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Abstract

In this paper, we consider the existence and uniqueness of a solution for interval-valued differential functions with a
causal operator.
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1 Introduction

In recent years, interval algorithms have played an important role in the study of functional differential equations
and their applications, for example, in biology, physics, engineering problems, and computer-aided design. The
uncertain parameters are considered as intervals, where the upper and lower bounds of the parameters are estimated
from the historical data. The interval valued functions are a particular case of set valued functions and are the
functions involved in the interval parameters. Many scientists in many areas have studied the interval valued analysis
and interval valued differential equations [2] [5 [6] and [9]. This paper is focused on the study of differential equations
involving a causal operator and proving the existence and uniqueness of a solution for the problem with respect
to initial values. In [I], using the Hukuhara derivative, the authors studied the existence, uniqueness and continuity
of solutions of the following problem:

Dpuft) =(Qf)®), f(to) = fo€ Kc(R"),to = 0. (1.1)

In Section 2, we introduce some definitions and some preliminary results about interval values that will be used
later. In Section 3, we prove the existence and uniqueness of a solution for the problem (3.2]).

2 Preliminaries

Let K¢ be the family of all non-empty compact convex subsets of R, that is, Ko = {[a™,a™] |a",aT € R,a™ < a*}.
If A= [a",a"], B =[b",b"] are in K¢, then the usual interval operations, i.e. Minkowski addition and scalar
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multiplication, are defined by

A+ B= [a_,a+] + [b_,b+] = [a_ +b7,at + b+] (2.1)
and
Aa=,Aat] A >0,
AA =< [0,0], A=0, (2.2)
AaT,Aa”] A <O0.
So in special case if A = —1, scalar multiplication gives the opposite —A := (—=1)A = (=1) [a™,aT] = [-a™, —a"].

In general, A+ (—A) # {0}; that is, the opposite of A is not the inverse of A with respect to the Minkowski addition
(unless A = {a} is a singleton). Minkowski difference is

A-B=A+(-1)B=[a" —b",a" —b"]. (2.3)
The generalized Hukuhara difference (or gH —difference) of two intervals [a™,a™], [b7,b"] in K¢ is defined as
follows:
[aﬂaﬂ OgH [bf,bJr] = [min{a* —b ,a" — b+} ,max {a* —b ,a" — b*}] .
1
The width of interval A is defined and denote by W4 = a™ —a~ and ry = 3 (a™ —a~) which is the radius of
1
interval of A. We denote the midpoint of A by Ac = 3 (a* +a™). Then interval can be represented by A = [a™,a™] =

[Ac —ra, Ac + 4], which simply we denote by (Ac;7ra). For A= [a",a™] and B = [b—,b"], we have

[a7 - bivajL - bJr]a Zf WA > WB>

A B=
Cott {[a+ —bTa” —b7], if Wa < Wp.

If A, B,C € K¢ then it is easy to see that

A=B+C, if Wa>Wg,

A B=C<«
Ot {B:A+(—(J), if Wa < Wp.

Proposition 2.1. [§] Let A =[a",a"] = (Ac,74) and B = [b~,b"] = (B¢c, 7). The following hold:

(1) A+ B=[min{a™ + Be,b™ + Ac},max{a™ + B, b + Ac}].
(2) A.B = [min{a~.Bc,b”.Ac},max {aT.Bc,bT.Ac}].
Definition 2.2. [2] Let A = [a~,a™] be any arbitrary element of K .Then, the norm of the set A is denoted by || A]|

and is defined by
|A]l := max{|a”,]a™[}.

The metric structure is given usually by the Hausdorfl-Pompeiu distance by D : Ko x Ko — [0,00) which is

defined by D(A4, B) := max{la~ — b~ |,|a™ — b"}, where A = [a~,a™] and B = [b—,b"]. Obviously, the metric D
induces a norm ||| by ||A|| = D(A,{0}) and it is direct to see that D(A, B) = ||A Syu B]|.

Proposition 2.3. [2] Let A, B,C, E € K¢. The Hausdorfl-Pompeiu distance has the following properties

(1) D(A+C,B+C)=D(A,B).
(2) D(A+B,C+E)<D(AC)+ D(B,E).
(3) D(aA,aB) = |a|D(A,B); a € R.

It is well known that (K¢, D) is a complete metric space.
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Definition 2.4. [5] f : [a,b] = K¢. The function f is said to be continuous at z¢ € [a, b] if for all € > 0, there exists
d > 0 such that D(f(x), f(x0)) < € for x € [a,b] with |z — z¢| < §. Moreover, f is said to be continuous on [a,b] if f
is continuous at each point in [a, b].

Proposition 2.5. [8] Let f : [a,b] — K¢ be such that f(z) = [f~ (z), f*(z)] and let ¢ € (a,b), then

lim f(z) = | lim f(z), lim f*(x)

T—To T—To T—T0

and

lim f(z) = f(zo) & lim (f(x) Sgu f(20)) = {0},

T—rT0 T—rT0

where the limits are in the metric D for intervals.
Definition 2.6. [7] Let z € (a,b). The gH —derivative of a function f : [a,b] = K¢ at ¢ is defined as

Dy f(ao)) = lim. = [(zo + 1) Sy fxo)],

or

Dy f(ao)) = lim. = [f(z0) Sgn flzo — B)].

Lemma 2.7. [7] Let f : [a,b] — K¢ be an interval-valued function such that f(z) = [f~(z),fT(z)]. If f is
gH —differentiable at zo € (a,b), then f is continuous at zg and f~ and f* are differentiable at zo and

Dy f(x0)) = [min { Dy f~ (x0), D f*(20) } ,max { Dy f~ (z0), Du f* (x0)}] -

Definition 2.8. [6] Given f : R" — K¢ as an interval-valued function defined by f(x) = [f~ (z), fT(2)], V z € R"™,
it is said to be an interval-valued linear function if it satisfied the following properties:

(1) flx4+y) = f(z)+ f(y), for all z,y € R™.
(2) flax) =a.f(x), for all z € R™ and o € R.

Proposition 2.9. [7] Under the assumptions of Lemma the gH —derivative is a homogeneous and sub-additive
operator, i.e., for gH —differentiable functions f, g : [a,b] — K¢ with differentiable f~, g=, f* and g*

(1) Du(f+9) € Duf+ Dng.
(2) Du(af)=aDgf, for a € R.

Definition 2.10. [2] The integral of f : [a,b] — K¢, where f(z) = [f~ (), fT(z)], is defined by

/abf(t)dt = Vabf—(t)da/ab fﬂt)dt] _

Proposition 2.11. [I] If f, g : [ag,b] = Kc(R"), ag < a1 < az < b, are integrable, then we have:
(1) 2 ft)ydt = [7F f(t)dt + [ f(t)dt.
b b
(2) [, Af)dt =X [, f(t)dt X € Ry.

(3) D[f(.),9(.)] : [ao,b] — R is integrable and

D [ / flsyis. [ g(s)ds] </ D[f(s), g(s)) ds. (2.4)
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Lemma 2.12. Let f,g: [a,b] — K¢ be interval-valued functions, where f(z) = [f~ (z), fT(z)] and g(z) = [¢ (z), g" (x)].
Then
b b b
[+ o= [ e+ [ g

Proof . By Deﬁnition and (2.1)) it is direct, infact
flx) +g(z) = [f () + 9 (2), fF(2) + g7 (2)].

So

/ab(f( [ b (x))dta/b(er(x)+g+($))dt]
[abf dt/ FH(z)dt / (z)dt,/abgﬂz)dt]

b
f )dt+/ g(z)dt.

3 Main results
Definition 3.1. [I] Suppose that Q € C[FE, E], then @ is said to be a causal map or a nonanticipative map if
f(s)=g(s), to < s <t < T, where U W € E, then (Qf)(s) = (Qg)(s), to < s <t.

We study the following problem:

D f(t) =U)(QN)(E) +h(t), f(to) = fo€ Kc(R™),to > 0. (3.1)

where h € C'[R,, Ko (R™)] and there exists o € R such that 0 < [(t) < . The mapping f(t) € C! [J, Kc(R")], where
J = [to, to + a] is called a solution for (3.1)) on J if it satisfies in (3.1)) on J.

Corollary 3.2. [Il [5] The interval valued differential equation (3.1)) is equivalent to the following integral equations:

t

f@&)=fo+ | Duf(s)ds, teJ. (3.2)
to
So by Lemma and ,
t t
f&)y=ro +/ 1(s)(Qf)(s)ds +/ h(s)ds, teJ. (3.3)
t() t()

Let E = C'[[to, T], Kc(R™)] with norm

Dolf,0)= sup DIf(t),6]. (3.4)

to<t<T
Theorem 3.3. [I] Assume that m € C[J,R.], F € C[J x Ry, Ry] and for ¢t € J = [to, T,
D_m(t) < F(t,|mlo(t)), (3-5)

where [m|o(t) = sup;,<s<¢ |m(s)|. Suppose that r(t) = r(t,t9,wo) is the maximal solution of the scalar differential

equation
w' = F(t,w), w(ty) =wp >0, (3.6)

existing on J. Then m(ty) < wg implies m(t) < r(t),t € J.
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Theorem 3.4. [I] Let Q € C [E, E] be a causal map such that for ¢ € J,

DIQF)(®), (Qg)(t)] < F(t, Do [f, 9] (1)), (3.7)

where F € C'[J x Ry,R;]. Suppose further that the maximal solution r(t,tg, wp) of the differential equation (3.6
exists on J. Then if f(t), g(t) are any two solutions of (3.6) through f(to) = fo, 9(to) = 90, fo,90 € Kc(R™) on J,
respectively, then

D[(f)®), (9)®)] < r(t,to, wo), t€J, (3.8)

Provided that D [fo, go] < w,.
Theorem 3.5. Assume that

(1) Q € C[B, E] is a causal map, where B = B(fy,b) ={f € E: Dy |f, fo] < b} and Do [(Qf), 0] (t) < My, on B,

(2) FeCl[J x[0,2b],Ry], F(t,w) < Ms on J x [0,2b], F(t,0) =0, F(t,w) is nondecreasing in w for each ¢t € J and
w(t) = 0 is the only solution of
w =F(t,w), w(tg) =0 on J, (3.9)

(3) D[(Q)(®), (Qg)(®)] < F(t, Do [f, 9] (t)) on B,
(4) Do [, 0](t) < g5 p+ My <b.

Then, the successive approximations defined by

fn+l(t):f0+/ l(S)(an)(S)dS+/ h(s)dsv n:07132a"'a (310)

to tO

converge uniformly to the unique solution f(t) of

b
exist on Jy = [to, o + 1], where n = min [T — to, ik M = max(a(u + My), Ms) such that 0 < [(t) < @, @ < 1 and
5 )

Proof . For t € Jy, by using Proposition and ,
t t
Dlfunr(0 il =D 1o+ [ 1@+ [ 1is)as. 1]
to to

<D { / 1(5)(@Fn)(s)ds + / h(s)ds, e}

< | DU@F)0ds+ | Dlns).o]ds

D{(Qfn)(s),0]ds + [ Dl[h(s),0]ds

to to

<a /t Do [(Qf), 0] (s)ds + /t Do [h, 0] (s)ds

< oMy 4 p)(t —to)
< M(t —to)
< ba

which shows the successive approximations are well defined on Jy. Next, we define successive approximations for the

problem (3.9) as follows:
wo(t) = M(t —to),

W41 (t) = /t F(s,wn(s))ds, te€Jy, n=0,1,2,....
Then .
wi(t) = / Fs,wo(s))ds < Ma(t — to) < M(t — to) = wo(t).

to
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Assume, for some k > 1, t € Jy, that
wk(t) S wk_l(t).

Then, using the monotonicity of F, we get
t t
Wi (f) = / F(s, w(s))ds < / F(s, we1(s))ds < wi(t).
to t()

Hence, the sequence {wg(t)} is monotone decreasing.
Since wy,(t) = F(t, wi—1(t)) < Mo, t € Jy, by Ascoli-Arzela theorem and the monotonicity of the sequence {wg(t)},
we have
lim wy,(t) = w(t),

n—0o0

uniformly on Jy for a suitable function w(t). Since w(t) satisfies (3.9)), so from condition (b), w(t) = 0 on Jy. Observing
that for each t € Jy, Jg < s <,

DIfi(s), fo] = D {f0+ /t " 10)(Qfo)(0)do + /t ) h(g)dg,fo]

D [ [ to@meo+ [ ey d

< [ DU)(@f)(0).01do + sDwg),e]dg

gtO/D Qo) dg+/D

<a [ Dol(Qf). 6] (o)do+ / Do [h, 6] (0)do

(M + p)(s —to)
My + ) (t — to)
M(t — to) = wo(t),

IN A CIA

which implies that Dy [f1, fo] (t) < wo(t). We assume, for some k > 1,
Dy [fk, fk—l] (t) < wk_l(t) t e Jo. (311)

By condition (¢) and , for any t € Jy, Jo < s < t,
D [frai(s / D I(0)(Qf)(0), o) (@QFs—1)(0)] de
<a / (Qf)(0). Qfi—1)(0)] do

| F(0, Do [fx, fr—1] (0))do

to

< /: F(o,wi—1(0))do

F(o,wx—1(0))do

to
= wg(t),

which further gives
Do [frt1, fr] (t) S wi(t) t € Jo. (3.12)

Thus, we have
Do [fr+1, fa] () < wn(t), (3.13)
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for t € Jy and for all n = 0,1,2,.... We claim that {f,(¢)} is a Cauchy sequence. To show this, let n < m. Setting

U(t) =D [fn(t), fm (t)] and using , we have

Dt u(t ) D [Dg fu(t), Du fm(1)] (t)
DI)(Q frn—1) (), () Q frn—1)(t)]
DI)(Qfn—1)(0) L) ( Q) ()] + D L) Q) (), Lt)(Qfim) ()] + D [[(E)(Qfrm) (1), L(t)(Q frn—1)(2)]
<04F(t Do [fn-1, fal () + aF'(t, Do [fn, fm] (1)) + aF(t, Do [fm-1, fm] (t))
<E(t, Do [fn—1, fu] (1)) + F(t, Do [fn, fm] (t)) + F'(t, Do [frm—1, fm] ()
<F(t,wy(t)) + F(t, |ulo(t)) + F(t, wy(t))
=F(t, [ulo(t)) + 2F (¢, wn(t)).

These inequalities together with Theorem [3.3] imply the estimate
u(t) <ry(t), te Jo,
where 7, (t) is the maximal solution of
v =F(t,ry) + 2F(t,w,—1(t)), rn(to) =0,

for each n. Since as n — oo, 2F (¢, w,—1(t)) — 0 uniformly on Jy. It follows by [8, Lemma 1.3.1] that r,(¢t) — 0, as
n — oo uniformly on Jy. Then from (3.13) that f,,(¢) converges uniformly to f(¢) on Jy and clearly f(t) is a solution

of .

To prove uniqueness, let g(t) be another solution of on Jy. Set m(t) = D [f(t),g(t)]. Then, m(to) = 0 and
D m(t) < F(t,|m|o(t)), t€ Jo. (3.14)
Since m(tg) = 0, it follows from Theorem |3.3| that
m(t) < r(t, to,0), te€ Jo, (3.15)

where r(t,to,0) is the maximal solution of (3.9). The assumption (b) now shows that f(t) = g(t), t € Jy, proving
uniqueness. [J

4 Conclusion

In this article, we proved the existence and uniqueness of solutions for interval valued differential problem (3.1)),
involving causal operators.

References

[1] Z. Drici, F.A. Mcrae, and J.V. Devi, Set differential equations with causal operators, Math. Prob. Engin. 2005
(2005), no. 2, 185-194.

[2] N. Khorrami, A. Salimi Shamloo, and B. Parsa Moghaddam, Numerical solution of interval Volterra-Fredholm-
Hammerstein integral equations via interval Legendre wavelets method, Int. J. Ind. Math. 13 (2021), no. 1, 15-28.

[3] V. Lakshmikantham and S. Leela, Differential and Integral Inequalities: Theory and Applications, Vol. I. Ordinary
Differential Equations, Academic Press, New York, 1969.

[4] T.Lou, G. Ye, D. Zhao, and W. Liu, Ig-calculus and Iq-Hermite-Hadamard inequalities for interval-valued functions,
Adv. Differ. Equ. 446 (2020), 1-22.

[5] N.D. Phu, T.V. An, N.V. Hao, and N. Hien, Interval-valued functional differential equations under dissipative
conditions, Adv. Differ. Equ. 198, (2014), 1-19.

[6] P. Roy and G. Panda, Ezpansion of generalized Hukuhara differentiable interval valued function, New Math. Natural
Comput. 15 (2019), no. 3, 553-570.



14 Saeed, Alimohammady, Rezvani

[7] L. Stefanini and B. Bede, Some notes on generalized Hukuhara differentiability of interval-valued functions and
interval differential equations, Working Paper 1208, University of Urbino, 2012. Available online at the RePEc
repository, http://ideas.repec.org/f/pst233.html

[8] L. Stefanini and B. Bede, Generalized Hukuhara differentiability of interval- valued functions and interval differ-
ential equations, Nonlinear Anal. 71 (2009), 1311-1328.

[9] J. Tao and Z. Zang, Properties of interval-valued function space under the gH-difference and their application to
semi-linear interval differential equations, Adv. Differ. Equ. 45 (2016), 1-28.



	Introduction
	Preliminaries
	Main results 
	Conclusion

