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Abstract

We prove optimal existence results for entropy solutions to some anisotropic boundary value problems like

{ — N DiAi(z,w,Vw) = f —divF(w) in Q, in Q, 0.1)

v=20 on 01,

where f € L1(Q), F = (Fy, ..., Fy) satisfies F € (C°(R))".and (2 is a bounded, open subset of RN, N > 2, and the
function A;(z, s,§) verify the large monotonicity condition. The construction of the proof of our theorem is done by
using Minty’s Lemma in its modified version.

Keywords: Entropy solutions, nonlinear elliptic equations, anisotropic Sobolev spaces, entropy solutions
2020 MSC: Primary 35J15; Secondary 35J62

1 Introduction

The study of anisotropic elliptic equations on bounded domain has been intensively studied by large number of
scientists and researchers, this study is motived by the fact that this type of equations can intimate connections with
some application in elasticity, in the process of image restoration and Stochastic Processes with constraints (see for
instance [40} 12], and references therein).

In order to fix the ideas let us consider the strongly anisotropic elliptic problems as
— 3N DiA(z,w,Vw) = f —divF(w) in  Q, (L1)
v=0 on 0f, ’

where f € LY(Q), F € (C°(R))Y, Q is a bounded domain of RY, N > 2.

In large recent researches, existence result with some qualitative properties and regularity of nonlinear anisotropic
elliptic equations where the data belonns to L'— have been proved see the references [16] when Badr EL HAJI et
al have been shown the existence result of entropy solution in weighted-Orlicz spaces, other works found by Youssef
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AKDIM et al. in their paper [I] devoted to study a degenerated problem (0.1]) via Minty’s Lemma in weigthed Orlicz-
Sobolev space, in the similar direction faria et al (see [22]) have been treated the similar problem as (0.1) where the
solution u of the elliptic problem studied depend on the gradient.

On the other hand, by using as main tool an L' version of Minty’s lemma EL HAJI et al (see [2]) extending the
main result under studies to the Musielak-orlicz spaces by giving an existence result for an entropy solutions of elliptic
problem as

w=0 on 0N
where g € L}(Q2) and L(w) = —divi(z, w, Vw).

The mathematical researches dealing the existence of solutions to some problems parabolic and elliptic under a
different assumptions is massive; we refer the reader to [7, 15 20, 3] [, [5, [8, 17, [10] 19} @, 18, 14} 13l 27, 28 29] 30} BT,
32, 33 34, [35] [36], [37, [38] and the references therein.

Our goal in this paper is to solve the problem (0.1)) (existence results) where the function A;(x, s, £) satisfy the large
monotonicity condition and without adopting the almost everywhere convergence of the gradients, and in order to

overcome this difficulties, we exploit the technique of Minty’s lemma for proving the existence of an entropy solutions,
However the approach that we used in the proof differs from that adopted by A. Benkirane et al used in [6]

The outline of this note is as follows. After giving the definition and some auxiliary results on anisotropic Sobolev
space, we recall in Section [3] some essential assumptions which are necessary to have an existence solution, finally
section [4] will be devoted to give our main results and their proofs.

2 Preliminaries

Let © be a bounded open subset of IRY (N > 2). Let pi,...,py be N real constants numbers, with oo > p; > 1
fori=1,...,N. We set

ow
Bxl

ﬁ: (p17"'7pN)aB:p7apO:p+ Dow:w and D,L

and we set
p =min{p1,p2,...,pN} and  po = max{pi,pa,...,pN}.

We define the anisotropic Sobolev space W17(€) like :

WP(Q) = {w e W"(Q) such that D'we LFi(Q) for i=12,...,N},
endowed with the norm N
[wllz = lwll @)+ [1D"w|[ 1 ) - (2.1)
i=1

The space (WP(Q), |wl1,5) is a reflexive Banach (separable) space (cf [25]). We denote by W P(Q) the closure
of C§°(Q) in WP(Q) with respect to (2.1)).

Proposition 2.1. (see. [21, 26]) Let w € Wy (), we have
(i) : there exists Cj, > 0, such that

N
[wlrei@) < Cp Y ID'wlpei() — forany i=1,...,N.
i=1

(ii) : there exists Cs > 0, such that

lwllzeey < 5 Z |2 o

LPL(Q
where NB
N _ P . _
1 1 1 =" =
- NZ* and =P N—p if  p<N
P im1 i q € [1,+o0 if p>=N
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Lemma 2.2. Let Q be a bounded open set in IRY (N > 2), we set

5 = max(q, 1211_355\[231'),

therefore, the embedding listed below holds :
o if p< N so WyP(Q) —— L"(Q) is compact for any r € [1, s],
e if p= N therefore Wol’ﬁ(Q) —— L"(Q) is compact for any r € [1,4o00],
o if 7> N we have W) P(Q) —— L®(Q) N CO(Q) is compact.
The proof of the above result (lemma depends to the Proposition

Definition 2.3. For k > 0, we give the following truncation Tj(-) : IR — IR, that will be used latter
s it |s]
Tiu(s) = kﬁ it |s]

S

and we define B B
T P(9) == {w : @ = IR measurable /Ty (w) € W, P(Q) for any k > 0}.

Lemma 2.4. Let w € 761’5(9), there exists one function v; :  — IR measurable with ¢ € {1,..., N}, such that
vk >0 DlTk(w) = Vi X{|w|<k} a.e. x €,

with x4 be a characteristic function of a measurable set A. v; define the weak partial derivatives of w denoted by
Diw. Therefore, if w € Wy"' (Q), then (v; = D'w.)

Lemma 2.5. (see [24], Theorem 13.47) Let (wy,), be a sequence in L*(Q) and w € L'(£2) such that

(i) wy, — w a.e. in £,

(ii) w, >0 and w > 0 a.e. in £,

(iii) /wn da:%/wdx,
Q Q

then w, — w in L(Q).

Lemma 2.6. Let 2 be a bounded open subset of RYY with the segment property. If w € (Wol’ﬁ(Q))N then / div(w)dz = 0.
Q

N _
Proof . Fix a vector w = (w',...,w") € (Wol’p(Q)) . since Wa L, (Q) is the closure of C§°(Q) in Wy ?(Q), then
each term w' can be approximated by a suitable sequence wi € D(Q) such that wi converges to w' in W} ?(Q).
Moreover, due to the fact that w}, € C§°(£2), then the Green formula gives
ot
Q Oz;

:/ wiiids = 0. (2.2)
o0

On the other hand, % — %’: in L,(€2). Thus % — % in L1(Q2), which gives in view
of (2.2) that
/ div(w)dx = 0.
Q
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3 Essential assumptions
We consider a Leray-Lions operator A : W, P(Q) —s W1 (Q) modeled by

N
Aw = — Z D' A;(z,w, Vw)

=1

where 4; : © x R x RN — R are Carathéodory functions, for i = 1,..., N, which satisfy the hypothesis listed bellow
as follows:

[Ailw,5,) < 8 (Rilw) + sl L+ JgP ) for =1, N, (3.1)
Az, 5,68 > algl” for i=1,...,N, (3.2)
(Ai(@,5,€) — Ai (2,5,¢) (& — &) > 0 for & # &, (3.3)

for a.e. z € Q and all (s,6) € R x RY, where R;(z) € L”;(Q) and p; — 1 > ¢; > 0 for s = 1,..., N, where
RZ‘(I),OZ,B > 0.
ferL(Q) (3.4)

and F = (Fy,..., Fy) satisfies
F e (C°(R)N. (3.5)

The following section devoted to stating our Main results and their proofs

4 Main results

The approach used by Boccardo [I1] of entropy solution is given by the following notion.

Definition 4.1. A function w ( mesurable ) is named an entropy solution of (0.1)) if Ty (w) € W, 7(Q) and satisfy
N .
Z/ Ai(z,w, Vw)D'Ty,(w — §)dx < / fT(w — P)dx + / F(w)VTy(w — ®)dx
—Je Q Q

for any v € WJP(Q) N L>® ().
Theorem 4.2. Suppose that (3.1])-(3.4) are holds, then the problem (0.1) admit one entropy solution w.

4.1 The key Lemma

Lemma 4.3. Let w ( mesurable function) such that Ty (w) € Wy "(Q) for every k > 0. Then

N
Z/ Ai(z,w, Vw) D' T (w — ®)dx dx < / f Th(w — @)dx +/ F(w)VTi(w — ®)dz (4.1)
-/ Q Q
is equivalent to
N
Z/ Ai(z,w, Vw)D'Ty(w — @) de = | f Tp(w — P)dx + / F(w)VTg(w — ®)dx (4.2)
/e Q Q

for every @ € Wol’ﬁ(Q) N L*>(2), and for every k > 0.
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4.2 Proof of The key lemma
It’s clear that The equation (4.2]) implies (4.1)). Now, by adding and subtracting

Z A (z,w, Vw)D' Ty (w — P) dz,

therefore by using assumption (3.2), we can prove that (4.1) implies (4.2). Let h,k > 0, let A € |-1,1] and © €
W3 P(Q) N L2 (). We take, & = Tj, (w — Xk (w — ©)) € Wy P(Q) N L=(Q) in (4.1), we get:

En < Fip, (4.3)
with
N
B = X [ AwwDTw - M - @)Dl - Tilw - Miw - ) dn
and
Fri = /Qf Ti(w — Th(w — AT (w — 0)))) dz + /Q F(w)VTi(w — Th(w — N (w — 9))).
Put
Shr = {CL‘ e Q, |’U) — Th(w — )\Tk(w — @))| < k},
and

Thie = {l‘ € Q, |w — )\Tk(w — @)| < h}
Then, we obtain

B = Z/ (z,w, D'Th(w — NTj(w — ©))) D' Ty (w — Th(w — AT (w — ©))) da

SknﬁThk
N
+ Z/ Ai(, w, DTy (w — ATy (w — ©))) DiTh(w — T (1 — XTy(w — ©)))) da
SernNTy

+ Z/ (z,w, DTy (w — AT (w — ©))) D' Ty (w — Th(w — AT (w — O))) da

Since DTy (w — Th(w — AT (w — ©))) # 0 on Sy, we get

Z A (z,w, DTy (w — Mg (w — ©))) DTy (w — Tp(w — My (w — ©))) dx = 0. (4.4)

Therefore, if z € TS, we can get DT, (w — N (w — ©)) = 0 and using (3.3), we conclude the following equality,

N
/S A, DTy w = AT (w — ©))D'Ti(w — Tiw — Xk(w — ©)))) da

N
:2/8 A, 0) DT~ Ti(w — M — ©) da = 0. (4.5)

=1

According to ) and ( ., we get

N
B =Y /skmm As(2, w, DTy (w — ATy (w — ©))) D' Ty(w — Th(w — ATy(w — 0)))) da.
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Let h — 400, |\| < 1, we obtain
Sen = {z, |M|Tk(w — O)| < h} =Q, (4.6)

Thr — Q  implies that  Sgp N Thr — Q. (47)
By applying the Lebesgue theorem, we obtain

N

hEToo 2 /SMTM Ai(x,u, DTy, (w — Ny (w — 0))) D T (w — T (w — AT (w — ©)))) da
N .
Y /Q Ai (w0, (w — AT (w — ©))) DT (w — ©) da. (4.8)

thus implies that,

N
lim B =AY / As(, w, V(w — MT(w — ) DiTh(w — ) da. (4.9)
h—)+OO =1 O

Moreover, one has

Fhk:/Qka(w—Th(w—)\Tk(w—@))) d:zc—&—/QF(w)VTk(w—Th(w—)\Tk(w—Q))) dr.

Then
hgrfoo/gf T (w — Th(w — ATy(w — ©))) dar + /Q Fw)VTi(w — Ty(w — XTh(w — ©))) da. (4.10)
_ )\(/Q FTe(w — ©)dz + /Q F(w)V(Th(w — 0))) da., (4.11)
hEIJIrlOO Frp = )\(/Q fT(w — O)dx + /Q F(w)V(Ty(w — 9))) dz. (4.12)

Thanking to (4.9)), (4.12]) therefore by passing to the limit in (4.3]), we can get,

N
A (; /Q A (z,w, V(w — M (w — 0))) D' Tj,(w — O) dx) <A (/Q T (w — O)dz + /Q F(w)V(Ti(w — ©)) dx)

(4.13)
for every © € Wolﬁ(Q) N L>(£2), and for every k > 0. Let us take A > 0, dividing by A, and A — 0, we have
N .
Z/ Ai(z,w, Vw)D'Ti(w — 0) dr < / fTe(w — O)dx + / F(w)V(Ty(w — 9))) dz. (4.14)
—Je Q Q
for A < 0, dividing by A, and A — 0 , we have
N .
Z Ai(x,w, Vw)D'Ti(w — O) de > | fTx(w—O)dx + | F(w)V(Ti(w — O))) dz. (4.15)
— /o Q Q
Thanking to and , we deduce that :
N .
Z/ Ai(z,w, Vw)D'Ti,(w — O) dx = / fTe(w — O)dx + / F(w)V(Ty(w — 9))) dz. (4.16)
—Je Q Q

This achieve the demonstration of Lemma [£.3]
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4.3 Proof of Main results

4.3.1 Approximate problem
For n € N, define f,, := T,(f). Let w, € WO1 d (Q) be solution of the approximate equation of the type

Apwy, = fr, —div F,(wy,) in Q
wy, =0 on 0f,

which exists according to ([23]). We take Tx(w,,) as test in (4.17)), we get

N

We claim that:
/ F, (w,)VTi(wy,) de =0,
Q

(4.17)

(4.18)

¢
using VT (wn) = VWpy|w, <k}, define ©(t) = F,(t)x{t| <k}, and o(t) = / ©(1) dr, by using the divergence lemma
0

we can get ©(w,) € (Wi Ly(Q)N
/ F,(w,)VT(w,) dr :/ F,(wp)x{|lwn| < k}Vw, dz
Q Q
:/ O(wn)Vuw, dr — / div(&(wy)) de = 0
Q Q

(by lemma [2.6) which proves the claim. Now thanks to (3.3), we obtain

pi
‘ dux,

N
Z/ A (2, wn, Vwy,) DTy, (wy,) dz > a/ | DT}, (wy,)
i=17% £

then

t/‘uwdk<wn>”idm:szfHLwny
Q

Then

/Q ’DiTk (wy,)

where (7 is a constant independently of n.

PUde < Chk,

4.3.2 Locally convergence of w,, in measure

Taking ATy (wy,)| in (4.17) and using (4.21)), one has

DTy (wy) P .
/MMWS/AﬂDlTk(wn) Pide < Cyk.
Q A Q

by using (4.22)), we can have

1 n Pi
meas{|wy| >k} < — de
infk A
nfx Sl >k)
1 1
<— | o7 Pid
_%ﬁékuwm .
k
< —C;k Vn, Vk>0.
in

B

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)
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For any 8 > 0, we have
meas{|w, — wp| > B} < meas{|w,| > k} + meas{|w,,| > k} + meas{|Tk(w,) — Tk(wm)| > B},
and so that
wm| > B} < 21;1’]; + meas{|Tk(wn) — Tr(wm)| > B}. (4.24)

meas{|w, —
€N

By Applylng Poincaré inequality (proposmon and according to we obtain the boundedness of (Tj(wy,))

in Wy’ P((2), therefore there exists wy, € W, () such that Ty (w,) — wi weakly in Wy’ (), strongly in LP(Q) and
a.e. in . So, we suppose that (Tx(wy)), is a Cauchy sequence in measure in 2. Let ¢ > 0, then by (4.24) and in

— 0 as k — 400 there exists some k = k(g) > 0 such that

view of 2clk
for all n,m > ho(k(g), A).

Ten*
meas{|wy, — wy| > A} <e

This proves that w,, is a Cauchy sequence in measure, thus, w, converges almost everywhere to w (measurable
still indexed by n, and a function w € W;"*(2) such that
(4.25)

function). Therefore, there exist a subsequence of {w,,}
wy, = w weakly in Wol’ﬁ(ﬂ)
strongly in L2(£2) and a.e. in

{wn—>w

4.3.3 An intermediate Inequality
(4.26)

Here, we can show that, for @ € Wol’ﬁ(Q) N L>(£2), we get
— @) dx.

Z A (2, W, VO)D' T (w — @) de < | fr, Ti(w, — D) daz—l—/ F,VTi(w
Q Q

— @) as test in (4.17), with @ in Wol’ﬁ(Q) N L>(Q), we can obtain
(4.27)

Now, we take T (w
—9) dm+/ F VT (w, — @) da.
Q

N
Z/Ai(x7wn,V¢)D Ti(w — P) d:c:/gfnTk

i=1
The term Z/ Ai(z, Wy, VO)D'Ty,(w — ®) dx can be added and subtracted to the equation we can obtain,
(4.28)

N N
Z/ T, Wy, Vw,) DTy (w — @) dx + Z/ Ai(z, Wy, VO)D' Ty, (w — D) d
i=1 7%
N
—Z/ Ai(z, Wy, VO) D' Ty (w — @) dz = / FuTh +/ E,VTy(w, — ®) dz. — d)da.
Q Q

(4.29)

By and truncation function, we can get
N
Z/ X, Wy, Vwy) — A2, Wy, VO)) D' Ti.(w — &) dz > 0

According to and ( -, we get ([4.26] -
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4.3.4 Passing to the limit
We verify that for & € Wol’ﬁ(ﬂ) N L>(£), one has

N
Z/ Ai(z, Wy, VO) D' Ty (w,, — D) da < / [T (w — @)da +/ FVT(w— &) d.
= Ja Q Q

Now, we show that

N N
Z/ Ai(z, Wy, V) DTy (w,, — ) dz — Z/ A (2,w, V) D'Ti,(w — &) dx as n — +0c.
=1 Q i=1 Q

as T (wyn) — Th(w) weakly in Wol’ﬁ(Q), with M =k + ||?||, therefore

Ti(wn — ) — Ti(w — @) in WP (€), (4.30)
then o7, a7
B — @) — Ok [P -
oz, (w, — D) oz, (w — @) weakly in LP(Q) Vi=1,.,N. (4.31)

Let us prove that
Ai(x, Tag(wy,), V®) — Ai(x, Tas(w), VO) strongly in (L2(Q))V.

pi—1
b

with 8 be a positive constant. as T (wy,) — Tas(w) weakly in Wol’ﬁ(Q) and Wol’ﬁ(Q) —<— L2(Q), therefore Ths(w,) —
T (w) strongly in L2(Q2) and a.e. in £, hence

By (B-1), we get

[Ai(@, Tas(w,), V)| < 8 (Rila) + [Tar (w7~ + [V

|Ai(z, Tpr(wy), V)| = |Ai(z, Tar(w), VP)| a.e. in Q.

and

8 (Ri(z) + Tar(wn)

a.e. in . Therefore, Vitali’s theorem, implies

Pl (9t = 6 (Rite) + T ()P + Vet

Ai(z, Tpr(wr), VP) — A;(x, T (w), VP) strongly in (LB(Q))N7 as n — o0. (4.32)

According to (4.31) and (4.32), we can get

/ Ai(z, Wy, VO)V T (w, — P) de — / Ai(z,w, VO)VT(w — D) dx as n — +o0. (4.33)
Q Q
Here, we prove that
/ fuTk(wy, — ®)dx — / fTi(w— P)dx. (4.34)
Q Q
and
/ PV T(w, — 6) dz — / VT, (w — ®) da. (4.35)
Q Q

We get [T (wn,—P) — fTi(w—P) ae. in Q, and F, VT (w,—P) » FVT,(w—P) a.e. in Q, and |FVTy(w,—¢)| <
k|F|. Therefore Vitali’s theorem, implies (4.34) and (4.35)). According to (4.33), (4.34) and (4.35)) we pass to the limit
in (4.26), so that V& € Wy P(€2) N L°(£2), we conclude

/ Az, w, VO)VT,(w — @) dx < / fTe(w — @)dz +/ FVTi(w— ) dx.
Q Q Q

According to the idea of key Lemma, we conclude that w is a solution of the problem ((0.1) in the sense of the
definition @11
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