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Abstract

The main goal of the present paper is to obtain several fixed point theorems for both multi-valued and single-valued
mappings in Menger PbM -spaces, which is an extension of Menger PM -spaces. In this paper, we introduce different
types of contractive mappings by introduce the notions of (α − ψ)-E-type simulation function and (β − ψ)-E-type
simulation function in Menger PbM -spaces which is a generalization of simulation functions introduced by Khojasteh
et al. [18]. Furthermore, we present some nontrivial examples and an application to the existence of a solution of the
Volterra-type integral equation.
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1 Introduction and preliminaries

In the last century, nonlinear functional analysis has experienced many advances. One of these improvements is
the introduction of various spaces and is the proof of fixed point results in these spaces along with its applications in
engineering science. One of these spaces is b-metric space. The notion of a b-metric space was defined by Bakhtin [3]
and Czerwik [12]. Afterward, other authors discussed in b-metric spaces its properties and defined convergent, Cauchy
sequence, and so on. Furthermore, they obtained several results in fixed points in this space with its applications to
non-linear functional analysis for more details, we refer to [1, 8, 9, 7, 19, 23, 25, 24, 26, 27, 29, 30] and the references
it contains.

In contrast, the concept of PM -spaces was introduced by Menger [21] in 1942. So, Sehgal and Bharucha-Reid [34]
proved some fixed-point theorems in that space. Also, Schweizer and Sklar [33] discussed the properties of Menger
PM -spaces. In the following, the fixed point theory in PM -spaces for single-valued and multi-valued mappings were
extensively studied by many authors in [11, 10, 13, 14, 15, 17, 20, 28] and references therein.

Definition 1.1. [14] A function f : R → [0, 1] is called a distribution function if it is non-decreasing and left-
continuous with infu∈R f(u) = 0. In addition, if f(0) = 0, then f is called a distance distribution function. Further-
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more, a distance distribution function f satisfying lim
u→+∞

f(u) = 1 is called a Menger distance distribution function.

The set of all Menger distance distribution functions is denoted by D+.

Definition 1.2. [11] A triangular norm (abbreviated, t-norm) is a binary operation T on [0,1], which satisfies the
following conditions:

(a) T is associative and commutative,

(b) T is continuous,

(c) T (a, 1) = a for all a ∈ [0, 1],

(d) T (a, b) ≤ T (c, d) whenever a ≤ c and b ≤ a, for each a, b, c, d ∈ [0, 1].

Definition 1.3. [11] A triangular norm T is said to be of H-type (Hadzić type), if a family of functions {T n(t)} is
equicontinuous at i = 1; that is, there exists δ ∈ (0, 1) such that i > 1− δ implies that T n(i) > 1− ϵ for all ϵ ∈ (0, 1)
and (n ≥ 1), where T n : [0, 1] −→ 0, 1] is by T 1(i) = T (i, i) and T n(i) = T (i, T n−1(i)) for n = 2, 3, · · · .

Definition 1.4. [16] A Menger probabilistic metric space (briefly, Menger PM -space) is a triple (W,G, T ), where
W is a nonempty set, T is a continuous i-norm, G : W ×W → D+ is a mapping such that if Gu,v denotes the value of
G at the pair (u, v), then the following conditions hold:

(PM1) Gu,v(i) = 1 for all i > 0 ⇔ u = v,

(PM2) Gu,v(i) = Gv,u(i) for all u, v ∈ W and i > 0,

(PM3) Gu,z(i+ j) ≥ T (Gu,v(i),Gv,z(j)) for all u, v, z ∈ W and i, j ≥ 0.

In addition, in 2015, Hasanvand and Khanehgir [16] defined Menger PbM -space.

Definition 1.5. [16] Let α is a real number in (0, 1]. A Menger probabilistic b-metric space (briefly, Menger PbM -
space) is a triple (W,G, T ), where W is a nonempty set, T is a continuous t-norm, G : W ×W → D+ is a mapping
such that if Gu,v denotes the value of G at the pair (u, v), then the following conditions hold:

(PM1) Gu,v(i) = 1, for all i > 0 ⇔ u = v;

(PM2) Gu,v(i) = Gv,u(i), for all u, v ∈ W and i > 0;

(PM3) Gu,z(i+ j) ≥ T (Gu,v(αi),Gv,z(αj)), for all u, v, z ∈ W and i, j ≥ 0.

Example 1.6. [16] Suppose W = R+, T (u, v) = min{u, v} and define G : W ×W → D+ by

Gu,v(i) =

{
i

i+|u−v|2 , if i > 0

0 otherwise,

for all u, v ∈ W. Then (W,G, T ) is a complete Menger PbM -space with α = 1
2 .

Also, Hasanvand and Khanehgir proved a fixed point theorem for a single-value operator.

Theorem 1.7. [16] Let (W,G, T ) be a complete Menger PbM -space with coefficient α, which satisfies T (a, a) ≥ a
with a ∈ [0, 1]. Also, let f : W → W be a generalized β − γ-type contractive mapping satisfying the following
conditions:

(i) f is (β, γ)-admissible;

(ii) there exists u0 ∈ W such that β(u0, fu0, i) ≤ 1 and γ(u0, fu0, i) ≥ 1 for all i > 0;

(iii) for all n ∈ N and for all i > 0, if {un} is a sequence in W such that β(un−1, un, i) ≤ 1 and γ(un, un+1, i) ≥ 1
and un → u as n→ ∞, then β(un−1, u, i) ≤ 1 and γ(un, fu, i) ≥ 1.

Then f has a fixed point.
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Definition 1.8. [6] A function ψ : R+ → R+ is said to be a ϕ-function if it satisfies the following conditions:

i) ψ(i) = 0 if and only if i = 0;

ii) ψ(i) is strictly monotone increasing and ψ(i) → ∞ as i→ ∞;

iii) ψ is left-continuous in (0,∞);

iv) ψ is continuous at 0.

Lemma 1.9. [13] Suppose (W,G, T ) is a Menger PbM -space with coefficient α and ψ is a Φ-function. If we have
Gu,v(α

kψ(i)) ≥ Gu,v(α
k−1ψ( ic )) for u, v ∈ W, c ∈ (0, 1), k ∈ N and for all i > 0, then Gu,v(i) = 1.

The collection of all ϕ-functions will be denoted by Ψ. In order to unify several existing fixed point results in the
literature, Khojasteh et al. [18] introduced a mapping namely simulation function and the notion of Z-contraction
with respect to c. The Z-contraction generalized the Banach contraction and unify several known type of contractions
involving the combination of d(Tx, Ty) and d(x, y) and satisfies some particular conditions in complete metric spaces.

Definition 1.10. A simulation function is a mapping c : [0,∞)× [0,∞) → R satisfying the following conditions:

1) c(m,n) < n−m for all n,m > 0;

2) if {mi},{ni} are sequences in (0,∞) such that limi→∞mi = limi→∞ ni > 0, then

lim sup
i→∞

c(mi, ni) < 0.

Also, Z is considered the family of all simulation functions.

Example 1.11. [18] Suppose fl : [0,∞) → [0,∞) be continuous function such that fl(u) = 0 if and only if, u = 0.
For l = 1, 2 we define the mappings c : [0,∞)× [0,∞) → R, as follows,

c(m,n) = f1(n)− f2(m),

for all m,n ∈ [0,∞), where f1, f2 : [0,∞) → [0,∞) are two continuous functions such that f1(u) = f2(u) = 0 iff u = 0
and f1(i) < i ≤ f2(i) for all i > 0.

Throughout this paper, the family of all nonempty closed and bounded subsets of W is denoted by CB(W), the
family of all nonempty subsets of W by N(W). Further, for notions such as convergence and Cauchy sequences,
completeness and examples in Menger PbM -space, we refer to [16].

Definition 1.12. [28] Suppose (W,G, T ) is a Menger PM -space. Function H : CB(W) × CB(W) −→ [0, 1] for all
i ≥ 0 define by

HA,B(i) = sup
j≤i

T ( inf
p∈A

Gp,B(j), inf
q∈B

GA,q(j)),

is said to be the distance between A and B, where Gu,A(i) = supp∈A Gp,u(i) is the distance between a point and a set
in PM -space.

Definition 1.13. [28] Suppose (W,G, T ) is a Menger PM -space.

(i) A subset D ⊂ W is said to be approximative if Pu,D(i) = {p ∈ D : Gu,D(i) = Gp,u(i)}
for all u ∈ W, has nonempty value.

(ii) The multi-valued mapping f : W −→ N(W) is said to have approximative values, AV for short, if fu is
approximative for each u ∈ W.

(iii) f is called to have the w-approximative valued property if there exists v ∈ fu such that Gu,v(i) ≥ Hfa,fu(i) for
all a ∈ W, u ∈ Ga and for all i > 0.

Definition 1.12 and Definition 1.13 are satisfied in PbM -space. Also, we need to the following definition in the
sequel.

Definition 1.14. [14] Close operator is multi-valued operator f : W → CB(W) if for two sequences {un},{vn} ⊂ W
and u0 ,v0 ∈ W, un → u0, vn → v0 and vn ∈ f(un) imply v0 ∈ f(u0).
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2 Results on (α− ψ)-E-type simulation for multi-valued mappings in PbM -space

Following the idea of Hasanvand and Khanehgir [16], Gopal et al [13] and Karapinar [2] we introduce the following
definitions in the framework of Menger PbM -space.

Definition 2.1. Suppose f : W → CB(W) is a multi-valued operator and γ : W×W×(0,∞) → (0,∞) is a function.
We say that f is γ-orbital admissible if γ(a, b, i) ≤ 1 for all a ∈ W, b ∈ f(a) and i > 0, then γ(u, b, i) ≤ 1 for all
u ∈ f(b).

Example 2.2. Suppose W = R+ and G be as in Example 1.6. Then (W,G, T ) is a complete Menger PbM -space with
α = 1

2 . Define f : W → CB(W) by f(u) = [0, 3u] for all u ∈ W and γ : W ×W × (0,∞) → (0,∞) by

γ(u, v, i) =

{
1
4 if (u, v) = (0, 0)
1
2 otherwise.

Then f is γ-orbital admissible.

Definition 2.3. Suppose that (W,G, T ) is a Menger PbM -space with coefficient α and f : W → CB(W) is said
(α − ψ)-Ehsan type simulation if there exist ψ ∈ Ψ, c ∈ Z, γ : W × W × [0,∞) → [0,∞) and real numbers
a1, a2, a3, a4, a5 ∈ R with

a2 − a4
a1

> 1, a1 ̸= 0, a2 − a5 > 0,

such that
c(pu,v(i), lu,v(i)) ≥ 0,

for all u ∈ W, v ∈ fu and o ∈ fv where

pu,v(i) = −a1(γ(u, v, αki)Hfu,fv(α
kψ(i)))− a2(Gu,fu(α

k−1ψ(
i

c
)) + Gv,fv(α

k−1ψ(
i

c
)))

−min[a3Gv,fu(α
k−1ψ(

i

c
)), a3Gu,fv(α

k−1ψ(
i

c
))],

and

lu,v(i) = a4Gu,v(α
k−1ψ(

i

c
)) + a5Gu,o(α

k−1ψ(
i

c
)),

where k ∈ N and c ∈ (0, 1).

The following is the main result of this section. We present a fixed point theorem for (α − ψ)-E-type simulation
multi-valued mappings in Menger PbM -spaces.

Theorem 2.4. Suppose (W,G, T ) is a complete Menger PbM -space with coefficient α, which satisfies T (a, a) ≥ a
with a ∈ [0, 1]. Also, let f : W → CB(W) has the w-approximative value property and be satisfying the following
conditions:

(i) f is γ-orbital admissible;

(ii) for some u0 ∈ W there exists u1 ∈ f(u0) such that γ(u0, u1, i) ≤ 1 for all i > 0;

(iii) f is (α− ψ)-E-type simulation;

(iv) f is closed operator.

Then f has a fixed point.

Proof . If u1 = u0, then the proof is complete. Suppose that u1 ̸= u0, i.e., u0 /∈ fu0. Since f has w-approximative
value property, there exists u2 ∈ fu1 such that Gu1,u2

(i) ≥ Hfu0,fu1
(i) for all i > 0. For u2 ∈ fu1, from (i) and (ii)

we have γ(u0, u1, i) ≤ 1 and γ(u1, u2, i) ≤ 1 for all i > 0. If u1 ∈ fu1, then u1 is a fixed point of f . Suppose that
u2 ̸= u1. Again, by the assumptions, there exists u3 ∈ fu2 such that Gu3,u2(i) ≥ Hfu2,fu1(i), γ(u2, u1, i) ≤ 1 and
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γ(u2, u3, i) ≤ 1 for all i > 0. By continuing this process, we obtain a sequence {un} in W such that un ∈ fun−1 with
un ̸= un−1, where Gun,un+1

(i) ≥ Hfun−1,fun
(i), γ(un, un−1, i) ≤ 1 and γ(un, un+1, i) ≤ 1 for all i > 0. By (iii) we

have,
0 ≤ c(pun,un+1(i), lun,un+1(i)) < lun,un+1(i)− pun,un+1(i),

where

pun,un+1(i) = −a1(γ(un, un+1, α
ki)Hfun,fun+1(α

kψ(i)))− a2(Gun,fun(α
k−1ψ(

i

c
))

+ Gun+1,fun+1
(αk−1ψ(

i

c
)))−min[a3Gun+1,fun

(αk−1ψ(
i

c
)), a3Gun,fun+1

(αk−1ψ(
i

c
))],

and

lun,un+1
(i) = a4Gun,un+1

(αk−1ψ(
i

c
)) + a5Gun,un+2

(αk−1ψ(
i

c
)).

Since f has w-approximative value property we have,

a1Gun,un+1(i) ≥ a1Hfun−1,fun(α
kψ(i))

≥ a1γ(un−1, un, α
ki)Hfun−1,fun(α

kψ(i))

≥ a2(Gun−1,fun−1(α
k−1ψ(

i

c
)) + Gun,fun(α

k−1ψ(
i

c
)))

+ min[a3Gun,fun−1
(αk−1ψ(

i

c
)), a3Gun−1,fun

(αk−1ψ(
i

c
))]

− a4Gun−1,un
(αk−1ψ(

i

c
))− a5Gun−1,un+1

(αk−1ψ(
i

c
))

≥ a2(Gun−1,un(α
k−1ψ(

i

c
)) + Gun,un+1(α

k−1ψ(
i

c
)))

+ min[a3Gun,un
(αk−1ψ(

i

c
)), a3Gun−1,un+1

(αk−1ψ(
i

c
))]

− a4Gun−1,un
(αk−1ψ(

i

c
))− a5Gun−1,un+1

(αk−1ψ(
i

c
)).

So we have,

a1Gun,un+1
(i) ≥ a1Gun,un+1

(i)− a2Gun,un+1
(αk−1ψ(

i

c
))

≥ (a2 − a4)(Gun−1,un(α
k−1ψ(

i

c
))) + (a3 − a5)Gun−1,un+1(α

k−1ψ(
i

c
)),

which implies,

Gun,un+1
(i) ≥ (a2 − a4)

(a1)
Gun−1,un

(αk−1ψ(
i

c
)) ≥ Gun−1,un

(αk−1ψ(
i

c
)).

So we have,

Gun,un+1(i) ≥ Gun−1,un(α
k−1ψ(

i

c
)) ≥ · · · ≥ Gu0,u1(α

k−nψ(
i

cn
)),

that is, Gun,un+1
(i) ≥ Gu0,u1

(αk−nψ( r
cn ) for arbitrary n ∈ N. Next, let m,n ∈ N with m > n. Then, by (PbM3) and

strictly increasing of ψ, we have

Gun,um
((m− n)i) ≥ min{Gun,un+1

(αi), · · · ,Gum−1,um−2
(αm−n−1i),Gum−1,um

(αm−n−1i)}

≥ min{Gu0,u1
(α1−nψ(

i

cn
)), · · · ,Gu0,u1

(α1−nψ(
i

cm−2
)),Gu0,u1

(α1−nψ(
i

cm−1
))}

= Gu0,u1(α
1−nψ(

i

cn
)).
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Since α1−nψ( i
cn ) → ∞ as n → ∞, there exists n0 ∈ N such that Gu0,u1

(α1−nψ( i
cn )) > 1 − ϵ for fixed ϵ ∈ (0, 1),

whenever n ≥ n0. This implies that Gun,um
((m − n)i) > 1 − ϵ for every m > n ≥ n0. Since i > 0 and ϵ ∈ (0, 1) are

arbitrary, we deduce that {un} is a Cauchy sequence in the complete Menger PbM -space (W,G, T ). Then there exists
u ∈ W such that un → u as n→ ∞. We are going to show that u is a fixed point of f . Now, by condition (iv), since
un → u, un+1 → u and un+1 ∈ fun we conclude that u ∈ fu. This complete the proof. □

Example 2.5. Suppose W = R+, G and T are as in Example 1.6. Then (W,G, T ) is a complete Menger PbM -space
with α = 1

2 . Define the mapping f : W → CB(W) by fu = [0, u4 ], c : [0,∞) × [0,∞) → R by c(j, i) = i−j
2 and

ψ : R+ → R+ by ψ(i) = i. Also, let γ(u, v, i) = 1 for all u, v ∈ W. To prove that f is a (α− ψ)-E-type simulation, it
suffices to check the following condition:

c(pu,v(i), lu,v(i)) ≥ 0,

for all u ∈ W, v ∈ fu and o ∈ fv where,

pu,v(i) = −a1(γ(u, v, αki)Hfu,fv(α
kψ(i)))− a2(Gu,fu(α

k−1ψ(
i

c
) + Gv,fv(α

k−1ψ(
i

c
))

−min[a3Gv,fu(α
k−1ψ(

i

c
), a3Gu,f (α

k−1ψ(
i

c
)],

and

lu,v(i) = a4Gu,v(α
k−1ψ(

i

c
)) + a5Gu,o(α

k−1ψ(
i

c
)),

for all u ∈ fu and v ∈ fv. Note that γ(u, v, αki)Hfu,fv(α
kψ(i)) = 1.Hfu,fv(α

kψ(i)). Using the definition of the
probabilistic Hausdorff metric in Definition 1.12, we have

a1Hfu,fv(α
kψ(i)) = a1

1
2k
i

1
2k
i+ |u4 − v

4 |2
= a1

i

i+ 2k−4|u− v|2

≥ a1
i

i+ 2k−2|u− v|2

= a1Gu,v(α
k−1ψ(

i

c
))

≥ −a4Gu,v(α
k−1ψ(

i

c
))− a5Gu,o(α

k−1ψ(
i

c
)),

where, c = 1
2 , a1 = 1, a4 = −2, a5 = −1 and a2 = a3 = 0. This means that f is (α − ψ)-E-type simulation. Since

f has the compact values it has w-approximative valued property and it is closed mapping. On the other hands, by
definitions of f and γ, all of the conditions of Theorem 3.2 (i)-(iv) are satisfies. Therefore, Theorem 3.2 implies that
f has a fixed point.

Corollary 2.6. Suppose (W,G, T ) is a complete Menger PbM -space with coefficient α, which satisfies T (a, a) ≥ a
with a ∈ [0, 1]. Also, let f : W → W is a continuous mapping and be satisfying the following conditions:

(i) f is γ-orbital admissible,;

(ii) for some u0 ∈ W there exists u1 = f(u0) such that γ(u0, u1, i) ≤ 1 for all i > 0;

(iii) f is (α− ψ)-E-type simulation.

Then f has a fixed point.

3 Results on (β − ψ)-E-type simulation for multi-valued mappings in PbM -space

Definition 3.1. Suppose (W,G, T ) is a Menger PbM -space with coefficient α and f : W → CB(W) is said (β−ψ)-
E-type simulation if there exist p, q ≥ 0, ψ ∈ Ψ, c ∈ Z, β : W ×W × [0,∞) → [0,∞) such that

c(bu,v(i), eu,v(i)) ≥ 0,
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for all u ∈ W and v ∈ fu where

bu,v(i) = min[pGu,fv(α
k−1ψ(

i

c
)), qGv,fu(α

k−1ψ(
i

c
))]

and

eu,v(i) = β(u, v, i)Hfu,fv(i)−min[Gu,v(α
k−1ψ(

i

c
)),Gu,fu(α

k−1ψ(
i

c
)),Gv,fv(α

k−1ψ(
i

c
))]

where, k ∈ N and c ∈ (0, 1).

The following is the main result of this section.

Theorem 3.2. Let (W,G, T ) be a complete Menger PbM -space with coefficient α, which satisfies T (a, a) ≥ a with
a ∈ [0, 1]. Also, let f : W → CB(W) has the w-approximative value property and be satisfying the following
conditions:

(i) f is γ-orbital admissible;

(ii) for some u0 ∈ W there exists u1 ∈ f(u0) such that β(u0, u1, i) ≤ 1 for all i > 0;

(iii) f is (β − ψ)-Ehsan type simulation;

(iv) f is closed operator.

Then f has a fixed point.

Proof . If u1 = u0, then the proof is complete. Let u1 ̸= u0, i.e., u0 /∈ fu0. Since f has w-approximative value
property, there exists u2 ∈ fu1 such that Gu1,u2

(i) ≥ Hfu0,fu1
(i) for all i > 0. For u2 ∈ fu1, from (i) and (ii) we

have β(u0, u1, i) ≤ 1 and β(u1, u2, i) ≤ 1 for all i > 0. If u1 ∈ fu1, then u1 is a fixed point of f . Suppose that
u2 ̸= u1. Again, by the assumptions, there exists u3 ∈ fu2 such that Gu3,u2

(i) ≥ Hfu2,fu1
(i), β(u2, u1, i) ≤ 1 and

β(u2, u3, i) ≤ 1 for all i > 0. By continuing this process, we obtain a sequence {un} in W such that un ∈ fun−1 with
un ̸= un−1, where Gun,un+1(i) ≥ Hfun−1,fun(i), β(un, un−1, i) ≤ 1 and β(un, un+1, i) ≤ 1 for all i > 0. Since ψ is
continuous at zero. By (iii) we have

0 ≤ c(bun,un+1
(i), eun,un+1

(i)) < eun,un+1
(i)− bun,un+1

(i),

where,

bun,un+1
(i) = min[pGun,fun+1

(αk−1ψ(
i

c
)), qGun+1,fun

(αk−1ψ(
i

c
))]

and

eun,un+1
(i) =β(un, un+1, i)Hfun,fun+1

(i)−min[Gun,un+1
(αk−1ψ(

i

c
)),Gun,fun

(αk−1ψ(
i

c
)),Gun+1,fun+1

(αk−1ψ(
i

c
))].

Since f has w-approximative value property we have,

Gun,un+1
(i) ≥ β(un−1, un, i)Hfun−1,fun

(i)

≥ min[Gun−1,un
(αk−1ψ(

i

c
)),Gun−1,fun−1

(αk−1ψ(
i

c
)),Gun,fun

(αk−1ψ(
i

c
))]

+ min[pGun−1,fun(α
k−1ψ(

i

c
)), qGun,fun−1(α

k−1ψ(
i

c
))]

≥ min[Gun−1,un
(αk−1ψ(

i

c
)),Gun−1,un

(αk−1ψ(
i

c
)),Gun,un+1

(αk−1ψ(
i

c
))]

+ min[pGun−1,un+1
(αk−1ψ(

i

c
)), qGun,un

(αk−1ψ(
i

c
))]

= min[Gun−1,un(α
k−1ψ(

i

c
)),Gun,un+1(α

k−1ψ(
i

c
))] + min[pGun−1,un+1(α

k−1ψ(
i

c
)), q]

≥ min[Gun−1,un
(αk−1ψ(

i

c
)),Gun,un+1

(αk−1ψ(
i

c
))]

≥ Gun−1,un
(αk−1ψ(

i

c
)).
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So we have,

Gun,un+1
(i) ≥ Gun−1,un

(αk−1ψ(
i

c
)) ≥ · · · ≥ Gu0,u1

(αk−nψ(
i

cn
)),

that is, Gun,un+1
(i) ≥ Gu0,u1

(αk−nψ( r
cn ) for arbitrary n ∈ N. Next, let m,n ∈ N with m > n. Then, by (PbM3) and

strictly increasing of ψ, we have

Gun,um((m− n)i) ≥ min{Gun,un+1(αi), · · · ,Gum−1,um−2(α
m−n−1i),Gum−1,um(αm−n−1i)}

≥ min{Gu0,u1(α
1−nψ(

i

cn
)), · · · ,Gu0,u1(α

1−nψ(
i

cm−2
)),Gu0,u1(α

1−nψ(
i

cm−1
))}

= Gu0,u1
(α1−nψ(

i

cn
)).

Since α1−nψ( i
cn ) → ∞ as n → ∞, there exists n0 ∈ N such that Gu0,u1(α

1−nψ( i
cn )) > 1 − ϵ for fixed ϵ ∈ (0, 1),

whenever n ≥ n0. This implies that Gun,um
((m − n)i) > 1 − ϵ for every m > n ≥ n0. Since i > 0 and ϵ ∈ (0, 1) are

arbitrary, we deduce that {un} is a Cauchy sequence in the complete Menger PbM -space (W,G, T ). Then there exists
u ∈ W such that un → u as n→ ∞. We are going to show that u is a fixed point of f . Now, by condition (iv), since
un → u, un+1 → u and un+1 ∈ fun we conclude that u ∈ fu. This complete the proof. □

Example 3.3. Suppose W = R+, G and T are as in Example 1.6. Then (W,G, T ) is a complete Menger PbM -space
with α = 1

2 . Define the mapping f : W → CB(W) by fu = [0, u4 ], c : [0,∞) × [0,∞) → R by c(j, i) = i−j
2 and

ψ : R+ → R+ by ψ(i) = i. Also, let β(u, v, i) = 1 for all u, v ∈ W. To prove that f is a (β − ψ)-E-type simulation, it
suffices to check the following condition:

c(bu,v(i), eu,v(i)) ≥ 0,

for all u ∈ W and v ∈ fu. Note that β(u, v, i)Hfu,fv(i) = 1.Hfu,fv(i). Using the definition of the probabilistic
Hausdorff metric in Definition 1.12, we have

Hfu,fv(i) =
i

i+ |u4 − v
4 |2

=
i

i+ |u− v|2

≥ i

i+ |u− v|2

=Gu,v(i)

≥min[Gu,v(α
k−1ψ(

i

c
)),Gu,fu(α

k−1ψ(
i

c
)),Gv,fv(α

k−1ψ(
i

c
))]

≥min[pGu,fv(α
k−1ψ(

i

c
)), qGv,fu(α

k−1ψ(
i

c
))] + min[Gu,v(α

k−1ψ(
i

c
)),Gu,fu(α

k−1ψ(
i

c
)),Gv,fv(α

k−1ψ(
i

c
))],

where p, q = 0. This means that f is (β − ψ)-E-type simulation. Since f has the compact values it has the w-
approximative valued property and it is closed mapping. On the others hands, by definitions of f and γ, all of the
conditions of Theorem 3.2 (i)-(iv) are satisfied. Therefore, Theorem 3.2 implies that f has a fixed point.

Corollary 3.4. Suppose (W,G, T ) is a complete Menger PbM -space with coefficient α, which satisfies T (a, a) ≥ a
with a ∈ [0, 1]. Also, let f : W → W is a continuous mapping and be satisfying the following conditions:

(i) f is γ-orbital admissible;

(ii) for some u0 ∈ W there exists u1 = f(u0) such that β(u0, u1, i) ≤ 1, for all i > 0;

(iii) f is (β − ψ)-E-type simulation.

Then f has a fixed point.

4 An application to Volterra integral equation

As an application of our results, we consider the following Volterra integral equation:

u(i) =

∫ i

0

K(i, j, u(j))ds+ v(i), (4.1)
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where i ∈ I = [0, 1], K ∈ C(I × I × R,R) and v ∈ C(I,R).
Suppose that C(I,R) is the Banach space of all real continuous functions defined on I with norm ||u||∞ = max

i∈I
|u(i)|

for all u ∈ C(I,R) and C(I × I × C(I,R),R) is the space of all continuous functions defined on I × I × C(I,R).
Alternatively, the Banach space C(I,R) can be endowed with Bielecki norm ||u||B = supi∈I{|u(i)|e−Li} for all u ∈
C(I,R) and L > 0, and induced b-metric d(u, v) = ||u − v||2B for all u, v ∈ C(I,R). Note that d is complete b-metric
with j = 2. Define the mapping G : C(I,R)× C(I,R) → D+ by Gu,v(i) = χ(i− d(u, v)) for u, v ∈ C(I,R) and i > 0,
where

χ(i) =

{
0 if i ≤ 0

1 if i > 0.

Then the space (C(I,R),G, T ) with T (a, b) = min{a, b} is a complete Menger PbM space with coefficient α = 1
2 .

([16]) Also, define f : C(I,R) → C(I,R) by

fu(i) =

∫ i

0

K(i, j, u(j))ds+ v(i), v ∈ C(I,R).

Theorem 4.1. Suppose (C(I,R),G, T ) is the complete PbM -space, G : C(I,R) → CB(C(I,R)) be a multi-valued
operator such that G(u) = {fu(i)} and K ∈ C(I × I × R,R) be an operator. Suppose that the following conditions
hold:

(i) ||K||∞ = supi,j∈I, u∈C(I,R) |K(i, j, u(j))| <∞;

(ii) for all u, v ∈ C(I,R) and all i, j ∈ I, there exists L > 0 such that

||K(i, j, fu(j))−K(i, j, fv(j))|| ≤ Lmax{|u(j)− v(j)|, |u(j)− fu(j)|, |v(j)− fv(j)|}.

Then, the Volterra-type integral equation (4.1) has a solution in C(I,R).

Proof . Suppose d(u, v) = maxi∈I(|u(i) − v(i)|2e−Lt), for u, v ∈ C(I,R), where L satisfies condition (ii). Also, by
definition of G, for all u ∈ Gx and v ∈ Gy we have u = fu and v = fv. Thus, we obtain that

dB(fu, fv) ≤ max
i∈I

∫ i

0

|K(i, j, u(j))−K(i, j, v(j))|eL(j−i)e−Lsds

≤ Lmax{dB(u, v), dB(u, fu), dB(v, fv)}max
i∈I

∫ i

0

eL(j−i)ds

≤ (1− e−aL)max{dB(u, v), dB(u, fu), dB(v, fv)}
≤ max{dB(u, v), dB(u, fu), dB(v, fv)},

for all u, v ∈ C(I,R). Then we have,

Gu,v(i) = Gfu,fv(i) = χ(i− dB(fu, fv))

≥ χ(i−max{dB(u, v), dB(u, fu), dB(v, fv)})
= min{χ(i− dB(u, v)), χ(i− dB(u, fu)), χ(i− dB(v, fv))}
= min{Gu,v(i),Gu,fu(i),Gv,fv(i)}

≥ min{Gu,v(α
k−1ψ(

i

c
)),Gu,fu(α

k−1ψ(
i

c
)),Gv,fv(α

k−1ψ(
i

c
))}

≥ min{Gu,v(α
k−1ψ(

i

c
)),Gu,fu(α

k−1ψ(
i

c
)),Gv,fv(α

k−1ψ(
i

c
))}+min{pGu,fv(α

k−1ψ(
i

c
)), qGv,fu(α

k−1ψ(
i

c
))},

by letting p, q = 0 all conditions of Theorem 3.2 are satisfied Therefore, Theorem 3.2 ensures the existence of a fixed
point of G such that this fixed point is the solution of the integral equation. □

5 Conclusion

In this paper, motivated by [2, 16], we considered some nonlinear contractions for multi-valued mappings and
obtained several fixed point theorems in PbM -spaces. In section 2, by applying the definitions of (α − ψ)-E-type
simulation function in PbM -space, we established some new fixed point theorems. In section 3, by applying the
definitions of (β − ψ)-E-type simulation function in PbM -space, we established some new fixed point theorems.
Finally, we presented an application to the existence of a solution for the Volterra type integral equation.
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[15] O. Hadźić and E. Pap, Fixed point theorems for single-valued and multivalued mappings in probabilistic metric
space, Atti Sem. Mat. Fiz. Modena 51 (2003), no. 2, 377–395.

[16] F. Hasanvand and M. Khanehgir, Some fixed point theorems in Menger PbM -spaces with an application, Fixed
Point Theory Appl. 2015 (2015), 81.

[17] J. Jachymski, On probabilistic ϕ-contractions on Menger spaces, Nonlinear Anal. 73 (2010), 2199–2203.

[18] F. Khojasteh, S. Shukla, and S. Radenovic, A new approach to the study of fixed point theorems via simulation
functions, Filomat 29 (2015), no. 6, 1189–1194

[19] W. Kirk and N. Shahzad, Fixed Point Theory in Distance Spaces, Springer, Switzerland, 2014.

[20] D. Mihet́, Multivalued generalizations of probabilistic contractions, J. Math. Anal. Appl. 304 (2005), 464–472.

[21] K. Menger, Statistical metrics, Proc. Nat. Acad. Sci. USA. 28 (1942), 535–537.

[22] X. Mu, C. Zhu, and Z. Wu, New multipled common fixed point theorems in Menger PM-spaces, Fixed Point
Theory Appl. 2015 (2015), 136.

[23] E.L. Ghasab, H. Majani, M. De la Sen, and G.S. Rad, e-Distance in Menger PGM spaces with an application,
Axioms 10 (2021), no. 1, 3.



Some new results in Menger PbM -spaces 11

[24] E.L. Ghasab, H. Majani, E. Karapinar, and G.S. Rad, New fixed point results in F-quasi-metric spaces and an
application, Adv. Math. Phys. 2020 (2020), Article ID 9452350, 6 pages.

[25] E.L. Ghasab, H. Majani, and G.S. Rad, Fixed points of set-valued F-contraction operators in quasi-ordered metric
spaces with an application to integral equations, J. Siber. Fed. Univ. Math. Phys. 14 (2021), no. 2, 150–158.

[26] P. Long, G. Murugusundaramoorthy, H. Tang, and W. Wang, Subclasses of analytic and bi-univalent functions
involving a generalized Mittag-Leffler function based on quasi-subordination, J. Math. Comput. Sci. 26 (2022),
no. 4, 379–394.

[27] K. Owais, A. Serkan, and S. Mohd, Fractional calculus formulas for Mathieu-type series and generalized Mittag-
Leffler function, J. Math. Comput. Sci. 20 (2020), no. 2, 122–130.

[28] Z. Sadeghi and S.M. Vaezpour, Fixed point theorems for multivalued and single-valued contractive mappings on
Menger PM spaces with applications, J. Fixed Point Theory Appl. 20 (2018), no. 3, 114.

[29] H. Rahimi and G. Soleimani Rad, Fixed Point Theory in Various Spaces, Lambert Academic Publishing (LAP),
Deutschland, Germany, 2013.

[30] A. Rana Safdar, M. Shahid, and A. Muhammad Mumtaz, A class of fractional integral operators with multi-index
Mittag-Leffler k-function and Bessel k-function of first kind, J. Math. Comput. Sci. 22 (2021), no. 3, 266–281.

[31] I.A. Rus, Generalized Contractions and Applications, Cluj University Press, Cluj-Napoca, 2001.

[32] G. Soleimani Rad, S. Shukla, and H. Rahimi, Some relations between n-tuple fixed point and fixed point results,
Rev. Real Acad. Cien. Exactas F́ıs. Natur. Ser. A. Mate. 109 (2015), 471–481.

[33] B. Schweizer and A. Sklar, Probabilistic Metric Spaces, North-Holland Series in Prob. & Appl. Math. (vol. 5),
Amsterdam, 1983.

[34] V.M. Sehgal and A.T. Bharucha-Reid, Fixed point of contraction mappings on PM-spaces, Math. Syst. Theory 6
(1972), 97–102.


	Introduction and preliminaries
	 Results on (- )-E-type simulation for multi-valued mappings in PbM-space
	 Results on (- )-E-type simulation for multi-valued mappings in PbM-space
	An application to Volterra integral equation
	Conclusion

