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Abstract

This paper is devoted to studying the existence of a solution to the Dirichlet problem for a specific class of elliptical
anisotropic equations of the type

A(u) + g(z,u) = f in Q
{ u=0 on 99, (0.1)
Ny .
in the anisotropic Orlicz-Sobolev spaces, where A is a Leray-Lions operator A(u) = Z—a—(ai(ac,Dlu)), the
: T
i=1

Carathéodory function g(z, s) is a non-linear lower order term that verify some natural growth and sign conditions,
where the data f is framed in anisotropic Orlicz-Sobolev spaces, and it is described by an Orlicz function that does not
meet the As-condition. Within this framework, we prove the existence of a weak solution for our strongly nonlinear
elliptic problem.
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1 Introduction

The purpose of this study is to investigate the existence of a weak solution to the nonlinear Dirichlet problem

u=0 on 01, '
Ny ‘
where Q is a bounded domain of RN, N > 2 is an integer and the operator A(u) = Z —8—((11-(:107 D)) is a Leray-
: L
i=1
Lions operator, a;(x,{) : Q@ x R — R is a Carathéodory function for all i = 1, ..., N, satisfying the non polynomial

growth condition, the monotonicity and coercivity conditions in anisotropic Orlicz-Sobolev spaces WIL]\—/}(Q) given
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by W'L3+(Q) = {u € Luy,/D'u € Ly, i = 1,2..., N}, with M denoting a vector of N-Orlicz functions i.e, M =
(My, ..., M), where M; are N-Orlicz functions for all ¢ = 1,..., N does not satisfy the As condition. The perturbing
term ¢ is nonlinear lower order term that verify some natural growth and sign condition g(z,0)c > 0. The second
term f belongs to W’lEW(Q).

The solvability of the problem has been studied by many authors. For example, Browder demonstrated this
result in classical Sobolev spaces in [I5], and others have used this result in different frameworks ([3} [6l 16, 17]). In a
different setting, Gossez et al. proved the existence result for problem in Orlicz-Sobolev spaces in [20]. Sidi El
Vally also proved the existence of a weak solution to this problem in Musielak Orlicz spaces in [28]. More recently, M.
Bendahmane et al. proved the existence of this result in anisotropic Sobolev spaces using Hedberg-type approximation
in [13).

The study of physical processes in anisotropic continuous medium has piqued the interest of researchers in the
field of mathematical modeling. This has resulted in the formulation of equations that aim to describe these processes
accurately. Recent research by Elarabi, Lahmi, and Ouyahya, as presented in their work ([I8]), focuses on demon-
strating the existence of a weak solution to a nonlinear Dirichlet problem in an anisotropic Orlicz-Sobolev space. This
problem involves the equation Au = f in the domain 2. Further research in anisotropic Orlicz spaces can be found in
the following works, as referenced in (4} [5], [7, [8] 9} 10} [T, 12}, (14}, 24} [25] [26], 27]).

The objective of this study is to investigate the presence of a weak solution to problem (|1.1)) in anisotropic Orlicz-
Sobolev spaces, without requiring the Ay condition on the N-functions. By relaxing this assumption, we aim to expand
our understanding of the existence of weak solutions and their behavior in more general function spaces.

This paper is structured as follows. Section [2| provides an introduction to the necessary preliminaries, notations,
and functional spaces. Additionally, we discuss certain technical results that will be required in the subsequent sections.
Section |3| covers the solvability of the main result.

2 Preliminaries

We can begin by recalling some definitions and properties from Orlicz spaces (as described in [2], 211, 23]). Addi-
tionally, we will present the anisotropic Orlicz-Sobolev spaces.

2.1 N-function.

Let M : Rt — R* be an N-function i.e. M is continuous, convex, with M(¢) > 0 for ¢ > 0, @

0 ast — 0 and MT@) — +00 as t — +o0. Equivalently, M admits the representation M (t) = f(f m(x)dx, where
m : Rt — RT is non-decreasing and right-continuous function, with m(t) > 0 for ¢ > 0, and m(t) — +oo as
t — 400. The N-function M* conjugate to M is defined by M*(t) = fot m*(z)dr, where m* : Rt — R™T is given by
m*(t) = sup{s; m(s) <t}. The N-function M is said to satisfy the As-condition if, for some k& > 0,

—

M(2t) <kM(t) forallt>0.
Moreover, we have the following Young’s inequality
ts < M(t)+ M*(s) forallt,s > 0.

Given two N-functions P and @, we write P < @ to indicate that P grows essentially less rapidly than @ i.e for

each € > 0, 5((;)) — 0 as t — oo. This is the case if and only if

lim Q” (*)

= 0.
t=e0 PL(¢)

Let Q be an open subset of RY, N € N. The Orlicz class £/(2) (resp. the Orlicz space Ly(f2)) is defined as the
set of (equivalence classes of) real-valued measurable functions u on €2 such that:

/QM(u(a:)) dz < 400 (resp. /QM(U(;)) dz < 400 for some A > 0).
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Notice that Ly (2) is a Banach space under the so-called Luxemburg norm, namely

lullar = 1nf )\>O// d <1}

and L/(€2) is a convex subset of Ly (Q2). Indeed, Lys(€2) is the linear hull of £,/(€2). The closure in Ly (2) of the set
of bounded measurable functions with compact support in Q is denoted by Ej(2). The equality Ep(Q2) = Las(Q2)
holds if and only if M satisfies the As-condition, for all ¢ or for ¢ large according to whether €2 has infinite measure or

not. The dual of Ep(€2) can be identified with Lz« (£2) by means of the pairing / u(z)v(x) dx, and the dual norm
Q

on L+ (Q) is equivalent to ||.||ar+. For two complementary N-functions M and M*, if u € Ly (Q) and v € Ly« (),
we have the following Holder’s inequality

[ o lde <2 sl v -

We say that u,, converges to u for the modular convergence in Ly, () if, for some A > 0,

/M ())dx—>0

Lemma 2.1 (cf. [20]). Let (uy),u € Lpr(R2), vp,v € Lag+(Q) such that:
u, — uin Ly (Q) for the convergence modular

and
v, — v in Ly (Q) for the convergence modular

/unvn—>/uvasn—>oo.
Q Q

2.2 Anisotropic Orlicz-Sobolev space

then

_>
Let  be an open subset of RY, M; be N-functions for i = 1,..., N, we denote M = (M, ..., My) and D’ =
The anisotropic Orlicz space Ly (resp. Eg;) is defined by

N N
—(Q) = H L, () (resp. E(Q) = H Eun, (Q))

dxz

endowed with the following norm
N
el = > il as, (2.1)
i=1

where u = (ug, ....,un). In order to introduce the anisotropic Orlicz-Sobolev spaces it will be interesting to define the

function M, given by
My(z) = max M;(x) (2.2)

i=1,...,

Remark 2.2. It is easy to check that:

e (i) The function My is an N-function.

e (ii) The following embedding Ly, (Q) < Ly, () is continuous for all 4.
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This remark allows us to define the anisotropic Orlicz-Sobolev spaces W' L7+ (2) and W'E5(Q))

W'Lo(Q) = {u € Lp (Q); D'u € Ly, (), i =1,2,...,N}

and
W!ES(Q) = {u € En,(Q); D'u € En, (Q), i =1,2,..., N},

who are Banach spaces under the norm

N
lall, 57 = lullagg + > D ullas, - (2.3)
i=1
The space Wy E7; () is defined as the (norm) closure of the space D(€2) in W' E4(Q) and the space Wy L7 ()
as the o(L3;(Q), E;2()) closure of D(Q) in W' L;(Q). Let MF = (M7, ..., M}). The dual of the spaces Wg L1;(Q)
and Wy E73() are defined respectively by

WLo(Q) ={feD(Q);f=- > D'fi with f; € Ly: ()}
1<i<N
and '
WE=(Q) ={feD(Q);f=— > D'f with fi € Ex:(Q)}.
1<i<N

These spaces are equipped by their usual quotient norms. It is easy to see that W(}EM(Q) and WflEW(Q) are
separable Banach spaces.

Proposition 2.3. [1§] Let 2 be a bounded open subset of RY. Then there exists a constant C' = C(£2, N) such that
for all u € W5 L3;()

N N
/ > Mi(u(x))dae < C / > M;(CD"u(x))dx (2.4)
2 =1 2 =1
Lemma 2.4 ([18]). Suppose that € has the segment property. Then

N N
o D(Q) is o (] Lar, (), [ [ Ersz () dense in W L3 ().
i=1 i=1
o (WyLy(Q), Wy E5(Q), W‘lLW(QL W_IEM—;(Q)) constitutes a complementary system.

Let T' the mapping from D(T') C Wy Lg;(Q) into WL (Q) defined by

N
“Tu,v> = / S ai(z, Diu)Divda, Vo € WLy (Q)
Q=1

where D(T) = {u € Wy L3;(); Au € L+ () }.which the corresponding mapping 7 in the following complementary
system (Y, Yy, Z, Zy) where

(Y. Y0, Z, Zo) = (Wo Lg; (), W Eq; (), W™ Ly (), W E ()
satisfies the following conditions i) — 4v) (similar to the conditions of Proposition 1. and Proposition 5. in [19]) with
respect to some uw € Yy and f € Zy:

(i) (finite continuity) i.e. Yo € D(T) and T is continuous from each finite-dimensional subspace of Yy into Z for
O’(Z, Yo),

(i) (Sequential pseudo-monotonicity) for any sequence u,, C D(T') such that w, — w in Y for o(Y, Zy), Tu, —
X € Z for 0(Z,Yy) and lim sup <u,,, Tu,> < <u, x> it follows that uw € D(T),Tu = x and <u,, Tu,> — <u, Tu>,

(iii) T'w remains bounded in Z whenever u € D(T) remains bounded in Y and <u, Tu> remains bounded from the
above,

(iv) <u,Tu — f> > 0 when v € D(T) has sufficiently large norm in Y.
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3 Essential assumptions and main result

Let © is an open and bounded set of RN satisfying the segment property and the differential operator A :
W3 Ly;(Q) — WL=(Q) in divergence form

N ‘
A(u) = — E D (a;(x, D'u)). (3.1)
i=1

K2

We make the following assumptions:

A1) ai(z,{) : 2 x R — R are a Carathéodory functions for all ¢ = 1,..., N such that a;(x,0) = 0.

Az) There exist N-functions M; (i = 1,...,N), a function ag € Ej+ and positive constant ¢ such that for a.e.
r€Q, forall¢ € Randalli=1,2,...,N, |a;(z,{)| < ag(x) + (M)~ M;(c|¢]).

A3z) For a.e xin Q and ¢, € R with ¢ # ', [ai(z,¢) — a;(z, )] —¢') > 0.
Ay) There exist functions b; € Ep+(Q), 6(x) € L'(Q) and positive constant d such that for some fixed element
¢ in Wi Eg(Q), (ai(z,0))(¢ = D'o(x)) = dM;i(|¢]) — bi(2)¢ — 6(x).
Bi) ¢g:Q xR — R be a Carathéodory function satisfying the sign condition: g(z, s)s > 0.
Bs) For each r > 0, there exist h, € L*(2) such that
lg(z,8)| < h, forall s €R, for a.a z € Q and for all s € R with |s| <. (3.2)

Let H C W&LM(Q) be a convex set, then:

C1) For each u € H N L>(9Q), there exists a sequence u, € H N L*(Q) N Wy E5(Q) such that u, — u for
o (L, (2), La (), with [luy, || bounded.

C3) For each u € H, there exists a sequence u,, € HNL> () and a constant k such that u, — u for o(Laz, (), Las=(2))
and |u,(x)] < klu(z)| for a.e x € Q.

Lemma 3.1. (cf. [I8]) Suppose that A;) and A3) hold true. Then the mapping

w = (wj)icjen > (ai(z, D'wi)i<i<n

is finitely continuous from I, Ey, (Q) to the U(HlN:lLM; (Q),1IX., Ear, (Q)) topology of Hﬁ\LlLM; (Q).

3.1 Existence results
Our main result is the following theorem.

Theorem 3.2. Let f € W‘lEW(Q). Assume that A;) — Ay) and By) — Bs) are satisfied. Then there exists u €
Wy L7;(§2) such that

g(z,u) € LI(Q), g(z,u)u € Ll(Q)

< A(u),v > Jr/ g(z,w)vde =< A(u),v > WYv € W(}L]\—j(ﬂ) N L>(Q)
Q

where
N

<Tu,v>= / Z ai(z, D'u)D'vdz, Vv e WLz (Q)
Q

i=1
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The proof of Theorem [3.2]is devided into several steps: we show first the existence of solutions to the approximate
problem of (3.3)) and a priori estimates, the convergence of approximate solution and then passing to the limit in the
approximate problems will yeild the main result.

Step 1: Approximate problem

g(z,u) if [g(z,u)| <n
Let gn(z,u) = and we define the operator G,, : W&LJ\—/}(Q) — R by G,(v) =
ksign(g(z,u)) if |g(z,u)] > n
Jo gn (2, w)vde.

Remark 3.3. It is easy to check that G, : W&LM(Q) — Wﬁle(Q) is well defined.

Now we show that the mapping T+ G,, : D(T) C W(}LA—/}(Q) — W*ILW(Q) satisfies ¢) — 4v). The finite
continuite of T' + G, follows from Lemma Let us now show the condition (ii). Let uj, — u weakly in W L7;(2)
for U(W&LM(Q)7W_1EW(Q)) such that (T + G,)ur — h weakly in W‘le(Q) for U(W_ILW(Q),W(}EM(Q))
and lim, 4 < (T 4+ Gn)ug, ur, —u >< 0. Thus, there exists a subsequence still denoted by wug such that ; u, — u
a.e in Q. Since g, is continous, g, (x,ur) — gn(z,u) a.e in . By using the dominated convergence Lebesgue theorem,
we have g, (v, ur) — gn(®,u) in Lys+, since up — u weakly in Ly, Vi = 1,..., N. We obtain

/ gn (7, ug) (ug — u)dxr — 0.
Q
Hence, we get Tuj, — h — Gyu weakly in W' L (). Since T is pseudo-monotone, we have h = Tu + G,u. On

the other hand, since G, is bounded, it easy to show that T+ G,, is bounded. Now, we show that the mapping T+ G,

N
satisfies the condition (iv). Let f € W_IEA?(Q), such that f = Z Dif;, fi € Ep». We have
i=1

<u,(TH+Gu—f> = <u,Tu—f+Gu>=<u,Tu—f>+<uGuu>.

By using the sign condition, we deduce our result. Finally, the operator T' + G,, satisfies (i)-(iv). Then, we can
apply [I8, theorem 3.2] to deduce the existence of a weak solution to the approximate problem. Thereforem there
exists u,, € Wy L(€) solution of the approximate problem

< Ty, up, > +/ gn (T, up )upde =< f,u, > forallve W&Lﬁ(Q). (3.4)
0

Step 2: Apriori estimates

Taking u,, as a test function we deduce: < Tup,u, > + fQ In (T, up)updr =< f,u, >, in virtue of (iii) and By),
we deduce the following estimates:

lunllwgz @) < Co (3.5)
”TUnHW*lLW(Q) <Ci (3.6)
/ gn(x7un)dx < 027 (37)

Q

where C; is a positive constant not depending on n.

Step 3: The convergence of approximate solution
In virtue of (3.5)), (3.6) and (3.7)), we deduce that:
U, — u in W&LM(Q) for U(WOIL]W(Q), WﬁlEW(Q))

Ty — x in WL (Q) for o(W ™ L (Q), Wi Egy ()

U, — U a.e in Q.
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and g, (x,u,) — g(z,u) a.e in . Now, it remains to show that g(z,u) € L'(Q). Let 8 > 0, we get

|9n(z,un)] < sup |g(w,t)| + ﬂil‘gn(%un)uﬂ < he(z) + 571|gn(x,un)un|
[t|<p

and let E is a measurable subset of 2 and € > 0, we get
/ |gn (2, up)|dx < / hy(z)dz + 6_1/ In (T, Up ) upde < / hy(z)dx + 671 Cy.
E E E E

2C
where Cs is the constant of 1) For |E| is sufficiently small and 6 = —2, we get
€

/|gn(x,un)\dac < /hr(ac)dm—l—é_ngSe.
B E

Then, by using Vitali’s theorem, we obtain g, (z,u,) — g(z,u)in L'(Q), then g(x,u) € L'(Q). On the other hand,
by using (3.7) and Fatou Lemma. We have

/ lim inf g, (x, up)u,de = /g(amu)udxg lim inf/gn(m,un)undngg.
Q Q Q

n—-+oo n—-+oo

thus, / g(z,u)udz < Cy. Then, it follows that g(z,u)u € L(Q).
Q

Step 4: Passing to the limit
By passing to limit in (3.3]), we deduce

<x,v > —|—/ g(z, uvdr =< f,v >, Vv € Wy Lo (Q) N L>®(Q).
Q

To complete the proof, it remains to show that x = Twu. Indeed, taking v = u, in (3.3) and by using Fatou’s
Lemma and (C;) and (Cs) we deduce:

n—-+4oo

lim sup < Tuy,u, ><< f,v > —/ g(z, w)udr =< x,u > . (3.8)
Q

Hence, we conclude by (ii), x = Tu. Finally, < Tu,v > + [, g(z, u)vdz =< f,v > .
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