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Abstract

In this work, using semidefinite matrices gives a new generalization of the I, spaces and some inequalities containing
lower bounds of some operators are proved. Also, by defining an inner product on the classes of an equivalence relation
on operators, some inequalities similar to the well-known inequalities including the Copson, Cesaro, Hilbert and Hardy
inequalities are obtained.
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1 Introduction

The Mahalanobis distance is a measure of the distance between a point P and a distribution D, introduced
by P. C. Mahalanobis in 1936 [8]. The Mahalanobis distance between two random vectors x = (z1, 22, ..., Z,) and
y = (y1,Y2, ..., yn) of the same distribution with the covariance matrix @ is defined by

d(z,y) = (z —y)'Q (z —y).

The Mahalanobis distance is widely used in cluster analysis and classification techniques. The notion ”lower
bounds” of matrix operators at first, was introduced by R. Lyons [7] and then intensively studied for [, spaces and its
generalizations, e.g., [2] Bl [6].

If X is a Banach sequense space, we denote by §(X) the set of decreasing, non-negative sequences in X. For a
positive operator A on X, the lower bound of A is defined as

mx(A) = inf{||AX]|: =z e€d(X), |X| =1}

Let (wy) be a decreasing, non-negative sequence, for p > 1,
oo
h(w) ={z = (zn) : an|$n|p < oo}
n=1

1
is called weighted sequence space equipped with the norm ||z[p.w = (>or; walz,|P)?. If infreyw(n) > 0 then
l,(w) = 1, with equivalent norms. So, we are mainly interested in the case when inf,eyw(n) = 0. Given a null
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sequence = = (z,), let (z3) be the decreasing rearrangement of |x,|. The Lorentz sequence space d(w,p) is the space
of null sequences x for which z* is in I,(w). Denote by d(w) the set of decreasing, non-negative sequences in I,(w),
and define

Ap.w(A) = sup{||Az|

pw T ENW):||z|pw =1}
Jameson and Lashkaripour [5] proved the following Lemma.

Lemma 1.1. Suppose that (w,) is decreasing, that aij > 0 for all 4, j, and A maps J,(w) into [,(w). Write ¢, ; =
Yooy a;j. Suppose further that for each ¢ lim;_, a; ; = 0 and either for each i, a; ; decreases with j or a, ; decreases
with ¢ for each j and ¢, ; decreases with j for each m. Then [|A(z*)| a(w,p) > ||A(2)[l4(w,p) for non-negative elements
x of d(w, p). Hence || Al gqw,p) = Ap,w(A).

In this work, inspired by the Mahalanobis distance, a new norm on sequence spaces is defined. Also some theorems
and inequlities are proved.

2 Main Results
Definition 2.1. Let X = {x = (2,)52,, =, € C} and Q € L(X) , be a matrix, we define
lzlle = @'Qz)?,
where T = {Z,}52 1, which @ is the conjugate of a.
For positive semidefinite matrix @ there are A and D = diag()\;) such that Q = A*DA and so
lllo =(@'A'DAx)*
=((Az)'D(Ax))
> 1
=(D_Ailwil?)®
i=1

=l Az|

N

2,w>
where, y; = 327 ) a; jz; and w; = ;. In this case, [|z]lq = 0, iff. 2 =0 and

Iz +ylle =llA(x + Y)l2w
<[ Azl2,w + [l Ay

=lzlle +llylle-

2,w

For a lower triangular matrix @ = [a, ;| we have
> 1
Izl = (Y Lilwil®)® = l|ollaw, (wi = L)
i=1

where, L; = > 72 | a;; is the summation of the i-th row of @. In special case, if for each i, L; = 1 (for example, the
Cesaro matrix) we have ||z|q = ||z||2.
For a positive semidefinite matrix @), we define

I ={z=(za): |zlq < oo}
Note that [|z[3, = 2'Qz = (z'Qxz)" = 2'Q'z = ||z ¢+ and so we have I?(Q) = I*(Q"). So for a positive semidefinite

upper triangular matrix U we have [?(U) = I*(U") = la,y, , w; = L;(U*) = C;(U) where L;(A) and C;(A) respectively
are the sum of rows and columns of A.
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Definition 2.2. Suppose that @ = (Q;)$2; is a sequence of positive semidefinite matrices. For p > 1 take

-

[lp.q =

Note that for each i we have,
—1 —1
lz+yl%, < lzllo. (lz +ylle, ) + lylle. (Iz + e, )-

On the other hand,

-

1

)™ ( lewﬂ/llg )"

And so,
lz+ylly o < Il Qllwﬂ/ll"Q + llyllp, QHxJFZ/H
therefore,
12+ yllp.o < llzllp.e + yllp.o-
Now, the set

p(Q) :=A{z = (zn)ili:  [2lpe < oo}

is a norm space. In special case, if Q; is a matrix which a; ; = 1 and zero in otherwise then {,(Q)) = {,. Therefore, the
space [,(Q) is a generalization of the [, space.

Theorem 2.3. Suppose that P = (P;)2 1, Q = (Q;)$2, are two sequences of positive semidefinite matrices satisfying
P; < Q; for each i € N. Then, for p > 1, [,(P) C [,(Q).

Proof . For each i we have P; < Q; and so ' P,z < 2'Q;x which implies that ||z|/p, < ||z|lg,. Therefore,

o0
1 1
lzllpp = (3 lallp,)? < E Izllq.)” = lzllp.c-
i=1

-

So, we have [,(P) C 1,(Q). O

For a matrix @, we have @Q = L+ D + U where L, U respectively are lower and upper triangular and D is diagonal.
Suppose all of them are positive semidefinite matrices. We have

2|3 = 2' Qe = o'La + 2" Do + 2'Ux = |7 + |ll|3 + |17

Suppose that Q = (Q;)2, and Q; = A; + D; + B;. Also, all matrices are positive semidefinte and A;’s , B;’s
respectively are lower and upper triangular. We have

5.0 Z [EdIF

Qi

:Z(Z(LJ+)\3 + U ay)?)

and so,

1

2llp.e = lexllm )7, wi = (Qil;)5Zs-
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For a a matrix A € L(X) the symbol A|; stands for the i-th corner of A and is defined by
i i1
j=1 k=1

If A,B € L(X), we define

< A,B >= iAJzBJz (21)

i=1

By taking, a = (A]1,A]s,...) and b = (B]1, B2, ...), then < A, B > is the standard inner product. By defining an
equivalence relation on L(X) as following;:

A= B if and only if for all i, A|; = B,

we may define a norm on the classes of the equivalences relation as [|Al|} = /< 4, A >.
Also, the Cauchy-Schwarz inequality is established | < A, B > | < [|A|| || B]];.

Theorem 2.4. Suppose that Q@ = (Q;)2, is a sequence of positive semidefinite matrices and C = Y2, Q; then
1(Q) = B(C). Also, 15(Q) = E2((C) 1) where (€)1 = diag(C)%,.

Proof . We have

oo oo
lzllg = 2'Ca =Y Ja'Qiz =) |
i=1 i=1

which implies that ||z|c = ||z2,¢ and so l(Q) = I*(C) = I*(w) with w = (C|;)$2,. Now we have I}(Q)
12(v) = I2((C)~') where v = (ﬁ)jﬁl Note that , if p, g are conjugate then, I (w) = 19(v) with v; = w;

Theorem 2.5. Suppose that @ = (Q;)$2, is a sequence of positive semidefinite matrices. Then

el < (ZHQ % ) Il

Therefore,
o0
Z 2015, < (DNl F Nl (2.2)
=1
where, w; = (Qi];)72,

Proof . For a sequence z = (x,)%2; we put X = diag(|z;|?)?2,. Now we have

Il (;(ZQJ W));
—(§?<<Qi,X>)g);
(i(@mnxm)p);
(i i1} i
(in@ng)‘l’nxlu.
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By taking Q;]; = % for j < i and zero otherwise and z; = ,/a; in (2.2) we have
j 1 J < L p 2.3
; _; 7 [lallz )Hall (2.3)
Hence, we prove that
1P
ICall, < ¢7(S)llall2- (2.4)
Bennett in [3] (Theorem 4) for every decreasing non-negative sequence a € IP prove that

ICall, = ¢7 (p)llallp-

The Copson matrix B is an upper triangular matrix which is defined by b; ; = % for 1 < i < j and zero otherwise.

In fact B = C*, transpose of the Cesaro matrix which is defined by ¢; ; = % for 7 < ¢ and zero otherwise. Copson in
[4] proved that

(i; Z'“' ) (nfflwﬁ (2.

By taking Q;|; = % for 1 < i < j and zero otherwise and x; = ,/a; in (2.2) we have

S (o =L () el (2.6)

i=1 i=1  j=i

Applying (2.5)) we have

Therefore, we have

Suppose that Q = (Q;) is a sequence of positive semidefinite matrices. Denote by ,(Q)) the set of decreasing
non-negative sequences in /,(Q)) and define

Bp(T) =sup{[[Tzlpq: = €0p(Q): [|2llpq =1},

where, T' = [t; ;] is a linear operator on [,(Q). We assume that ¢; ; > 0 for all 4, j which implies that the norm is
determined by the action of T on non-negative sequences. At the following we prove the analogous form of Lemma
for [,(Q). In fact, the following theorem establishes conditions insuring that ||T']|;, (q) is determined by decreasing,
non-negative sequences.
Theorem 2.6. Suppose that T' = [t; ;],¢; ; > 0 maps 6,(Q) into 1,,(Q). Write ¢, j = Y v, t; ;. Suppose further that:

(i) imj_ o0 t;,; = O for each 4, and either

(ii) a;; decreases with j for each 4, or

(iii) a;,; decreases with 4 for each j and ¢, ; decreases with j for each m also, Q);]; decreases with j for each 1.

Then, ||T(z*)

lp,@ > IT(2)||p,q for non-negative elements x of [,(Q). Hence, ||T'];,q = Ap,o(T).
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Proof . Let z =Tz and 2’ = Tz* . Write X; = z1 +--- + z;,. By Abel summation and condition (i7), we have

(oo} oo
Z= ) tigry =) (tig—tig+) X,
j=1
(o] (o]
=D tigry =) (ti; —tijr)X
j=1 j=1

Since X; < X;-‘ for all j, we have z; < 2/ for all i. Now, we have

00 00 »
=l o =D (D Qilsl=sl)
i=1 j=1
[eS) [eS) »
<D (D Qi) =121 0

=1

.
I
-

which implies that ||z||p,0 < [|2’]lp.@- Now, assume (iii). Then z; and 2] decrease with 4, and

m o0 o0 o0
=3 iy =Y emyri =Y (Cmj — Cmjr1) X5,
i=1j=1 j=1 =1
m oo o0 o0
! _ L. * X ko R . *
= E ,E :thj = E :Cm,ij = E :(wa Cm,y-&-l)Xj-
i=1j=1 j=1 j=1

Hence, Z,, < Z! for all m. By the majorization principle [I],
m m
DAY A
k=1 k=1

Also, since Q;]; decreases with j for each ¢, by the Abel summuation we have

[eS) 00 J
ZQ1J3|Z]|2 = Z (QiJJ - QIJJ-H) Z |2 [
j=1 j=1 k=1
00 J
<D (@il = Qi) Y Iz
st k=1
=Y Qilil#l’
j=1

and hence ||z]lp.0 < |17 |lp.o- O

By taking Q1 = I the identity matrix and @Q; = diag(H_J) ,i > 2 and T = C the cesaro operator , all conditions
of the above theorem are established. Now we have

lelho =3 (ZQi il %) ®

:Z Z|$a|2 5z
T ’L+j

K3

Now, by the Hilbert’s Inequality which asserts that

oo oo am . - , o )
nzl(mzzjlmﬂl) <(sin(g)) ;% (p>1)



A new generalization of the I, spaces

for p > 2 we have

%
)2zl

€ <
H ||P1Q (SIH(QJ)
p

Also,

i=1

”CCE”;Q :Z (Z 2(2—]|—j)>

;(n;am) g(p_l) ;an, (p>1)
we have
T P X
ICzll? o <(Sin 21))22(73)17
p Jj=1
7T £/, D \p
< 2 D,
(bln(%ﬁ)) p—l H:L'Hp
So,

By taking Q; = diag(iﬂ%l);il, by the same manner one may obtain

™ % p
Izl < (iaey) (G2 el

On the other hand by applying Propositin 1 of [3] for p > 1 we have

||Cx||ZQ:Z;(Z;j2(z+;_1))2
ZZZ(Z);]‘)I;[(”TU S —(i+7)7%]
i=1r=1 j=1
:Z(Z(Tj)gZ(ZJFTfl) 2 7(/L+T,)7g)
r=1 j=1 i—1

So for p > 2 we have

1 e 1 p
IC%21F < 11C2ln0 < (—rgzy)* (7)ol

specially, by choosing x = (1,0,0,---), we have

N N B o T TR g 1 2 T\ P
a0t < 2 2p
;( i ) _;(;jz(iﬁ-j—l)) (Sin(%’r)) (p—l

171
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