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Abstract

In this paper, we focus on the fractional transportation problem where the cost coefficient of the objective functions,
and the source and destination parameters have been expressed as interval values. The variable transformation solves
the linear fractional transportation problem with interval coefficients in the objective function. In this method, instead
of intervals in the function, using a convex combination of the left limit and right limit of the interval, linear fractional
transportation problems with Interval Coefficients are reduced to a nonlinear programming problem. Finally, the
nonlinear problem is transformed into a linear programming problem with two more constraints and one more variable
compared to the initial problem. The constraints with interval source and destination parameters have been converted
into deterministic ones. Numerical examples are presented to clarify the idea of the proposed approach for three
possible cases of the original problem.
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1 Introduction

Fractional programming gains significant stature since many of the real-world problems are represented as fractional
functions. These problems are often encountered in situations such as return on investment, current ratio, and actual
capital to required capital. A linear fractional programming problem is one whose objective function is very useful
in production planning, and financial and corporate planning. Fractional programming (FP) is a special case of
nonlinear programming, which is generally used for modelling real-life problems with one or more objective(s) such as
profit/cost, actual cost/standard, output/employee, etc, and it is applied to different disciplines such as engineering,
business, finance, economics, etc. Linear fractional programming is a special class of fractional programming that
can be transformed into a linear programming problem by the method of Charnes and Cooper [5]. Tantawy [15],
proposed a new method for solving linear fractional programming problems. Wu [I6], introduces four kinds of interval-
valued optimization problems are formulated. In this paper, the linear fractional programming problem with interval
coefficients in the objective function is considered. For solving the problem, a method based on variable transformation

*Corresponding author
Email addresses: abouzarsheikhi@gmail.com (Abouzar Sheikhi), second.authorQemail.address (Seyed Mehdi Karbassi),
third.author@email.address (Narges Bidabadi)

Received: October 2023  Accepted: December 2023


http://dx.doi.org/10.22075/ijnaa.2023.32129.4773

12 Sheikhi, Karbassi, Bidabadi

and a convex combination of intervals is used by Charnes and Cooper [5]. The reader is referred to Miettinen [§] about
the theory and algorithms for MOPs. Fractional programming problems (FPPs) arise from many applied areas such as
portfolio selection, stock cutting, game theory, and numerous decision problems. Stancu-Minasian [I3], gives a survey
on fractional programming which covers applications as well as major theoretical and algorithmic developments.
Sheikhi et al. [I2], have introduced a novel algorithm for solving bi-objective fractional transportation problems with
fuzzy numbers. M. Borza et al. [3] Proposed a new approach for solving linear fractional programming problems
with Interval coefficients in the objective function. Chanas and Kuchta [4] defined the transportation problem with a
fuzzy cost coefficient and developed an algorithm for the solution. Steuer [14] and Shaocheng [9] have proposed linear
programming models with interval objective functions. Ishibuchi and Tanaka [7] developed a concept for optimization
of multiobjective programming problems with interval objective functions. Alefeld and Herzberger [I] introduction to
Interval computations. The reader is referred to the recent book by Bajalinov [2] about linear-fractional programming,
theory, methods, applications and software, which has examined the concepts of strategy and performance evaluation
separately, see [10] and [I1], for more details.

In this paper, we propose a new method for solving linear fractional transportation problems with Interval Co-
efficients in the Objective Function and the source and destination parameters. In the proposed method, by using
a convex combination of the left limit and the right limit of intervals instead of intervals and also using variable
transformation, the linear fractional transportation problem is transformed into a nonlinear programming problem
which finally is changed into a linear programming problem which has two more constraints and one more variable
compare to the initial problem. To illustrate the proposed solution method, numerical examples are provided.

2 Formulation of the problem

The general extended form of a linear fractional transportation problem with interval coefficients in the objective
function is as follows:

P(z) > st Z?:l [pzljvpzzj] ij + [po, PY)]

(LFTP1) Max Qx) = = =m <
D(z)  >2, Zj:l[dllja d?j] Tij + [dé, d(Q)]

n
Subject to inj = lar,,aR,] fori=1,2,...,m (2.1)

j=1
injz[bLj,ij] fOI‘jZl,Q,...,TL (22)

i=1
2i;20,i=1,2,--- ,m; j=1,2,...,n. (2.3)

Here and in what follows we suppose that D(z) > 0, for all x = (z;;) € S, where S denotes a feasible set defined
by constraints (2.1)) to (2.3). Further, we assume that a; >0, b; >0,i=1,2,...,m, j =1,2,...,n and total demand
equals to total supply, i.e.

m

m n n
E ag, = E br;, E ar, = E br;,
i=1 =1 i=1 =1

where [pgj,p?j] and [d}j,dfj], fori =1,2,...,m; 7 = 1,2,...,n are interval representing the uncertain cost for the
transportation problem; it can represent delivery time, quantity of goods delivered, under used capacity, etc. The
source parameter lies between left limit az, and right limit ag,. Similarly, destination parameter lies between left

limit by, and right limit bg, .

3 Formulation of crisp constraint
Consider the following fractional transportation problem:

P(:E) - Z:il Z;’L:l[pzlj’p?j] Tij + [p(lJ?pg}

FTP) M = ym n
( ) Max Q(x) D(z) Y, ijl[d}j, dfj] zij + [dg, dg)]
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n

Subject to inj z>ap, fori=1,2,....m (3.1)
j=1
n
> wy<ag, fori=1,2,...,m (3.2)
j=1
> @iy =by, forj=1,2,...,n (3.3)
i=1
ZmiijRj for j=1,2,...,n (3.4)
i=1

z; >0, i=12,....m; j=12,...,n (3.5)
where ar,, ag,, br;, and bg; are, as in Section

Theorem 3.1. Problem IFTP1 with crisp objective functions and (FTP) are equivalent [6].

4 Proposed method for the solution of the problem

For solving problem IFTP1, we introduce variable

1 1 (4.1)
z= :
D(x) — Yy Yy ldy, d2] iy + [d), d3)
and then we have
(LFTP2) Max ZZLp”,p” ij 2 + [pg, pg) =
i=1 j=1

Subject to ZZ dzlj,dfj xij 2+ [dS,d3) 2 =1 (4.2)
i=1 j=1
Zﬂfijz_aLiZZO fori=1,2,...,m (4.3)
j=1
injz_aRiZSO fori=1,2,...,m (44)
j=1
m
Zl‘ijz_bLjZZO forj:l,Q,...,’l’L (45)
=1
» @iy z—bg, 2<0 forj=1,2,....n (4.6)
i=1
xL]ZOaZ:172a7m7j:17275n7220 (47)

By introducing variables y;; = x5z, for i =1,2,...,m, j =1,2,...,n the problem IFTP2 is transformed into The
following equivalent problem:

m n

(LFTP3) Max Q) =Y [p}. 03] vis + [p. B3] 2
i=1j=1
Subject to Z Z dllwdfj yij + [db,dg] z =1 (4.8)
i=1 j=1
Zyij—aLizzO fori=1,2,....,m (4.9)

j=1



14 Sheikhi, Karbassi, Bidabadi

n

Zyij—aRiZSO fori=1,2,...,m (4.10)
j=1
Zyij_bLj ZZO forj:l,?,...,n (411)
i=1
Sy —br, <0 forj=1,2,...,n (4.12)
i=1
yijZOai:1727"'7m;j:1327~'-an (413)
The linear combination of each interval yields to the following problem:
(LFTP4) Max Q(z) = > (1= Xij) plj + Aij p] yig + (1= o) 95 + Ao pj] =
i=1 j=1
Subject to ZZ[(l — ,Blj)dzlj + Bijd?j] Yij + [(1 — ﬁo)d(l) + Bodg] z=1 (414)
i=1 j=1
Zyij—aLiZZO fori=1,2,...,m (4.15)
j=1
Zyij—aRiZSO fori=1,2,...,m (4.16)
j=1
m
Zyij_bLj 220 fOI'jzl,Q,...,TL (417)
i=1
D i —br, 2<0 forj=1,2,...,n (4.18)
i=1

vi; 20, i=1,2,...,m; j=1,2,...,n (
0<N\;<1,i=12...,m; j=12,...,n (4.20
0<B;<1,i=12,....m; j=1,2,...,n (
220,05 A <1, 0S5 <1 (

The equality constraint in problem IFTP4 can be further reduced to

Z Z Bij [d?j — d}j]yij + Bo[d% - d(l)]z + Z Z d%jyij + d(l)z =1 (4.23)
i=1 j=1 i=1 j=1
since
2>0,0< B <1, dj—dp >0, y;; >0, 0< B <1, diy—dl; >0, i =12, ,m; j=1,2,--- ,n
therefore o
DN iy +dyz<1 (4.24)
i=1 j=1
and o
SN d i +dg 2> 1 (4.25)
i=1 j=1

Therefore on using (4.24) and (4.25)), the problem(LFTP4) is transformed into the following equivalent problem:
(LFTP5) Max Q(z) = »

=17

[1— Xijpi; + Aijpi] wij + 1 — Aopg + Aopg] 2
1
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Subject to

In addition, if we let(7;;,%), for i =1,2,...
—p}j >0,fori=1,2,...

with 0 < 8;; < 1, p;
problem (LFTP5) can be written as:

n
Z )‘U pzy

1J

NE

.
Il

n

ﬁ%g

1

.
Il

1y

-
M= T

1

.
I

1y

Z pz] pzy Yij + [pO

m n

szilj yij +dp 2 <1
i=1 j=1

m n

DD iy +dg 221
i=1 j=1

n
> -
i=1

n
Zyij — AR
i=1

ar, # >0 fori=1,2,...,m

,2<0 fori=1,2,...,m
m
Zyij—bszZO forj=1,2,....,n
i=1
m
Zyij—ijZSO forj=1,2,....n
i=1

Yi; =0, i=12,--- . m; j=1,2,...,n
0<N; <1, i=1,2,...,
0<8;<1,+=12,....m; j=12,...,n
220,0<XA <1, 055 < 1.

m; j=12,...,n

15

(4.26)

(4.27)

(4.28)

,m; j=1,2,...,n be a point of feasible region of problem (LFTP5),
ym; j=1,2,...,n, 0< By <1, p2 —p} >0, the objective function in
i) Yij + Ao [p§ — po) Z+ZZZ’” Yij + Py 2
=1 j5=1
m n
—pl 2+ D) Pl vis b 2
i=1j=1

Py vij + g 2

The righthand side of the above equality can be considered as an upper bound for the objective function of the
problem (LETP5). Therefore, the problem (LFTP5) can be equivalently written as:

(LFTP6) Max

Subject to

.MS
M:

pz] ylj +p0
i=1 j=1
m n
DD diyi+dyz<1
i=1 j=1
m n
DY dy+diz>1
i=1 j=1
n
Zyij_a‘Li z>0 fori=1,2,....m
j=1

Zyij_a‘Ri ZSO fori:l,Q,...,m
Jj=1
m
Zyij_b[/j 220 forj:1,27...,n

=1

(4.36)

(4.37)

(4.38)

(4.39)

(4.40)
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m
> i —br, 2<0 forj=1,2,...,n (4.41)
=1
Yij 20, 1=1,2,....m; j=1,2,....n (4.42)
z 2 0. (4.43)

The optimal solution(y;;, 2*), for i = 1,2,...,m; j = 1,2,...,n of the linear programming problem (LFTP6) is

Yij

same as the optimal solution of the problem (LFTP1) which can be easily obtained by z;; = “ yfori=1,2,...,m; j =
z

1,2,...,n.

5 Cases of MITP

Three major cases that may arise in a interval fractional transportation problem can be described as:

o The coefficients p;; and d;; are in the form of interval, whereas source and destination parameters are determin-
istic.

e The source and destination parameters, i.e., a; and b;, are in the form of intervals but the objective functions
coefficients p;; and d;; are deterministic.

o All parameters, i.e., objective functions’ coefficients, the source (a;) and destination (b;) parameters are in the
form of interval.
5.1 Case-1

When the objective functions coefficients p;; and d;; are in the form interval, i.e., p;; = [pgj,pfj] and p;; = [p}j,p?j]
and the constraints are deterministic, i.e., the parameters a; and b; are deterministic, the multiobjective transportation
problem is as follows:

P(z) Yy Z?:ﬂpzljvpgj] x5+ [pos P5)]

(LFTP1) Max Qz) = = ==
D(x) 350 0 ldy, d3) @iy + [dg, df]
Subject to inj =a; fori=1,2,...,m (5.1)
j=1
» @y =b; forj=1,2,...,n (5.2)
i=1
2 >0,i=12 ... m j=12...n (5.3)

the problem (LFTP1) can be equivalently written as:

(LFTP — 1) Max SN 0d vis b 2

i=1 j=1

Subject to sz}j yij +dp 2 < 1 (5.4)
i=1 j=1
SIS g+ ddz>1 (5.5)
i=1 j=1
Zyij—aizzo fori=1,2,...,m (5.6)
j=1
> yij—bjz=0 forj=1,2,...,n (5.7)
i=1
¥i; >0,1=12,...,m; j=1,2,...,n (5.8)

2> 0. (5.9)
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The optimal solution (y;;, 2*), for i = 1,2,...,m; j =1,2,...,n of the linear programming problem (LFTP —1I)

is same as the optimal solution of the problem (LFTP1).

Example 5.1. Let us consider following linear fractional transportation problem with interval coeflicients in the

objective function

3 4 1,2 1,2

P — _11Pii>Pii) Tij + ,
(LFTP1) Max O(x) = D@C) _ Z;fl ngl[p 4 b QJ] J [pf pg]
(z) iz Zj:l[dij7 dij] x5 + [dg, dg)

4
Subject to Zmij:ai fori=1,2,...,m
j=1

3
inj:bj forj:1,2,...,n

=1
ry; >0,1=1,2,3; j=1,2,3,4.

where 1,5 (46 [58 [47] 1,5 2.6 [1,8] [3.4]
P=|03 ®12 (L5 Be| D=|Be 7.9 510 (59|,
6.9 (110 (25 (.8 6.8 23 B9 (03]

(al,ag,ag) = (9,20, 17), (b1,b2,b3,b4) = (7,9, 14, 16).

The above problem is transformed into the problem (LFTP6). Therefore we have:

Max 5y11 + 6y12 + 8y13 + Ty14 + 3y21 + 12y22 + Sya3 + 6y24 + Yy31 + 10y32 + 5y33 + 8y34
Subject to vi1 + 2y12 + y13 + 3y14 + dy21 + Tyo2 + Sy23 + Sy24 + 6y31 + 2y32 + Sy33 < 1

5911 + 6y12 + 8y13 + 4y14 + 6y21 + 9290 + 10y23 + yos + S8ys1 + 3ys2 + Oys3 + 3ysa > 1

Y11+ Y12 +y13 +y14 — 92 =0

Y21 + Y22 + Y23 + Y24 — 202 =0

Y31t Ys2 +ysz+ysa — 172 =0

Y11 + Y21 + Y31 — 72 =0

Y12+ Yoz +yz2 —92 =10
Y13+ Y23 +yzz3 — 142 =10

Y14 + Yoa + Y34 — 162 =0

yi; 20, =123 j=12,34

The optimum solution of the above problem is

(5.10)

(5.11)

(5.12)

y13 = 0.06336, yo1 = 0.0493, yao = 0.05632, yo3 = 0.0352, ys2 = 0.00704, ys4 = 0.11264, =z = 0.00704

optimum solution of the linear fractional transportation problem with interval coefficients is

13 =9, To1 =1, Too = 8, T23 = 9, r32 =1, 234 = 16.

5.2 Case-I1

When the objective functions coeflicients p;; and d;; are deterministic, and the constraints are in the form interval,

ie., [a%,a%] and [bi, bﬁ], the fractional transportation problem is as follows:

P ™S g +
(LFTP1) Max Q) = P& _ Zmlzi 1 Pij Tij + Po
D(z) % Zj:l dij wi; +do

n
Subject to inj =lar,,aR,] fori=1,2,....,m
j=1

Zwij = [br,,bR,] for j=1,2,....n
i=1

;2 0,1=12,....m; j=1,2,...,n.

(5.13)

(5.14)

(5.15)
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Here and in what follows we suppose that D(z) > 0, for all z = (x;;) € S, where S denotes a feasible set defined by

constraints (5.13) to (5.15). Further, we assume that a; >0, b; >0,i=1,2,...,

equals to total supply, i.e.

m n m n
E ar, = E br;, E aRr; = E br;
i=1 j=1 i=1 j=1

the problem (LFTP1) can be equivalently written as:

(LFTP3) Max

m n

m n
T) = ZZPU Yij +Po 2

i=1 j=1

Subject to Z Zd” Yij + do z=1

i=1 j=1

n

Zyij*a[‘i z>0 fori=1,2,...
n
j=1

m

Zyij = by,
i=1

m

Zyij — b,
i=1

yijZO,z':12

z>0.

The optimal solution (y;;, 2*), for i = 1,2,...,m; j =1,2,...,

is same as the optimal solution of the problem (LFTP1).

z<0 fori=1,2,...

z>0 forj=1,2,...

2<0 forj=1,2,...

m,j=1,2,...,

,m; 5 =1,2,.

n and total demand

(5.16)

(5.17)

n of the linear programming problem (LFTP —TI)

Example 5.2. Let us consider following linear fractional transportation problem with interval coefficients in the

objective function

(LFTP1) Max Qz) =

P(z)

YLy

1 Dij Tij + Do

D(z)

3 4
D e 1Zj 1 dij xz’j+d0

Subject to leJ = [18,20]

ngj = [21,24]

Zasil = [17,18], Zm = [19,21],
i=1 =1

3 3
> wig =[14,16], Y wis = [16,19]
i=1 1=1

Lij ZO; Z:1a2a37 j:1527374

where
16
P= 113
19
15
D= |16

18

15
12
10

16
19
13

19
15
15

18
10
19

17
16
18

14
19
13

ngj = [27,30]

(5.23)

(5.24)

(5.25)

(5.26)
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The above problem is transformed into the problem (LFTP6). Therefore we have:

Max 16y11 + 15y12 + 19913 + 17y14 + 13y91 + 12y20 + 15993 + 16304 + 19y31 + 10y32 + 15y33 + 18ys34
Subject to 15y11 + 16y12 + 18y13 + 14y14 + 16921 + 1920 + 10y93 4+ 19%24 + 18ys1 + 13ys30 + 19ys5 + 13ys4 = 1
Y11 F Y12 + Y13 +y1a — 182 >0
Y11 + Y12 +y13 +y14 — 202 <0
Y21 + Y22 + Y23 +Y2ua — 212 >0
Yo1 + Yoo + Y23 + Y24 — 242 <0
Y31+ Y32 + Y33 +ysa —272 >0
Y31 + Y32 + Y33 +ys4a — 302 <0
Y11 + Y21 +y31 — 172 >0
Y11 +y21 +y31 — 182 <0
Y12 + Y22 + Y32 — 192 >0
Y12 + Y22 +ys2 — 212 <0
Y13 + Y23 + Y3z — 142 >0
Y13 + Y23 + Y33 — 162 <0
Y14 + Y24 + Y34 — 162 >0
Y14 + Y24 +y34 — 192 <0
yi; >0,  i=1,2,3; j=1,234

The optimum solution of the above problem is
y11 = 0.0010, y12 = 0.0189, yo; = 0.0050, yo4 = 0.0159, w33 =0.0110, w34 = 0.0189, =z =0.0010
optimum solution of the linear fractional transportation problem with interval coefficients is

Tr11 = 1, T2 = 19, o1 — 5, T2y = 167 T3]l = 11, T34 = 19.

5.3 Case-II1

When the objective functions coefficients p;;, dij, a; and b; are in the form interval, the multiobjective transporta-
tion problem is as follows:

P(z) ity Z?:ﬂp}jap?j] zij + [pb, p3]

(LFTP1) Max Qz) = = =
D(x) Zi:l Zj:l[dzlj’ dzzj] Zij + [d(lJ’ d(2)]
n
Subject to inj =lar,,aR,] fori=1,2,...,m (5.27)
j=1
m
inj :[bLj,ij] forj:l,Q,...,n (528)
i=1
vy >0, i=1,2,...,m; j=1,2,...,n. (5.29)

Here and in what follows we suppose that D(z) > 0, for all z = (x;;) € S, where S denotes a feasible set defined by
constraints (5.27) to (5.29). Further, we assume that a; >0, b; >0,i=1,2,...,m, j =1,2,...,n and total demand

equals to total supply, i.e.
m n m n
D=2 buy ) am =) br
i=1 j=1 i=1 j=1
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the problem (LFTP1) can be equivalently written as:

(LFTP6) Max

Subject to

The optimal solution (y;‘j,

z*), fori =1,2,...,

m n

SN vk v gz

i=1 j=1

m n

i=1 j=1

m n

sz?j yij+d(2)221

i=1 j=1

n

Zyij—aLiZZO fori=1,2,...,m
j=1

n

Zyij—aRizgo fori=1,2,...,m
j=1

m

Zyij—bLj z>0 forj=1,2,...,n
i=1

m

Zyij—ijzgo for j =1,2,...,n
i=1

yl]ZOa i:172a"'7
z > 0.

m; j=1,2,...

is same as the optimal solution of the problem (LFTP1).

m; j=12,....n

Sheikhi, Karbassi, Bidabadi

,n of the linear programming problem (LFTP —1I)

Example 5.3. Let us consider following linear fractional transportation problem with interval coefficients in the

objective function

3 4 1 .2 1,2
(LFTP1)  Max Qla) = 2 _ Zé =T 112y Py) 23y + 1,
D(if) Zz 12] 1[ 150 7,.]} .13” + [dé’dZ]
4
Subject to Zmu =[9,11], Z@] = [20,23], ngj (17, 20] (5.38)
3
Zﬂfil =[7,8], 2%2 =[9,11], (5.39)
i=1 =1
3 3
> @iz =[14,16], Y @iy = [16,19] (5.40)
i=1 i=1
25 >0, 1=1,2,3; j=1,2,3,4, (5.41)

where
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The above problem is transformed into the problem (LFTP6). Therefore we have:

Max 5y11 + 6y12 + 8y13 + Ty14 + 3y21 + 12922 + Sy23 + 6y24 + Yy31 + 10y32 + 5y33 + 8Ys4
Subject to Y11 + 2y12 + Y13 + 3y14 + 5Yo21 + Ty22 + 8Yas + Sy24 + 6ys1 + 2y32 + Syszz < 1
5y11 + 6y12 + 8y13 + 4y14 + 6y21 + Y22 + 10y23 + Y24 + 8y31 + 3ys2 + Y33 + 3yza > 1
Y11 +yi2 +yi3s +yia — 9220
Y11 + Y12 + Y13 +y14 — 112 <0
Yo1 + Yoo + Y23 + Y24 — 202 >0
Y21 + Y22 + Y23 +y2u — 232 <0
Y31+ Y32 + Y33 +ysa— 172 >0
Y31 + Y32 + y33 +y34 — 202 <0
Y11 + Y21 +ys1 — 7220
Y11 + Y21 +y31 — 82 <0
Y12+ Y22 +ys2 —92 20
Y12 + Yoz +y32 — 112 <0
Y13 + Y23 + Y33 — 142 > 0
Y13 + Y23 + y33 — 162 <0
Y14 + Y24 + Y34 — 162 >0
Y14+ Yoa + Y34 — 192 <0
yi; >0, i=1,2,3 j=1,234.

The optimum solution of the above problem is
y13 = 0.0786, w91 = 0.0502, w9 = 0.0714, yo3 = 0.0214, y34 = 0.1429, 2z = 2.8857
optimum solution of the linear fractional transportation problem with interval coefficients is

13 =11, ®a1 =7, w22=10, w23=3, x32=1, x34=19.

6 Conclusion

The present paper proposes a solution procedure to solve a linear fractional transportation problem, where the
coefficient of the objective functions and the source and destination parameters have been considered as intervals. In
the proposed method, by using a convex combination of the left limit and the right limit of intervals instead of intervals
and also using variable transformation, the linear fractional transportation problem is transformed into a nonlinear
programming problem, which finally is changed into a linear programming problem, which has two more constraints
and one more variable compared to the initial problem. The method is such that each of the points at intervals
is examined to obtain the optimal solution to the problem. The constraints with interval source and destination
parameters have been converted into deterministic ones. Lastly, the solution procedure has been illustrated by one
example for each case in three different situations in the interval fractional transportation problem.
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