N
A

Fixed point theorems for weakly contractive mapping on
generalized asymmetric metric spaces

Mohamed Rossafi®, Abdelkarim Kari®, Hafida Massit®, Jung Rye Leed

2LaSMA Laboratory Department of Mathematics, Faculty of Sciences Dhar E|l Mahraz, University Sidi Mohamed Ben Abdellah, P. O. Box 1796
Fez Atlas, Morocco

b aboratory of Analysis, Modeling and Simulation Faculty of Sciences Ben M'Sik, Hassan Il University, B.P. 7955 Casablanca, Morocco

€Laboratory of Partial Differential Equations, Spectral Algebra and Geometry Department of Mathematics, Faculty of Sciences, University of Ibn
Tofail, P. O. Box 133 Kenitra, Morocco

dDepartment of Data Science, Daejin University, Kyunggi 11159, Korea

(Communicated by Ali Jabbari)

Abstract

In this present paper, inspired by the concept of weakly contractive mapping in metric spaces, we introduce the concept
of weakly contractive mapping in generalized asymmetric metric spaces and we establish various fixed point theorems
for such mappings in complete generalized metric spaces.
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1 Introduction

Fixed point theory is one of the important research topics of functional analysis. In 1922, Banach [2] had estab-
lished a remarkable fixed point theorem, known as “Banach Contraction Principle.” Due to its importance, Many
mathematician studied a lot of interesting extensions and generalizations, (see [11 [4\ [7, [9} [8] 3] I5] 16l 17, 18]).

In 2000, for the first time generalized metric spaces were introduced by Branciari [3], in such a way that triangle
inequality is replaced by the “quadrilateral inequality”
d(z,y) < d(z,2) + d(z,u) + d(u,y)
for all pairwise distinct points x,y, z and u. As such, any metric space is a generalized metric space but the converse
is not true. Various fixed point results were established on such spaces (see [5, [6] [12]) and references therein.

Combining conditions used for definitions of asymmetric metric and generalized metric spaces, Piri et al. [I4]
announced the notions of generalized asymmetric metric space, and formulated some first fixed point theorems for
f—contraction mapping in generalized asymmetric metric space.

In this paper, we introduce a new notion of weakly contractive mapping and establish various fixed point theorems
for such mappings in complete generalized metric spaces.
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2 Preliminaries

Definition 2.1. [I4] Let X be a non-empty set and d: X x X — R™ be a mapping such that for all z,y € X and
for all distinct points u,v € X, each of them different from = and y, one has

1. d(z,y) = 0 if and only if x = y,

2. d(z,y) < d(x,u) + d(u,v) + d(v,y) (quadrilateral inequality).
Then (X, d) is called a generalized asymmetric metric space.

Definition 2.2. [14]. Let (X,d) be a generalized asymmetric metric space and {z,}
zc X.

nen De a sequence in X and

1. We say that {x,} forward (backward) converges to x if

neN

lim d(z,z,)= lim d(z,,2)=0.

n—-+oo n—-+4oo

2. We say that {x,}, .y forward (backward) Cauchy if

lim  d(zp,2m)= lim d(xm,,z,) =0.
n,m—-+oo n,m——+oo

Example 2.3. [10] Let X = AU B, where A = {0,2} and B={%, n € N*} and d: X x X — [0, +oo[ be defined by

n’

d(0,2) =d(2,0)=1
1 1 1
o(Lo)=Lafol) -1
n n n
o(L2)-ra(al) -
n n n
() =2 (s)
n m m n

for all n,m € N* with n # m. Then (X, d) is a generalized asymmetric metric space. However we have the following:

1. (X,d) is not a metric space, since d (%, ) ( ) for all n > 1.
2. (X,d) is not a asymmetric metric space, since d(2,0) =1 > % =d(2,1)+d(5,0).

3. (X,d) is not a rectangular metric space, since d (%7 ) ) for all n > 1.

Remark 2.4. [10] Let (X, d) be as in Example {1},en- be a sequence in X. However, we have the following:

_ ; 1 _ : 1) _ : 1y _ 1
1. ngrfood( O) =0, ngrfood(ﬁﬂ) =1 and ngrfood((), 5) =1, nll}IJIrlood(Q,ﬁ) = 0. Then the sequence {;-}
forward converges to 2 and backward converges to 0. So the limit is not unique.

2. hrf d(L,1) = 11r_~r_1 d(L,1) =1. So forward (backward) convergence does not imply forward (backward)
n—-+00 n—+00
Cauchy.

Lemma 2.5. [I4]. Let (X, d) be a generalized asymmetric metric space and {z, },, be a forward (or backward) Cauchy
sequence with pairwise disjoint elements in X. If {z,,},, forward converges to z € X and backward converges to y € X,
then x = y.

Definition 2.6. [14]. Let (X, d) be a generalized asymmetric metric space. Then X is said to be forward (backward)
complete if every forward (backward) Cauchy sequence {z,}, in X forward (backward) converges to z € X.

Definition 2.7. [II] A function ¢ : [0, 0o[ — [0, oo[ is said to be an altering distance function if it satisfies thefollowing
conditions:
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(a) is continuous and nondecreasing;
(b) ¥(t) =0 if and only if ¢ = 0.

Example 2.8. Define 11, ¥, 13: [0,00[ — [0, +00[ by 1 (t) = t, ¥¢(t) = 3t and 3(¢t) = 3. Then they are altering
distance functions.

Definition 2.9. A function f : X — RT, where X is generalized asymmetric metric space is called lower semicon-
tinuous if for all x € X and z,, € X with lim,,_,ocx, = x, we have

f (@) < liminf f ().

Example 2.10.

t

15 if tel0,1]
ot) = 4 18

9 if t>1.

Then ¢ is a lower semicontinuous function.

Definition 2.11. Let A be the family of function ¢ : [0, co[— [0, co[ which satisfy the following:

1. ¢ is lower semicontinous;
2. @™ (t)nen converges to 0 as n — oo for all ¢ > 0;

3. ¢(t) <t for any ¢ > 0.

3 Main results

Theorem 3.1. Let (X, d) be a generalized asymmetric metric space and T : X — X be a mapping. Assume that for
all z,y € X,
d(Tz,Ty) > 0 = [d(Tz,Ty)] < [M(z,y)] — ¢[M(z,y)] (3.1)

where
M(z,y) = max{d(z,y), d(z, Tz),d(y, Ty)},
d(y,z) < d(T?y, ).

Here v is an altering distance function and ¢ is a lower semicontinuous function with ¢(¢) = 0 if and only if ¢ = 0.
Then T has a unique fixed point.

Proof . Let zp € X be an arbitrary point in X. Then we define the sequence {z,} by 2,11 = T, for all n € N. If
there exists ng € N such that d(zny, Zno+1) =0 or d(Tng+1,%n,) = 0, then x,, is a fixed point of 7. Then we assume
that d(zp, Tpt1) > 0 and d(zp41,2n) > 0.

Step 1. We prove that
nh_}n;o d( Xy, Tpy1) = nh_}rrgc d(xpy1,2n) = 0.
Applying (3.1) with z = z,, and y = 2,41, we obtain
Y(d(Twn—1,Ten)) = (d(@n, Tns1)) <YM (Tn-1,20)) = ¢(M(n-1, 7)), (3.2)
where
M(zp—1,2y) = max{d(@n_1,2,),d(Tn-1,%n), d(Tn, Tni1)}

= max{d(zn—1,%n), d(Tn, Tpni1)}

If M(zp—1,2n) = d(zpn,Zni1), then we have
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Y(d(@n, Tns1)) < P(A(@0, Tpt1)) — (@0, Tptr)).
That is, ¢(d(zn,2n+1)) =0, i.e., 2, = Tp41, which is a contradiction. Hence M (z,zp—_1,2y) = d(2p—1,2y). Thus
Y(d(@n, Tnt1)) < Y(d(@n-1,2n)) = d(d(Tn-1,72)). (3.3)

So
1/)(d(l’m $n+1>) < z/}(d(l‘n*la mn))

Since 1 is a nonincreasing and continuous function, we deduced that

AT, Tnt1) < d(Tp—1,Tn). (3.4)

Now, applying (3.1) with = z,, and y = x,,_1, we obtain
w(d(Tl‘n, T-rn—l)) = w(d(xn-i-la xn)) < ’(/)(M(Z‘n, xn—l)) - d)(M(xnv xn—l))a
where

M(xnwrnfl) = maX{d(.’En,$n71)7d($n,$n+1),d(l’n,1,l’n)}

= max{d(xp_1,2n),d(@n, xn_1)}
Suppose that d(xy,, z,—1) < d(xp41,z,) for some n € N.
Case 1. If d(xy,xp—1) > d(y_1,x,), then we get
¢(d(xn7 xnfl)) S ¢(d($n, xnfl)) - ¢(d(.’£n, l'nfl))~

Then
d(d(xpn, xpn-1)) = 0.

This is a contradiction. Hence
M(zp,zp—1) = d(Xpn, Tpn_1).

Thus
1/)(d($n+1, xn)) S 7/}(d($na xn—l) - ¢(d($n7 xn—l)))-

Case 2. If d(xp, xp—1) < d(p_1,x,), then we get

Y(d(Tpt1,2n)) < Y(A(@n-1,20n)) — S(d(Tn-1,2n))-
Since d(z,y) < d(T?y,x), d(xn_1,7n) < d(Tp11,7,), which implies that

P(d(n, 2n-1)) < Y(d(@n, 2n-1)) = ¢(d(zn, Tn-1))-

Thus
¢(d($m xn71)> =0

and so d(z,,x,—1) = 0. This is a contradiction. Hence
w(d(zn-‘rla xn)) < 77[}(d(1'na zn—l)) - ¢(d(1‘n7 xn—l))~ (3'5)
Since 1 is a nonincreasing and continuous function, we deduced that

d(Tpt1,Tn) < d(Tn, Tp-1). (3.6)

From (3.4), the sequence d(z,, Zn+1)nen is monotone nonincreasing and so bounded below. So there exists « > 0
such that
lim d(zy,zn41) = . (3.7)

n—oo
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Taking lim sup,,_, ., in (3.5) and using the above limits with the continuity of ¢ and the lower semicontinuity of ¢,
we get

Y( lim supd(@py1,2,)) < Y(lim supd(zn, Tn—1)) — lim sup ¢(d(Tn, Tn-1))

n—00 n—00 n— 00

< ¢( lim supd(xy,xn—1)) — lim inf ¢( lim d(x,,xn—1).

n—oo n—oo n—oo
Thus ¥(a) < ¥(a) — ¢(a), which implies that ¢(a) = 0. So o = 0 by the proprety of ¢. Then

lim d(x,, zp41) = 0. (3.8)

n—oo

From (3.6)), the sequence d(x,+1,Zn)neN s monotone nonincreasing and so bounded below. So there exists A > 0

such that
lim d(zp,, zpi1) = A (3.9)

n—oo

Taking limsup,,_, .. in (3.3) and using the above limits with the continuity of ¢» and the lower semicontinuity of ¢,
we get

( lim $upd(@n, ant1)) < B lim supd(@,—1,2,)) — lim sup o(d(@n—1,7,))

n—oo n—oo n—oo

< w(nll_}H;O sSup d(xnflv mn)) - nh—>ngo inf (b(nh—{r;o d(xnfla xn)

Thus ¥(A) < ¥(a) — ¢(A), which implies that ¢(A) = 0. So A = 0 by the property of ¢. Then

lim d(zp41,2,) =0. (3.10)

n—0o0

We shall prove that

nleréod(zn,mn+2) =0 and nhﬂn;() (Tpto,zn) = 0.

We assume that x,, # x,, for all n,m € N with n # m. Indeed, suppose that z,, = z,,, for some n = m + k with

k > 0. By (3.4), we have
d(Tm, Tmt1) = d (Tn, Tni1) < d(Tp_1,Tp) . (3.11)

Continuing this process, we can get that
d (-T'ma xn+1) =d (xnv :r'n—i-l) <d (l‘m, xm+1) .

This is a contradiction. Therefore, d (x,,zy,) > 0 for all n,m € N with n # m. Letting x = x,,_1 and y = x4 in

, we obtain
¢(d(xn, $n+2)) < w(M(xn—h $n+1)) — ¢(M(xn—1, zn+1)),

where

M(2p—1,0n11) = max{d(Tn_1,Tns1), d(Tn_1,2n), d(Tpy1, Tni2)}
= bmax{d(zn—1,Tnt+1), d(Tn_1,2n)}.

Thus
(A 1)) < P00(d (@1, Tns1), @1, 20)}) — Hax{d(@n_1, Tns1), d@n 120D (312)
Take a, = d(xp, Tnt2) and b, = d(zy, Tpy1). Thus, from (3.12))

w(an) S w(max{anfh bnfl}) - qﬁ(max{an,l, bnfl})y (313)

which implies that

Gnp < max{an_l, bn—1}~
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Again, by (3.3) b, < bn_1. Therefore, max{a,,b,} < max{an_1,bp—1} for all n € N. Then the sequence
max{a,, by }nen 18 monotone nonincreasing and so it converges to some ¢t > 0. By (3.8]), for ¢ > 0, we have

lim supa, = lim supmax{a,,b,} = lim supmax{a,_1,b,—1} =t. (3.14)
n— o0 n—00 n— 00

Taking lim,,_,, sup in (3.13) and using the properties of ¢ and ¢, we obtain

P(t) = ’(/J(nli_>lrolo sup a,) = nh_}rrgo sup ¥(an)

< lim sup ¢¥(max{a,—1,b,—1}) — lim sup Y (max{a,—_1,bn-1})
n— oo n— 00

n—oo

< ¢(n1LH010 sup max{an_1,bn_1}) — ¢(t)
=1(t) — o(t),

which implies that ¢(t) = 0 and so ¢ = 0, which is a contradiction. Thus

< lim sup ¢(max{an—1,bn-1}) — li_}rn inf ¢(max{an—_1,bn-1})
n (oo}

lim d(xn, Tpi2) = 0.

n—oo
Letting = x,, and y = z,—1 in (3.1]), we obtain

Y(d(Tnt2,Tn)) <YM (Tni1,Tn-1)) = ¢(M(Tpy1, Tn-1)),

where
M(xn—&-la xn—l) = max{d(l'n—ﬁ—l, xn—l)v d(wn—lv xn)a d(xn-&-la xn+2)})
= max{d(xn+17 xn—l)v d(xn—lv xn)}
S max{d(xn+1, xn—1)7 d(l‘n+1, mn)}
Then

G d(ns270)) < Blmaxtd(zn 1,2 1), d(@nsr, 2)}) — Gmax{d(@ns1, 20 1) d@a s, z)}). (3.15)
Take A\, = d(zp+2,x,) and B, = d(xp+1,Ty,). Thus, from (3.15)), we have

"/}()‘n> = ’(/J(IH&X()\n,l, 6n71)> - (b(max()‘nfl’ IBH*I))? (3'16)

which implies that
)\n S max()\n,h ﬂnfl). (317)

Again, by (3.6) 8, < Bn—1. Therefore, max(\,, 8,) < max(A,—1,0n—1) for all n € N. Then the sequence
{max(Ay,, Bn) }nen is monotone nonincreasing, and so it converges to some r > 0. By (3.10)), for r > 0, we have

lim sup A, = limp oo sSupmax(A,_1,Bn—1) =1 (3.18)
n— o0

Taking lim,,_,~, sup in (3.15)) and using the properties of ¢ and ¢, we obtain
d(r) =¢( lim sup An)

= lim 9 (A,)

< lim supt(max(A,—1,Bn-1)) — lim sup ¢(max(A,—1,Bn-1))
n—roo n—oo

= lim sup ¥(max(A,—1,8n—1)) — lim inf ¢(max(A,—1,Bn—1))
n—oo n—oo

< ¢( lim supmax(A,—1,8n-1)) — ¢(r)

n—oo
=1(r) — (),
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which implies that ¢(r) = 0 and so r = 0, which is a contradiction. Thus

"h_>n;o d(Xpy2,2,) = 0.

(3.19)

Step 3. We prove that {x,}nen is a Cauchy sequence. Firstly, we show {z,}nen is a right-Cauchy sequence.
Otherwise, there exist an ¢ > 0 and sequences {n)} and {my)} such that, for all positive integers k, (n)) >

(mk)) >k,
d(my, nky) <€ and d(m), ng-1)) < €.

By quadrilateral inequality, we obtain
€< d(xm(kwxﬂ(k)) + d(xn(k>7xﬂ(k)+1) + d(xn(erlaxﬂ(k))

<e+ d(xn(m > xn(k)-i-l) + d(x”(k)‘*‘l’ I”U‘))'

Taking the limit as k — oo, we obtain

A (T ang,) =&

Now, by quadrilateral inequality, we have

d(xm(k)+l7wnk+l) S d<xm(k)+17w7nk) + d(xm(k)7wnk) + d<xn(k),90n(k)+1)7

d(xm(k))xnk) S d<xm(k),w'rrzk+1) + d(xm(k)+1,93nk+1) + d<xn(k)+17wn(k) )

Letting k — oo in the above inequalities and using (3.20]), we obtain

lim d(

k—o0

l‘m(lc)+l7wnk+1) =¢&.

Let B — % > 0. By (3.24), from the definition of the limit, there exists 7o € N such that

|d(xm(k)+17xnk+l) - €| S Ba vn Z ng.

This implies that
d(mm(k)+luxnk+l) > B Vn > ng.

Letting © = z,,,, and y = Ty, in (3.1), we have
w(d(‘/l;m(k)umm(k))) S ¢(M($m<k) I -Tn(k))) - (b(M({L'm(k) I x’ﬂ(k)))?

where
M(xn(k) ’ xm(k)) = max{d(xn(k) » Ty d(xn(k) ’ ‘T"(k)Jrl)v d(xm(k) ’ xm(k)+1)}'

Therefore by (3.8) and (3.21)), we get that

khj& M (T Tmg,y) = €-

Letting & — oo in (3.25)), we obtain
U(e) < 9(e) — (o),

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

which is a contradiction by virtue of a property of ¢. Consequently, {2, },en is a right-Cauchy sequence in (X, d).

Secondly, we prove that {z, }nen is a left-Cauchy sequence. Otherwise, there exist an € > 0 and sequences (ng)g

and (mx))x such that for all positive integers k, (ng) > (mg) > k,

d(ng,my) < e and d(ngy—1,mu)) <€

(3.26)
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By quadrilateral inequality, we obtain

£ S d(xn(k)7l'n(k)) S d(xn(k)7xn(k)+l) + d(xn(k)-‘rl) xn(k)—l) + d(xn(k)—ly xm(k))

<e+ d(xn(k.)+17 l’n(k)fll) + d(x’n(k)fla xm(k))'

Taking the limit as k — 0o, we obtain

kli)ngo (T Tmy) = € (3.27)

Now, by quadrilateral inequality, we have
d(('rn<k)+17 xm(k)-l-l) S d((x’ﬂ(k)-‘rla xn(k)) + d((ﬂ?n(k) ) xM(k)) + d(($m(k) ’ mec)-i-l)' (328)
d((xn(k) ) xm(k)) < d((xn(k) ’ 'Tn(k)+1) + d((xn(k)*‘rl? xn(k)+1) + d((xm(k)“rl? xm(k))' (3'29)

Letting k — oo in the above inequalities, we obtain

len;O ATy sr,0my41) = E- (3.30)

Let A= % > 0. By (3.30)), from the definition of the limit, there exists n; € N such that

|d(mn(k)+17w7nk+1) - €| < A4, Vn > ny.
This implies that
d(xn(k)+17xmk+l) > A, Vn > ny.
Letting z =z, ) and y = x5, in 1) we have
w<d($m(k) ’ xn(k))) < Qp(M('Tm(k) > Loy )) - d)(M(xﬂ(k) » Loy ))7 (3-31)
where
M (T s Tngyy) = MAX{d( T > Trgy s ATy s Trmy+1)s ATngy s Trgy +1) }- (3.32)
Therefore, by (3.8) and (3.30)), we get that
klirr;o M (T Tm,y) = € (3.33)
Letting & — oo in (3.31)) and using (3.33)), we obtain
¥(e) < (e) — d(e), (3.34)

which is a contradiction by virtue of the property of ¢. Consequently, {z,},en is a left-Cauchy sequence in (X, d).
Hence, by completeness of (X, d), there exist z,u € X such that

lim d(z,,z) = lim d(u,z,) =0. (3.35)

n—oo n—oo

So, from Lemma [2.5] we get z = u and hence

lim d(x,,2) = lim d(z,z,) =0. (3.36)

n—00 n—o0
Step 4. We prove that z = Tz, i.e., d(Tz,2) = 0 and d(z,Tz) = 0. Arguing by contradiction, we assume that
d(Tz,z) >0 or d(z,Tz) > 0.

First assume that d(T'z, z) > 0. By quadrilateral inequality, we get

d(Txy, Tz) < d(TTp,xn) + d(xn, 2) + d(2,Tz) (3.37)
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and
d(z,Tz) < d(z,zp,) + d(zn, Try) + d(Txy, T2). (3.38)
It follows from (3.37)) and (3.38) that
li_>m d(Txy, Tz) =d(z,Tz). (3.39)

So there exists ng € N such that
d(Txy,Tz) > d(z,Tz) >0, Vn > ng.

Letting x = Tx, and y =Tz in , we obtain
Y(d(Twn, Tz)) <YM (zn, 2)) — ¢(M(zn, 2)), (3.40)

where
M(xy, 2) = max{d(z,, Txy,),d(z,Tz),d(xn, 2)}.

Since limy, 00 d(Zp, Zn11) = d(zn, 2) = 0, we obtain that
lim,, oo M (2, 2) = d(z,Tz).
Taking the limit as n — oo in and using the properties of ¢ and ¢, we obtain
Y(d(Tx,,Tz)) < w(n1LI£10 M(xp,2)) — nhHH;O sup ¢(M(xy, 2))
<Y(lim M(zp, 2)) — lim inf ¢(M(zn, 2))
< P(d(z,Tz)) — ¢(d(z,T2)),

which implies that ¢(d(z,Tz)) =0, so and d(z,Tz) = 0, This is contradiction. If d(T'z, z) > 0, by similar method, we
get d(Tz,z) = 0. Therefore, d(z,Tz) =0 and d(Tz,z) = 0 and hence z = T'z.

Step 5. (Uniqueness) Suppose that there are two distinct points z,u € X such that T2z = z and Tu = u. Then
d(z,u) = d(Tz,Tu) = d(Tz,Tu) > 0. Letting x = z and y = u in (3.1]), we obtain

P(d(z,u)) <YM (z,u)) — ¢(M(z,u)), (3.41)

where
M(z,u) = max{d(z,u),d(z,Tz),d(u, Tu)} = d(z,u). (3.42)

This implies that ¢(d(z,u)) =0, and so z = u. O

Theorem 3.2. Let (X, d) be a generalized asymmetric metric space and 7' : X — X be a mapping. If there exists
¢ € A such that for all z,y € X
d(Tz,Ty) > 0= d(Tz,Ty) < ¢|M(z,y)], (3.43)

where M (x,y) = max{d(z,y),d(z, Tz),d(y, Ty)} and d(y,z) < d(T?y,x). Then T has a unique fixed point.
Proof . Let 2o € X be an arbitrary point in X. Then we define the sequence {z,} by ©,+1 = Ta,, for all n € N. If

there exists ng € N such that d(zn,, Zno+1) =0 or d(Zpy+1,%n,) = 0, then x,, is a fixed point of T. Then we assume
that d(z,, 2p41) > 0 and d(zp41,2,) > 0.
Step 1. We prove that

nhﬁngo d(Xp, Tpy1) = nhﬂngo d(Tpt1,2n) = 0.

Letting x = z,, and y = x,,41 in , we obtain
Ad(Txp—1,Txy) = d(Tn, Tnt1) < (M (Tp_1,2n)) < M(Tn-1,%n),
where
M(z,z) = max{d(zn—1,%n), d(Xpn-1,Tpn), d(Tn, Tnt1)}

= max{d(zn_1,Zn), d(Tn, Tni1)}

If M(zp—1,2n) = d(Tpn,Znt1), then we have
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(T, Trng1) < Od(Tn, Tny1)) < d(@n, Tny1)-
This is a contradiction. Hence M (x,xp—1, ) = d(p—1,x,). Thus
d(xp, Tpt1) < O(d(zp—1,20)). (3.44)

So
d(Xp, Tpy1) < d(@p_1,Tp). (3.45)

Letting * = 2,41 and y = x,, in (3.43)), we obtain
d(xn+17 xm) = d(xn—i-l) mn) S ¢(M(-TTL7 xn—l))y

where

M(-Tn>xn71) = maX{d(fL‘n,$n71)7d($n,$n+1),d($n71,l’n)}

= max{d(xp_1,2n),d(@n, Tn_1)}.

Suppose that d(zn, 2n—1) < d(zp41,Tn) for some n € N.
Case 1. If d(xp, xp—1) > d(xp_1,x,), then we get

d(xrmxn—l) < d)(d(xn;xn—l)) < d(x'mmn—l)-
This is a contradiction.
Case 2. lf d(zp,xpn—1) < d(zp—1,,), then we get

d(anrhwn)) S (b(d(xnflvmn)) < d(xnflvmn)

Since d(y,r) < d(T?y,x), d(xn_1,7n) < d(Tp11,7,), which implies that
d(xp, tpn—1) < o(d(xn, 2n-1)) < d(@n,Tn-1),
which is a contradiction. Therefore,
d(Tnt1,2n) < O(d(Tn-1,24)) < d(Xp-1,Zn). (3.46)

From (3.45)), the sequence d(z,, Tn+1)nen is monotone nonincreasing and so bounded below. So there exists u > 0
such that

nh_{{;lo d(l‘n, -TnJrl) = Q.

By induction, (3.44) yields
d(Tpn, Tnt1) < o"d(x0,21), VYn €N
By the property of ¢, it is evident that
lim d(zp,zn41) =0. (3.47)

n— oo

From (3.46)), the sequence {d(zn+t1,%n)}nen is monotone nonincreasing and so bounded below. So there exists
0 > 0 such that lim,, o d(zy, z,+1) = d. By induction, (3.46)) yields

d(xn-‘rlaxn) < ¢nd($17$0)7 Vn € N.

By the property of ¢, it is evident that
lim d(z,41,2,) =0. (3.48)

n—oo
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Step 2. We prove that lim,, ;o d(@n, Tny2) = limy, o0 d(T, Tpy2) = 0. Letting x = 2, and y = 12 in (3.43)), we
obtain

d(Tns Tni2) < H(M(Tp—1, Tnt1)), (3.49)
where
M(zp—1,%ps1) = max{d(zp_1, Tnt1),d(Tn-1,Tn), d(Tpi1, Tny2)}
= max{d(z,_1,Tnt1), d(Tn_1,2n)}.
Thus
A(Xp, Tpt2) < p(max{d(Tn—1,Tns1),d(Tn_1,Tn)}). (3.50)
Take v, = d(xp, Tpn12) and §,, = d(zp, p+1). Then, from (3.49), we have
Yn) < p(max{vn—1,0n-1}), (3.51)
which implies that
Yn < max{Yn—1,0n-1} (3.52)

Again, by (3.47), 6, < 6p—1. Therefore, max{y,,0,} < max{vy,—1,0,—1} for all n € N. Then the sequence
{max{7yn, 0n} }nen is monotone nonincreasing, and so it converges to some ! > 0. By (3.46]), for > 0, we have

lim sup ~, = lim sup max{vyy,,d,} = lim sup max{y,_1,d,—1} =1. (3.53)

n—oo n—oo n—roo
Taking limsup,,_, ., in (3.49) and the properties of ¢, we obtain
I= lim sup 7, < lim supmax{y,_1,0n—1} < ¢( lim max{vy,_1,0,-1}) = () <,

which is a contradiction. Thus

lim d(xy,, 2p42) = 0. (3.54)
n— oo
Letting © = ,, and y = x,12 (3.43)), we obtain
d($n+27xn> S ¢(M($n+1;xnfl)>7 (355)
where
M(xn-‘rla xn—l) = max{d(xn-‘rla xn—1)7 d(xn-i-la xn)v d($n+27 xn-‘rl)}
= max{d(zn+1, Tn-1), d(Tn,Tn_1)}.
Thus
d(Tpao, zn) < p(max{d(zpt1,Tn-1),d(Tn,Tn-1)}). (3.56)
Take k = d(xp42,z,) and 7, = d(xy41,2,). Then, from (3.55)), we have
Rn S ¢(maX{Hn71>7r’rL71})7 (357)
which implies that
Kn < max{kn_1,Tn_1}. (3.58)

So we have 7w, < m,_1. Therefore, max{k,,7,} < max{k,_1,7m,—1} for all n € N. Then the sequence
{max{Kn, Ty} }nen is monotone nonincreasing, and so it converges to some [ > 0. By (3.46)), for h > 0, we have

lim sup k, = lim sup max{kn,m,} =lim sup max{r,_1,7p—1} = L.
n—00 n—oo n—o0

Taking the limsup,,_, . in (3.58)) and the properties of ¢, we obtain

[ = lim sup Ky,
n—oo

< lim supmax{kp_1,0n-1}
n— oo

< ¢( lim max{kp_1,mTph_1})
n—oo

= ¢(h) <h,
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which is a contradiction. Thus
lim d(xn42,2,) =0. (3.59)

n—oo
Step 3. We prove that {x, }nen is a Cauchy sequence. Firstly, we show {z, }nen is a right-Cauchy sequence, that
is

lim d(zp,zp+k) =0, vk € N.

n—oo
The cases k = 1 and k = 2, are proved, respectively by (3.47) and (3.54). Now, we take k > 3 arbitrary. It is
sufficient to show two cases.
Case I. Suppose that k = 2m + 1, where m > 1. Then by the quadrilateral inequality, we obtain

d(xn; anrk) S d(mn; xn+1) + d(xn+1a xn+2) +--- d(xn+2ma xn+2m+1)
n+2m

> P (d(wo, 1))

o0

Z ¢ (d(zo,71)) = 0 as n — oc.

p=n

IN

IN

Case I1. Suppose that k = 2m, where m > 2. Then by using (3.52) and the quadrilateral inequality, we obtain

d(xru xn—l—k) < d(l’n, xn+2m)

S d(xna -Tn+2) + d(-rn+27 xn+3) +--- 4+ d(-rn+2m—17 xn+2m)
n+2m—1

< Y dPd(wo, )
p=n-+2

< Z ¢P(d(zo, 1)) = 0 as n — o0
p=n-+2

By combining the expressions, we have limsup,,_, . d(zpn, Tnt+x) = 0, for all & € N. We conclude that {z,} is a
right-Cauchy sequence in (X, d). Secondly, we show {x, }nen is a left-Cauchy sequence, that is,

lim d(zp4k,2n) =0, Vk € N.
n— oo

The cases k = 1 and k = 2, are proved, respectively by (3.48) and (3.59). Now, we take k > 3 arbitrary. It is
sufficient to show two cases.

Case I. Suppose that k = 2m + 1, where m > 1. Then by the quadrilateral inequality, we obtain

d($n+ka zn) < d(xn+2m+1a zn)

< d($n+2m+1a -’Ifn+2m) + d(l’n+2m, $n+2m_1) + .o+ d(xn-i-h xn)
n+2m

< Y ¢P(d(ar,w))

p=n

Z @P(d(z1,20)) = 0 as n — o0

p=n+2

IN

Case II. Suppose that k = 2m, where m > 2. Then by the quadrilateral inequality, we obtain

d(il?n+k7 xn) < d(zn+2m7 xn)

S d(xn+2m7 xn+2m—1) + d(xn+2m—1; xn+2m—2) +---+ d(l‘n+2a xn)
n+2m—1

< Y @)
p=n-+2

Z ¢P(d(z1,20)) = 0 as n — oco.
p=n-+2

IN
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By combining the expressions, we have

lim d(xn,zp4k) =0, VkeN.

n—oo

We conclude that {x,} is a left-Cauchy sequence in (X, d). Hence, by completeness of (X, d), there exist z,u € X
such that
lim d(x,,z) = lim d(u,z,)=0.
n— oo n—roo

So, from Lemma [2.5] we get z = u and hence

nlgr;o d(xn,2) = nlingo d(z,z,) =0.

Step 4. We prove that z = Tz, i.e., d(Tz,2) = 0 and d(z,Tz) = 0. Arguing by contradiction, we assume that
d(Tz,z) > 0 or d(z,Tz) > 0. First, assume that d(Tz,z) > 0. As in the proof of Theorem |3.1] we conclude that

lim d(Tx,,Tz)=d(z,Tz) (3.60)

n—-+oo

and so there exists ny € N such that d(Tz,,Tz) > d(z,Tz) > 0, for all n > ny. Letting x = Tz, and y = Tz in

, we obtain
d(Tzn, T2)) < (M (2, 2)),

where lim,,_, oo M (2, 2) = d(z,Tz). Taking limsup as n — oo in (3.60) and using the properties of ¢, we obtain
d(z,Tz) = lim d(Tx,,Tz))
n—oo
< i
< nll)rfoo sup ¢(M(zy,,2))
< .
< ¢( lim_ M (2, 2)),
which is a contradiction. If d(T'z, z) > 0, then by similar method, we get a contradiction. Therefore d(z,Tz) = 0 and
d(Tz,z) = 0,and hence z = Tz.
Step 5. (Uniqueness)

Suppose that there are two distinct points z,u € X such that Tz = z and Tu = u. Then d(z,u) = d(Tz,Tu) =
d(Tz,Tu) > 0. Letting * = z and y = w in (3.1), we obtain

d(z,u) < (M (z,u)) = ¢p(d(z,u)) < d(z,u),

where M (z,u) = max{d(z,u),d(z,Tz),d(u, Tu)} = d(z,u). This is a contradiction. So z = u. OJ

Example 3.3. Let X = R;. Define d : X x X — [0, +o00[ by d(z,y) = max{y — ,0}. Then (X,d) is a complete
generalized metric space. Define a mapping T': X — X by

T(x) = ln(g +1),Vr e X.

Consider the functions ¢, : [0,400] — [0,+o0[ defined by ¥(t) = 2¢, for all t € [0,400], ¢(t) = %, for all

¢
3
t € [0, +oo[. For all (z,y) € X2, we have d(T?%y,z) = max{z — T?y,0} and

1
T?y = ln(g In(= +1)+1),

Wl

and hence max{z — y,0} < max {z —In(3In(¥ + 1) +1),0} . Thus d(y,z) < d(T?y,z). On the other hand,

d(Tz, Ty) = max{ln(% +1) - 1n(§ +1),0},

M(z,y) = max{max{y — z,0}, max{ln(% +1) - z,0}, max{ln(% +1) —y,0}}
1. If > y, then we have d(Tz,Ty) = 0, M(z,y) = 0. So

P(d(Ta, Ty)) = Pp(M(z,y)) — ¢(M(z,y))-
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2. If y > x, then we have

d(Tz,Ty) = ln(% +1)— ln(g +1), M(z,y) =max{y —2,0,0} =y —z.

So

y—x

$(d(Te,Ty)) = 2In(5 + 1) = 2In(5 + 1), 6(M(2,9) = 2(y — 2), 6(M(2,)) = 7

Thus
Y(d(Tz,Ty)) < Pp(m(z,y)) — ¢(max(d(z,y), d(y, Ty))).

So 0 is a unique fixed point of T.
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