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Abstract

The chattering phenomenon has been one of the most important controlling challenges in recent years, and efforts
have been made to eliminate or control this phenomenon effectively, with various control strategies. In this arti-
cle, a new super-twisting back-stepping sliding mode controller is proposed and to validate the performance of this
controller, the outcomes of some well-known techniques are compared, in two aspects reducing tracking error and
removing the chattering phenomenon. Also, a comparative analysis between control methods such as sliding mode,
feedback linearization and back-stepping control has been done in the sense of stability and convergence. The model
discussed in this article is a non-linear, highly unstable system of the inverted pendulum. The results of applying the
proposed controller on an inverted pendulum are compared in terms of the tracking speed, convergence time, error
and chattering reduction. In addition, the stability analysis of the closed-loop system is presented according to the
Lyapunov theorem. The results clearly show the efficiency of the proposed method not only in terms of stability and
convergence improvement but also in reducing unwanted chattering.
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1 Introduction

In recent years, many researchers have studied various control methods on highly nonlinear and unstable systems,
including the inverted pendulum. Design of an efficient controller with suitable performance requires good calculations,
the designer’s precise understanding of the controller, and examination of the issues. In this paper a newly proposed
super twisting back-stepping sliding mode control (SMC) is defined and the performance has been shown for problems
such as non-linear interference interpretation, error reduction and control adjustment.

In recent years different strategies have been proposed to extend and improve the efficiency of sliding mode
controllers in [17], an improved sliding model method is introduced that shows good performance in error removal and
tracking speed. In [35, 39], the development strategy with adaptive sliding mode control is implemented on the inverted
pendulum system and Unmanned Surface Vehicle. In [17], a kind of non-contact vibration measurement method for
a two-connected flexible piezoelectric plate using laser sensors is proposed and used method of fuzzy sliding mode to
solve this problem. In [28], with the help of adjusting the sliding mode controller, a robust mode has been created.
In [10], a sliding mode control system is designed for control under pressure nuclear water reactor (PWR) power. In
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[41], the sliding mode control method is used to extract the maximum power from wind energy. Many studies have
been done to design the controller with the linearization method around the fixed point of the system [11].

In these studies, the feedback linearization method has been compared with the standard sliding mode control
method. In [48], the controller examines the sliding model along with a new sliding surface in the presence of
disturbance. In [20] the method of super twisting sliding mode has been used to solve the problem of the maximum
power point of PT in the application of new MP energies such as solar energy. In [43], the standard sliding mode
controller is used to control the mode changes of the inverted pendulum.SMC sliding mode controllers and their
improved versions propose good dynamic response and disturbance robustness, consequently they are implemented on
many real-world industrial systems [31].

In [23], an adaptive sliding mode control to control chaotic systems is proposed. In [44], to solve the path tracking
problem with unknown uncertainties, a new controller consisting of the a proportional-integral-differential sliding
mode surface (PIDSM) and the rate of progress of the hyperbolic reaching law is proposed. In [29], the control of
the permanent magnet synchronous motor, which is a non-linear industrial system, is performed by sliding mode. In
[15], the developed sliding mode controller is used to improve the performance of the wind energy conversion system
caused by the permanent magnet synchronous generator and increase the quality of electricity to the network and
subscribers. In [22], the survey and review of the sliding mode controller for network control systems has been analyzed
and reviewed. In [26] terminal sliding mode control is used to adjust the servo speed of permanent magnet motor.
Also, in new researches, a control strategy on the terminal sliding mode controller has been proposed for industrial
nonlinear systems [49] and linear [42].

In [4], the performance of the sliding mode control method for the synchronization of fractional order chaotic systems
has been investigated. In [21], the terminal sliding mode control method has been implemented and implemented
on a real four-rotor unmanned ticket system. In [19, 34], with the help of the method of pole placement and state
linearization, feedback linearization and input linearization, the nonlinear system of the inverted pendulum is stabilized.
In [24], the sliding mode control was developed for the DC-DC buck converter system and in [45] this method is used
to control the robot with two arms.

The sliding mode controller method can also be used for viscous fluid control systems that have a non-linear method
[36]. In [49, 5], he used the Super Twisting sliding mode method and its developed versions, including adaptive and
fuzzy, to remove the chattering phenomenon and control the inverse pendulum. The combined Back-stepping Super-
Twisting algorithm for speed control of a three-phase induction motor is studied in [6]. Back stepping control method
for many industrial applications, including power point tracking in photovoltaic systems [13], helicopter control [12],
UPS uninterruptible power source control [38], reverse pendulum control [16] and [7] and tracking Quadrature route
[14, 3]. In recent researches, developed sliding mode controlling methods such as Adaptive fuzzy fast terminal sliding
mode control [46] and PID-Sliding mode controller [45] have been proposed and utilized to stabilize the inverted pen-
dulum. Also, hybrid structures, including the Adaptive backstepping integral sliding mode control [2] for independent
excitation dc motor speed control, a sliding mode based on super-twisting sliding mode control [25] for guiding un-
manned surface vehicles and backstepping based sliding mode control for load frequency control in power systems [9]
is of interest to many researchers.

The superiority of the method proposed in this article is proposing a newly proposed backstepping-sliding mode
structure that considers all implementation limitations including tracking error, chattering phenomenon in the control
signal, speed of convergence simultaneously and leads to a good performance in compare with similar controlling
structures. The main body of this article consists of four parts. In the first part, the systems dynamic is expressed. In
the second part, of the controller is designed based on feedback linearization method. The third part of the article deals
with design of sliding mode controller, its related stability proof and controller improvement which yields chattering
reduction. Forth part proposes the back stepping super twisting sliding mode method. The final section contains
comparative analysis of proposed method, feedback linearization and sliding mode controlling.

2 Methodology

Consider a special class of second order nonlinear systems with canonical structure as follow:{
ẋ1 = x1

ẋ2 = f(x, t) + g(x, t)u+ d(t)
(2.1)

Where f and g are non-linear Lipschitz functions which can include bounded parametric uncertainties. u is the input
control signal,x = [x1, x2]

T ∈ Rn is the system states and d(t) is the disturbance function which satisfies d(t) ≤ ∥D∥
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Definition 2.1. The function f : Rn → Rm is locally Lipshitz at x0 ∈ Rn , if there exists:

� A neighborhood B(x0, ε) = {x ∈ Rn| ∥x− x0∥ < ε} with ε > 0

� Lipschitz constant L > 0

So that the following condition is satisfied.

∀x ∈ B(x0, ε), ∥f(x1)− f(x2)∥ ≤ L ∥x1 − x2∥

To clarify the method without losing the generality in the next section the inverted pendulum system which is an
example of proposed class is considered.

2.1 Inverted Pendulum System Equations

Figure 1 shows and inverted pendulum structure. Mathematical equations and dynamic model representing the

Figure 1: Physical model of inverted pendulum

behavior of the inverted pendulum system are explained by equations 2.1 and 2.2. As can be seen, this system has
strongly nonlinear terms. The values of the parameters of the inverted pendulum system in performing calculations
and simulations are as described in Table No. 1.

Table 1: System parameters of inverted pendulum.

Parameter value Parameter Symbol

M Cart mass 1kg

m Pendulum mass 0.1kg

g Acceleration of gravity 9.8 m/s2

L Half length of the pendulum 0.5m

{
ẋ1 = x2

ẋ2 = f (x1, x2) + b (x1, x2)u
, ẋ =

[
θ

θ̇

]


f (x1, x2) =
(M +m) g sinx1 −mLx2

2 (sinx1 cosx1)
4

3
(M +m)L−mLcos2x1

b (x1, x2) =
cosx1

4

3
(M +m)L−mLcos2x1

(2.2)

where functions f and b are non-linear equations expressed in the form of equation 2.2. As can be seen from Figure 2,
despite the difference in the initial conditions of the system states, the states converge to an oscillatory cycle.
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Figure 2: Dynamic limit cycle of the nonlinear inverted pendulum system for different initial conditions

2.2 Controller design based on feedback linearization

In this section, the feedback linearization strategy is used to linearize the nonlinear equations of the inverted
pendulum. Considering the canonical form, it is possible to linearize the non-linear system by using a quasi-linear
controller and guarantee the control and stability of both system output variables and reference signal tracking in the
tracking operation. According to the canonical structure of system state equations, the controller signal is proposed
as equation 2.3.

u =
1

b
(−f + v) ⇒ u =

4

3
(M +m)L−mLcos2x1

cosx1
(− (M +m) g sinx1 −mLx2

2 (sinx1 cosx1)
4

3
(M +m)L−mLcos2x1

+ v)

→ ẋ2 = v

(2.3)

The virtual controller v for the virtual linearized system is in the form of equation 2.4.

v = xn
d − kn−1 en−1 .....k1ė− k0e ⇒ en+ kn−1 en−1 + .....k1ė− k0e = 0 (2.4)

In equation 2.4, n is the number of system states, which is equal to 2, and e is the error signal and xd is the input
reference signal.

v = ẍd − k1ė− k0e ⇒ ë+ k1ė+ k0e = 0 (2.5)

s2 + k1s+ k0 = 0 (2.6)

We rewrite equation 2.5 as 2.6. The coefficients K1 and K2 determine the location of the closed loop poles of the
system. Finally, the virtual controller is determined as equation 2.7.

v = −k1x1 − k2x2 (2.7)

States dynamics and controlling signal extracted from feedback linearization method are illustrated in figures 3.a
and 3.b respectively. To guarantee the stability K1 and K2 It should be determined in such a way as to guarantee the

Hurwitz property of polynomial 6. Accordingly we suppose K1 = K2 = 10, X0 = [0.2, 0.1] and Xd =
π

30
sin(t).

Also the tracking error related to state X1 and X2 is shown in Figure 4 and Figure 5. As it is mentioned the error
converges to zero in about 5 seconds.
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Figure 3: state variables x1 and x2 and controlling signal

Figure 4: error signal obtained by feedback linearization method

2.3 Controller design based on sliding mode control

Consider the nonlinear structure of 2.2 and also the standard sliding surface which is a function of tracking error
is defined as follows where λ is a positive constant.

s =

(
d

dt
+ λ

)1

e = ė+ λe (2.8)

To guarantee the lyapunov stability and also finite time convergence to sliding surface, the following equation must
be satisfied.

sṡ ≤ −µ |s| (2.9)

The SMC controller is defined as follows, where Û is the nominal part and USW is the variable structure obtained
from reachability condition 2.9.

u = Û − USW ; USW = ksign (s)

Û =
−1

b
(q + ksign (s)) =

− 4
3 (M +m)L−mLcos2x1

cosx1
(q + ksign (s)); q = λ (x2− ẋd) + (f − ẍd)

→ q = λ (x2− ẋd) +

(
(M +m) g sinx1 −mLx2

2 (sinx1 cosx1)
4
3 (M +m)L−mLcos2x1

− ẍd

)
. (2.10)
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Figure 5: X1 and X2 reference tracking error obtained by feedback linearization method

Table 2: Literature review to reduce chattering
Reference Variable structure part Details

[1, 11, 31, 45, 36, 5, 46, 33] USW = −Ksign(s)
sign(s) = s

|s|
sign(s) = 0

[15] USW = −Kep.sign(s) sign(s) =
s

|s| + ϵ

[40, 33] USW = −K.sat(s)
sat(s) =


−1 s < −ϕ
s
ϕ −ϕ ≤ s ≤ ϕ

1 s > 0


0 < ϕ < 1

[44] USW = −K tanh(s) . . .

[10, 45] USW = −K. tanh( s
δ ) δ = 0.5

[20, 30, 33] UST = −α |s|2 sign(s) + U1, U̇1 = −ωsign(s) α = 2, p = 0.5, ω = 8

[39] USW = −K tanh(ρs), K > 0 tanh(ρs) =
eρs − e−ρs

eρs + e−ρs

ρ > 0

Considering k = 18 and λ = 5; the inequality 2.9 and consequently stability will be satisfied:

s (λ (ẋ1 − ẋd1
) + (ẋ2 − ẍd1

)) ≤ −µ |s|

s (λ (ẋ1 − ẋd1
) + (ẋ2 − ẍd1

)) ≤ −µ |s|
s (λ (x2 − ẋd1) + (f + bu− ẍd1)) ≤ −µ |s|
s
(
λ (x2 − ẋd1

) +
(

(M+m)g sin x1−mLx2
2(sin x1 cos x1)

4
3 (M+m)L−mLcos2x1

+ cos x1
4
3 (M+m)L−mLcos2x1

u− ẍd1

))
≤ −µ |s| .

One of the classic SMC problems in industrial implementation is the presence of unwanted and annoying chattering
fluctuations which causeincreasing control activity, inducing unmolded high-frequency dynamics, reducing control
accuracy, increasing heat losses in electrical circuits, and electrical energy consumption in mechanical parts and
actuators. Accordingly, the controller 2.10 is improved through Table 2.

In the sequel the sliding surface and controlling signals for inverted pendulum are discussed using methods men-
tioned in above table.

As seen in the above table, using the sign function causes drastic changes in the control signal, which causes damage
to industrial equipment, and improved controlling signals greatly reduce chattering. In Table 4, the different methods
presented in Table 3 are compared in terms of the time to converge to the sliding surface with an error of less than
e = 0.0001.

According to Table 4, the state variables in the supertwisting method reach the sliding surface in less than 2s and
are attracted to this surface. In the following, it is shown that the absorption of the state variables to the sliding
surface is effective in the operation of following the reference signal, and there is less error between the values of the
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Table 3: Sliding surface and controlling signals after applying Table 2 controlling strategies on inverted pendulum

Variable structure Control Signal Sliding surface

USW = −Ksign(s)

Variable structure Control Signal Sliding surface

USW = −Kep sign(s)

Variable structure Control Signal Sliding surface

USW = −Ksat(s)

Variable structure Control Signal Sliding surface

USW = −K tanh(s)

Variable structure Control Signal Sliding surface

USW = −K tanh( sδ )

Variable structure Control Signal Sliding surface

UST = −|α|psign(s) + U1
.

U1 = −ωsign(s)

Variable structure Control Signal Sliding surface

USW = −K tanh(ρs), k > 0
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Table 4: Comparison of different methods in terms of the speed of reaching and absorbing the sliding surface

response specification −Ksign(s) −Kep− sign(s) −Ksat(s) −K tanh(s)
Convergence time to sliding surface 5s 10s 10s > 20s
Error when reaching the sliding surface 0.0003 3.51E − 5 3.96E − 5 0.0073

response specification −K tanh( sδ ) −K tanh(ρs) Super Twisting
Convergence time to sliding surface > 20s > 20s 2s
Error when reaching the sliding surface 0.00048 0.0261 3.038E − 6

Table 5:

state variables and the reference signal. The figure below shows the performance of various functions and the sliding
mode control method, how the system modes act in pursuit of the desired input signal.

Figure 6: Reference tracking by x1, using controlling structures of table 2

In Figure 6, the lowest amount of error and the best accuracy is related to the Super-Twisting control method,
which completely and with negligible error follows the desired input signal by x1. To describe the performance of
the above methodsmore precisely, in Table 5, a functional analysis of the control method is reviewed in terms of
steady-state error, reaching time, the amount of overshoot of the control signal, the chattering range and the MSE
error. Where the parameter N is sampled point numbers.

MSE =
1

N

n∑
i=1

(X −Xd)
2

(2.11)

According to Table 5, in terms of accuracy and covergence speed the Super-Twisting method shows a very good
performance. Also, the overshoot values and changes in the control signal range are acceptable in this method, and it
was able to control and eliminate the chattering phenomenon. Also, in the MSE section, a much better improvement
can be made in the Super-Twisting method by adjusting the parameters, but a chattering phenomenon appears.
In Figure 7 only the function u = −ksign(s) cannot effectively track the desired input signal due to the excessive
chattering phenomenon. The undesired chattering phenomenon is clearly shown in zoom-in window.

2.4 Controller design based on back stepping super twisting sliding mode control

Back stepping control technique is widely used to achieve the goals of industrial nonlinear system control including
military equipment, robotics, medical engineering and technical services[6].

Theorem 2.2. Consider the nonlinear system 2.2 . The stable back stepping super twisting SMC controller is designed
as:

u =
1

b
(−f + c1ė1 + ẍd + c2s+ ksign (s)) (2.12)
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Figure 7: Reference tracking by x2, using controlling structures of Table 2

u =
4
3 (M +m)L−mLcos2x1

cosx1

(
− (M +m) g sinx1 −mLx2

2 (sinx1 cosx1)
4
3 (M +m)L−mLcos2x1

+ c1ė1 + ẍd + c2s+ ksign (s)

)
Proof . Consider the tracking error of state x1 as follow:

e1 = xd − x1 , ė1 = ẋd − ẋ1 = ẋd − x2 (2.13)

The positive definite Lyapunov function is defined as:

v1 =
1

2
e21 (2.14)

and its related derivative is:
v̇1 = e1ė1 = e1 (ẋd − x2) . (2.15)

To guarantee V̇1 ≤ 0, x2 is defined as follow:

x2 = −s+ c1e1 + ẋd. (2.16)

Considering above relation, sliding surface is proposed as follow:

s = c1e1 + ẋd − x2 = c1e1 + ė1, c1 > 0. (2.17)

Replacing 2.16 in 2.15 yields:

v̇1 = e1 (ẋd − (−s+ c1e1 + ẋd)) = e1s− c1e
2
1. (2.18)

Consequently 2.19 results by deriving 2.17 :

ṡ = c1ė1 + ë1 = c1ė1 + ë1 = c1ė1 + ẍd − ẋ2, (2.19)

where 2.19 is rewritten by 2.20:
ṡ = c1ė1 + ẍd − f − bu (2.20)

ṡ = c1ė1 + ẍd −
(M +m) g sinx1 −mLx2

2 (sinx1 cosx1)
4
3 (M +m)L−mLcos2x1

− cosx1
4
3 (M +m)L−mLcos2x1

u.

In the second step Lyapunov function v2 is defined as:

v2 = v1 +
1

2
s2. (2.21)
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Deriving 2.21, u is appeared and should be denoted such that it satisfies V̇2 < 0

v̇2 = v̇1 + sṡ = e1s− c1e
2
1 + s (c1ė1 + ẍd − f − bu) . (2.22)

Accordingly, u will be calculated by relation 2.23:

u =
1

b
(−f + c1ė1 + ẍd + c2s+ ksign (s)) (2.23)

u =
4
3 (M+m)L−mLcos2x1

cos x1

(
− (M+m)g sin x1−mLx2

2(sin x1 cos x1)
4
3 (M+m)L−mLcos2x1

+ c1ė1 + ẍd + c2s+ ksign (s)
)

⇒ v̇2 = −c1e
2
1 − c2s

2 + s− k |s| ≤ 0.

□

3 Simulation results

In this section, simulation is done to check the performance of the designed controller in terms of tracking modes,
reducing chattering and reaching time.

Figure 8: Control signal in backstepping Super Twisting SMC

Comparing Figure 8 with Table 3 it is clear that backstepping super twisting SMC contains less surge in specified
points.

Additionally comparative results of Table 3 and Figure 9 shows better convergence of sliding surface to zero in
proposed method. Considering Figure 10 it is clear that proposed method performs less convergence time.To better
examine how the state variables move towards the input reference signal, in Figure 11, this tracking operation is drawn
in 2D and the time to reach the desired value of the input reference signal is specified.

Finally Figure 12 indicates the tracking errors

Table 6 represents a brief comparison between feedback linearization, Super-Twisting SMCand back stepping-Super
Twisting.

According to Table 6, in terms of the accuracy and states’ convergence speed, the Backstepping Super twisting
method shows very good performance and exact converges to the reference signal. In addition, it not only reduces
the overshoot value but also can control and eliminate the chattering phenomenon. Considering the MSE section, we
come to the conclusion that the backstepping - Super Twisting method has the lowest MSE value compared to the
other methods, mentioned in Table 6.

As can be seen in Figure 13, the state variables in the back stepping Super Twisting method reach the sliding
surface in less than 1s and remain on sliding surface. This indicates the efficiency of the control signal.
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Figure 9: Sliding surface in Backstepping SuperTwisting method

Figure 10: Comparative results of reference tracking

Figure 11: 2D diagram of reference tracking

In Table 7, Figure13 is analysed.

In Table 7, Super Twisting-SMC and Back stepping- Super twisting methods are compared in terms of convergence
time to sliding surface with an error less than 0.0001. As can be seen in Table 7, in the Backstepping Super-Twisting
method, the state variables reached the sliding surface very quickly and were not separated from the sliding surface
until the end of the simulation time.
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Figure 12: How to minimize the tracking error of the input reference signal in different ways

response

specification

Steady

state error

Time to reach the

desired value(sec)

Over

shoot( u)

The peak-to-peak

amplitude of the u

signal

MSE

Feedback

linearization
0.0003 < 8 1.23 2.48 125.752

Super Twisting

. SMC
0 < 2 1.7 2.35 0.0101

Backstepping

- Super twisting
0 < 1.4 1.7 2.35 0.0042

Table 6: Performance analysis of control strategies

Figure 13: Sliding surface in Back stepping- Super Twisting method and Super Twisting-SMC method

4 Conclusion

In this article, a new super-twisting back-stepping sliding mode controller is proposed and to validate the perfor-
mance of this controller, the outcome of some well-known nonlinear controlling techniques such as feedback linearization
and super twisting SMC are compared in two aspects of controlling a specified class of nonlinear systems and removing
the chattering phenomenon. Also, the results are compared not only in clear schematicfigures but also analyzed in
quantitative detail. In addition, the stability analysis of the closed-loop system is presented according to the Lyapunov
theorem. The results clearly show the efficiency of the proposed method.In future works, to improve the performance
of the proposed method in the sense of convergence speed section, It is recommended to combine the super-twisting
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Table 7: Comparison of different methods in terms of the speed of reaching and absorbing the sliding surface
response

specification
Back stepping
Super Twisting

Supper Twisting
- SMC

Convergence time to
sliding surface

1S 2S

Error when reaching
the sliding surface

5.94E-5 2.2E-5

back-stepping with advanced sliding mode methods such as terminal SMC or fast terminal SMC to improve the
convergence time. Also, the sensitivity of system to the noise and disturbance can be discussed and calculated.
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