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Abstract

In this paper, we use the (k, ψ)-Hilfer fractional integral of functions with respect to another function to generalize
Chebyshev-type fractional integral inequalities. Some inequalities involving (k, ψ)-Hilfer fractional integrals are also
to be proved.
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1 Introduction

In applied sciences, integral inequalities are incredibly important. Furthermore, the study of integral inequalities
using fractional integration theory has become extremely important; for specific applications, see ([6], [11]). In this
paper, we will examine the Chebyshev inequality.

T (f, g)(x) ≥ 0, (1.1)

introduced in [3] for the following so-called Chebyshev functional

T (f, g)(x) =
1

b− a

∫ b

a

f(x)g(x) dx− 1

b− a

∫ b

a

f(x) dx
1

b− a

∫ b

a

g(x) dx, (1.2)

where f and g are two integrable functions and synchronous on [a, b], that is, for all x, y ∈ [a, b]

(f(x)− f(y))(g(x)− g(y)) ≥ 0. (1.3)

Over the previous decade, several authors established different new integral inequalities of type 1.1 using various
fractional integral operators, See ([10, 5, 8, 4, 1, 12, 13]). In particular, Belarbi and Dahmani [2] developed the
following results about Chebyshev inequality using the Riemann-Liouville fractional integral operator defined by

Iαf(x) =
1

Γ(α)

∫ x

0

(x− t)α−1f(t)dt.
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Theorem 1.1. Let f and g be two synchronous functions on [0,+∞[, then for all x > 0, α > 0.

Iα(f g)(x) ≥ Γ(α+ 1)

xα
Iαf(x) Iαg(x). (1.4)

Theorem 1.2. Let f and g be two synchronous functions on [0,+∞[, then for all x > 0, α > 0 and α > 0, we have

xβ

Γ(β + 1)
Iα(f g)(x) +

xα

Γ(α+ 1)
Iβ(f g)(x) ≥ Iαf(x) a+I

βg(x) + Iβf(x) Iαg(x). (1.5)

Theorem 1.3. Let i = 1, 2, ...,m and fi be n positive and increasing on [a, b], then for all integer m ≥ 1 we have

Iα

(
m∏
i=1

fi

)
(x) ≥

(
Γ(α+ 1)

xα

)m−1 m∏
i=1

Iα (fi) (x). (1.6)

On the other hand, the (k, ψ)-Hilfer integral fractional operators are defined as follows [7]:

Definition 1.4. Let k > 0 and ψ be an increasing positive monotone function on [a; b] such that ψ′ is continuous on
(a, b). The left and right-sided (k, ψ)-Hilfer fractional integral operators of a function f with respect to the function
ψ on [a, b] are defined respectively as:

a+J
α,ψ
k f(x) =

1

kΓk(α)

∫ x

a

ψ′(t)(ψ(x)− ψ(t))
α
k−1f(t)dt, a < x ≤ b. (1.7)

b−J
α,ψ
k f(x) =

1

kΓk(α)

∫ b

x

ψ′(t)(ψ(t)− ψ(x))
α
k−1f(t)dt, a ≤ x < b.

Our aim in this study is to establish Chebyshev fractional inequalities involving the (k, ψ)-Hilfer integral fractional
operator defined in (1.7) with two parameters. Chebyshev fractional inequalities will be derived according to specific
choices of the function ψ. This paper is organized as follows: in Section 2, we present some preliminary results; in
Section 3, the main results are stated and proved; and in Section 4, some derived Chebyshev fractional inequalities
are given.

2 Preliminaries

The space LWp [a, b] of all real-valued Lebesgue measurable functions f ̸= 0 on [a, b] with norm condition :

∥ f ∥Wp =

(∫ b

a

| f(x) |p W (x)dx

) 1
p

<∞, p ≥ 1,

is known as weighted Lebesgue space, where W is a weighted function (positive and measurable ).

1. Put p = 1 and W ≡ 1, the space LWp [a, b] reduces to the classical Lebesgue space L ([a, b]).
2. Choose p = 1 and W (x) = ψ ′(x), we get

LXψ ′ ([a, b]) =

{
f : ∥ f ∥Xψ ′=

∫ b

a

| f(x) | ψ ′(x)dx <∞

}
. (2.1)

In the next theorem, we show that the (k, ψ)-Hilfer integral fractional operators are well defined on LXψ ′ ([a, b]).

Theorem 2.1. For all functions f ∈ LXψ ′ ([a, b]) we have a+J
α,ψ
k f ∈ LXψ ′ ([a, b]) and b−J

α,ψ
k f ∈ LXψ ′ ([a, b]).

Moreover the operators a+J
α,ψ
k and b−J

α,ψ
k are bounded on LXψ ′ ([a, b]). Explicitly∥∥∥a+Jα,ψk f

∥∥∥
Xψ ′

≤ C ∥f∥Xψ ′ ,
∥∥∥b−Jα,ψk f

∥∥∥
Xψ ′

≤ C ∥f∥Xψ ′ ,

where C =
(ψ(b)− ψ(a))

α
k

Γk(α+ k)
.
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Proof . Let f ∈ LXψ ′ ([a, b]) then, using Fubini’s Theorem we get∥∥∥a+Jα,ψk f
∥∥∥
Xψ ′

=

∫ b

a

|a+ Jα,ψk f(x) | ψ ′(x) dx

≤ 1

k Γk(α)

∫ b

a

∫ x

a

|f(s)|ψ ′(s)(ψ(x)− ψ(s))
α
k−1ψ ′(x) ds dx

=
1

k Γk(α)

∫ b

a

|f(s)|

(∫ b

s

(ψ(x)− ψ(s))
α
k−1ψ ′(x) dx

)
ψ ′(s) ds

=
1

αΓk(α)

∫ b

a

|f(s)| (ψ(b)− ψ(s))
α
k ψ ′(s) ds

≤ (ψ(b)− ψ(a))
α
k

Γk(α+ k)

∫ b

a

|f(s)|ψ ′(s) ds

=C ∥f∥Xψ ′ .

Similarly, we establish that ∥∥∥b−Jα,ψk f
∥∥∥
Xψ ′

≤ (ψ(b)− ψ(a))
α
k

Γk(α+ k)
∥f∥Xψ ′ .

□

Remark 2.2. If the function f is continuous, then

∥ f ∥Xψ ′ =

∫ b

a

| f(x) | ψ ′(x)dx

≤ maxa≤x≤b | f(x) |
∫ b

a

ψ ′(x)dx

≤ (ψ(b)− ψ(a)) maxa≤x≤b | f(x) | <∞.

Thus, continued functions belong to the space LXψ ′ ([a, b]). In all that follows, we will assume that the considered
functions are in LXψ ′ ([a, b]).

The (k, ψ)-Hilfer integral fractional operators are notable for their ability to generate specific types of k-fractional
integrals depending on the choice of the function ψ.

1. Taking ψ(τ) = τ , the (k, ψ)-Hilfer yields to the k- Riemann-Liouville fractional integral operator of order α > 0

a+RLαkf(x) =
1

k Γk(α)

∫ x

a

(x− t)
α
k−1f(t)dt, , x > a,

b−RLαkf(x) =
1

k Γk(α)

∫ b

x

(t− x)
α
k−1f(t)dt, , x < b.

2. Using ψ(τ) = ln τ , the (k, ψ)-Hilfer reduces to the k-Hadamard fractional integral operator of order α > 0

a+Hα
k f(x) =

1

kΓk(α)

∫ x

a

(
ln
x

t

)α
k−1

f(t)
dt

t
, x > a > 1,

b−Hα
k f(x) =

1

kΓk(α)

∫ b

x

(
ln
t

x

)α
k−1

f(t)
dt

t
, 1 < x < b.

3. Putting ψ(τ) = τρ+1

ρ+1 where ρ > 0, the (k, ψ)-Hilfer makes it similar to the k-Katugompola fractional integral
operator of order α > 0

a+Kαk f(x) =
(ρ+ 1)1−

α
k

k Γk(α)

∫ x

a

(
xρ+1 − tρ+1

)α
k−1

f(t)tρdt, x > a, (2.2)

b−Kαk f(x) =
(ρ+ 1)1−

α
k

k Γk(α)

∫ b

x

(
tρ+1 − xρ+1

)α
k−1

f(t)tρdt, x < b.
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4. Setting ψ(τ) = (τ−a)θ
θ ( ψ(τ) = − (b−τ)θ

θ ) respectively where θ > 0, the left sided ( right sided ) (k, ψ)-Hilfer
respectively is reduced to the k-fractional conformable integral operator of order α > 0 [9].

a+Cαk f(x) =
θ1−

α
k

k Γk(α)

∫ x

a

(
(x− a)θ − (t− a)θ

)α
k−1 f(t)

(t− a)1−θ
dt, x > a, (2.3)

b−Cαk f(x) =
θ1−

α
k

k Γk(α)

∫ b

x

(
(b− x)θ − (b− t)θ

)α
k−1 f(t)

(b− t)1−θ
dt, x < b.

3 Main results

The Chebyshev-type inequalities are presented below with the (k, ψ)-Hilfer operator.

Theorem 3.1. Let α, β, k > 0, f and g be two synchronous functions on [a, b] and ψ be a positive increasing function
on [a, b] having a continuous derivative ψ ′ on (a, b), then for x > a the following inequalities hold:

(ψ(x)− ψ(a))
β
k

Γk(α+ k) a+J
α,ψ
k (f g)(x) +

(ψ(x)− ψ(a))
α
k

Γk(α+ k) a+J
β,ψ
k (f g)(x)

≥ a+J
α,ψ
k f(x) a+J

β,ψ
k g(x) + a+J

β,ψ
k f(x) a+J

α,ψ
k g(x).

(3.1)

and

a+J
α,ψ
k (f g)(x) ≥ Γk(α+ k)

(ψ(x)− ψ(a))
α
k
a+J

α,ψ
k f(x) a+J

α,ψ
k g(x). (3.2)

Proof . Let f and g be two synchronous functions on [a, b], then according to (1.3) we have for all t, s ∈ [a, b]

f(t)g(t) + f(s)g(s) ≥ f(t)g(s) + f(s)g(t). (3.3)

Multiplying by ψ′(t)(ψ(x)−ψ(t))
α
k

−1

k Γk(α)
and integrating with respect to t over (a, x), we get

a+J
α,ψ
k f(x)g(x) + f(s)g(s)

(ψ(x)− ψ(a))
α
k

Γk(α+ k)
≥ g(s) a+J

α,ψ
k f(x) + f(s) a+J

α,ψ
k g(x). (3.4)

Multiplying inequality (3.4) by ψ′(s)(ψ(x)−ψ(s))
β
k

−1

k Γk(β)
and integrating with respect to s over (a, x), we get the desired

inequality (3.1).

Putting β = α in the inequality (3.1), we’ll get the required inequality (3.2). □

Remark 3.2. We present some special cases of the above Theorem 3.1.

1. By putting k = 1, b = +∞ and a = 0, we obtain Theorem 7 and Theorem 6 in [10].

2. If we choose ψ(x) = lnx, we obtain Theorem 3 in [5].

3. Putting k = 1, a = 0 and ψ(τ) = (τ)ξ+η

ξ+η gives Theorems 2.2 and 2.1 in [8].

4. Taking k = 1, a = 0 and ψ(τ) = (τ)θ

θ yields Theorems 6 and 5 in [13].

Corollary 3.3. Let i = 1, 2, ...,m and f, fi ∈ LX1
ψ ′
[a, b]. If the functions f and fi are positive and increasing on

[a, b], then for all integer m ≥ 1 we have

a+J
α,ψ
k

m∏
i=1

fi(x) ≥
(

Γk(α+ k)

(ψ(x)− ψ(a))
α
k

)m−1
(

m∏
i=1

a+J
α,ψ
k fi(x)

)
, (3.5)

and

a+J
α,ψ
k fm(x) ≥

(
Γk(α+ k)

(ψ(x)− ψ(a))
α
k

)m−1 (
a+J

α,ψ
k f(x)

)m
. (3.6)
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Proof . For m = 1 the equality holds. Let m ̸= 1, by using the inequality (3.2) with g =
m∏
i=2

fi, we obtain

a+J
α,ψ
k

m∏
i=1

fi(x) ≥
Γk(α+ k)

(ψ(x)− ψ(a))
α
k
a+J

α,ψ
k f1(x) a+J

α,ψ
k

m∏
i=2

fi(x)

≥ Γk(α+ k)

(ψ(x)− ψ(a))
α
k
a+J

α,ψ
k f1(x)

(
Γk(α+ k)

(ψ(x)− ψ(a))
α
k
a+J

α,ψ
k f2(x) a+J

α,ψ
k

m∏
i=3

fi(x)

)

=

(
Γk(α+ k)

(ψ(x)− ψ(a))
α
k

)2
(

2∏
i=1

a+J
α,ψ
k fi(x)

)
a+J

α,ψ
k

m∏
i=3

fi(x)

≥
(

Γk(α+ k)

(ψ(x)− ψ(a))
α
k

)3
(

3∏
i=1

a+J
α,ψ
k fi(x)

)
a+J

α,ψ
k

m∏
i=4

fi(x)

...

≥
(

Γk(α+ k)

(ψ(x)− ψ(a))
α
k

)m−1
(
m−1∏
i=1

a+J
α,ψ
k fi(x)

)
a+J

α,ψ
k fm(x)

=

(
Γk(α+ k)

(ψ(x)− ψ(a))
α
k

)m−1
(

m∏
i=1

a+J
α,ψ
k fi(x)

)
,

which yields to the desired inequality (3.5). Putting f1 = f2 = · · · = fm = f in the inequality (3.5), we get the
inequality (3.6). □

Remark 3.4. We present some particular cases of Corollary 3.3.

1. By putting k = 1, b = +∞, and a = 0 in the above Corollary, we obtain Theorem 8 and Corollary 2 in [10].

2. Setting k = 1, a = 0 and ψ(τ) = (τ)ξ+η

ξ+η gives Theorem 2.3 in [8].

3. Taking k = 1, a = 0 and ψ(τ) = (τ)θ

θ yields Theorem 7 in [13].

Corollary 3.5. Let f and g be two functions defined on LXψ ′ ([a, b]), such that f is monotone, g is differentiable on
(a, b) and there exists a real numbers m := inf

x∈[a,b]
g ′(x) and M := sup

x∈[a,b]

g ′(x).

� If f is an increasing function, then

a+J
α,ψ
k (f g)(x) ≥ Γk(α+ k)

(ψ(x)− ψ(a))
α
k
a+J

α,ψ
k f(x) a+J

α,ψ
k g(x)−m

Γk(α+ k)

(ψ(x)− ψ(a))
α
k
a+J

α,ψ
k f(x) a+J

α,ψ
k Id(x)

+ m a+J
α,ψ
k (Idf)(x). (3.7)

� If f is a decreasing function, then

a+J
α,ψ
k (f g)(x) ≥ Γk(α+ k)

(ψ(x)− ψ(a))
α
k
a+J

α,ψ
k f(x) a+J

α,ψ
k g(x)−M

Γk(α+ k)

(ψ(x)− ψ(a))
α
k
a+J

α,ψ
k f(x) a+J

α,ψ
k Id(x)

+ M a+J
α,ψ
k (Idf)(x) , (3.8)

where Id(x) is the identity function.

Proof . Taking G(x) = g(x)−mx, thus G is differentiable and increasing on (a, b). By using the inequality (3.2), we
get

a+J
α,ψ
k (f G)(x) ≥ Γk(α+ k)

(ψ(x)− ψ(a))
α
k
a+J

α,ψ
k f(x) a+J

α,ψ
k (g −mx)(x)

=
Γk(α+ k)

(ψ(x)− ψ(a))
α
k
a+J

α,ψ
k f(x) a+J

α,ψ
k g(x)−m

Γk(α+ k)

(ψ(x)− ψ(a))
α
k
a+J

α,ψ
k f(x) a+J

α,ψ
k Id(x), (3.9)
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we also have

a+J
α,ψ
k f(g −mId)(x) =a+ J α,ψk (fg)(x)− m a+J

α,ψ
k (Idf)(x). (3.10)

Combining inequalities (3.9) and (3.10), we obtain the required inequality (3.7). Considering the situation of a
decreasing function f and taking G(x) = g(x)−M x, we will obtain the inequality (3.8) by sketching the proof of the
inequality (3.7). □

Remark 3.6. We give some specific results of Corollary 3.5.

1. Using k = 1, b = +∞ and a = 0, we obtain Theorem 10 in [10].

2. Taking k = 1, a = 0 and ψ(τ) = (τ)ξ+η

ξ+η yields Theorem 2.4 in [8].

3. Setting k = 1, a = 0 and ψ(τ) = (τ)θ

θ gives Theorem 8 in [13].

4 Applications

The previously mentioned result is now applied to Chebyshev inequalities involving two specific operators: the
k-Katugompola operator and the k-fractional conformable integral operator.

4.1 Chebyshev-type inequalities via k-Katugompola operator

Putting ψ(τ) = τρ+1

ρ+1 where ρ > 0, the left side (k, ψ)-Hilfer a+J
α,ψ
k reduces to the left side k-Katugompola

fractional integral operator (2.2) of order α > 0 and the following results hold.

Corollary 4.1. Let f and g be two synchronous functions on [a, b] and let α, β, k > 0, then for x > a we have

(xρ+1 − aρ+1)
β
k

(ρ+ 1)
β
k Γk(α+ k)

a+K
α
k (f g)(x) +

(xρ+1 − aρ+1)
β
k

(ρ+ 1)
β
k Γk(α+ k)

a+K
α
k (f g)(x) ≥ a+K

α
k f(x) a+J

β,ψ
k g(x) + a+K

α
k f(x) a+J

α,ψ
k g(x),

and

a+K
α
k (f g)(x) ≥ (ρ+ 1)

β
k Γk(α+ k)

(xρ+1 − aρ+1)
β
k

a+K
α
k f(x),a+ Kαk g(x).

Corollary 4.2. Let i = 1, 2, ...,m and f, fi ∈ LX1
ψ ′
[a, b]. If the functions f and fi are positive increasing functions

on [a, b], then for all integer m ≥ 1 we have

a+Kαk
m∏
i=1

fi(x) ≥

(
(ρ+ 1)

β
k Γk(α+ k)

(xρ+1 − aρ+1)
β
k

)m−1( m∏
i=1

a+Kαk fi(x)

)
,

and

a+Kαk fm(x) ≥

(
(ρ+ 1)

β
k Γk(α+ k)

(xρ+1 − aρ+1)
β
k

)m−1

( a+Kαk f(x))
m
.

Corollary 4.3. Let f and g be two functions defined on LXψ ′ ([a, b]), such that f is monotone and g is differentiable
on ]a, b[ and there exists a real numbers m := inf

x∈[a,b]
g ′(x) and M := sup

x∈[a,b]

g ′(x).

� If f is an increasing function, then

a+Kαk (f g)(x) ≥
(ρ+ 1)

β
k Γk(α+ k)

(xρ+1 − aρ+1)
β
k

a+Kαk f(x) a+J
α,ψ
k g(x)−m

(ρ+ 1)
β
k Γk(α+ k)

(xρ+1 − aρ+1)
β
k

a+Kαk f(x)a+Kαk Id(x)

+ m a+Kαk (Idf)(x).

� If f is a decreasing function, then

a+Kαk (f g)(x) ≥
(ρ+ 1)

β
k Γk(α+ k)

(xρ+1 − aρ+1)
β
k

a+Kαk f(x) a+Kαk g(x) − M
(ρ+ 1)

β
k Γk(α+ k)

(xρ+1 − aρ+1)
β
k

a+Kαk f(x) a+Kαk Id(x)

+ M a+Kαk (Idf)(x),

where Id(x) is the identity function.
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4.2 Chebyshev-type inequalities via k-fractional conformable integral operator

Set ψ(τ) = (τ−a)θ
θ where θ > 0, the left side (k, ψ)-Hilfer a+J

α,ψ
k reduces to the left side k-fractional conformable

integral operator (2.3) of order α > 0 and we derive what follows.

Corollary 4.4. Let f and g be two synchronous functions on [a, b] and let α, β, k > 0, then for x > a we have

(x− a)
θ β
k

θ
β
k Γk(α+ k)

a+Cαk (f g)(x) +
(x− a)

θ β
k

θ
β
k Γk(α+ k)

a+Cαk (f g)(x) ≥ a+Cαk f(x) a+J
β,ψ
k g(x) + a+Cαk f(x) a+J

α,ψ
k g(x),

and

a+Cαk (f g)(x) ≥
θ
β
k Γk(α+ k)

(x− a)
θ β
k

a+Cαk f(x),a+ Cαk g(x).

Corollary 4.5. Let i = 1, 2, ...,m and f, fi ∈ LX1
ψ ′
[a, b]. If the functions f and fi are positive increasing functions

on [a, b], then for all integer m ≥ 1 we have

a+Cαk
m∏
i=1

fi(x) ≥

(
θ
β
k Γk(α+ k)

(x− a)
θ β
k

)m−1( m∏
i=1

a+Cαk fi(x)

)
,

and

a+Cαk fm(x) ≥

(
θ
β
k Γk(α+ k)

(x− a)
θ β
k

)m−1

( a+Cαk f(x))
m
.

Corollary 4.6. Let f and g be two functions defined on LXψ ′ ([a, b]), such that f is monotone and g is differentiable
on ]a, b[ and there exists a real numbers m := inf

x∈[a,b]
g ′(x) and M := sup

x∈[a,b]

g ′(x).

� If f is an increasing function, then

a+Cαk (f g)(x) ≥
θ
β
k Γk(α+ k)

(x− a)
θ β
k

a+Cαk f(x) a+C
α,ψ
k g(x)−m

θ
β
k Γk(α+ k)

(x− a)
θ β
k

a+Cαk f(x) a+Cαk Id(x) + m a+Cαk (Idf)(x).

� If f is a decreasing function, then

a+Cαk (f g)(x) ≥
θ
β
k Γk(α+ k)

(x− a)
θ β
k

a+Cαk f(x) a+C
α,ψ
k g(x)−M

θ
β
k Γk(α+ k)

(x− a)
θ β
k

a+Cαk f(x) a+Cαk Id(x) + M a+Cαk (Idf)(x) ,

where Id(x) is the identity function.
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