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Abstract

In this study, we apply an algebraic approach to solve a class of fractional partial differential equations (FPDEs) by
utilizing conformable fractional derivatives. This method has been successfully utilized to study and achieve analytical
solutions for Drinfeld-Sokolov-Wilson equations. In this approach, we use a suitable fractional transformation and the
principles of fractional calculus to simplify fractional partial differential equations into ordinary differential equations.
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1 Introduction

In recent decades, fractional differential equations(FDEs) have been used widely to model physical phenomena,
especially uncommon phenomena and complex natural processes that cannot be efficiently described by classical
calculus [I5] [I8]. These equations have applications in various fields, such as mathematical biology, fluid mechanics,
nonlinear optics, image processing, plasma physics and so on. We need to find solutions for these equations in order
research and describe these phenomena. It is difficult to solve FDEs. Hence, numerous researchers have developed and
implemented numerical and analytical techniques to solve these equations in recent years. Some of these techniques
are such as, Finite difference method[I], Adomian decomposition method [3], differential transform method [16],
variational iteration method [Bl [§], g—;fexpansion method [I1], Fan-sub equation method [12], Lie group method [9],
exp-expansion method [4], first integral method [2] and so on. In this paper, we study a class of fractional partial
differential equations, namely Drinfeld-Sokolov-Wilson(DSW) in the following form [10]:

D2u+nvDPv =0, (1.1)
D& 4 qD3%v + ruDPv 4 suDPu = 0. (1.2)

where p,q,r, and s are non-zero parameters. Also, D§ and D? represent fractional partial derivative operators, as
described in section 2. When o = 8 = 1, equations (1.1) and (1.2]) are called classical DSW equations. These
equations play an important role in modeling shallow water flow and fluid dynamics. Equations (1.1)) and (1.2]) were
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first introduced by Drinfeld and Sokolov and then, studied by Wilson. Researchers have utilized some techniques to
study this equation such as, Galerkin method [20], F-expansion method [6], simplest equation method[I4] and so on.
Our aim in this paper is to find analytical solutions for the DSW equations using an algebraic method, as described
in section 3.

The rest of our work is organized as follows. In section 2, we present definition of the conformable derivative with its
properties. Description of method and its applications to the space-time fractional differential equations are described
in section 3. Then the mentioned method is applied to the DSW equations in section 4. Graphical presentation of
some solutions are shown in section 5 Discussion and conclusions are presented in section 6.

2 Definition of the conformable derivative with its properties

In this section, we illustrate the definition of the conformable fractional derivative(CFD) and some its important
properties of order v with respect to the independent variable ¢ as follows[13].

For a function h : [0,00] — R, theCFD of h of order « is defined by

Some well-known properties to this newly defined fractional derivative are as follows. If g and h # 0 be two
functions ~-differentiable, v € (0,1] and a,b € R. Then, we have

dg

5 ac’

(1) D{ag(¢) +bh(¢)} = aD7g(¢) + bD”h(C%

(2) D{g(Q)h(Q)} = 9(¢) DTR(C) + h(¢) D7g(Q),
2199, _ MO Dg(Q) —9(¢)  DTR(Q)

R T Q)

(4) D*C =0, forallconstant functions f(z) = C,

()

DY (g)(¢) = ¢

Also, CFD of some special functions are as follows.

(a) DV(C") = ’I"CT 7 forallr € R,
() D(1) =
(¢) D’Y(ecc) e ceR,
(d) D"Y(smbq) = bgl TcosbC, bER,
(e) (
(

)

>

V(cosbl) = —bC1 7 sinbC, b € R,

>

vlem =
(WC)

The proofs of these properties can be seen in[I3]. Let v € (n,n + 1], and h be an v-differentiable att > 0. Then
the CEFD of h of ordery is defined as

R I=D (¢ 4 (=) _ p(1-D (¢
DY (h(t)) = lim (t+n ) ®.

lim . (2.2)

where [v] is the smallest integer greater than or equal to .

3 Description of method and its applications to the space-time FDEs

In this section, we outline the main steps of this method for solving FDEs. For a given FDE in two variables x

and t we have
P (u,ug, ug, Dfu, Dyu,...) =0, 0<a<l, (3.1)
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where Du and D2u are CFDs of u, u = u(x,t) is an unknown function and P is a polynomial in u and its various
partial derivatives, in which the highest order derivatives and nonlinear terms are involved. We take the travelling

wave transformation \
w
n= ngﬁ — at”‘, (3.2)

where w and A are nonzero constants to be determined later. Substituting (3.2]) into (3.1), we reduce (3.1]) to the
following ordinary differential equation 5
N, U, u”,u",..) =0. (3.3)

Here prime denotes the derivative with respect to 1. Exact solutions for this equation can be constructed as a

finite series m
=0 A5 0(8)

;]2:0 Bj@(f) 7 B4

(&) =

where the positive constants n; and 7y can be calculated by considering the homogeneous balance between the highest
order derivatives and the highest nonlinear terms of ®(£) in equation (3.3]), and A; (0 < j <m), B, (0 < j <19) are
constants to be found later and A, , B,, # 0. Here © = O(¢) satisfies the following ODE

©'(§) =p +0%(¢) (3-5)

where p is a constant and which has the following special solutions [I7].

Casel: When p <0,

V=p8), (
V=rp9), (
2V=p¢&) £ iv/=psech(2y/-pg), (
2V=p§) £ V=pesch(2y/=p¢), (

03(6) = - (vt Y5Pe) + Voo o)) (310
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Case2: When p > 0,

O6(§) = vptan(y/pg), (3.11)
07(§) = —v/peot(vpé§), (3.12)
O(6) =~ VPtan(2ypE) + VB sec(2yFE), (313
O0(€) = ~VBeot(2y/5E) & VB ese(2E), (314
Ou(6) = 3 (VB9 - Vheor 7). (3.15

2

Case3: When p =0,
011(§) = ——. (3.16)

where d is a constant. Now, this method for obtaining exact solutions of FDEs consists from the following two main
steps:

e Step (1). By substituting (3.4) with Eq.(3.5) into (3.3)) and collecting all terms with the same powers of
O(&) together, the left hand side of Eq.(3.3) is converted into a polynomial. After setting each coefficient

of this polynomial to zero, we obtain a set of algebraic equations in terms of A; (j = 0,1,2,....,m),B; (j =
0,1,2,...,m2), k and w.

e Step (2). Solving the system of algebraic equations and then substituting the results and the general solutions

(3.6)-(3.16) into (3.4), it gives travelling wave solutions of ([3.3)).
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4 Application

In this section, we consider the DSW system as follows[10), [7]

D&y +nvDPv =0, (4.1)
D2v + ¢D3%v + ruDPv + suDPu = 0. (4.2)

where v and v are functions of space variable z and time variable t and 0 < «a, 8 < 1. For obtaining exact solutions
of (4.1) and (4.2)), We take the traveling wave transformation

u(:c,t) = U(n)’ U(ZZ?,t) = V(n)a
e, (4.3)

where w and X are constants which should to be determined later. Then equations (4.1) and (4.2) are reduced into
two nonlinear ODEs

AU 4+ nwVV' =0, (4.4)
AV 4+ quPV" 4 rwUV! + swVU’ =0, (4.5)

By integrating of Eq.(4.4)) with respect to 7, we obtain

U= %v? (4.6)

Substituting equation (4.6) into equation (4.5 yields

r42s
2\

qui V" 4+ nw?( W2V = AV =0. (4.7)

By integrating of equation (4.7)) with respect to n, we get

r 4+ 2s

3y 2
Vv
q + nw=( )

W3 — AV =0. (4.8)

Balancing V" with V3 in ({.8)) along with (3.4]), we get the below:
m-—m+2=3m-—m)=m=mn+1, (4.9)

therefore, solution of (4.8]) can be expressed as follows.
Type 1: m =1 and ny =0,
_ AO + A1 @(n)

V(n) B ,

(4.10)

Substituting (4.10) into (4.8) and making use of equation (3.5) and equating each coefficient of this polynomial
to zero, we obtain a set of nonlinear algebraic equations for Ag, A1, By, p, < and w. Solving obtained system using
Mathematica, we obtain

i/ 2 A
oSetl: Ag= 0. Ay = Ay, By— VWP E2)w, . (4.11)
V6 A 2qw
By using of the (4.10]), (4.11]) and cases (3.6])-(3.10|) respectively, we get

o1, ) = =L tanh(y/=p(§2” ~ 21%),

up(z,t) = %tanh%\/—p(%mﬁ — 2¢).
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_ B —(weB A
vo(z,t) = \/mw COth(\/ p(B:L‘ ot ),

ug(x,t) = (Tf;‘s)w coth2(\/—p(%xﬂ — 21%)).

vz, t) = —ﬁ[ tanh(2v/=p(% zf — 2¢9)) + isech(2v/—p(% zf — 249))],

uz(z,t) = (T+25)w[ tanh(2y/=p(% P — A1) £ isech(Zij(%xﬁ — 2te))]2

n(r+2s)w

a(z,t) = (7+25)w[ coth(2y/=p(Fx — 20+ csch(?ﬁ(%xﬁ — 22

vs(z,t) = ﬁta nh(YE (227 — 242)) + coth(Y52 (2 — 242)),

us(z,t) = (r+25)w tanh(r(%xﬁ — 2t9)) + coth(@(%xﬁ — 2t))2,

67

{ vg(x,t) = — /P - [ coth(2y/=p(% zh — 2¢9)) + csch(2v/=p(5 zf — 2],

By using of the (4.10]), (4.11]) and cases (3.11)-(3.15) respectively, we get

06(a,t) = A tan(/($a — 2)),

ug(x,t) = —% tan2(\/ﬁ(%xﬁ — %ta)).

ur(x,t) = 7% cotz(\/f)(%xﬁ — %ta)).

vs(w,1) = R [~ tan(2y/B(ga” — 3t%)) £ sec(2y/B(5a” — 31))
ug(z,t) = (r+29)w[ tan(Q\f( %to‘)) + sec(2\/p7(%x5 — %t“))]Q.

vo(w, 1) = —~EA [ cot(2,/p(%a7 — 2t%)) & ese(2/p(%7 — 2t2))],

n(r+2s)w

{ vr(z,t) = % cot(y/p(gaf — 2t2)),

ug(x,t) = (TJFQS)M[ cot(2y/p( zh — 2¢e)) + ese(2y/p(% zh — 2¢0)))2,

vio(z,1) = *#%[tan(@(%xﬁ — 2¢9)) — cot(@(%xﬁ — 2¢9))],
uo(z, 1) = g tan(E (427 — 26%)) — cot((4a? — 2t9))]2.

Type 2: m =2 and ny =1,

Ao+ A4, O(n) + A3 0%(p)
By + B, 6(n) 7

(4.12)
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Substituting (4.12)) into (4.8) and making use of equation (3.5) and equating each coefficient of this polynomial to
zero, we obtain a set of nonlinear algebraic equations for Ag, Ay, As, By, B1,p, k and w. Solving obtained system using
Mathematica, we obtain

1 n(r+ 2s)w
Setl: Ag= Ay, A1 =0, Ay =-Ay, Bg=0, Bj= +———""A =——. 4.13
o€ 0 0, A1 )y A2 p07 0 » D1 NETD) 0, P 4w’ ( )
By using of the (4.12)), (4.13) and cases (3.11))-(3.15) respectively, we get
vi(z,t) = %[m(ﬁ(%xﬁ — 2t%)) + cot(y/p(4” — 2t%))],
up (@, t) = m[tan(\/ﬁ(%xﬁ — 2t")) + cot(y/p(52” — 2t%))]%.
va(w,t) = =B fran(y/p(5e” = 21) + cot(y/B(5e” — 2t))
ug(z,t) = Q(Tié\s)w[‘can(\/ﬁ(%xﬁ — 2t%)) + cot(y/p(4” — A2,
v (II? t) o V3 A 1+[— tan(2f( —Ato‘)):l:sec(Qf(% P ))]2
BHH T nr2s w 5 tan(zﬂﬂmﬁfita»isec(zf(%w fg DA
5 — 3 1+[— tan(Z\/;E(%mB A25"‘)):|:scc (2vp(% zf—2¢2))]? 2
US(-Ta )7 2(r+2s) w [ tan(2/p(4af — 5 %)) Fsec(2/p(4 wﬁ Aga))]
v (Z‘ t) _ V3 A 1+([—cot(2y/p(% A ))Eesc(2y/p( % A N2
YT Jnrr2syw | [Feot2yp(3 zﬂit@))ﬂ:csc(zf(Bzﬂit&))] '
. 3 1+[— cot(2/p(§= zf -2 ))Eesc(2y/p(Sz ) 2
ua(2,t) = 51550 | T cot(2y/B(5 2P — 2 t%))Eesc(2y/B(5 2P — 2 (%)) :
/B 2+ [tan( 42 (427 — 2t7)) —cot( YL (4’ — 21%))]?
7t - )
vs(2,1) Vn(r+2s)w ( [tan(Z (g2 — 2 o)) —cot (M (2P — 2 t2))]
2
3 2+ [tan( 4P (427 — 2t7)) —cot(%L (4a’ — 21%))]?
u5($7t) T 2(r+2s)w ( [tan(@(%mﬁf%to‘))fcot(g(%:L’Bféta))] .
) 2
eSet2: A():O, A1=A1, AQZAQ, B()Zznp\(/ré—;S)WAl,
] 2 A
B, - i/np(r+2s)w App= 2 (4.14)
V6 A 2w
By using of the (4.12)), (4.14]) and cases (3.6])-(3.10|) respectively, we get
viw,1) = = =LA tanh(y=p(§" — 3%)),

uy(z,t) = mtanhQ(\/ p(%xﬁ—%ta)).

va(,1) = ——=h coth(y=p(§2” — 31)),

ug(x,t) = (T+32)‘5)w coth2(\/—p(%scﬂ — 2t%)).
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vy(z,t) = %[ftanh(%/jp(%xﬁ — A9)) kisech(2y/~p(%a® — 219))],
us(x,t) = (r+25)w[ tanh(2v/=p(% 2P — 2t%)) Lisech(2/— p(% zf — 2492,

va(z,t) = %[f coth(2y/=p(£2® — 21)) & esch(2y/=p(%2® — 219))],

ug(z,t) = (T+25)w[ coth(2y/=p(Fz —2t) £ csch(2\/—p(%mﬂ — 2¢))]2
vs(w,t) = —Q\/M‘Ci%[tanh(@(%xﬁ — 21 + coth(@(%xﬁ — 2],
us(,1) = qriays [tanh (Y52 (427 — 24)) + coth(Y52 (427 — 21)))2.

By using of the (4.12)), (4.14) and cases (3.11))-(3.15) respectively, we get
vo(x,t) = —%m(ﬁ(%xﬁ - A1),

ug(x,t) = mtam (\/ﬁ(%xﬁ — 2¢).

uz(z,t) = _(r+32);)w (:0‘52(\/]3(%xﬁ — 2g)).

vg(z,t) = —\/%w[ tan(2,/p(5 o — A¢2)) =+ sec(2/p( 5 zh — 2],
ug(x,t) = (T+28)w[ tan(2,/p(Fz — 2¢)) £ sec(2\/]3(%a:5 — 2te))]2

vo(z,t) = — lﬂ)w[ cot(2y/p(4a° — 21%)) £ ese(2y/p(4a° — 212))],

n(r+2s

{ or(a, 1) = == cot(y/p(2° — 31)),

ug(x,t) = (r+25)w[ cot(2y/p(F t%)) £ esc(2/p(g zB — Ato‘))]

vio(w,t) = —% tan(‘éﬁ( zf — 2¢)) — cot(@(%mﬂ — 2¢2)),

uo(,1) = — griasys tan (3 (427 — 21)) — cot (Y (427 — 2¢2))2.

5 Graphical Presentation of Specific Solutions

In this section, we provide a visual representation of certain solutions corresponding to equations and ,
utilizing the relationships and . The solutions are depicted in three-dimensional space, and are categorized
based on the parameter p. Specifically, we present solutions for the cases where p < 0 (—)7 as well as those
where p > 0 (—) These graphical representations aim to offer an intuitive insight into the behavior of the
solutions under specific parameter conditions. The figures labeled from and correspond to various solution
scenarios and illustrate the dynamic nature of the system.
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vi(x, 0 vilx, t) wi(x, t) uy(x, B
{a=0.258=0.75} {a=05,5=0.5)

{a=10.25 8=10.75) {e=05,8=0.5)

vi(x, f) vy(x, )
{a =075 B=0.25 {a=1,p=1} uy(x, 1) us(x, 1)
{a=0.75, 8 = 0.25} {a=1,8=1}

(a) vi(,t)

vs(x, £) Vsix, 1)
{a =0.25, g=0.75} {a=056=05} el it
{a=0.25, B =0.75) {a =05, =05}

Vs(x, 1)

vs(x, t) (@=1,5=1)

{a=0.75,8=0.25) us(x, )
{a=0.758 =025}

1

(¢) vs(z,t) (d) us(,t)

Figure 1: In cases p=—-06,n=3,¢g=2,r=2,s=1,A=—-0.3,w=0.5
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v(x, f)

{a=0.25 =075 {a=05,5=05) s, 1) gl £}

{a =025 g=075) {a=05 8=05

1 o5

vi(x, 1) vilx, )
{a =075, = 0.25) {a=1,8=1} uglx, 1) uglx, f)
{@ =075, B =025} {a=1,8=1)

(a) ve(, )

SE) Imivsotx, )

{a=0.25 =075} (a=05.8=08}

thplx, t) gl 1)
{@=0.25 g = 0.75 {a=05 =05

Lo

im{vrolx, 1)) Imguyota, 2))

{2 =075, 2 =025 Teie gl 1) thol#, )

{o =075, f=025 ja=15=1}

(c) vio(z,t) (d) uro(z,t)

Figure 2: In cases p=0.6,n=3,g=2,7r=2,s=1,A=0.3,w=0.5



10 Manouchehrian, Haghbin

6 Concluding Remarks

In this study, we have employed an extended algebraic method to investigate a specific class of fractional differential
equations, namely, the Drinfeld-Sokolov-Wilson system. Our findings demonstrate the effectiveness of the applied
method, indicating its potential applicability in solving a wide range of nonlinear evolution equations. It is noteworthy
that computational and programming tasks were performed using Mathematica throughout this research endeavor.

References

[1] M. Cui, Compact finite difference method for the fractional diffusion equation, J. Comput. Phys. 228 (2009), no.
20, 7792-7804.

[2] M. Ekici, M. Mirzazadeh, M. Eslami, Q. Zhou, S.P. Moshokoa, A. Biswas, and M. Belic, Optical soliton perturbation
with fractional-temporal evolution by first integral method with conformable fractional derivatives, Optik 127 (2016),
no. 22, 10659-10669.

[3] A.M.A. El-Sayed, S.H. Behiry, and W.E. Raslan, Adomian’s decomposition method for solving an intermediate
fractional advection—dispersion equation, Comput. Math. Appl. 59 (2010), no. 5, 1759-1765.

[4] F. Ferdous, M.G. Hafez, A. Biswas, M. Ekici, Q. Zhou, M. Alfiras, and M. Belic, Oblique resonant optical solitons
with Kerr and parabolic law nonlinearities and fractional temporal evolution by generalized exp(—®(&))-expansion,
Optik 178 (2019), 439-448.

[5] J. He, Variational iteration method for delay differential equations, Commun. Nonlinear Sci. Numer. Simul. 2
(1997), no. 4, 235-236.

[6] Y. He, Y. Long, and S. Li, Ezact solutions of the Drinfel’d-Sokolov-Wilson equation using the F-expansion method
combined with Ezp-function method, Math. Forum 5 (2010), 3231-3242.

[7] R. Hirota, B. Grammaticos, and A. Ramani, Soliton structure of the Drinfel’d-Sokolov-Wilson equation, J. Math.
Phys. 27 (1986), no. 6, 1499-1505.

[8] M. Inc, The approzimate and exact solutions of the space-and time-fractional Burgers equations with initial condi-
tions by variational iteration method, J. Math. Anal. Appl. 345 (2008), no. 1, 476-484.

[9] H. Jafari, N. Kadkhoda, M. Azadi, and M. Yaghobi, Group classification of the time-fractional Kaup-Kupershmidt
equation, Sci. Iran. 24 (2017), no. 1, 302-307.

[10] H.M. Jaradat, S. Al-Shara, Q.J. Khan, M. Alquran, and K. Al-Khaled, Analytical solution of time-fractional
Drinfeld-Sokolov- Wilson system using residual power series method, IAENG Int. J. Appl. Math. 46 (2016), no. 1,
64-70.

[11] N. Kadkhoda, Application of g—;—ezpansion method for solving fractional differential equations, Int. J. Appl.
Comput. Math. 3 (2017), no. 1, 1415-1424.

[12] N. Kadkhoda and H. Jafari, Application of fractional sub-equation method to the space-time fractional differential
equations, Int. J. Adv. Appl. Math. Mech. 4 (2017), no. 2, 1-6.

[13] R. Khalil, M. Al Horani, A. Yousef, and M. Sababheh, A new definition of fractional derivative, J. Comput. Appl.
Math. 264 (2014), 65-70.

[14] K. Khan, M.A. Akbar, and M.N. Alam, Traveling wave solutions of the nonlinear Drinfel’d-Sokolov—Wilson
equation and modified Benjamin—Bona—Mahony equations, J. Egypt. Math. Soc. 21 (2013), no. 3, 233-240.

[15] A.A. Kilbas, H.M. Srivastava, and J.J. Trujillo, Theory and Applications of Fractional Differential Equations,
Vol. 204, Elsevier, 2006.

[16] Z. Odibat and S. Momani, A generalized differential transform method for linear partial differential equations of
fractional order, Appl. Math. Lett. 21 (2008), no. 2, 194-199.

[17] M.S. Osman, H. Rezazadeh, M. Eslami, A. Neirameh, and M. Mirzazadeh, Analytical study of solitons to
Benjamin-Bona-Mahony-Peregrine equation with power law nonlinearity by using three methods, Univ. Polit. Buch.
Sci. Bull. Ser. A Appl. Math. Phys. 80 (2018), no. 4, 267-278.



An algebraic method to a class of fractional partial differential equations 11
[18] I. Podlubny, An introduction to fractional derivatives, fractional differential equations, to methods of their solution
and some of their applications, Math. Sci. Eng. 198 (1999), 340.

[19] H. Rezazadeh, New solitons solutions of the complex Ginzburg-Landau equation with Kerr law nonlinearity, Optik,
167 (2018), 218-227.

[20] M. Santillana and C. Dawson, A numerical approach to study the properties of solutions of the diffusive wave
approximation of the shallow water equations, Comput. Geosci. 14 (2010), no. 1, 31-53.



	Introduction
	Definition of the conformable derivative with its properties
	Description of method and its applications to the space-time FDEs
	Application
	Graphical Presentation of Specific Solutions
	Concluding Remarks

