−1, xk)
A

D
B

C
C··

·
δ

δ
γ

ϵ
β , (3.33)

where,

Aβ :=
β(d(xk−1, xk))d(xk−1, Txk−1)

1 + ϵ(d(xk−1, xk))d(xk, Txk−1)
, Bγ :=

γ(d(xk−1, xk))d(xk, Txk)

1 + ϵ(d(xk−1, xk))d(xk, Txk−1)
,

Cδ :=
δ(d(xk−1, xk))d(xk−1, Txk)

1 + ϵ(d(xk−1, xk))d(xk, Txk−1)
, Dϵ :=

ϵ(d(xk−1, xk))d(xk, Txk−1)

1 + ϵ(d(xk−1, xk))d(xk, Txk−1)
.

Thus,
Aβ := β(d(xk−1, xk))d(xk−1, xk), Bγ := γ(d(xk−1, xk))d(xk, xk+1),

Cδ := δ(d(xk−1, xk))d(xk−1, xk+1), Dϵ := ϵ(d(xk−1, xk))d(xk, xk) = 0.

So inequality (3.33) becomes,

d(Txk−1, Txk) ≤ α(d(xk−1, xk))d(xk−1, xk). (3.34)

Following the proof of Corollary 3.5, we see that the sequence {xk}k∈N defined by Txk−1 = xk converges to a
unique fixed point of T in X. □

Remark 3.8. Proposition 3.7 is an infinite version of Theorem 1.3 in [13]. i.e., take a sequential operator sequence of
the form xk = Txk−1, then the structure in Proposition 3.7 collapsed into Theorem 1.3 in [13]. Hence d(Txk−1, Txk) ≤
α(d(xk−1, xk))d(xk−1, xk). Put k − 1 = m and k = n, thus d(Txm, Txn) ≤ α(d(xm, xn))d(xm, xn) which is the
inequality in Theorem 1.3 of [13].

Corollary 3.9. Let (X, d) be a complete metric space and T : X → X such that there are {α, β, γ, δ, ϵ} ∈ FGer with
α < 1 satisfying;

d(Tx, Ty) ≤ α(d(x, y))d(x, y)A
C

D
Bγ
ϵ

δ
β , (3.35)

where,

Aβ :=
β(d(x, y))d(x, Tx)

1 + ϵ(d(x, y))d(y, Tx)
, Bγ :=

γ(d(x, y))d(y, Ty)

1 + ϵ(d(x, y))d(y, Tx)
, Cδ :=

δ(d(x, y))d(x, Ty)

1 + ϵ(d(x, y))d(y, Tx)
, Dϵ :=

ϵ(d(x, y))d(y, Tx)

1 + ϵ(d(x, y))d(y, Tx)

for all distinct close x, y ∈ X and lnk(d(x, y)) ≤ d(x, y), dk(x, y) ≤ d(x, y) for all k ∈ N and x, y ∈ X. Then the
sequence {xk}k∈N defined by Txk−1 = xk converges to a unique fixed point of T in X.
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Proof . From Corollary 3.5, inequality (3.35) we have

d(xk, xk+1) ≤ α(d(xk−1, xk))d(xk−1, xk)
β(d(xk−1,xk))d(xk−1,xk). (3.36)

Therefore,

d(xk, xk+1) ≤
∞∑

n=0

α(d(xk−1, xk))β
n(d(xk−1, xk))d(xk−1, xk). (3.37)

So that

d(xk, xk+1) ≤
∞∑

n=0

α(d(xk−1, xk))β
n(d(xk−1, xk))d(xk−1, xk)

≤
∞∑

n=0

α(d(xk−1, xk))β
n(d(xk−1, xk))d(xk−2, xk−1)

...

< d(x1, x0). (3.38)

Thus, {d(xk, xk+1)}k∈N is a non-increasing sequence and bounded below for which the sequence converges to some
real number ℓ ≥ 0 (say). If ℓ > 0, then we see that from inequality (3.37), we get

1 ≤ lim
k→∞

inf

∞∑
n=0

α(d(xk−1, xk))β
n(d(xk−1, xk)). (3.39)

So that lim
k→∞

d(xk−1, xk) = 0, a contradiction. Therefore,

lim
k→∞

d(xk, xk+1) = 0. (3.40)

The Cauchyness of {xk}k∈N is the same in inequality (3.16) of Theorem 3.1. Hence {xk}k∈N is a Cauchy sequence
in X. Due to completeness of X, there is a candidate x∗ ∈ X such that xk → x∗ ∈ X. Now we show that x∗ is a
fixed point of T . Suppose that Tx∗ ̸= x∗ and d(xk, Tx

∗) = d(Txk−1, Tx
∗). From inequality (3.35), take x = xk−1 and

y = x∗ for all k ∈ N, thus

d(xk, Tx
∗) = d(Txk−1, Tx

∗)

≤ α(d(xk−1, x
∗))d(xk−1, x

∗)A
C

D
Bγ
ϵ

δ
β , (3.41)

where;

Aβ :=
β(d(xk−1, x

∗))d(xk−1, Txk−1)

1 + ϵ(d(xk−1, x∗))d(x∗, Txk−1)
, Bγ :=

γ(d(xk−1, x
∗))d(x∗, Tx∗)

1 + ϵ(d(xk−1, x∗))d(x∗, Txk−1)
,

Cδ :=
δ(d(xk−1, x

∗))d(xk−1, Tx
∗)

1 + ϵ(d(xk−1, x∗))d(x∗, Txk−1)
Dϵ :=

ϵ(d(xk−1, x
∗))d(x∗, Txk−1)

1 + ϵ(d(xk−1, x∗))d(x∗, Txk−1)
.

Thus,
Aβ := β(d(xk−1, x

∗))d(xk−1, xk), Bγ := γ(d(xk−1, x
∗))d(x∗, Tx∗),

Cδ := δ(d(xk−1, x
∗))d(xk−1, Tx

∗), Dϵ := ϵ(d(xk−1, x
∗))d(x∗, xk).

From inequality (3.12), we get;
d(x∗, Tx∗) = 0, (3.42)

a contradiction. Therefore, x∗ = Tx∗. For the uniqueness, suppose that the fixed point of T in X that is x∗ = Tx∗

for some x∗ ∈ Fix(T ). Again, suppose if possible that there exists another fixed point of T in X, that is y∗ = Ty∗ for
some y∗ ∈ Fix(T ). Now suppose that x∗ ̸= y∗ =⇒ d(x∗, y∗) > 0. Therefore

d(x∗, y∗) = d(Tx∗, T y∗)
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≤ α(d(x∗, y∗))d(x∗, y∗)A
C

D
Bγ
ϵ

δ
β , (3.43)

where,

Aβ :=
β(d(x∗, y∗))d(x∗, Tx∗)

1 + ϵ(d(x∗, y∗))d(y∗, Tx∗)
, Bγ :=

γ(d(x∗, y∗))d(y∗, T y∗)

1 + ϵ(d(x∗, y∗))d(y∗, Tx∗)
,

Cδ :=
δ(d(x∗, y∗))d(x∗, T y∗)

1 + ϵ(d(x∗, y∗))d(y∗, Tx∗)
, Dϵ :=

ϵ(d(x∗, y∗))d(y∗, Tx∗)

1 + ϵ(d(x∗, y∗))d(y∗, Tx∗)
,

for all distinct x∗, y∗ ∈ Fix(T ). Inequality (3.43) shows that

d(x∗, y∗) ≤ α(d(x∗, y∗)). (3.44)

Therefore, the sequence {xk}k∈N defined by Txk−1 = xk converges to a unique fixed point of T in X. □

Corollary 3.10. Let (X, d) be a complete metric space and T : X → X such that there are {α, β, γ, δ, ϵ} ∈ FGer and
there exists θ ∈ R+ satisfying;

d(Tx, Ty) ≨ α(d(x, y))d(x, y)A
(θDϵ)

B
Cδ
γ

β , (3.45)

where,

Aβ :=
β(d(x, y))d(x, Tx)

1 + ϵ(d(x, y))d(y, Tx)
, Bγ :=

γ(d(x, y))d(y, Ty)

1 + ϵ(d(x, y))d(y, Tx)
, Cδ :=

δ(d(x, y))d(x, Ty)

1 + ϵ(d(x, y))d(y, Tx)
, Dϵ :=

ϵ(d(x, y))d(y, Tx)

1 + ϵ(d(x, y))d(y, Tx)

for all distinct x, y ∈ X for all k ∈ N. Then the sequence {xk}k∈N defined by Txk−1 = xk converges to a unique fixed
point of T in X.

Proof . We give the proof of Corollary 3.10 in its full strength. We prove in two cases:

(a) Observe first that if θ = 0, then inequality (3.45) reduced to

d(Tx, Ty) < α(d(x, y))d(x, y). (3.46)

First assume that xn → x∗ in X and let {xhn} and {xkn} be any two subsequences of {xh}. Then clearly
dn = d(xhn , yhn) → 0 so the condition is satisfied. Next assume the condition is satisfied for a given initial point x0 in
X Then dn = d(xn, yn) is a decreasing sequence of nonnegative real numbers and so approaches some ϵ ≥ 0. Assume
ϵ > 0. Then letting hn = n and kn = n + 1, we have that dn → ϵ > 0 while Ωn → 1 as n → ∞. So the condition
is violated. Thus d(xn, xn+1) → 0 as n → ∞. Now assume the given sequence of iterates {xn} is not Cauchy. Then
there exists some ϵ > 0 such that every tail {xn}n≥N of the sequence has diameter DN = supn,m≥N d(xn, xm) > ϵ.
Given this ϵ, we will construct a pair of subsequences violating the condition. For any n > 0, let Nn be large that
d(xm, xm+1) <

1
n for all m ≥ Nn, as is possible that d(xm, xm+1) → 0. Let hn ≥ Nn be the lowest integer such that for

some kn > hn, d(xhn
, xhk

) > ϵ. Such pairs exist by the above diameter condition. Next choose kn to be the least such
integer above hn. Then either kn−1 = hn or d(xhn

, xhk−1) ≤ ϵ. In either case we have ϵ ≤ dn = d(xhn
, xhk−1) < ϵ+ 1

n .
Moreover, using the triangular inequality, from inequality (3.46), we have

1 ≥ Ωn =
d(T (xhn

), T (ykn
))

d(xn, yn)
≥
dn − 2

n

dn
. (3.47)

So Ωn → 1 while dn → ϵ, again violating the condition. So {xn} must be a Cauchy sequence in X and as X is
complete, we have xn → x∗ for some x∗ in X. Then by the usual arguments, x∗ is a unique fixed point of T and the
proof of (a) is complete.

(b) if θ ̸= 0, then inequality (3.45) becomes;

d(Tx, Ty) ≨ α(d(x, y))d(x, y)A
(θDϵ)

B
Cδ
γ

β , (3.48)

where,

Aβ :=
β(d(x, y))d(x, Tx)

1 + ϵ(d(x, y))d(y, Tx)
, Bγ :=

γ(d(x, y))d(y, Ty)

1 + ϵ(d(x, y))d(y, Tx)
, Cδ :=

δ(d(x, y))d(x, Ty)

1 + ϵ(d(x, y))d(y, Tx)
, Dϵ :=

ϵ(d(x, y))d(y, Tx)

1 + ϵ(d(x, y))d(y, Tx)
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for all distinct x, y ∈ X for all k ∈ N. Suppose that xk = Txk−1, then xk+1 = Txk for all k ∈ N. But xk ̸= xk+1 and
this implies that d(xk, xk+1) > 0, so that d(xk, xk+1) = d(Txk−1, Txk). From inequality (3.48), take x = xk−1 and
y = xk for all k ∈ N, thus

d(Txk−1, Txk) ≨ α(d(xk−1, xk))d(xk−1, xk)
A

(θDϵ)
B

Cδ
γ

β ; (3.49)

where,

Aβ :=
β(d(xk−1, xk))d(xk−1, Txk−1)

1 + ϵ(d(xk−1, xk))d(xk, Txk−1)
, Bγ :=

γ(d(xk−1, xk))d(xk, Txk)

1 + ϵ(d(xk−1, xk))d(xk, Txk−1)
,

Cδ :=
δ(d(xk−1, xk))d(xk−1, Txk)

1 + ϵ(d(xk−1, xk))d(xk, Txk−1)
, Dϵ :=

ϵ(d(xk−1, xk))d(xk, Txk−1)

1 + ϵ(d(xk−1, xk))d(xk, Txk−1)
.

Thus,
Aβ := β(d(xk−1, xk))d(xk−1, xk), Bγ := γ(d(xk−1, xk))d(xk, xk+1),

Cδ := δ(d(xk−1, xk))d(xk−1, xk+1), Dϵ := ϵ(d(xk−1, xk))d(xk, xk) = 0.

So inequality (3.49) becomes,

d(Txk−1, Txk) ≨ α(d(xk−1, xk))d(xk−1, xk). (3.50)

We need only to show that the existence of such an α in FGer is equivalent to say that for xn → x∗ in X, with x∗

a unique fixed point of T , if and only if for any two subsequences xhn and xhk
of xn with xhn ̸= xhk

, we have that
Ωn → 1 only if dn → 0, where we take for any pair of sequences xn and yn with xn ̸= yn, we write dn = d(xn, yn)

and Ωn = d(T (xn),T (yn))
d(xn,yn)

. First assume such an α exists. Let {xhn
} and {xkn

} be two subsequences with xhn
̸= xkn

.

Assume that Ωn → 1 as n → ∞. Then it follows from inequality (3.50) that α(d(xhn , xkn)) → 1. But then since
α ∈ FGer, we have d(xhn , xkn) → 0. Next assume that the sequential condition holds. Define α : R+ → R as follows

α(t) = sup{d(T (xn),T (xm))
d(xn,xm) : d(xn, xm) ≥ t}. From inequality (3.50) the quotients are all below 1 and so α is defined

for all t > 0 and α < 1. Now assume that α(tn) → 1 for tn ∈ R+. We may further assume without loss of generality
that 1− 1

n ≤ α(tn) < 1. We must show tn → 0. But α(tn) is the above least upper bound. So there is for each n > 0
a pair {xhn

} and {xkn
} in {xn} with d(xhn

, xkn
) ≥ tn and

1− 1

n
<
d(T (xhn

), T (xkn
))

d(xhn , xkn)
< α(tn). (3.51)

So the sequence Ωn → 1 as n → ∞. But then by the sequential condition above, d(xhn
, xkn

) → 0. So tn → 0, as
was shown. This completes the proof of Corollary 3.10. □

Remark 3.11. Observe that Corollary 3.10 generalized Geraghty [13]. To be more direct, just as in case (a) of our
proof, take θ = 0, then Corollary (3.10) reduced to Theorem 2.1 in [13]. Again, if θ ̸= 0, then take xk = Txk−1, then
inequality (3.45) collapsed to d(Txk−1, Txk) ≨ α(d(xk−1, xk))d(xk−1, xk) which agree with the inequality in Theorem
1.3 of [13].

Corollary 3.10 is also true if inequality (3.45) is replace with an infinite type as the following result shows.

Proposition 3.12. Let (X, d) be a complete metric space and T : X → X such that there are {α, β, γ, δ, ϵ} ∈ FGer

and there exists θ ∈ R+ satisfying;

d(Tx, Ty) ≨ α(d(x, y))d(x, y)A
(θDϵ)

B
C

C··
·

δ
δ

γ

β , (3.52)

where,

Aβ :=
β(d(x, y))d(x, Tx)

1 + ϵ(d(x, y))d(y, Tx)
, Bγ :=

γ(d(x, y))d(y, Ty)

1 + ϵ(d(x, y))d(y, Tx)
, Cδ :=

δ(d(x, y))d(x, Ty)

1 + ϵ(d(x, y))d(y, Tx)
, Dϵ :=

ϵ(d(x, y))d(y, Tx)

1 + ϵ(d(x, y))d(y, Tx)

for all distinct x, y ∈ X for all k ∈ N. Then the sequence {xk}k∈N defined by Txk−1 = xk converges to a unique fixed
point of T in X.
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Proof . Observe first that if θ = 0, then inequality (3.52) reduced to

d(Tx, Ty) < α(d(x, y))d(x, y). (3.53)

Copy every other thing in the proof of Corollary 3.10 and we are done. □

Remark 3.13. Take θ = 0, then observe that Proposition 3.16 reduced to Theorem 1.1 of [13], i.e., d(Tx, Ty) <
α(d(x, y))d(x, y).

Corollary 3.14. Let (X, d) be a complete metric space and T : X → X such that there are {α, β, γ, δ, ϵ} ∈ FGer and
there exists θ ∈ R+ satisfying;

d(Tx, Ty) ≤ α(d(x, y))d(x, y)A
(θDϵ)

B
Cδ
γ

β , (3.54)

where,

Aβ :=
β(d(x, y))d(x, Tx)

1 + ϵ(d(x, y))d(y, Tx)
, Bγ :=

γ(d(x, y))d(y, Ty)

1 + ϵ(d(x, y))d(y, Tx)
, Cδ :=

δ(d(x, y))d(x, Ty)

1 + ϵ(d(x, y))d(y, Tx)
, Dϵ :=

ϵ(d(x, y))d(y, Tx)

1 + ϵ(d(x, y))d(y, Tx)

for all distinct x, y ∈ X for all k ∈ N. Then the sequence {xk}k∈N defined by Txk−1 = xk converges to a unique fixed
point of T in X.

Proof . We prove as follows:

(a) if θ = 0, then inequality (3.54) becomes;

d(Tx, Ty) ≤ α(d(x, y))d(x, y). (3.55)

This is Geraghty contraction map or inequality (3.55) or Theorem 2.8 see [13] for the proof.

(b) if θ ̸= 0, then inequality (3.54) becomes;

d(Tx, Ty) ≤ α(d(x, y))d(x, y)A
(θDϵ)

B
Cδ
γ

β ; (3.56)

where,

Aβ :=
β(d(x, y))d(x, Tx)

1 + ϵ(d(x, y))d(y, Tx)
, Bγ :=

γ(d(x, y))d(y, Ty)

1 + ϵ(d(x, y))d(y, Tx)
, Cδ :=

δ(d(x, y))d(x, Ty)

1 + ϵ(d(x, y))d(y, Tx)
, Dϵ :=

ϵ(d(x, y))d(y, Tx)

1 + ϵ(d(x, y))d(y, Tx)

for all distinct x, y ∈ X for all k ∈ N. Suppose that xk = Txk−1, then xk+1 = Txk for all k ∈ N. But xk ̸= xk+1 and
this implies that d(xk, xk+1) > 0, so that d(xk, xk+1) = d(Txk−1, Txk). From inequality (3.56), take x = xk−1 and
y = xk for all k ∈ N, thus

d(Txk−1, Txk) ≤ α(d(xk−1, xk))d(xk−1, xk)
A

D
B

Cϵ
δ

γ
β ; (3.57)

where,

Aβ :=
β(d(xk−1, xk))d(xk−1, Txk−1)

1 + ϵ(d(xk−1, xk))d(xk, Txk−1)
, Bγ :=

γ(d(xk−1, xk))d(xk, Txk)

1 + ϵ(d(xk−1, xk))d(xk, Txk−1)
,

Cδ :=
δ(d(xk−1, xk))d(xk−1, Txk)

1 + ϵ(d(xk−1, xk))d(xk, Txk−1)
, Dϵ :=

ϵ(d(xk−1, xk))d(xk, Txk−1)

1 + ϵ(d(xk−1, xk))d(xk, Txk−1)
.

Thus,
Aβ := β(d(xk−1, xk))d(xk−1, xk), Bγ := γ(d(xk−1, xk))d(xk, xk+1),

Cδ := δ(d(xk−1, xk))d(xk−1, xk+1), Dϵ := ϵ(d(xk−1, xk))d(xk, xk) = 0.

So inequality (3.56) becomes;

d(Txk−1, Txk) ≤ α(d(xk−1, xk))d(xk−1, xk). (3.58)

It follows Corollary 3.5 above or this is Theorem 2.7. Therefore, the sequence {xk}k∈N defined by Txk−1 = xk
converges to a unique fixed point of T in X. □
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Remark 3.15. As θ = 0, then Corollary 3.14 becomes Corollary 3.1 in [13] which is itself the generalization of result
in [28]. This is so because such an α is clearly in the class FGer.

Proposition 3.16. Let (X, d) be a complete metric space and T : X → X such that there are {α, β, γ, δ, ϵ} ∈ FGer

and there exists θ ∈ R+ satisfying;

d(Tx, Ty) ≤ α(d(x, y))d(x, y)A
(θDϵ)

B
C

C··
·

δ
δ

γ

β , (3.59)

where,

Aβ :=
β(d(x, y))d(x, Tx)

1 + ϵ(d(x, y))d(y, Tx)
, Bγ :=

γ(d(x, y))d(y, Ty)

1 + ϵ(d(x, y))d(y, Tx)
, Cδ :=

δ(d(x, y))d(x, Ty)

1 + ϵ(d(x, y))d(y, Tx)
, Dϵ :=

ϵ(d(x, y))d(y, Tx)

1 + ϵ(d(x, y))d(y, Tx)

for all distinct x, y ∈ X for all k ∈ N. Then the sequence {xk}k∈N defined by Txk−1 = xk converges to a unique fixed
point of T in X.

Proof . It follows from the proof of Corollary 3.14 and we conclude that the sequence {xk}k∈N defined by Txk−1 = xk
converges to a unique fixed point of T in X. □

Remark 3.17. As θ = 0, then Proposition 3.16 becomes Corollary 3.3 in [13] which is itself the generalization of
result in Boyd-Wong [3]. See some results in [33]. This is so because such an α is clearly in the class FGer. However,
if θ ̸= 0, then take xk = Txk−1, then inequality (3.59) collapsed to d(Txk−1, Txk) ≨ α(d(xk−1, xk))d(xk−1, xk) which
agree with the inequality in Corollary 3.3 of [13].

Conjecture 3.18. Can conclusion of Corollary 3.3 hold if we replace inequality (3.25) with an infinite type? i.e.,

d(Tx, Ty) ≤ α(d(x, y))d(x, y)C
C

C
C··

·
δ

δ
δ

δ , (3.60)

where, Cδ :=
δ(d(x, y))d(x, Ty)

1 + ϵ(d(x, y))d(y, Tx)
.

References

[1] A. Amini-Harandi and H. Emami, A fixed point theorem for contraction type maps in partially ordered metric
spaces and application to ordinary differential equations, Nonlinear Anal. 72 (2010), 2238–2242.

[2] S. Banach, Sur les opérationes dans les ensembles abstraits et leur application aux équation intégrales, Fund.
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