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Abstract

In this paper, we establish Jensen’s inequality for (p-q)-convex functions. By using Jensen’s inequality we obtain some
Hermite-Hadamard type inequality and several sharp inequalities. Some examples are given.
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1 Introduction

Let µ be a positive measure on X such that µ(X) = 1. If f is a real-valued function in L1(µ), a < f(x) < b for all
x ∈ X and φ is convex on (a, b), then

φ(

∫
X

fdµ) ≤
∫
X

(φ ◦ f)dµ. (1.1)

The inequality (1.1) is known as Jensen’s inequality. Let f : [a, b] → R be a convex function, then the inequality

φ(
a+ b

2
) ≤ 1

b− a

∫ b

a

φ(x)dx ≤ φ(a) + φ(b)

2
(1.2)

which is known in the literature as Hermite-Hadamard inequality (H-H inequality). Jensen’s inequality is one of
the important inequalities which has been possible with the help of convexity. This inequality has preserved some
important structure and also there are lot of inequalities which are the direct consequences of Jensen’s inequality,
such as Holder, Hermite-Hadamard and Young’s inequalities etc. Recently, many of mathematicians investigated
generalization of convex functions, such as MN-convex (M, N=A, G, H), p-convex, r-convex, and obtained the H-H
inequality for these convexities [1, 3, 6, 9, 12, 8, 10, 11, 14, 15, 16, 20, 22, 34]. In [43, 41] the author obtained Jensen’s
inequality for GG-convex and HH-convex functions. In this paper, via the defining of (p-q)-convex functions, we obtain
the Jensen’s and H-H inequalities for (p-q)-convex function and we show that a lot of convexity, such as MN-convexity
(M,N=A,G,H), p-convexity and r-convexity are special cases of (p-q)-convexity.

For the statement of the main results we introduce some notations and terminologies.
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Definition 1.1. A function M : (0,∞)× (0,∞) → (0,∞) is called a mean if

1. M(x, y) =M(y, x),

2. M(x, x) = x,

3. x < M(x, y) < y,wherever x < y,

4. M(αx, αy) = αM(x, y), for all α > 0.

Example 1.2.

1. The Arithmetic Mean A(x, y) =
x+ y

2
,

2. The Geometric Mean G(x, y) =
√
xy,

3. The Harmonic Mean H(x, y) =
1

A(
1

x
,
1

y
)
,

4. The Power Mean Mp(x, y) =

(
xp + yp

2
)

1
p p ̸= 0

√
xy p = 0

(p ∈ R).

Definition 1.3. Let M,N be two means on real interval I ⊂ (0,∞) and φ : I → (0,∞) be a continuous function. φ
is called MN-convex if for all x, y ∈ I,

φ(M(x, y)) ≤ N(f(x), f(y)).

Note that this definition reduces to usual convexity when M(x, y) = N(x, y) =
x+ y

2
. Since φ is continuous, this

the MN-convexity of φ that is
φ (M(x, y); 1− t, t) ≤ N (φ(x), φ(y); 1− t, t)

for all x, y ∈ I, t ∈ [0, 1] (see [26]). For example

1. φ is AG-convex, if for every x, y ∈ I and t ∈ [0, 1],

φ(tx+ (1− t)y) ≤ φt(x)φ1−t(y)

2. φ is GH-convex, if for every x, y ∈ I and t ∈ [0, 1],

φ(xty1−t) ≤ φ(x)φ(y)

(1− t)φ(x) + tφ(y)

Definition 1.4. Let I ⊂ (0,∞) be interval and p, q ∈ R. A continuous function φ : I → (0,∞) is said to be
MpMq-convex or (p− q)-convex if the following inequality holds

φ (txp + (1− t)yp)
1
p ≤ (tφq(x) + (1− t)φq(y))

1
q (p ̸= 0, q ̸= 0)

φ(xty1−t) ≤ (tφq(x) + (1− t)φq(y))
1
q (p = 0, q ̸= 0)

φ (txp + (1− t)yp)
1
p ≤ φt(x)φ1−t(y) (p ̸= 0, q = 0)

φ(xty1−t) ≤ φt(x)φ1−t(y) (p = 0, q = 0)

wherever x, y ∈ I and t ∈ [0, 1]. It can be easily seen that for p = q = 1, p = q = 0, p = q = −1 and p = 1, q = r,
(p− q)-convexity reduced respectively to classical convexity, GG-convexity, HH-convexity and r-convexity. In [45] the
authers proved that for 0 ≤ t ≤ 1, 0 ≤ p ≤ q and x, y ≥ 0 the following inequalities hold

xty1−t ≤ (txp + (1− t)yp)
1
p ≤ (txq + (1− t)yq)

1
q (1.3)

By easy calculations we see that for p ≤ q ≤ 0, the inequalities

(txp + (1− t)yp)
1
p ≤ (txq + (1− t)yq)

1
q ≤ xty1−t (1.4)

hold. Inequalities (1.3) and (1.4) show that φ(x) = x is (p−q)-convex if p < q, (0−q)-convex if q > 0 and (p−0)-convex
if p < 0.
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2 Main results

Theorem 2.1. Let φ be a (p− q)-convex function on (a, b) and let 0 < a < s < t < u < b.

1. If (p > 0 and q > 0) or (p < 0 and q < 0), then

φq(t)− φq(s)

tp − sp
≤ φq(u)− φq(t)

up − tp
(2.1)

2. If (p > 0 and q < 0) or (p < 0 and q > 0), then

φq(t)− φq(s)

tp − sp
≥ φq(u)− φq(t)

up − tp
(2.2)

3. If p = 0 and q > 0, then

φq(t)− φq(s)

ln t− ln s
≤ φq(u)− φq(t)

lnu− ln t
(2.3)

4. If p = 0 and q < 0, then

φq(t)− φq(s)

ln t− ln s
≥ φq(u)− φq(t)

lnu− ln t
(2.4)

5. If p > 0 and q = 0, then

lnφ(t)− lnφ(s)

tp − sp
≤ lnφ(u)− lnφ(t)

up − tp
(2.5)

6. If p < 0 and q = 0, then

lnφ(t)− lnφ(s)

tp − sp
≥ lnφ(u)− lnφ(t)

up − tp
(2.6)

7. If p = q = 0, then

lnφ(t)− lnφ(s)

ln t− ln s
≤ lnφ(u)− lnφ(t)

lnu− ln t
(2.7)

Proof .

1. Let p > 0, q > 0, and r =
up − tp

up − sp
, then 0 < r < 1 and t = (rsp + (1− r)up)

1
p . By the (p− q)-convexity of φ we

have

φ(t) ≤ (rφq(s) + (1− r)φq(u))
1
q

⇒ φq(t) ≤ rφq(s) + (1− r)φq(u) (q > 0)

⇒ rφq(t) + (1− r)φq(t) ≤ rφq(s) + (1− r)φq(u)

⇒ r(φq(t)− φq(s)) ≤ (1− r)(φq(u)− φq(t))

⇒ up − tp

up − sp
(φq(t)− φq(s)) ≤ tp − sp

up − sp
(φq(u)− φq(t))

⇒ φq(t)− φq(s)

tp − sp
≤ φq(u)− φq(t)

up − tp
.

Now let p < 0 and q < 0. Then sp > tp > up, 0 < r =
up − tp

up − sp
< 1 and t = (rsp + (1− r)up)

1
p . Since φ is

(p− q)-convex,

φ(t) ≤ (rφq(s) + (1− r)φq(u))
1
q

⇒ φq(t) ≥ (rφq(s) + (1− r)φq(u)) (q < 0)

⇒ rφq(t) + (1− r)φq(t) ≥ rφq(s) + (1− r)φq(u)

⇒ r(φq(t)− φq(s)) ≥ (1− r)(φq(u)− φq(t))

⇒ up − tp

up − sp
(φq(t)− φq(s)) ≥ tp − sp

up − sp
(φq(u)− φq(t))
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Since
up − sp

(up − tp)(tp − sp)
< 0, we have

φq(t)− φq(s)

tp − sp
≤ φq(u)− φq(t)

up − tp
.

2. Follows by similar way and the details are omitted.

3. Let p = 0, q > 0 and 0 < r =
lnu− ln t

lnu− ln s
< 1. Then t = u1−rsr. By the (p− q)-convexity of φ we have

φ(t) ≤ (rφq(s) + (1− r)φq(u))
1
q .

Since q > 0,

φq(t) ≤ rφq(s) + (1− r)φq(u)

⇒ rφq(t) + (1− r)φq(t) ≤ rφq(s) + (1− r)φq(u)

⇒ r(φq(t)− φq(s)) ≤ (1− r)(φq(u)− φq(t))

⇒ lnu− ln t

lnu− ln s
(φq(t)− φq(s)) ≤ ln t− ln s

lnu− ln s
(φq(u)− φq(t))

⇒ φq(t)− φq(s)

ln t− ln s
≤ φq(u)− φq(t)

lnu− ln t

4. If p = 0, q < 0, by similar way we obtain

φq(t) ≥ rφq(s) + (1− r)φq(u)

⇒ φq(t)− φq(s)

ln t− ln s
≥ φq(u)− φq(t)

lnu− ln t

5. Let p > 0, q = 0 and 0 < r =
up − tp

up − sp
< 1. Then t = ((1− r)up + rsp)

1
p . By the (p− 0)-convexity of φ we have

φ(t) ≤ φr(s)φ1−r(u)

⇒ lnφ(t) ≤ r lnφ(s) + (1− r) lnφ(u)

⇒ r lnφ(t) + (1− r) lnφ(t) ≤ r lnφ(s) + (1− r) lnφ(u)

⇒ r(lnφ(t)− lnφ(s)) ≤ (1− r)(lnφ(u)− lnφ(t))

⇒ up − tp

up − sp
(lnφ(t)− lnφ(s)) ≤ tp − sp

up − sp
(lnφ(u)− lnφ(t))

⇒ lnφ(t)− lnφ(s)

tp − sp
≤ lnφ(u)− lnφ(t)

up − tp

6. Let p < 0 and q = 0. Then sp > tp > up and 0 < r =
up − tp

up − sp
< 1. So

t = (rsp + (1− r)up)
1
p

⇒ φ(t) ≤ φr(s)φ1−r(u)

⇒ lnφ(t) ≤ r lnφ(s) + (1− r) lnφ(u)

⇒ up − tp

up − sp
(lnφ(t)− lnφ(s)) ≤ tp − sp

up − sp
(lnφ(u)− lnφ(t))

⇒ lnφ(t)− lnφ(s)

tp − sp
≥ lnφ(u)− lnφ(t)

up − tp

7. If p = q = 0, then φ is GG-convex. For details see [43] .

□

In the following theorem we obtain the Jensen’s inequality for (p− q)-convex functions.

Theorem 2.2. Let µ be a positive measure on a σ-algebra M in a set X, so that µ(X) = 1. If f is a real function in
L1(µ), 0 < a < f(x) < b for all x ∈ X, and if φ is a (p− q)-convex function on (a, b), then
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1. If p ̸= 0 and q ̸= 0, then

φ(

∫
X

fpdµ)
1
p ≤ (

∫
X

(φ ◦ f)qdµ)
1
q .

2. If p = 0 and q ̸= 0, then

φ(e
∫
X

ln fdµ) ≤ (

∫
X

(φ ◦ f)qdµ)
1
q .

3. If p ̸= 0 and q = 0, then

φ(

∫
X

fpdµ)
1
p ≤ e

∫
X

ln(φ◦f)dµ.

4. If p = q = 0, then
φ(e

∫
X

ln fdµ) ≤ e
∫
X

ln(φ◦f)dµ.

Proof .

1. Put t = (
∫
X
fpdµ)

1
p , then a < t < b. We distinguish two cases.

Case 1. (p > 0 and q > 0) or (p < 0 and q < 0). Since φ is (p− q)-convex, the inequality (2.1) holds. Let

M = sup
a<s<t

φq(t)− φq(s)

tp − sp
.

Then M is no larger than any of the quotients on the right side of (2.1), for any u ∈ (t, b). It follows that

φq(t)− φq(s)

tp − sp
≤M.

Now let p > 0 and q > 0, then

φq(t)− φq(s) ≤M(tp − sp)

⇒ φq(s) ≥ φq(t) +M(sp − tp).

Hence for any x ∈ X, we have
φq(f(x)) ≥ φq(t) +M(fp(x)− tp).

Since φ is continuous, φ ◦ f and (φ ◦ f)q are measarable. By integrating both sides with respect to measure µ,
we get ∫

X

(g ◦ f)qdµ ≥ φq(t) + µ(

∫
X

fpdµ− tp).

Now set t = (
∫
X
fpdµ)

1
p . It follows that ∫

X

(g ◦ f)qdµ ≥ φq(

∫
X

fpdµ)
1
p

⇒ φ(

∫
X

fpdµ)
1
p ≤ (

∫
X

(φ ◦ f)qdµ)
1
q .

If p < 0 and q < 0, then
φq(t)− φq(s) ≥ µ(tp − sp).

By the similar way we obtain ∫
X

(φ ◦ f)qdµ ≤ φq(

∫
X

fpdµ)
1
p

⇒ φ(

∫
X

fpdµ)
1
p ≤ (

∫
X

(φ ◦ f)qdµ)
1
q

Case 2. (p > 0 and q < 0) or (p < 0 and q > 0). Since φ is (p− q)-convex, the inequality (2.2) holds. Let

m = inf
a<s<t

φq(t)− φq(s)

tp − sp
.
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Then m is no smaller than any of the quotients on the right side of (2.2), for any u ∈ (t, b). It follows that

φq(t)− φq(s)

tp − sp
≥ m.

Now let p > 0 and q < 0, then

φq(t)− φq(s) ≥ m(tp − sp)

⇒ φq(s) ≤ φq(t) +m(sp − tp)

⇒ φq(f(x)) ≤ φq(t) +m(fp(x)− tp)

⇒
∫
X

(φ ◦ f)qdµ ≤ φq(t) +m(

∫
X

fpdµ− tp) (µ(X) = 1).

Now set t = (
∫
X
fpdµ)

1
p . It follows that∫

X

(g ◦ f)qdµ ≤ φq(

∫
X

fpdµ)
1
p

⇒ φ(

∫
X

fpdµ)
1
p ≤ (

∫
X

(g ◦ f)qdµ)
1
q (q < 0).

If p < 0 and q > 0, then
φq(t)− φq(s) ≤ m(tp − sp)

By the similar way we obtain ∫
X

(φ ◦ f)qdµ ≥ φq(

∫
X

fpdµ)
1
p

⇒ φ(

∫
X

fpdµ)
1
p ≤ (

∫
X

(φ ◦ f)qdµ)
1
q (q > 0)

2. Put t = e
∫
X

ln fdµ, then a < t < b. Let q > 0 since φ is (p− q)-convex, the inequality (2.3) holds. Let

M = sup
a<s<t

φq(t)− φq(s)

ln t− ln s

Then

φq(t)− φq(s)

ln t− ln s
≤M

⇒ φq(t)− φq(s) ≤M(ln t− ln s)

⇒ φq(s) ≥ φq(t)−M(ln t− ln s)

So for any x ∈ X, we have
φq(f(x)) ≥ φq(t)−M(ln t− ln s)

By integrating both sides with respect to measure µ, we obtain∫
X

(φ ◦ f)qdµ ≥ φq(t)−M(ln t−
∫
X

ln fdµ).

Now set t = e
∫
X

ln fdµ. Thus ∫
X

(φ ◦ f)qdµ ≥ φq(e
∫
X

ln fdµ)

⇒ φ(e
∫
X

ln fdµ) ≤ (

∫
X

(φ ◦ f)qdµ)
1
q (q > 0).

If p = 0 and q < 0, by the similar way we get

φq(t)− φq(s)

ln t− ln s
≥ m
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where

m = inf
a<s<t

φq(t)− φq(s)

ln t− ln s
.

Hence

φq(t)− φq(s) ≥ m(ln t− ln s)

⇒ φq(s) ≤ φq(t)−m(ln t− ln s)

⇒
∫
X

(φ ◦ f)qdµ ≤ φq(t)−m(ln t−
∫
X

ln fdµ).

Now set t = e
∫
X

ln fdµ. Thus ∫
X

(φ ◦ f)qdµ ≤ φq(e
∫
X

ln fdµ)

⇒ φ(e
∫
X

ln fdµ) ≤ (

∫
X

(φ ◦ f)qdµ)
1
q (q < 0)

3. Put t = (
∫
X
fpdµ)

1
p , then a < t < b. Let p > 0. By the (p− q)-convexity of φ the inequality (2.5) holds. Let

M = sup
a<s<t

lnφ(t)− lnφ(s)

tp − sp

⇒ lnφ(t)− lnφ(s)

tp − sp
≤M

⇒ lnφ(t)− lnφ(s) ≤M(tp − sp)

⇒ lnφ(s) ≥ lnφ(t)−M(tp − sp)

⇒ lnφ(f(x)) ≥ lnφ(t)−M(tp − fp(x)) (∀x ∈ X)

⇒
∫
X

ln(φ ◦ f)dµ ≥ lnφ(t)−M(tp −
∫
X

fpdµ)

Since t = (
∫
X
fpdµ)

1
p , we obtain ∫

X

ln(φ ◦ f)dµ ≥ lnφ(

∫
X

fpdµ)
1
p

⇒ φ(

∫
X

fpdµ)
1
p ≤ e

∫
X

ln(φ◦f)dµ

If p < 0 and q = 0, put t = (
∫
X
fpdµ)

1
p . By the similar way we obtain

lnφ(t)− lnφ(s)

tp − sp
≥ m (m = inf

a<s<t

lnφ(t)− lnφ(s)

tp − sp
)

⇒ lnφ(t)− lnφ(s) ≤ m(tp − sp)

⇒ lnφ(s) ≥ lnφ(t)−m(tp − sp)

⇒ lnφ(f(x)) ≥ lnφ(t)−m(tp − fp(x))

⇒
∫
X

ln(φ ◦ f)dµ ≥ lnφ(t)−m(tp −
∫
X

fpdµ)

⇒
∫
X

ln(φ ◦ f)dµ ≥ lnφ(

∫
X

fpdµ)
1
p

⇒ φ(

∫
X

fpdµ)
1
p ≤ e

∫
X

ln(φ◦f)dµ

4. For the proof of (4) see [43].

□

Corollary 2.3. Let X = {x1, x2, · · · , xn}, µ({xi}) =
1

n
and f(xi) = ai > 0. If φ is a (p − q)-convex function on J

which includes the image of f , then
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1. If p ̸= 0 and q ̸= 0, then

φ

(
1

n

n∑
i=0

api

) 1
p

≤

(
1

n

n∑
i=0

φq(ai)

) 1
q

2. If p = 0 and q ̸= 0, then

φ ( n
√
a1a2 · · · an) ≤

(
1

n

n∑
i=0

φq(ai)

) 1
q

3. If p ̸= 0 and q = 0, then

φ

(
1

n

n∑
i=0

api

) 1
p

≤ n
√
φ(a1)φ(a2) · · ·φ(an)

4. If p = q = 0, then
φ ( n

√
a1a2 · · · an) ≤ n

√
φ(a1)φ(a2) · · ·φ(an)

Proof is obvious by theorem 2.2 .

Corollary 2.4. Let f : [a, b] → (0,∞) (b > a > 0) be a continuous function and φ : J → (0,∞) be a (p− q)-convex
function on an interval J which includes the image of f . Then

1. If p ̸= 0 and q ̸= 0, then

φ

(
p

bp − ap

∫ b

a

fp(x)

x1−p
dx

) 1
p

≤

(
p

bp − ap

∫ b

a

φq(f(x))

x1−p
dx

) 1
q

2. If p = 0 and q ̸= 0, then

φ
(
e

1
ln b−ln a

∫ b
a

ln f(x)
x dx

)
≤

(
1

ln b− ln a

∫ b

a

φq(x)

x
dx

) 1
q

3. If p ̸= 0 and q = 0, then

φ

(
p

bp − ap

∫ b

a

fp(x)

x1−p
dx

) 1
p

≤ e
p

bp−ap
∫ b
a

lnφ(f(x))

x1−p
dx

4. If p = q = 0, then

φ
(
e

1
ln b−ln a

∫ b
a

ln f(x)
x dx

)
≤ e

1
ln b−ln a

∫ b
a

lnφ(f(x))
x dx

Proof . For the proof of (1) and (3) put X = [a, b] and dµ =
pdx

x1−p(bp − ap)
in the theorem 2.2 . For the proof of (2)

and (4) put X = [a, b] and dµ =
dx

(ln b− ln a)x
in theorem2.2 . □

In the following theorem we obtain the Hermite-Hadamard inequality for (p− q)-convex functions.

Theorem 2.5. Let φ : [a, b] → (0,∞) (b > a > 0) be a (p− q)-convex function. Then

1. If p ̸= 0 and q ̸= 0, then

φ

(
ap + bp

2

) 1
p

≤

(
p

bp − ap

∫ b

a

φq(x)

x1−p
dx

) 1
q

≤
(
φq(a) + φq(b)

2

) 1
q

2. If p = 0 and q ̸= 0, then

φ(
√
ab) ≤

(
1

ln b− ln a

∫ b

a

φq(x)

x
dx

) 1
q

≤
(
φq(a) + φq(b)

2

) 1
q

3. If p ̸= 0 and q = 0, then

φ

(
ap + bp

2

) 1
p

≤ e
p

bp−ap
∫ b
a

lnφ(x)

x1−p
dx ≤

√
φ(a)φ(b)
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4. If p = q = 0, then

φ(
√
ab) ≤ e

1
ln b−ln a

∫ b
a

lnφ(x)
x dx ≤

√
φ(a)φ(b)

Proof .

1. Put f(x) = x in corollary 2.4 (1). Hence

φ

(
p

bp − ap

∫ b

a

xp

x1−p
dx

)
≤

(
p

bp − ap

∫ b

a

φq(x)

x1−p
dx

) 1
q

⇒ φ

(
ap + bp

2

) 1
p

≤

(
p

bp − ap

∫ b

a

φq(x)

x1−p
dx

) 1
q

This proves the left side. For the proof of the right side, by the change of variable x = ((1 − t)ap + tbp)
1
p and

the (p− q)-convexity of φ we have(
p

bp − ap

∫ b

a

φq(x)

x1−p
dx

) 1
q

=

(
p

bp − ap

∫ 1

0

φq((1− t)ap + tbp)
1
p

((1− t)ap + tbp)
1
p−1

1

p
((1− t)ap + tbp)

1
p−1(bp − ap)dt

) 1
q

≤
(∫ 1

0

(1− t)φq(a) + tφq(b)dt

) 1
q

=

(
φq(a) + φq(b)

2

) 1
q

2. Put f(x) = x in corollary 2.4 (2). Hence

φ
(
e

1
ln b−ln a

∫ b
a

ln x
x dx

)
≤

(
1

ln b− ln a

∫ b

a

φq(x)

x
dx

) 1
q

⇒ φ(
√
ab) ≤

(
1

ln b− ln a

∫ b

a

φq(x)

x
dx

) 1
q

This proves the left side. For the proof of the right side by change of variable x = a1−tbt and (p− q)-convexity
of φ we have(

1

ln b− ln a

∫ b

a

φq(x)

x
dx

) 1
q

=

(
1

ln b− ln a

∫ 1

0

φq(a1−tbt)

a1−tbt
a1−tbt(ln b− ln a)dt

) 1
q

≤
(∫ 1

0

((1− t)φq(a) + tφq(b))dt

) 1
q

=

(
φq(a) + φq(b)

2

) 1
q

3. Put f(x) = x in corollary 2.4 (3). Hence

φ

(
p

bp − ap

∫ b

a

xp

x1−p
dx

) 1
p

≤ e
p

bp−ap
∫ b
a

lnφ(x)

x1−p
dx

⇒ φ

(
ap + bp

2

) 1
p

≤ e
p

bp−ap
∫ b
a

lnφ(x)

x1−p
dx

For the proof of the right side by change of variable x = ((1− t)ap + tbp)
1
p and (p− q)-convexity of φ we have

p

bp − ap

∫ b

a

lnφ(x)

x1−p
dx =

p

bp − ap

∫ 1

0

lnφ((1− t)ap + tbp)
1
p

((1− t)ap + tbp)
1
p−1

1

p
(bp − ap)((1− t)ap + tbp)

1
p−1dt

≤
∫ 1

0

lnφ1−t(a)φt(b)dt =
lnφ(a) + lnφ(b)

2
= ln

√
φ(a)φ(b)

So
e

p
bp−ap

∫ b
a

lnφ(x)

x1−p
dx ≤ eln

√
φ(a)φ(b) =

√
φ(a)φ(b)
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4. Put f(x) = x in corollary 2.4 (4). See also [43].

□

Theorem 2.6. (i) If φ is convex (concave) and increasing on (a, b), then φ is (p − q)-convex (concave) on (a, b),
whenever p ≤ 1 ≤ q (p ≥ 1 ≥ q)

(ii) If φ is (p− q)-convex (concave) and decreasing on (a, b), then φ is convex (concave) on (a, b), whenever p ≤ 1 ≤
q (p ≥ 1 ≥ q)

Proof . (i) Let φ be convex, increasing and p ≤ 1 ≤ q. We have

φ(txp + (1− t)yp)
1
p ≤ φ(tx+ (1− t)y) ≤ tφ(x) + (1− t)φ(y)

≤ (tφq(x) + (1− t)φq(y))
1
q (p ̸= 0)

φ(xty1−t) ≤ φ(tx+ (1− t)y) ≤ tφ(x) + (1− t)φ(y)

≤ (tφq(x) + (1− t)φq(y))
1
q (p = 0)

Hence φ is (p− q)-convex. The proof of (ii) is simillar and can be omitted. □

Theorem 2.7. Let φ : [a, b] → (0,∞) (b > a > 0), q > 0 and g(x) = φq(x
1
p ) (p ̸= 0), g(x) = φq(ex) (p = 0). Then

φ is (p− q)-convex on (a, b) if and only if g is convex on (ap, bp) (p > 0) or (bp, ap) (p < 0) or (ln a, ln b) (p = 0).

Proof . Let φ be (p− q)-convex on (a, b). So

φ(txp + (1− t)yp)
1
p ≤ (tφq(x) + (1− t)φq(y))

1
q (p ̸= 0)

whenever x, y ∈ (a, b) and t ∈ [0, 1]. Put X = xp and Y = yp. Then

φ(tX + (1− t)Y )
1
p ≤ (tφq(X

1
p ) + (1− t)φq(Y

1
p ))

1
q

⇒ φq(tX + (1− t)Y )
1
p ≤ φq(X

1
p ) + (1− t)φq(Y

1
p ) (q > 0)

⇒ g(tX + (1− t)Y ) ≤ tg(X) + (1− t)g(Y )

It is obvious that X,Y ∈ (ap, bp) (p > 0) or X,Y ∈ (bp, ap) (p < 0). Now let p = 0 and φ be (p − q)-convex on
(a, b), then

φ(xty1−t) ≤ (tφq(x) + (1− t)φq(y))
1
q

⇒ φq(xty1−t) ≤ tφq(x) + (1− t)φq(y) (q > 0)

Put x = eX and y = eY . So

φq(etX+(1−t)Y ) ≤ tφq(eX) + (1− t)φq(eY )

⇒ g(tX + (1− t)Y ) ≤ tg(X) + (1− t)g(Y ) (ln a ≤ X,Y ≤ ln b).

□

Theorem 2.8. Let φ be a (p− q)-convex function on [a, b] and q ≥ 1, p ̸= 0. Then the following inequality holds

1

b− a

∫ b

a

φ(x)dx ≤
[
φq(a)(pbp+1 + ap+1 − (p+ 1)abp) + φq(b)(pap+1 + bp+1 − (p+ 1)bap)

(b− a)(bp − aa)(p+ 1)

] 1
q

.

Especially for p = q = 1,
1

b− a

∫ b
a
φ(x)dx ≤ φ(a) + φ(b)

2
.
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Proof . By change of variable x = (tbp + (1− t)ap)
1
p and (p− q)-convexity of φ we have

1

b− a

∫ b

a

φ(x)dx =
1

b− a

∫ 1

0

φ(tbp + (1− t)ap)
1
p
bp − ap

p
(tbp + (1− t)ap)

1
p−1dt

≤ bp − ap

p(b− a)

∫ 1

0

(tφq(b) + (1− t)φq(a))
1
q (tbp + (1− t)ap)

1
p−1dt.

Since
bp − ap

p(b− a)

∫ 1

0
(tbp + (1 − t)ap)

1
p−1dt = 1 and

1

q
≤ 1, by the concavity of h(x) = x

1
q and classical Jensen’s

inequality (1.1) (dµ =
bp − ap

p(b− a)
(tbp + (1− t)ap)

1
p−1dt) we obtain

≤
(
bp − ap

p(b− a)

∫ 1

0

(tφq(b) + (1− t)φq(a))(tbp + (1− t)ap)
1
p−1dt

) 1
q

=

(
bp − ap

p(b− a)

∫ 1

0

(t(φqb)− φq(a)) + φq(a))(t(bp − aa) + ap)
1
p−1dt

) 1
q

Again by change of variable t(bp − ap) + ap = xp and easy calculations we get

=

(
bp − ap

p(b− a)

∫ b

a

[
xp − ap

bp − ap
(φq(b)− φq(a)) + φq(a)]

p

bp − aa
dx

) 1
q

=

[
φq(a)(pbp+1 + ap+1 − (p+ 1)abp) + φq(b)(pap+1 + bp+1 − (p+ 1)bap)

(b− a)(bp − aa)(p+ 1)

] 1
q

□

3 Examples
1. φ(x) = x is (p− q)-convex (p < q) on [a, b] (b > a > 0). Hence by theorem 2.5 we have(

ap + bp

2

) 1
p

≤

(
p

bp − ap

∫ b

a

xq

x1−p
dx

) 1
q

≤
(
aq + bq

2

) 1
q

(0 ̸= p < q)

√
ab ≤

(
1

ln b− ln a

∫ b

a

xq

x
dx

) 1
q

≤
(
aq + bq

2

) 1
q

(p = 0 < q)

(
ap + bp

2

) 1
p

≤ e
p

bp−ap
∫ b
a

ln x

x1−p
dx ≤

√
ab (p < 0 = q)

Thus (
ap + bp

2

) 1
p

≤
(
p(bp+q − ap+q)

(p+ q)(bp − ap)

) 1
q

≤
(
aq + bq

2

) 1
q

(0 ̸= p < q)

√
ab ≤

(
bq − aq

q(ln b− ln a)

) 1
q

≤
(
aq + bq

2

) 1
q

(0 < q)(
ap + bp

2

) 1
p

≤ e
bp ln b−ap ln a

bp−ap − 1
p ≤

√
ab (p < 0)

So if γ < 0 < α < β, then(
aγ + bγ

2

) 1
γ

≤ e
bγ ln b−aγ ln a

bγ−aγ − 1
γ ≤

√
ab ≤

(
bα − aα

α(ln b− ln a)

) 1
α

≤
(
α(bα+β − aα+β)

(α+ β)(bα − aα)

) 1
β

≤
(
aβ + bβ

2

) 1
β
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In the other words by means notations we have

Mγ(a, b) ≤ e
bγ ln b−aγ ln a

bγ−aγ − 1
γ ≤ G(a, b) ≤ Tα(a, b)

≤ Lα,β(a, b) ≤Mβ(a, b)

2. φ(x) =
1

1 + x2
is not convex on (0,∞), but it is (p − q)-convex on (0,∞), where p = 2, q = −2. Because by

theorem 2.7, g(x) = φ−2(x
1
2 ) = (1 + x)2 is convex on (0,∞).

3. ψ(x) =
Γ′(x)

Γ(x)
is concave and nondecreasing on (0,∞) [13]. So by theorem 2.6 (i) ψ is (p− q)-concave on (0,∞),

when p ≥ 1 ≥ q. Hence by theorem 2.5 (1) for b > a > 0, we have

ψ

(
ap + bp

2

) 1
p

≥

(
p

bp − ap

∫ b

a

ψq(x)

x1−p

) 1
q

≥
(
ψq(a) + ψq(b)

2

) 1
q

We investigate these inequalities in two special cases.

(i) For p = q = 1 we have

ψ(a) + ψ(b)

2
≤ 1

b− a

∫ b

a

ψ(x)dx ≤ ψ

(
a+ b

2

)
⇒ ψ(a) + ψ(b)

2
≤ ln Γ(b)− ln Γ(a)

b− a
≤ ψ

(
a+ b

2

)
⇒ e(b−a)

ψ(a)+ψ(b)
2 ≤ Γ(b)

Γ(a)
≤ e(b−a)ψ(

a+b
2 )

Especially for b = a+ 1 we get

e
ψ(a)+ψ(a+1)

2 ≤ Γ(a+ 1)

Γ(a)
≤ eψ(

2a+1
2 )

Finally since Γ(a+ 1) = aΓ(a) and ψ(a+ 1) = ψ(a) +
1

a
(a > 0) we obtain

eψ(a)+
1
2a ≤ a ≤ eψ(a+

1
2 )

(ii) For p = 2 and q = 1 we have

ψ(a) + ψ(b)

2
≤ 2

b2 − a2

∫ b

a

xψ(x)dx ≤ ψ

(
a2 + b2

2

) 1
2

⇒ ψ(a) + ψ(b)

2
≤ 2

b2 − a2

[
x ln Γ(x)

∣∣b
a
−
∫ b

a

ln Γ(x)dx

]
≤ ψ

(
a2 + b2

2

) 1
2

⇒ ψ(a) + ψ(b)

2
≤ 2

b2 − a2

[
b ln Γ(b)− a ln Γ(a)−

∫ b

a

ln Γ(x)dx

]
≤ ψ

(
a2 + b2

2

) 1
2

Especially for b = a+ 1 and considering
∫ a+1

a
ln Γ(x)dx = −a+ a ln a+

√
2π [40] we obtain

ψ(a) + ψ(a+ 1)

2
≤ 2

2a+ 1

[
(a+ 1) ln Γ(a+ 1)− a ln Γ(a) + a− a ln a−

√
2π
]

≤ ψ

(
a2 + a+

1

2

) 1
2

⇒ ψ(a) +
1

2a
≤ 2

2a+ 1

[
ln a+ lnΓ(a) + a−

√
2π
]
≤ ψ

(
a2 + a+

1

2

) 1
2

⇒ (a+
1

2
)(ψ(a) +

1

2a
) ≤ ln Γ(a+ 1) + a−

√
2π ≤ (a+

1

2
)ψ

(
a2 + a+

1

2

) 1
2

⇒ e
√
2π−a+(a+ 1

2 )(ψ(a)+
1
2a ) ≤ Γ(a+ 1) ≤ e

√
2π−a+(a+ 1

2 )ψ(a
2+a+ 1

2 )
1
2
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