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Abstract

In this paper, we extend the g-derivative operator, which plays an essential role in quantum calculus. Indeed, by using
the Hadamard product and generalized Koebe function we define the following («, 3, )-derivative operator

dosnf(2) = 2 {F(2) % Lo pr ()}

z

where
21—z
2’@7/87’)’(2) - (1 . az)(l _ BZ),

and a € [-1,1], 8 € [-1,1], af # 1 and vy € [0,1). Then by subordination relation, the operator d, g~ f(2), and a
special function ¢5(z) = 14 9z/exp(dz) (0 < § < 1), we define a new particular Ma-Minda class. We investigate some
properties of this class, such as, radius problem and coefficient estimate.
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1 Introduction

In 1992, Ma and Minda [I5] introduced a certain class of starlike functions using the subordination relation ”<”
as follows:
2f'(2)

f(2)
where ¢ is an analytic function with positive real part such that satisfies p(0) = 1 and ¢’(0) > 0. We note that the

function ¢ maps the unit disk |z|] < 1 onto a starlike domain with respect to ¢(0) = 1 which is symmetric with respect
to the real axis. Also, A denotes the family of all analytic and normalized functions in the unit disk.

sto)i={rea: T <o, Lal<1f,

During the past few decades there has been considerable interest in the study of Ma-Minda starlike functions.
Many authors have studied the class $*(y) for special cases of ¢. Here, we recall some of these cases:
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1. If we take p(z) = (1 4+ Az)/(1 + Bz), =1 < B < A < 1 then the class S*(p) = S*[4, B] is called the Janowski
starlike functions, see [§]. If we let A = 1 — 2a and B = —1, then S*[1 — 2a, —1] becomes the class S*(«) of
starlike functions of order o, where 0 < o < 1.

2. By taking ¢(2) = ((1 + 2)/(1 — 2))?, we obtain the class SS*(j3) of strongly starlike function of order 3, where
B e (0,1].

3. The class S*(v/1+ ¢2) = 8*(q.), ¢ € (0,1] was studied by Aouf et al. [3], while S*(v/1 + z) was introduced by
Sokét and Stankiewicz [23].

4. Raina and Sokdt introduced and studied the class $*(z + V1 + 22), see [20].

5. Letting ¢(z) = 1 + sin 2, the class S*(¢) reduces the class S¥;,, which was defined by Cho et al. in [4].

6. The class $*(1/(1 — 2)®) = S, ¢ € (0,1] was introduced by Kanas et al. in [I0] which is related to a domain
bounded by a right branch of a hyperbola.

7. If we take p(z) =14 z/((1 — pz)(1 — gz)), where (p,q) € [-1,1] x [-1, 1], then we get the class S} (p, ¢) which
is associated with the generalized Koebe function [I1].

8. Masih et al. in [I7] introduced and studied the class S*((1 — 2)*) = SE(\) (0 < A < 1).

9. The case p = 1 +42/3 + 22?/3 was studied by Sharma et al. [21].

10. If we take ¢ = e*, we get the class S which was introduced by Mendiratta et al. [16].

Some more special cases of Ma-Minda class can be found in [14] 21] 22]. Motivated by above works, in this paper
we introduce a new class of Ma-Minda starlike functions.

The structure of this paper is as follows. In Section 2 we define a new derivative operator and a new subclass of
analytic functions. In Section 3 we investigate radius problem and coefficient estimate.

2 Preliminaries

Let us first introduce our notations. Throughout the paper we denote by D := {z € C : [z < 1} the open unit
disk in the complex plane C and by dD := {z € C : |z| = 1} the boundary of D. Also, let D :={z € C: |z| < 1} and
D, :={z€C:|z| <p, p>0}. All analytic and normalized functions f (f(0) = f’(0) —1 = 0) in D having the form

f(z):z+a222+-~-+an2"=Z+Zan2n, (z € D), (2.1)
n=2

with a,, € C is denoted by A. A subclass of A including of all univalent (one-to-one) functions in D is denoted by U.
For two analytic functions f; and fy in A, we say that f; is subordinate to fo, written as f1(z) < fa(2) (z € D) or
f1 < fa, if there exists a Schwarz function w : D — D so that f1(z) = fa(w(z)) for all z € D. We have the following
equivalence relation provided that fo is univalent in D:

f1(z) < fa(2) (z € D) < f1(0) = f2(0) and f1(D) C fo(D).

Let @ € [0,1). A function f € S is said to be starlike of order « in A if, and only if,

Re { Zj:éi’?} >a, (zeD).

Also, a function f € S is a convex function of order « in A if, and only if,

2f"(2)
f'(z)

Re{1+ }>a, (z e D).

We denote by §*(a) and K(«) the class of starlike and convex functions of order «, respectively. By the Alexander
theorem f € K(«a) if and only if zf/'(z) € S*(a). It should be remarked that $*(0) = S* and K(a) = K are,
respectively, the classes of starlike and convex functions in D. We say also that a function f € A is strongly starlike
function of order 3, denoted by SS(/3), if satisfies

(<30 een
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We note that S§(1) = §*. The main objective of this paper is to introduce a special case of Ma-Minda starlike
function class. Before, we introduce the g-calculus. Quantum calculus (g-calculus) was developed by Frank Hilton
Jackson [6] [7] in the early twentieth century. A number of researchers were interested in this method of connecting
mathematics and physics. Number theory, combinatorics, orthogonal polynomials, and basic hypergeometric functions
are some of the mathematics areas where g-calculus finds application. We recall that the g-derivative for ¢ € [0, 1] was
introduced and studied by Jackson as follows:

(f(gz) = f(2))/(qz = 2), if z#0,0<q<1;
df(z) =< f(0), if z2=0; (2.2)
f/(z)v if ¢=1.
In the theory of basic hypergeometric series, the g-derivative operator plays an important role [2]. It is easy to see
that if f € A, then

00 n—1
1 _ n
def(z) =1+ E [n]qanz", where [n], = I _qq = E @, (n=2,3..). (2.3)
n=2 k=0

This is what we gain from convolution:

1 1 z
d = - h = — e —
) = U b = {16 == )
where hy(z) := z/(1—qz)(1—z). Very recently, Piejko and Sokét (see [19]) extended the g-operator d, f(z) by replacing
the real number ¢ with the complex number ¢, where || < 1. The aim of this paper is to extend the (-derivative
operator d¢ f(z) by the following generalized Koebe function ([9])

Lapq(2) = a 25)412)_(3)252)’ (2.4)

where o € [-1,1], 8 € [-1,1], af # £1 and v € [0, 1).

Definition 2.1. Let «, 8 be two complex numbers such that |a| < 1 and || < 1. Also let v be a real number so
that v € [0,1). We define the (a, 8,7)-derivative operator as

1
desnf(2) = L (£ # Lapn () (25)
where £, 4+(2) is defined as in (2.4).

We note that £, 5~(2) is a generalization of Koebe function. We have

. n=1 2(1 — 'y) ZOC:1 nan—lzn’ a=3,

It should be noted that if « = ¢ € [0,1] is a real number, § = 1 and v = 1/2, then d, g reduces the Jackson
operator while if o = ( is a complex number with |a| <1, 5 =1 and v = 1/2, then we have the {-derivative operator
which is defined by Piejko and Sokét [19]. Thus, we understand dq g~ as the generalization of d, f(z). If a function f
belongs to the class A and a # 3, then

Qo f(2) = £ 1F(2) % L (2))
:% z+Zanz”*z+22(l’y)( n_[gn>zn}
n=2 n=1
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where n_ gn
a —
a B~y i=2(1— —_—, =2,3,...). 2.7
o =20-7) (S200) ) (27)
In the case a = 3, we have
1 > N
daorf(2) = - { + 3 [rlaans }

where
[M]a =2n(1—7)a""!, (n=2,3,...).

By using the new derivative operator (2.5) we define a new subclass of analytic functions as follows:

Definition 2.2. Let «, 8 be two complex numbers with |a| < 1, || <1 and v be a real number such that v € [0, 1).
Let the function f belongs to the class A and § € (0,1]. We say that f belongs to S*(«, 8,7, ) if it satisfies

Zda,Bﬁf(Z)

78) < ¢s(z), (z€D), (2.8)

where 5
z
ds(z) =1+ R (2.9)

We note that S*(1,1,1/2,6) is a special case of Ma-Minda starlike function class $*(¢) with ¢(z) = 1+dz/ exp(dz).

3 Radius Problems

As a result, we find the radius of convexity of ¢s(2).

Lemma 3.1. Let ¢5(z) be defined as in (2.9), where ¢ € (0,1] and z € D. Then ¢;(z) is a convex univalent function
in |z| < r.(8), where r.(8) := (3 — V/5)/26.

Proof . Let 6 € (0,1]. Tt follows from (2.9), by a simple calculation that

2¢5(2)
¢5(2)

0z
—1—(5,2—&—152), (z € D).

By using the definition of convexity we obtain

Re{1+ zd‘ig((;))} - Re{l . <§z+ lizaz)}

1+

0z
>1—
- (52—}—152’
S 1—dr— = i h(rd), (2 =r)
> T T — r,0), zl=r).

It is easy to check that h(r,d) > 0 if and only if r < (3 — +/5)/26 which implies the result. (J

It is easy to see that ¢5(z) have the Taylor series

53 54 o
2,2 3 4 n—1 n
ds(z) =140z -0z +—22——6z +~~~7E (-1) .z. (3.1)

n=1

Also, the function ¢s(z) is univalent, where § € (0, 1]. If we let 0 tends to 1—, then the image of D under ¢;(2) is
bounded by a heart-shaped curve, see Figure while tending § — 0+ its range is bounded by a circle, see Figure
We note that for § > 1, the function ¢s(z) is not univalent in D, see Figure
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Figure 1: @ The boundary curve of ¢g.01(D) (univalent) @ The boundary curve of ¢g.99(D) (univalent) The boundary curve of
¢2(D) (non-univalent)

Lemma 3.2. Let ¢5(z) be given by (2.9), where § € (0,1]. Then

1—6e® < Re{ops(2)} <1+ de°.

Proof . We can easily check that

Re{¢s(2)} = 1+ 0e72) (cos(6) cos(d sin(h)) + sin(f) sin(5 sin(h))) .

A simple calculation shows that Re{¢s(z)} gets its minimum at § = 7 and its maximum at § = 0. Therefore, the
result follows. O

Corollary 3.3. Since ¢;5(z) is a univalent function for all § € (0, 1], therefore, if f belongs to the class S*(«, 3,7, d),
then

1—6e’ < Re (W) <1+46e™% (zeD).

We continue this section by the following result.

Theorem 3.4. Let «, 3 be two complex numbers with |a] < 1, || < 1 and 7 be a real number such that v € [0, 1).
Let 6o = 0.567143 be the unique root of the equation 1 — §e? = 0, where § € (0, 1]. If a function f € A belongs to the

class S*(«, 8,7, 9) then
da
Re (w’m> > 07
f(2)
in the disk D,._, where 75 € (0,dp). The result is sharp.

Proof . Let the function f € A belongs to the class S*(a, 8,7, ), where ¢ € (0,1]. Then by definition there exists a
Schwarz function w such that

g fz) . dw(z)
— =14 —= D). 2
22 1 B0, Gep) (32)
It follows from
e Pl <le?| <elfl and |w(z)| < 7| (3.3)
that for all z € D
zdaprf(2) _ dw(z) dw(z) oz o .
Re (f(z) = Re 1+65w(z) >1— ()| 2 —m—l—ére =: h(r),

where |z| = r < 1. Since A'(r) < 0 for all » € (0,1), we conclude that h is strictly decreasing function on the interval
[0,1] and it decreases from h(0) = 1 > 0 to the value h(1) = 1 — §e? < 0, where § € (0.57,1]. Therefore, the equation
h(r) = 0 has only one root in the interval (0,1). We conclude that h(r) > 0 if and only if 0 < r < §p. Thus the proof
is completed. [J

If we take « = f =1 and v = 1/2 in Theorem we get the following result.
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Example 3.5. note function

—5z 5
Fol2) =2 — g 2 AL L OGS 4 = (3.4)
6 24 — n!
from the fact that f5(z) € A
(—eT0241) | 5e—02 <e—52+1>> e
, z(e zde e (—e +1)(1+ 5 _52)

L (s e z0e —ss
fé&((z)) — oy = e(—e_‘sz-‘rl) =1+ zde 4 = (bb‘(z) (35)

so fs5(z) € S*(1,1,1,6) because § € (0,1] so various § makes different examples. also f5(z) satisfies in theorem
because we proved in lemma (3.2) taht

1—6e’ < Re{ops(2)} <1+ de°.
so if 1 — de? = 0 thenRe{¢s(z)} > 0 but in theorem we proved for §yp = 0.56 which is unique root of equation

1—38e? =0, Re{as,(2)} > 0 therefore from we conclude that Re{ Z;;‘SO((ZZ))} >0
0

Corollary 3.6. Let &y be defined as in Theorem [3.4] If a function f € A satisfies the following subordination relation
2f'(2)
f(z)

where ¢;5(z) is defined as in (2.9)), then f is a starlike univalent function in D,._, where rs € (0,09). The result is sharp
for the function

< ¢s(2), (z€D) (3.6)

f1(z) = zexp (e_‘;z —1) =z—62" 46" — %53z4 +0(2°%), (zeD).

The following due to Nehari [I8] will be useful.

Lemma 3.7. Let w(z) be analytic in D and satisfying |w(z)| <1 for all z € D. Then

1—[w(z)]?
/
< _
O —r
Theorem 3.8. The radius of convexity of the class §*(1,1,1/2,9) is r € (0,0.17) for all 6 € (0, 1].

Proof . If the function f € A belongs to the class $*(1,1,1/2,9), then (3.6) holds true. It means that there is
Schwarz function w(z) such that

=o¢s(w(z) =1+ () (z € D). (3.8)

By taking the logarithmic differential of (3.8]), we obtain
z2f"(z)  zf'(2) n 2(0w'(2)e? ) + ' (2))
i) f(2) e?(2) + dw(z)

dw(z) (=) 41 ,
edw(z) (6511)(2) + 5,(1}(2) —1)dzw (2)7 (Z € ]D))

1+ —dzw'(2)

Moreover, by applying (3.3) and Lemma we obtain

zf"(z) dw(z) edw(z) 41 ,
Re(1+ 553 ) =Re (14 3 + (g g ~1) 29

dw(z) edw(®) 41 ,
>1- edw(z) <e6w(z) + 511)(2) —1)dzw (Z)
B
— d|z| ( el +1

!
= oozl — \ &0 — 57| + 1) 62w’ (2)]

or e"+1 or
> —
1 o (e T +1) 1,2 2h(r,d), (ze€D).
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0.15

Figure 2: The 3D graph of the function w = h(r,§) (orange) and w = 0 (blue)

Computer experiment shows that h(r,d) > 0 for all » € (0,0.17), and ¢ € (0,1], see Figure [2 The proof now is
complete.

Notation: Because f5(z) belongs to S*(1,1,3,6) so convexity for this function in r € (0,0.17) is trivial. O

4 On coefficients
We need the following lemmas.
Lemma 4.1. ([I8, p. 172]) Assume that w is a Schwarz function so that w(z) = Y~ w,2". Then

lwi| <1 and |w,| <1—|w?, (n=2,3,...).

Lemma 4.2. ([I, Lemma 1]) If w(z) = 02, w,2" is a Schwarz function, then

<
lwy —tw?| << 1, -1
>

All inequalities are sharp.

Theorem 4.3. Let the function f € A belongs to the class S*(a, 8,7, d) such that «, 8, v satisfy the assumption of
Theorem [3.4] and 0 < § < 1. Then

0 5([2)apy — 1)+ 62

ag] < ——, and |as| < )
T S s~ DBlapy 1)

where [-]q 3, is defined as in (2.7)). The result is sharp.

(4.1)

Proof . If a function f € A belongs to the class $*(«, 8,7, 0), then there exists a Schwarz function w(z) = wiz +
wyz? 4 - -+ such that
2daprf(2) _

ON ¢s5(w(z)), (z€D), (4.2)
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holds true. By using the Taylor series of (2.6) we obtain

2da, g~ f(2
22 1t (@~ Doa 4 (Blapo ~ Daa = (o = D) 24+ (1.3
On the other hand,
0 53
ds(w(z)) =1+ eéwT(("‘z = 1+ du(z) - w?(2) + Sul(z) — -
=14+ 6wz +wez? +---) + 8% (wrz +woz? +--- )2 4.+
=14 dwiz + (Swy — 8%w?)2? + (53w? /2 + dws — 26%wiwe)2® + - - - . (4.4)

Equating the corresponding coefficients of (4.3)) and . we get

(2)a,p,y — Dag = w1, and ([3la,py — 1) as — ([2]a,sy — 1) a% = dwy — 5211)%. (4.5)

If we apply Lcmma“ 4.1} then |as| < §/([2]a,p,4 — 1) which implies the first inequality of (4.1)). It follows from both
equalities of . that
d(wz — 6wi)([2ap.y — 1) + 8w}

(Blasy = D([2lasy = 1)

The estimation as follows from Lemma and Lemma The proof is now complete. [J

az =

Example 4.4. if we put 6 = 1 in inequations in paper considering to we see that 1 = |ag| < land0 = |az| < 1
so function fs(z) satisfies in theorem

Let P be the family of holomorphic function p(z) in D such that p(0) = 1 and Re{p(z)} > 0. In order to prove the
next result we need the following lemma.

Lemma 4.5. [15, Lemma 1] Let p(z) = 1 +p12z + p222 + -+ be in P. Then

lp2 — pupi| < ¢ 2, 0<pu<l

All inequalities are sharp.
Theorem 4.6. Let ¢ € (0,1], and «, 3, v satisfy the assumption of Theorem If a function f € A belongs to the

class $*(«, 8,7,0), then
—Ap' 42, p <

lag — pa3| < {2, < < s (4.6)
4p' =2, 1= p2,
where
o 80 =1 (0L~ B + 8Pl =) (W)
i om L0 =) 0Bl =) m
and
Lo 1= [(1+6)(1 — [2]apy) ;gﬁilaivlg 1) +2([2lagy — 1) ) (4.9)

The result is sharp.
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Proof . If a function f € A belongs to the class S*(«, 5,7, d), then there exists a Schwarz function such that (3.2)
holds true. We define

14
C(Z):lm:l—l—clz—&—qzz—i—---. (4.10)
Hhen Clz) -1 o1
2) —
Taking the above w(z) into account, we get
1 1 1 )\ s
ps(w(z)) = 1+§5c1z+§5 Co — 5(1—!—5)01 254 (4.12)

Equating the corresponding coefficients (4.3)) and (4.12)) gives

([2lassy — a2 = 501 (4.13)
and
(Bl = Vs = (2l = Ve = 36 (2= 50+ 01 ). (1.14)
It follow from both and that
as = 2([2]52_1) (4.15)
and
Q-0
Now from and for the complex number 1 we get
o= = (o #8010~ (0 0 Plge) +(Plan =) 3,
aBy aBy
Letting
o 63y = 1) = [+ )1 = Plog) + 8)(Blasy ~ 1) )

2([2lapy —1)?
and applying Lemma [4.5] we get the desired result. O

Example 4.7. for the function f5(2) fromﬂwe obtain |ag — pa3| = |p| so if we put |u| = 1 then

p=1
or
p=—1

on the other hand if we put § =1 in and 4.9 and equations in paper we will have p; = = and po = % and

I= # and for p=—1, p/ = 5t and for p =1, p/ = 2 so if we put these values in theorem [4.6| inequality we will

have L )
—Ax(F)+2=4, —l=p<pm=F;
Jas — pad) = |l = 1 < (418)
4x(3)-2=4, L=p>pr =3,
and for second inequality we put p =} so |az — pa3| = [u| = [3] <2 whenZt = < j=p<pp=3%if py =p=

w2 = 1 then inequality [£.0]is trivial.
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