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Abstract

Let G = (V, E) be a finite, simple, and undirected graph without an isolated vertex. We define a dominating D of
V(G) as a total pitchfork dominating set if 1 < |[N(¢t) NV — D| < 2 for every ¢t € D such that G[D] has no isolated
vertex. In this paper, the effects of adding or removing an edge and removing a vertex from a graph are studied on the
order of minimum total pitchfork dominating set 71’; f(G) and the order of minimum inverse total pitchfork dominating
set 7, ft(G) Where 'y;f (G) is proved here to be increasing by adding an edge and decreasing by removing an edge,
which are impossible cases in the ordinary total domination number.
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1 Introduction

Let G = (V, E) be a graph without isolated vertices has vertex set V of order n and edge set E of size m. The
degree of a vertex v of a graph G is denoted by deg(v) and defined as the number of edges incident with v where v is
pendant vertex when deg(v) = 1 and isolated when deg(v) = 0. For graph basic concepts and theoretic terminology
one can see [21]. The study of domination and its applications has a large area in graph theory. For a detailed survey
of domination, we refer to [22, 23], 24]. Ore [27] introduced the expression dominating sets in graphs. Several sorts
of dominations are given in [I} [T} [I3] 18] 26| 28]. The effects of removing an edge or vertex or adding an edge are
studied on more types of graph domination as in [12} [I4] 5] [16] 17, 25 29]. Al-Harere and Abdlhusein introduced
pitchfork domination in 2020, where they proved several bounds and properties for this parameter see [I]-[I0]. The
effects of adding or removing an edge and removing a vertex from the graph on the order of minimum total pitchfork
dominating set are studied here. The order of the total pitchfork dominating set is proved here to be increasing by
adding an edge and decreasing by removing an edge, which are impossible cases in the ordinary total dominating set.
The study of these effects has an important advantage to learning ways of treatments for any added or damaged nods
or links of the system or networks to avoid losing some properties of the system and to give the best services with
minimum costs.
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2 Changing and Un-Changing v} .(G)

In this section, we discuss the stability of *y; f(G) when we deleting a vertex or edge or adding an edge from G. If
G — v has a total pitchfork dominating set, then we partition the vertices of G into three sets:

Vi={veV: vzt,f(G —v) = 'y;f(G)}, Vi={veV: 'y;f(G —v) > Wf,f(G)} andV- ={veV: 'yf,f(G —v) < vf,f(G)}.

Similarly, edges set can be partitioned into:

E'={ecE: Vi (Gre) =7 (G}, Bf ={e€ E:7);(Gxe)>~:(G)} and E; ={e € E:v,;(Gxe) < ;(G)},

D ifee G
]+, ifeedG.
Theorem 2.1. For any graph G having a 'y;f—set. If there is a vertex v € V such that G — v having a total pitchfork
domination, then V* # ¢, where * = 0 or — or +.

where

Proof . Assume that D is a 7; s—set in G, then we show that V* is non empty set as follows:

Case 1: V2 # ¢: If v € V — D is an end vertex dominated by u which is dominates other vertex w, then
V(G —v) =7} :(G) and v € V2. Hence, VO # ¢, see Figure

(a) G (b) G —w

Figure 1: 9} (G —v) = 7, ;(G)

Case 2: V # ¢: If v € D is adjacent with one or more vertices of D which are dominate the same vertex from
V — D, then vfjf(G —v) < 'yf)f(G) and v € V. Hence, V_ # ¢. For example see Figure

—

(a) G (b) G—w

Figure 2: 7} :(G —v) <7,¢(G)

Case 3: V' # ¢: If G has three joined cycles subgraphs C3, when we delete the vertex of one cycle which is
adjacent with other cycle, then the order of D will increase. Then, fy;f(G —v) > V;f(G) and v € V. Hence, V. # ¢.

For example see Figure 3] O
(a) G

(b) G—w

Figure 3: 7} (G —v) > 7/ :(G)



Stability of (1,2)-total pitchfork domination 235

Theorem 2.2. For any graph G having a *y; s—set. If e € E and G — ¢ having a total pitchfork domination, then
E* £ ¢, where x =0 or — or +.

Proof . Assume that D is a 'y;f—set in G, then we show that E* is non empty set as follows:

Case 1: E° # ¢: If a vertex v € D is adjacent with some vertices of D, then we can delete an edge e = v u for any
u € D to get the result. So if a vertex w € V — D is dominated by some vertices of D one of them such u dominates
two vertices. Then, we can delete an edge e = uw to get yf)f (G—e) = V;f (G). Thus, e € E and E° # ¢, see Figure
4

(a) G (b) G—e

Figure 4: 4} (G —e) = };(G)

Case 2: ET # ¢: If a graph G has two cycles joined by a bridge e incident on two vertices of D, then D in G — e
must contain two vertices of every cycle. So W;f(G —e)> 'y;f (G). Thus, e € ET and ET # ¢, see Figure

(b) G—e

Figure 5: 7, (G —e) > ,(G)

Case 3: E_ # ¢: Suppose that there is a vertex u € D dominates exactly two end vertices and adjacent with more
than one vertex of D. Let v € D is adjacent with u where every vertex which is dominated by v is also dominated by
other vertex of D. So v is adjacent with a vertex of D dominates only one vertex. Let ¢ = uwv, then in G — e we can
put v € V — D tobe D —vis anrf,—set of G —e. Hence, 7/ (G —e) < 7} (G) and EZ # ¢, see Figure@ O

(a) G (b) G e

Figure 6: v, (G —e) < 7,,(G)

According to case 3 of the above theorem, we proved that the order of a total pitchfork dominating set can be
decreasing by removing an edge. This case is impossible in the ordinary total dominating set [19].

Theorem 2.3. For any graph G having a 'y;f—set. If e ¢ E and G + e having a total pitchfork domination, then
EY # ¢, where * = 0 or — or +.

Proof . Assume that D is a 'y;f—set in G, then we show that I} is non empty set as follows:

Case 1: EQ_ # ¢: If a vertex v € D is dominating only one vertex, then adding an edge between v and any other
vertex of V' — D will not affect on the order of 'y;; s—set. Also, when we add an edge between any two vertices of V — D
or between any two vertices of D will not affect on the order of v} . —set. Hence, 7} (G +¢) = 7};(G) and EY # ¢.
For example see Figure
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@ G (b) G e (© G+e
Figure 7: 4} (G +¢) = };(G)

Case 2: Ei # ¢: If every vertex v € D dominates exactly two vertices, then adding an edge between v and any
other vertex of V' — D which isn’t dominated by it will increase the order of 7; s—set. Hence, 7;, f(G +e) > 7; f(G) and

EI # ¢. For example see Figure

(a) G (b) G+e
Figure 8: v, (G +¢) > 7,,(G)
Case 3: £, # ¢: If v € D dominates only one end vertex w and adjacent with a vertex from D which also

dominates only one vertex. When we add e between w and any vertex of D dominates one vertex and non-adjacent
with v, then D — {v} is a vzt)f of G + e. Hence, Wltjf(G +e)< 'y;f(G) and E # ¢. For example see Figure@ O

(a) G () G+e

Figure 9: 7} (G +e¢) < },(G)

According to case 2 of the above theorem, we proved the order of a total pitchfork dominating set can be increasing
by adding an edge. This case is impossible in the ordinary total dominating set [20].

3 Changing and Un-Changing 7;;((;')
In this section, we discuss the stability of Y, ;(G) when G is modified by removing a vertex or edge and when

adding an edge. If G — v has an inverse total pitchfork dominating set, then we partition the vertices of G into three
sets:

Voz{veV:%;ft(G—v) :'yp}t(G)}, Vt={ve V:'y;ft(G—v) >'y;ft(G)}, and V™ ={v e V:W;;(G—v) <7;;(G)}.

Similarly, edges set can be partitioned into:

EV={ec E:'yp_ft(G*e) zyp_ft(G)}, Ef={ecE: ’yp_]f(G*e) > vp_ft(G)}, and B = {eec E: *yp_ft(G*e) < vp_;(G)},

D ifeeG
]+, ifeed.

The vertices of a v, Jf (G) are referred by red color, while vertices of a ’yzt)f (G) are referred by black color.

where
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Theorem 3.1. For any graph G having a -, ft—set. If e € F and G — e having an inverse total pitchfork domination,
then E* # ¢, where x = 0 or +.

Proof . Assume that D' is a Yp, ]f—set in G, then we show that E* is non empty set as follows:

Case 1: E° +# ¢: If a vertex v € V — D! is dominated by two or more vertices of D!, then we can delete
e = vw such that w € D~! and dominated exactly two vertices. Hence, 'y;;(G —e) = 'y;]f(G). Thus, e € EY and

EY = ¢. For example see Figure

(a) G b)) G—e

Figure 10: fyp_ft(G’ —e) = ’yp_ft(G)

Case 2: ET # ¢: If a vertices v, w € D! are adjacent only together in G[D~ ] when we delete e = v w, then we
must increase the order of D~" to be v and w not isolated in G[D~']. Hence, ,; WG —e) > of '(@). Thus, e € BT
and BT # ¢. For example see Flgure 11 O

VARV Vi vy

Figure 11: fyp_;(G —e) > 'yp_ft(G)

Theorem 3.2. For any graph G having a Y, ft —set. If e ¢ F and G + e having an inverse total pitchfork domination,
then E* # ¢, where * = 0 or + or —.

Proof . Assume that D7! is a vgft—set in G, then we show that E* is non empty set as follows:

Case 1: E‘O # ¢: If a vertex v € V — D~! is dominated by only one vertex of D™!, then we can add e = vw for
any w € D! dominates exactly one vertex. Hence, Vot HG +e) = Wp_ft(G). Thus, e € E% and E° # ¢. For example

see Figure [12]
)G +e e

G+61+
(¢) G+e )

Figure 12: yp_f(G +e)= 'yp_ft(G)

Case 2: B+ # ¢: For any vertex v € D~! dominates exactly two vertex. If we add an e = vu forany u € V—D!,
then v dominates three vertices, that is contradiction. So v € D~!. Hence, vp_ft(G +e)> ’yp_ft(G). Thus, e € ET and
ETf =% ¢. For example see Figure

Case 3: E~ # ¢: For any two adjacent vertices u, v € D~! and dominate the same one vertex and deg(u) =
deg(v) = 1 in G[D~1]. If we add an e = vw for any w € D~!, then u € V — D~L. Hence, 'yp}t(G—l— e) < 7;;(6'). Thus,
e € E~ and E~ # ¢. For example see Figure |
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T RAATTA

YG+e

Figure 13: 7;;((;' +e)> ’yp}t(G)

ANNVAN VANV AN

)G +e
Figure 14: 'yp}t(G +e) < ’y;ft(G)
Proposition 3.3. For any graph G having a fyp_ft —set. If v € V and G—v having an inverse total pitchfork domination,
then VO # ¢.

Proof . Assume that D7! is a 77; —set in G. Let v € V such that v ¢ D and v ¢ D™, if every vertex from D or
D~! which dominates v is also dominates other vertex. Then, Vot HG —v) = Yp, ft (G) and v € V. Hence, VO # ¢. For

example see Figure [I5] O
(a) G -

Figure 15: fyp_ft(G —v) = ’yp_ft(G)

Remark 3.4. For any graph G with a total pitchfork dominating set. If G — v have an end vertex, then G — v has
no inverse total pitchfork dominating set.

Remark 3.5. For any graph G of order n < 4 with a total pitchfork dominating set. Then, G —v has no inverse total
pitchfork dominating set.

Remark 3.6. For any graph G with a total pitchfork dominating set. If v is a support vertex in G, then G — v has
no total pitchfork dominating set.

Proposition 3.7. For any graph G with a unique total pitchfork dominating set D. If D! =V — D, then G —v has
no inverse total pitchfork dominating set for any v € V.

Proof . Let v € V, then if G — v has no total pitchfork domination, then it has no inverse total pitchfork domination.
Suppose that G — v has a total pitchfork domination and let D be a ’y;f—set of G —v. Then, W;f(G —v) > ”7*1, SO
G — v has no inverse total pitchfork dominating set. O

Proposition 3.8. For any cycle graph C,, ;(n > 3) having an inverse total pitchfork domination. Then, G — v and
G — e has no inverse total pitchfork dominating set for any v € V and e € E.

Proof . Since C,, — v and C,, — e are a path graph which have a pendent vertex and no inverse total pitchfork
dominating set (see []). O

Theorem 3.9. For any wheel graph G = W, (n > 3) having an inverse total pitchfork domination. Then, G — v has
an inverse total pitchfork domination and 'yp_ft(G —v) = 'yp_ft(G) if and only if v € K7 and n = 0 (mod 4).
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Proof . Let v € Ky and n = 0(mod 4), since W,, = C,, + K1, then G — v = C,. Since C,, having an inverse
total pitchfork domination if and only if n = 0 (mod 4) according to [8]. Hence, G — v has an inverse total pitchfork
domination and D=1 =V — D. Therefore, ’yp}t (G—v)= 7;; (G).

Suppose that G — v has an inverse total pitchfork domination such that 'y;;(G —v) = 7;; (G) for any v € C,,. Let
D lbea 'y;ft(G —v). Since W, has an inverse total pitchfork domination if n = 0 (mod 4) or n = 3. Then, there are
two cases:

Casel: If n = 3, then there is a vertex in D does not dominate by D!, which is a contradiction.

Case2: If n = 0 (mod 4), then since the vertex of K7 does not belong to D~! because it is adjacent with more than
two vertices of D. Then, v} :(G) = v} (G — v). Therefore, |[D~!| < |D|, so there is a vertex in D does not dominate
by D! since it was dominated by only v. Hence, we get a contradiction. Thus, G — v has no inverse total pitchfork
domination. [J

Proposition 3.10. For any complete graph G = K, ;(n > 3) having an inverse total pitchfork domination. Then,
G — v has no inverse total pitchfork dominating set for any v € V.

Proof . Since K,, having an inverse total pitchfork domination if and only if n = 4 and D~! = V — D (see[8]). Then,
G — v has three vertices and has no ’yp_ft—set. O
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