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Abstract

In this paper, we consider a new extension of the Banach contraction principle, #-Q2-contraction inspired by the concept
of #-contraction in («, n)-b-rectangular metric spaces to study the existence and uniqueness of fixed point theorems for
the mappings in metric spaces. Moreover, we discuss some illustrative examples to highlight the realized improvements.
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1 Introduction

In recent times, the Banach contraction principle [I] was attracted by many authors (see [2] [7], [8, @] 111 T4l 20} 2T,
22]). In 2014, Jleli et al. [7, 8] introduced the notion of §-contraction. By using f-contractions, Jleli et al. [7] [§]
proved a fixed point theorem which generalizes Banach contraction principle in a different way than in the known
results from the literature. Later, Kari et al. [10, 12| 13} 19] proved new type fixed point theorems in rectangular
metric space and generalized asymmetric metric space by using a modified generalized 6-contraction.

Many generalizations of the concept of metric spaces are defined and some fixed point theorems were proved in
these spaces. In particular, b-rectangular metric spaces were introduced by George et al. [3], in such a way that
triangle inequality is replaced by the b-triangle inequality: d(x,y) < s(d(x,u)+d(u,v)+d(v,y)) for all pairwise distinct
points =, y, u, v. Any metric space is a b-rectangular metric space but in general, b-rectangular metric space might not
be a metric space. Various fixed point results were established on such spaces, the readers can refer to [12} 15l 17, [18].

In 2014, Hussain and Salimi [6] introduced the notion of an a-GF-contraction and stated fixed point theorems for
a-GF-contractions. On the other hand, Hussain et al. [4] established some new fixed point theorems for generalized
a-n-G F-contractions mappings in complete b-metric spaces.

In this paper, we introduce the notion of a generalized a-n-8-Q-contraction in b-rectangular metric space. Also,
examples are given to illustrate the obtained results we derive some useful corollaries of these results.
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2 Preliminaries

Definition 2.1. [3]. Let X be a nonempty set, s > 1 be a given real number and d : X x X — [0, +oo[ be a function
such that for all x,y € X and all distinct points u,v € X, each distinct from = and y,

(1) d(z,y) =0 if only if z = y;
(2) d(z,y) = d(y,2);
(3) d(z,y) < s[d(z,u) +d(u,v) +d(v,y)] (b-rectangular inequality).

Then (X, d) is called a b-rectangular metric space.

Example 2.2. [12]. Let X = AUB, where A = {1 :n € {2,3,4,5,6,7}} and B = [1,2]. Define d : X x X — [0, 00|
as follows:
{d(l’,y) =d(y, ) for all z,y € X;

dlz,y) =0 y==x

and 11 11 11
d(2’3>:d(4’5>:d(6’7>:0’05

11 11 11
d(m):d(:aw):d(s’@):o’og
((33)-0(31) (33 -0
(B o322 oo
(3] o(3 )=o) <o

d(z,y) = (Jo —y|)* otherwise.

Then (X, d) is a b-rectangular metric space with coefficient s = 3.

Definition 2.3. [3] Let (X, d) is a b-rectangular metric space and {z,} be a sequence in X and = € X.

neN
(i) We say that {x,}, .y converges to x if
lim d(z,z,)=0.

n—-+oo
(i) We say that {z,},cy is Cauchy if

nm%linﬁ)o d(zp,xm)=0.

Definition 2.4. [3]. Let (X,d) be a b-rectangular metric space. Then X is said to be complete if every Cauchy
sequence {z,}, in X converges to x € X.

Lemma 2.5. [I5] Let (X, d) be a b-rectangular metric space.

(a) Suppose that sequences {z,} and {y,} in X are such that z,, - = and y, — y as n — oo, with x # y, &, # x
and y,, # y for all n € N. Then we have

1
—d(z,y) < lim infd(z,,yn) < lim supd (zn,yn) < sd(x,y).
S n— 00

n—oo

(b) If y € X and {z,} is a Cauchy sequence in X with x,, # x,, for any m,n € N, m # n, converging to x # y, then

1
—d(z,y) < lim infd(z,,y) < lim supd(z,,y) < sd(z,y),
S n—o00

n—oo

for all z € X.
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Lemma 2.6. [12] Let (X, d) be a b-rectangular metric space and {z,,} be a sequence in X such that

lim d(zn, Tnt1) = lim  d(2n, zpp2) = 0. (2.1)
n—oo n—oo

If {x,} is not a Cauchy sequence, then there exist € > 0 and two sequences {m(k)} and {n(k)} of positive integers
such that

e < lim infd (wm<k>,xn(k)

<
Jm hm supd xm(m,xn(k)) < se,

e < lim infd (xn(k),

(
k=00 lm sup d (T, Ty sy ) < S8,
(

e < lim mfd(xm(k), 1m supd xm(k),xn(k)ﬂ) < se,

k—o0 xn(k>+1

) <
T ) <
) <
) <

S < lim infd (

- Jim 1II1 Supd (1'7n(k)+1?‘rn(k)+1) S §e.

Ly g1 Tngeya

In this section, we give basic definitions of concepts concerning a 6-¢-contraction in the setting of generalized
metric spaces. The following definition was given by Jleli et al. in [7].

Definition 2.7. [7] Let ©. be the family of all functions 6 : ]0,+oco[ — |1, +00[ such that
(61) 0 is increasing;
(02) for each sequence (x,,) C 10, +o0],
71111% x, =0 if and only if nlLrI;oﬂ (xn) = 1;
(03) 0 is continuous.
Definition 2.8. [7] Let ©¢ be the family of all functions 6 : ]0,4+o00[ — ]1, +00[ such that
(61) 0 is increasing;

(02) for each sequence (x,) C ]0, +oo],

lim , =0 if and only if lim 6 (z,) =1;
n—oo

n—0

(03) there exist r €]0,1[ and I € ]0, +o00[ such hat lim;_,q 0(?,.71 =1

Definition 2.9. [7] Let (X, d) be a metric space and T : X — X be a mapping. Then T is said to be a §-contraction
if there exist # € © and k € ]0, 1] such that for any z,y € X

d(Tz,Ty) > 0= 0[d(Tz,Ty)] < [0 (d(z,y))"

Theorem 2.10. [7] Let (X, d) be a complete generalized metric space and T : X — X be a 6-¢-contraction. Then T
has a unique fixed point.

In 2014, Hussain et al. [4] proposed a weaker definition that completeness, which is called a-completeness for
generalized metric spaces.

Definition 2.11. [4 Let T : X — X and «,n : X x X — [0,400[. We say that T is a triangular («,n)-admissible
mapping if
() a(z,y) 21 = a(Tz,Ty) 21, 2,y € X;
(Ta) n(z,y) <1 =nT=z,Ty) <1, z,y € X;
a(z,y) 21

(T5) aly.z) > 1 = a(zr,z) > 1forall x,y,z € X;

<
(T4){ Z((i’gg zi =1n(zr,z) <1foralx,yzeX.
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Definition 2.12. [] Let (X, d) be a b-rectangular metric space and a,n :X x X — [0, +00[ be two mappings.

(a) T is an a-continuous mapping on (X,d) if for a given point z € X and a sequence (z,) in X, z, — x and
a (Tp, Tps1) > 1 for all n € N, imply that Tx, — Tz .

(b) T is an 7 sub-continuous mapping on (X, d) if for a given point x € X and a sequence (z,) in X, ,, — x and
N (Xn, Tpt1) < 1 for all n € N, imply that Tz, — Tz.

(¢) T is an (a,n)-continuous mapping on (X,d) if for a given point x € X and a sequence (z,) in X, x,, — x and
a(Zp, Tnt1) = 1 or n(xn,xpp1) < 1for all n € N, imply that Tz, — Tz.

Hussain et al. [5] gave the following definition.

Definition 2.13. [5] Let (X, d) be a generalized metric space and «,n :X x X — [0, +oo[ be two mappings. The
space X is said to be

(a) a-complete, if every Cauchy sequence (z,,) in X with o (z,,2n4+1) > 1 for all n € N, converges in X;
(b) m-sup-complete if every Cauchy sequence (x,,) in X with 0 (2, zp41) < 1 for all n € N, converges in X;

(¢) (a,n)-complete if every Cauchy sequence (z,) in X with a(z,,2nt1) > 1 or 9(@n,2p41) < 1 for all n € N,
converges in X.

Definition 2.14. [5] Let (X, d) be a generalized metric space and a,n :X x X — [0, 400[ be two mappings.
(a) (X,d) is a-regular if x, — x, where a (2, Tp41) > 1 for all n € N, implies a (z,,,x) > 1 for all n € N.
(b) (X,d) is n-sub-regular, if z,, — x, where (2, xn+1) < 1 for all n € N, implies 0 (x,,z) < 1 for all n € N.

(¢) (X,d) is (a,n)-regular if z,, — x, where a (y, Tpy1) > 1 or (2, Tpe1) < 1 for all n € N| imply that « (x,,z) > 1
or 1 (z,,z) <1 for all n € N.

3 Main results

Definition 3.1. Let A denote the set of all functions 2 : Ri — R satisfying: for all ¢1,t5,%3,14,t5 € Ry with
titatstats = 0 there exists w € |0, 1] such that Q(¢1,t2, ts,t4,t5) = 7.

Example 3.2. If Q(ty, ta, t3, t4,t5) = min{ty, to, t3,t4,t5} + 7 where w € |0, 1] then A € Q.

Example 3.3. If Q(t1,t0,t3,t4,t5) = mf;?fflt’ft’ftft’;i}l} + 7 where 7 € ]0,1[ then A € Q.

In this paper, we present the concept #-{2-contraction in generalize metric spaces and we prove some fixed point
results for such spaces.

Definition 3.4. Let d (X, d) be a («,n)-b-rectangular metric space and T be a self mapping on X. Suppose that
a,n: X x X — [0,400] are two functions. We say that T is an («,n)-Q-0¢c-contraction if for all z,y € X with
(a(z,y) >1orn(x,y) <1)and d(Tx,Ty) > 0 we have

0 (s2d (T, Ty)) < [0/ (M (,))] 7A@ T AT AT (T 00)) (3.1)
where 0 € ¢, € A and

M (z,y) :max{d(a:,y),d(x,Tx),d(y,Ty),d(Tz,y),d(TQx,y),d(TZx,Ty),d(TQz,Tx)}.

Theorem 3.5. Let (X, d) be an (a, n)-complete b-rectangular metric and let a, ) : X x X — [0, +00][ be two functions.
Let T: X x X — X be a self mapping satisfying the following conditions:

(i) T is a triangular (o, n)-admissible mapping;
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(ii) T is an (a, n)-0-Q-contraction;
(iii) there exists zgp € X such that « (xg, Txo) > 1 or n(z,Txo) < 1;
(iv) Tis (e, n)-continuous.

Then T has a fixed point. Moreover, T has a unique fixed point when a (z,y) > 1 or 7 (z,y) <1 for all z,y € X.

Proof . Let xg € X such that « (zg,Txg) > 1 or 7 (xo, Txg) < 1. Define a sequence {x,} by z, = T"x¢ = Txp_1.
Since T is a triangular (o, n)-admissible mapping, a (zg, 1) = a (2o, Txo) > 1 = a(Txo,Tx1) > 1 = a(x1,22) or
n(zo,z1) =n(x0,T20) <1 = a(Txo,Tx1) <1=0(21,22).

Continuing this process, we have « (,—1,2n) > 1 or n(2,_1,2,) < 1, for all n € N. By (T3) and (7y), one has

(T, xn) = 1 or N (T, x,) <1, Ym,n € N, m # n. (3.2)

Suppose that there exists ng € N such that z,, = Tz,,. Then z,, is a fixed point of T" and the proof is finished.
Hence we assume that z,, # Tx,, i.e., d(z,—1,2,) > 0 for all n € N. We have

Ty £ T, Ym,n € Nym # n. (3.3)

Indeed, suppose that z, = z,, for some m = n + k > n Then we have z,41 = Tx, = Tx,, = Tpy1. Denote
dpm, = d (T, Tmt1) - Then (3.1) implies that

0(dy) = 0 (dy) = 0 (d (Tm—1, Tam))
< (SQTl‘m_l,Tﬂjm)
< (QM (-Tm—la xm))ﬂ(dw1—17dm,711dm701dm+1) ’
where
M (mmflv xm) {d (xmfla xm) ; d (l'mfla xm) ,d (xmv merl) 5 d (CCm, xm) ; d ($m+1; xm) 5

d (zm—&-la xm+1) ,d (I’m-‘rla mm) ,d (xm+1a ajm) ,d (xm+17 xm+1)}-

Then M (-1, Tm) = max{,d (Xm-1,%m) ,,d (Tm, Tm+1)} and there exists 7 € ]0, 1] such that Q(dm—1,dm, 0, dmi1) =
m It M (2m—1,Zm) = d(Tm, Tm+1), then we have

0 (dy) < [0 (d)]™ < 0 (dum) -

This is a contradiction. So M (xmm—1,Tm) = d(Tm-1,%m) and d,, = dy, < djp—1. Continuing this process, we can
prove that d,, = dp, < dp, < dip—1 < dyp—2 < .. < d,,, which is a contradiction. Thus we can assume that (3.2) and
(3.3) hold. Letting x = x,,_1 and y = z,, in (3.1)) for all n € N, we have

0 (d (xna xn+1)) <0 (S2d (:L'na xn+1))
< (0(d(n-1,70))"

Repeating this step, we conclude that

)\2 AT

0 (d(zn, Tnt1)) < (0(d (xn—hmn)))Tr < (0(d(rp-2,70-1)))" < ... <0(d(z0,71))

By using (61) and (03), we get
d(xp, Tpi1) < d(Tp—1,Zn). (3.4)

Therefore, d (¥n, Zn11),,cy 15 @ monotone strictly decreasing sequence of nonnegative real numbers. Consequently,
there exists a > 0 such that lim, o d (Ty41,2,) = . Now, we claim that o = 0. Arguing by contraction, we assume
that o > 0. Since d (In7xn+1)n€N is a nonnegative decreasing sequence, we have d (z, n4+1) > a, for all n € N. By
the property of 6, we get

n

1<6(a) <0(d(xg,z1))" . (3.5)
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By letting n — oo in (3.5)) , we obtain 1 < 6 (o) < 1. This is a contradiction. Therefore,

lim d (2, 2n41) = 0. (3.6)

n—oo
Letting = x,,—1 and y = x,11 in (3.1)), for all n € N, we have

0 (d (mm xn+2)) <40 (d (821)7“ xn+2))
S (9M (xn717 xn+1))Q(d(wnfl»szrl)vd(a:nfl75”7L)7d($n+1’wn+2)vd($nanJrl)vd(a:nJrl’wnJrl))

Q(d Ln—1,Tn 7d Tn—1:Tn 7d Tn yIn ,d Tn,Tn ,O
— (GM (mn ’xn )) ( ( 1 +1) ( 1 ) ( +1 +2) ( +1) ) ,
Where

M (mn—la xn—i—l) :max{d (xn—la J7n-|—1) 7d (xn—lv xn) 7d (-Tn-i-la xn+2) 7d (J;n-‘rl; xn) ) d (xn—i-lv xn+l) )
d (anrl, xn) ;d (xn+17 -Tn)}

Since d (vp—1,%n) < d(Tn, Tnt1) ,

M (In—la xn+1) == max{, d (xn—la In+1) ) d (In—la xn)}
and there exists 7 € ]0, 1] such that

Qd(zn-1,2n+1),d(@n-1,20),d(Tnt1,Tn+2),d(Tn,Tn+1),0) —

So we have
0 (d (zn, Tns2)) < [0 (max{,d(zn-1,Tns1),d (Tn—1,2)})]" . (3.7)

Take a, = d (¥, Tn12) and b, = d (2, Tn11) . Then one can write 6 (a,,) < [0 (max{,b,-1))]" . By (61) and (63),
we get a, < max{an—1,bp—1}. By (3.4), we have b,, < b,—1 < max{an_1,bn—1}, which implies that

max {an, by} < max{a,_1,bp_1}, Vn € N.

Therefore, the sequence max {an,l,bn,l}neN is monotone non-increasing. Thus there exists A > 0 such that
lim;, 0o max {an, b, } = A. By (3.6]), we assume that A > 0 and then we get

lim supa, = lim supmax{a,,b,} = lim max{a,,b,}.
n— o0 n—0o0 n—oo

Taking the limsup,, — oo in (3.7)) , and using the properties of 63, we obtain

0 ( lim supan) <40 ( lim max {an_l,bn_1}> .

n—oo n—oo
Therefore, 6 (\) < 8 (). By (1) and (03), we get A < A. This is a contradiction. Therefore,

lim d(zp,Tpi2) =0. (3.8)

n—oo

Next, we shall prove that {xn}neN is a Cauchy sequence, i.e., lim,_,o d (2, 2m) = 0, for all n,m € N. Suppose to

the contrary. By Lemma there is an € > 0 such that for an integer k there exist two sequences {n(k)} and {m(k)}
Mgy >, Nx) > k, such that

Ie< klggo inf d (a:m<k),xn(k)) < klgrolo sup d (a:m(k),xn(k)) < se,

IT) e < kli}n;o infd (a:n(k),xm(k)ﬂ) < klggo supd (l‘n(k)7$m(k)+1) < se,
1IN e < kli_glo infd (a:,n(k),xn(k)ﬂ) < kli_>nolo sup d (xm(k),a:n(k)ﬂ) < sg,

9 . . . 2
V) 3 < kIEEO infd (xm(k)ﬂ,xn(mﬂ) < klggO supd (xm(k)ﬂ,xn(mﬂ) < s%e.
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From 1| and by setting = z,,,, and y = z,,,, we have

M (xmoc) ) xn(k)) =max{d (xmw) 5 x"(k)) vd (mmw) J xm(k)ﬂ) ,d (x"(k)’x"(k)+l) o ($m(k>+2’xm(k)+1) v (xm(sz’xn(k))

yd (xm(k)+2a17n(k)+1) o ($m(k)+27$m(k)+l)}'
Taking the limit as k — oo and using Lemma we have

klir{:oM (mm(k),xn<k)) < max{se, 0,0, s¢, se, se, se)} = se.

Now, letting = ., ,, and y = z,,,, in (3-1), we obtain

0

(xm<k>+1’x”<k>+1)} [ (xmwwum"(kwl)]

d <0
<[6(M (mm(k),xn(k)))]ﬂ[ (#mgy @y ) (# gy Tom iy )@ (0 Ton iy ) A(TEm e 2y ) (T30 i )|
(M [a(

L) ’“(k)) d(“”"(k) ’mm<k>+1) d(””"(k)’”“'"(k>+1)’d(’“'moc)ﬂ’wn(k>)’d<znl<k>+2’$”<k>)] .

=0 (xmw’x”(k)))]ﬂ

Since € is a continuous function,

hm Q |:M (-rnL(k))xn(k)ﬂ

k—o0

= kh_ffjo Q[ (@my s g ) » & (T Tmon) @ (@i T in) & @m0 Tngo ) 24 (T o Tngy )]

=4 klggo d (T Ty )+ 6 (T s i) & (Tngo s Tngosn) 4 (Tmeo 0 Tngy ) 4 (Tmg 2 T, )

<Q[se,0,0, se, se] .

So there exists 7 € ]0, 1] such that Q [se, 0,0, se, se] = 7. Then
0 (d (zm(k)ﬂ’m"(k)ﬂ)) [9 (M (mm(k) J x”(k)))]ﬁ :

Letting kK — oo in the above inequality and applying the continuity of 6, we have

0 (d (xm<k)+1’x”(k)+1)) < [9 ( lim M (xm(k)’xn(k)))] '

k—o0
Therefore, (2) < [0(se)]™ < (e), which is a contradiction. Thus limy, ;,—y00 d (T, z,,) = 0. Hence {z,,} is a Cauchy
sequence in X. By completeness of (X, d), there exists z € X such that
lim d(z,,z) =0.

n— oo

Now, we show that d (T'z, z) = 0. Arguing by contradiction, we assume that d (T'z, z) > 0. Since x,, — z as n — 00
for all n € N, from Lemma [2.5] we conclude that

1
-d(z,Tz) < li_>m supd (Tz,,Tz) < sd(z,Tz). (3.9
S n—o00
Hence 1
sd(2,Tz) = s~d (2, Tz) < lim sups®d (Tz,,T%). (3.10)
S n— o0

Since T' is (e, n)-continuous, we conclude that lim,,_,o Tz, = T'z. Then

lim d(Tx,,Tz)=d(z,Tz). (3.11)

n—oo
Letting « = x,, and y = z in (3.1)), we obtain
0(sd(z,Tz)) < 6(s°d(Tz,,Tz)) (3.12)

Q(d(zp,Txn),d(2,T2),d(xn,T2),d(z,T2y),d(T?zp,2
< [0(M (zn,2))] (d( ),d( )>d( ),d( )d( )

)
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M (z,,z) = max{d(mn,z),d(mn,Txn),d(z,Tz),d(Ta:n,z),d(szn,z),d(T2xn,Tz),d(T2xn,Txn)}
= d(z,Tz)

and
lim Q(d (2, Txn),d(2,T2),d(x,,T2),d (2, Tzy) ,d (T2, 2))
n—oo
=Q(lim d(zp,Txy,),d(2,T2),d(zn,Tz),d (2, Txy) ,d (Tza:n, z))
n—roo
<0,d(z,Tz),d(2,Tz),d(z,Tz),0).
Then there exists 7 € ]0,1[ such that 0 (sd (z,Tz)) < 6 (sd(z,Tz))" . This is a contradiction. So z = Tz. Now,
suppose that z,u € X are two fixed points of T' such that u # z. Then we have

d(z,u) =d(Tz,Tu) > 0.

Letting z = z and y = u (3.1]), we have

< [0 (M (2, u))]

[9 (M (Z u))]Q(d(z,u),d(z,z),d(u,u),d(u,z),d(z,u))
_ [9 (M (Z, u))]Q(d(z,u)70,07d(u,z),d(z,u))

[0 (M (z,u))]",

where
M (z,u) =max{d (z,u),d(2,Tz),d (u,Tu) ,d(Tz,u),d (T2z7 Tz) d (TQZ, u) ,d (Tzz, Tu)}
:max{d(z,u),d(z,z),d(u,u),d(z,u) ,d(Z,Z) >d(zau)ad(z,u)}
=d(z,u).

Therefore, we have 6 (d (z,u)) < [0(d(z,u))]" < 6(d(z,u)), which implies that d(z,u) < d(z,u). This is a

contradiction. Therefore, u = z. [J

Corollary 3.6. Let (X,d) be an (a,n)-complete b-rectangular metric space and «,n : X x X — [0,400) be two
functions. Let T': X x X — X be a self mapping satisfying the following:

(i) 0[s2d(Tz,Ty)] < [0(M(x,y))]*, k€ (0,1), 0 € O¢.
(ii) T is a triangular (a,n)-admissible mapping;
(iii) T is an («,n)-0-Q-contraction;

(iv) there exists xg € X such that « (zg,Tzg) > 1 or n(xg, Txo) < 1;

(v) T is (a,n)-continuous.

Then T has a fixed point. Moreover, T has a unique fixed point when a (x,y) > 1 or 5 (z,y) <1 for all z,y € X.
Theorem 3.7. Let a,n: X x X — RT be two functions and (X, d) be an («, n)-b-rectangular complete metric space.
Let T : X — X be a mapping satisfying the following conditions:

(i) T is a triangular (o, n)-admissible mapping;
(ii) T is an (a, n)-Q-0-contraction;
(ill) a(2,Tz) >1orn(z,Tz) <1, for all z € Fix (T).

Then T has the property P, (T"z = Tz).
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Proof . Let z € Fix (T™) for some fixed n > 1. Since a(z,Tz) > 1 or n(z,Tz) < 1 and T is a triangular
(v, n)-admissible mapping,
« (TZ,T2Z) >1lorn (Tzz,Tz) <1

Continuing this process, we have
e (T"z,T”Hz) >lorn (T”z,T"Hz) <1

for all n € N. By (73) and (7}), we get

a(Tmz,T"z)>1orn(T"z,T"z) <1, Ym,n €N, n#m.
Assume that z ¢ Fix (T), i.e., d(z,Tz) > 0. Letting 2 = T" 'z and y = z in (3.1)), we get

d(z,Tz)=d(T"z,Tz) =d (TT" '2,Tz),

which implies that

o(d (TT”_lz,Tz) < [0 (M(Tn_IZ’Z))]Q(d(T“*lz,z),d(T”*lz,TT”*lz),d(z,Tz),d(TT”*lz,z),d(z,TQT"*lz))

=

= [0 (M(T"'2,2)

>

(M(Tnilz, Z))] Q(d(T’“lz,z),d(T"“lz,T"z),d(z,Tz),d(T"z,z),d(z,T"*%))

)] Q(d(T"71z,z),d(T"71z,T"z),d(z,Tz),d(T"z,z),O)

Thus there exists 7 € ]0, 1[ such that
QU (T '2,2) ,d (T '2,T"2) ,d(2,Tz) ,d(T"z,2),0) = .
Then
d(z2,T2)=d(T"2,T2) =d (TT" '2,Tz) < [0 (M(T"'2,2))]",
where
M (z, T"ilz) = max{d (T”flz, z) ,d (T"ilz7 TT"ilz) ,d(2,Tz),d (T"flz, z) ,d (T2T”71z, z) ,
d(T°T" '2,Tz) ,d (T*T" "2, T" '2)
= max{d (T”flz, z) ,d (T"ilz7 T"z) ,d(2,Tz),d (T”flz, z) ,Ad(TT"2,2),d(TT"2,Tz),
d(TT"2,T" '2)}
= max{d (T”flz, z) ,d (T"ilz7 z) ,d(2,Tz),d (T"ilz, z) ,d(Tz,2),d(T2,Tz),d (Tz,T"ilz)}.

Since d (T" 'z, T"z) — 0, taking the limit as n — oo, we obtain hIJIrl M (z,T" 'z) = d(z,Tz). Since 6 is an
n——+00

increasing and contentious function,
0(d (2, Tz)) < [0(d (2, T2))]" < 0(d(2,T%2)),
which is a contradiction. So d(z,Tz) > 0. Thus Fiz(T™) = Fixz(T). Therefore, T has the property (P). O

Assuming the following conditions, we prove that Theorem still holds for T" not necessarily continuous.

Theorem 3.8. Let a,n: X x X — R be two functions and (X, d) be an (a,n)-complete generalized metric space.
Let T : X — X be a mapping satisfying the following assertions:

(i) T is triangular (a,n)-admissible;

(ii) T is (e, n)-0-Q-contraction;

(iii) there exists z¢ € X such that o (29, Txo) > 1 or n (zo, Txo) < 1;
)

(iv) (X,d) is (a, m)-regular.
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Then T has a fixed point. Moreover, T' has a unique fixed point whenever « (z,u) > 1 or n(z,u) < 1 for all
z,u € Fiz (T).

Proof . Let xg € X such that a(zg,Tz9) > 1 or n(zo,Txo) < 1. Similar to the proof of Theorem we can
conclude that
(a (Tp, Tpg1) = 1ot n(2y, 2pq1) < 1)

and
Tp —> Z aS N — 00, (3.13)

where 2,41 = T2y,. From (iv), a (¥n41,2) > 1 or 1 (2p41,2) < 1, holds for n € N. Suppose that Tz = x,,,, = T2y,
for some ng € N. From Theorem we know that the members of the sequence {x,} are distinct. Hence, we have
Tz # Txy, ie., d(Tz,Tx,) > 0 for all n > ng. Thus we can apply (3.1)) to x,, and z for all n > ng to get

0 (d(Tz,,T2)) <0 (s°d (T, Tx))
< [9 (M(Z‘n, Z))}Q(d(xn,z),d(acn,T;cn),d(z,Tz),d(acn,Tz),d(szn,z))
<

[9 (M(:L,n Z))]Q(d(wn,Z),d(xn7$n+1),d(Z,TZ),d($n,TZ),d(In+2,Z)) .

Thus
0(d (T2, T2)) < [0 (M(2p, 2))] A2 A0 sn ) d(oT2)dn T2 dln12,2) (3.14)
where
M (z,,2z) = max{d(z,,2),d(xn,Tx,),d(2,T2),d Tz, 2),d (T2xn, Tz) ,d (szn, z) ) (T2xn, T:L'n)
= max{d(zn,2),d(@n, Tnt1),d(2,T2),d(Tpi1,2),d(Xni2,T2),d(Tpi2,2),d(Tni2, Tni1) -
So

lim M (z,,2) =max{ im d(z,,2),d(@n,Tnt1),d(2,T2),d(Xni1,2),d(Tni2,T2),d (Xni2,2) , d(Tni2, Tni1)}

=max{0,0,d (z,7=2),0, lim d(z,4+2,T2),0,0,}.
n—oo
Since 0 < d (zp42,12) < s(d(Tnt2,2n) +d(Tn,2) +d(2,T2)),
lim d(zp40,T2) <d(2,Tz). (3.15)
n— oo
If d(z,T%) > 0, then by (3.15) and the fact that § and Q are continuous and by taking the limit as n — oo in

(3.14) we get a contradiction. Therefore, d(z,Tz) = 0, that is, z is a fixed point of T" and so z = T'z. Thus, z is a fixed
point of T. The proof of the uniqueness is similar to that of Theorem O

Definition 3.9. Let (X,d) be an («,n)-generalized metric space and T be a self mapping on X. Suppose that
a,n: X x X — [0,+00[ are two functions. We say that T is an (a,n)-Q-0g-contraction if for all z,y € X with
(a(z,y) > 1orn(x,y) <1)and d(Tx,Ty) > 0 we have

0 (s°d (T, Ty)) < [0 (M (x, )| 20 AT A T)d(Tr) A1) (3.16)
where 6 € Og,2 € A and
M (z,y) = max {d (z,y),d (z,Tz) ,d(y,Ty),d (Tz,y),d (T*z,y) ,d (T°x,Ty) ,d (T*z,Txz)} .

Theorem 3.10. Let (X, d) be an (a,n)-complete b-rectangular metric space and let o, 7 : X x X — [0, +00[ be two
functions. Let T : X x X — X be a self mapping satisfying the following conditions:

(i) T is a triangular (o, n)-admissible mapping;

(ii) T is an (a, n)-0-Q-contraction;
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(iii) there exists xg € X such that « (zg, Txo) > 1 or 1 (xo, Txo) < 1;

(iv) T is (a, n)-continuous.

Then T has a fixed point. Moreover, T" has a unique fixed point when « (z,y) > 1 or 5 (x,y) <1 for all z,y € X.

Proof . Let xo € X such that «(xg,Tzo) > 1 or n(xg,Txo) < 1. Similar to the proof of Theorem we can
conclude that (a (zn,zpy1) > 1 or 0 (zn, Tpy1) < 1) and limg, o0 d(zh, Tpy1) = 0,limy, o0 d(zy, Tpy2) = 0. By (63),
there exist r € ]0,1[ and I € ]0, +oo[ such that lim,_ %

ny, € N such that

= [. Suppose that [ < co. Then there exists

‘e<d<zn,xn+1>> -1

< ! Vn >
—.Vn > n.
(T, Tpg1)" g =

By taking M = 2, we have n [d(z,, Zn+1)"] < Mn [0(d(2y,2n+1)) — 1], for all n > ny. Suppose now that I = oo.
Let N > 0 be an arbitrary positive number. Then there exists ny € N such that

‘H(d(xmxn+l)) -1
d(wn; xn«kl)r

‘>N, Vn > no.

By taking M = %, we have n[d(z,,2n+1)"] < Mn[0(d(zy, 2n+1)) — 1], for all n > no. Thus, in all cases, there
exist M >0 and ¢ € N (¢ = max(ny,nz) such that

nd(xn, Tn1)'] < Mn[0(d(xn, Tnt1)) — 1], VR > ng.
By induction, we obtain

n[d(Zn, 2pt1)"] < Mn[0(d(2n, 2pg1)) — 1] < -+ < Mn |(0(d(zo, 21)))*" — 1} .

Letting n — oo in the above inequality, we obtain lim,, . 1 [d(Zn, Zrn41)"] = 0. So there exists ng € N such that
d(wn, Tn11) < 2, for all n > ng. By (), there exist r € ]0, 1[ and h € ]0, +00[ such that lim,, o, HGE=tet2l L — b,

Suppose that h < oo. Then there exists n4 € N such that

’0(d(xn,xn+2)) -1
d(xna -rn+2)r

h
27

‘< Vn > ni.

By taking p = 2, we have n [d(zy, Tn12)"] < Pn[0(d(2y, 2n+2)) — 1], for all n > n4. Suppose now that h = co. Let
@ > 0 be an arbitrary positive number. Then there exists ns € N such that

‘H(d(xn,acn“)) -1
d(ITH xn+2)r

’>Q, Vn > ns.

By taking P = %, we have n [d(zy, Tny2)"| < Pn(0(d(zy,xny2)) — 1], for all n > ns. Thus, in all cases, there
exist P > 0 and w € N (w = max(ns,n4)) such that n[d(zn, 2ni2)"] < Pnl0(d(xn, zny2)) — 1], for all n > w. By
induction, we obtain

n[d(xp, ni2)"] < Pn[0(d(xn, Tnta)) — 1] <-+- < Pn [(Q(d(xo,xQ)))kn —11.

Letting n — oo in the above inequality, we obtain lim,, . n [d(2n, Zny2)"] = 0. So there exists ng € N such that
d(Tp, Tnyz) < I, for all n > ng. If m > n and m = n + 2k + 1 with k£ € N, then we have

nr

d(zp, Tm) <sd(Tn, Tnt1) + $A(Tng1, Tnt2) + $A(Znt2, Tnyokti)

(
$A(Tny Tny1) + SA(Tpg1, Tnt2) + SA(Tni2, Tnis) + 8°A(Tny3, Tnia) + 82A(Tnta, Trgs) + 2d(Tnts, Tnt2kr1)
sd(

IN A

Ty Tt1) + ATt 1, Tngo) + ATty Tnts) + $°d(Tngs, Tnga) + $°d(Tntas Tngs)

3 2k
+ 8°d(Tpy5, Trge) + oo+ 57 A(Tpyor, Tnyokr1)
n+2k

_ 2 5216771 '
i=n

7

S



12 Kari, Rossafi, Lee

If m >n and m = n + 2k with k € N, then we have
d(Xn, Tm) <SA(Xp, Tpyo) + 5d(Tpyo, Tnis) + sd(Tnt2, Tngok)
<8d(Tn, Tnt2) + sA(Tni2, Tngs) + 5A(Tnys, Tnga) + A (Tnia, Tngs) + SPd(Tnss, Tnas) + 5°d(Tnte, Tniont)
<sd(Tn, Tpgo) + ATty Tnts) + ATty Tnta) + $°d(Tngas Tgs) + $°d(Tnts, Tngs)

+ 83d($n+6, mn-i—’7) + ...+ SQkild(xn-‘er—la xn-{-?k)

n+2k—1

1
—_ E 52k: nT.
1T

1=n

So
(3.17)

d(Tpy Tim) < E smt

Since 0 < r < 1, the series ZOO ’1% converges. Therefore, by taking the limit as n,m — oo in ,
we get limy, o0 d(2p, ) = 0. Hence x,, is a Cauchy sequence. Since X is complete, there exists z € X such that
limy, 00 d(zy, z) = 0. and since T is (a, n)-continuous, lim, s d(Tx,,Tz) = 0. Then

%\H‘ L

z= lim 2,41 = lim Tz, =T=.
n— oo n— o0

This proves that z is a fixed point of T. [

Corollary 3.11. Let (X,d) be an (a,n)-complete b-rectangular metric space. Let a,n : X x X — [0, +00[ be two
functions. Let T : X x X — X be a self mapping satisfying the following:

(i) 0[s*d(T, Ty)] < [0(M(2,y))]*.k € (0,1), 0 € O;

(ii) T is a triangular (a,n)-admissible mapping;

(iv) there exists xg € X such that « (zg,Tzg) > 1 or n(xg, Txo) < 1;

)
)
(iii) T is an (a,n)-0-Q-contraction;
)
(v) Tis a(a, n)-continuous.

Then T has a fixed point. Moreover, T has a unique fixed point when a (x,y) > 1 or n(z,y) <1 for all z,y € X.

Example 3.12. Let X = [1, 400, a € ]0,1[. Define d : X x X — [0,400[ by d (z,y) = (Jo — y[)*. Then (X,d) is a

b-rectangular metric space. Define a mapping 7 : X — X by T(t) = av/t, for all ¢ € [1,+o0o|, and

max\Z, Yy +a min{z,y} + a
a(x,y) = min;[{xyi—&-oz’ 77(15,2/) = Imax{{a:yi—i—a’ Q(t17t27t3at4at5) = \/63 for all xay,tlat2>t3vt4vt5 € RJr'

Then T is an («, n)-continuous triangular and(a, ) — admissible mapping.

Case 1: 0 < <y. dTz,Ty) = (a\/ﬂ— a\/:E)Q and

M (d(z,y)) = max {d(w,y) ,d (z,av/7) ,d(y,avy),d (y,av/z) ,d (azﬁ, yﬂ) .d (a2 \/ﬁ a y) . d <a2 \/ﬁ a\/E) } )

Since z < y and a € ]0, 1],

M(d(w))—max{(y—wf,(w—aﬁ)?(y—a@?(y—aﬁ)?(m—cﬁ ﬁ)Q,(a\/ﬂ—Cf ﬁ2>,

(oot ) ).
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Thus M (d(z,)) > (y — z)*> > a(y — ). On the other hand, a(y — z) = \/ay/a(y — z)?, which implies that
6 (M(,y)) > 6 (d(e,y)) = ",

Thus
0 (d(%y))Q(d(wyTﬂvd(vay)yd(E»Ty),d(y,TZ);d(TQIYy)) — 6\/5(3/790)2 — 6\/5(\/?7*\/5)(\/l7+\/5)2

and 0 (d(Tz, Ty)) = VIV’ Since x,y € [1,00], we have ¢*(V¥=V®) < VeIV (VIHVE)® Ty

0 (d(Tz, Ty)) < 0 (d(m’y))Q(d(zyy),d(z»TZ)ﬁd(y,Ty)7d(y,Tr),d(T2z»y) )
Case 2: © >y >0.d(Tz,Ty) = (a T — a\/ﬂ)2 and
M(d(x,y)) =max {d(@y) ,d (r, a\/E) ,d(y,a/y),d (y, a\/zg) ,d (a2ﬁ7 yﬂ) ,d (az\/ﬁ, a\/ﬂ) ,d (a2 ﬁ, aﬁ) } .

Since z > y and a € ]0, 1],
M(d(z, 1)) :max{@c 0 o= V@) - oV - v (I - MQ (alvi- ﬁ')
(a\/E— a2m7)2} .

Thus M(d(x,y)) > (y — 2)® > a(z — y)?. On the other hand, a(y — =) = v/av/a(x — y)?, which implies that
2

Thus
0 (d(z, )@ To)dv.Ty).d@.Ty).dy,T2).d(T?sy)) _ Vale-9)? _ VaE—vi(Vitve)?

and 2
0 (d(Tx, Ty)) = e*V=VI",

Since z,y € [1, 00[, we have (V= VD)? < eVAVE— VD (VI+VE)®?  Thyg

0 (d(Tz, Ty)) < 0 (d(m’y))Q(d(z,y),d(z»TZ)ﬁd(y,Ty)7d(y,Tr),d(T21»y) 7

where 6 € ©¢ N O¢. Hence (3.12)) and (3.16]) are satisfied. Therefore, T' has a unique fixed point z = 1.
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