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Abstract

In this paper we introduce and study a new topology related to a self mapping on a nonempty set.
Let X be a nonempty set and let f be a self mapping on X. Then the set of all invariant subsets of
X related to f, ie. 7/ . ={AC X : f(A) C A} C P(X) is a topology on X. Among other things,
we find the smallest open sets contains a point x € X. Moreover, we find the relations between f
and 7;. For instance, we find the conditions on f to show that whenever 74 is Tp, 17 or Tb.
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1. Introduction

Suppose that f is a function from a nonempty set X into itself. Define 7y = {A C X : f(A) C
A} C P(X) which is called the set of invariant sets related to the function f. The paper is based
on some elementary results about 74 which is a topology on X. This topology have some interesting
results with new applications.

First it is shown that (X, 7f) is a topological space. Also some basic properties are investigated.
Second using the concept of orbit for x € X, we introduce the separation concepts of Ty, T7 and Ts.
In this section we give some conditions for topological space (X, 7) and f which are equivalent to
the separation concepts of Ty, T} and T5. In the last section as an application we prove some fixed
point theorems related to the separation concepts and orbits.

It is known that for function f, an element x € X is a fized point if f(x) = x. The proof of some
results in the following section are easy and then we can omit them. We mainly used [2] and [3] in
this paper.
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2. Basic Results

Proposition 2.1. (X, 7y) is a topological space.

Proof. It is easy to see that (), X € 7.
(a) For U, € 7y witha € I, f(UUa) =U f(Us) € UUa).

n n

(b) Fori=1,...n and U; € 77, f((YUs) € () f(U:) € () U

=1 =1 =1

Proposition 2.2. In topological space (X, 7f), every intersection (resp. union) of closed sets is
closed.

Proposition 2.3. Consider the topological space (X, 7). Then
(a) if G € 74, then G C f71(Q).
(b) if F € 14, then f~H(F) C F.

Proposition 2.4. Consider the topological space (X,7s). For any set A C X we have x € A if for
any G € T which contains x, there is y € A such that f(y) € G. The converse is also true for a set
Aif any y € A be a fized point of f.

Proof. Suppose that z € A and z € G € 74. If for any y € A, f(y) ¢ G then f(y) € G¢. Using
Proposition we have y € f~1(G°) C G°. So v € A C G° which contradicts = € G.

For the converse suppose that z ¢ A. Hence according to the definition of closure in topological
spaces, there is a closed set F' such that A C F and x ¢ F. So AN F° = () and F* is an open set
including x. This implies that y ¢ F° for any y € A. But this means that f(y) ¢ F° which is a

contradiction.

The continuity of a function g : (X, 77) — (X, 7f) has the usual definition. Indeed for any =z € X,
the relation f(x) € B € 7y necessitates that there is A € 74 including « such that g(A) C B.

Proposition 2.5. The function f: (X, 1¢) = (X, 7¢) is continuous.

Proof. Suppose that f(z) € B € 74. So x € f~'(B). From Proposition 2.3] f(f~'(B)) € B C
f7Y(B). Hence f~*(B) € 74. Now set A= f~1(B). Then z € A and f(A) = f(f~*(B)) C B.

Proposition 2.6. Consider two functions f,g : X — X. If the function h : (X,75) — (X, 7,)
is continuous, then the relation h(x) € B € 1, implies that there is A € 14 including x such that

(goho f)(A) CB.

Proof. Consider z € X with h(xz) € B € 7,. By continuity of h, there is A € 74 including x such
that h(A) C B. Since g(B) C B and f(A) C A, then

goho f(A) Cgoh(A) Cg(B)C B.

Corollary 2.7. Suppose that g : (X,7;) — (X, 7¢) is continuous. for any v € X the relation
f(x) € B € 1y implies that there is A € ¢ including x such that (go f)(A) C B.
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Definition 2.8. Consider the topological space (X, 7). The orbit of x € X is defined as the follow-

mg:
O(z) ={f"(z); n=0,1,2,--}.

Since f(O(x)) C O(x), then O(z) € 1. This means that for any x € X, O(x) is an open set
including x. Also O(x) is included in any open set including x.

Proposition 2.9. Consider the topological space (X, Ty).

(a) For any x € X, O(x) is the smallest open set including x. That is O(x) is intersection of all
open sets including .

(b) The set {O(x); x € X} is a base for 4.
(c) If z € X is a fixed point of the function f, then O(z) = {z}.

Proof. It is easy consequence of Definition 2.8

Definition 2.10. Consider the topological space (X, 7¢). For any set A C X we define the orbit hull
of A as the following:
=Jow)

z€EA

Proposition 2.11. Consider the topological space (X, 7y) and two set A, B C X. Then
(a) A C O4(A).
(b) Ou(A) € 75.
(c¢) If AC B, then O,(A) C On(B).
(d) IfAe T#, then Oh<A> A.
() On(A) =G AC G and G € 14}.

Proof. (a), (b) and (c) are obvious. For assertion (d), Since A € 74, then for any = € A, O(z) C
So Op(A) € A C Oy(A). By Definition 2.8 and the fact A € O,(A) € 77 we have O, (A) € ({G; A
G and G € 15} C Oy(A).

A.
-

3. Separation Theorems

The purpose of this section is establishing equivalent conditions for famous separations axioms
related to the function f. We begin with definition of separation axioms.

Definition 3.1. According to the classical definitions in topological spaces we define that (X, 7s) has
the property of:

(a) Tp if for any =,y € X with x # y there is G € 74 such that either z € G and y € X \ G or
yeGandze X \G.

(b) Ty if for any x,y € X with x # y there are G,U € 7y such that r € G, y € X \G and y € U
and x € X \ U.

(c) Ty ((X,7¢) is Hausdorft) if for any z,y € X with « # y there are G,U € 74 such that x € G
and y € U with GNU = 0.

Proposition 3.2. Topological space (X, 7s) has the property of Ty if and only if for any x # y in X
either x # f"(y), n=0,1,2,... ory # f*(x), n=10,1,2,....
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Proof. Suppose that (X, ;) has the property of T and consider z,y € X with # # y. Then there
is G € 7y such that either z € G,y € X \Gory € G, v € X \ G. These imply that O(x) C G,
y ¢ O(x)or O(y) CG, x ¢ O(y). So for any n=0,1,2,---, y # f*(x) or x # f"(y).

For the converse consider z,y € X with  # y. By the assumption for any n =0,1,2,---, y # f"(z)

or x # f"(y). Hence x ¢ O(y) or y ¢ O(x). Now set G = O(x) or G = O(y).

Proposition 3.3. The following assertions are equivalent
(a) (X, 7f) has the property of 7.
(b) for any z € X, {z}° € 4.
(c) for any = # y in X we have x # f"(y) and y # f"(x), forn =0,1,2,....

Proof.

(a)— (b): Consider x € X. If y € {2} then there is an open set V, such that z ¢ V. So
y ¢ {r} which implies that y € X \ {z} € 7;. Hence f(y) € f(X \{z}) € X\ {z} forany y € Y.
So f({z}) € X\ {z} € X\ {z} = {z}". o -

(b)— (c ): Suppose that z,y € X,  # y and {z}°, {y}° € 7. So {z} = {z} and {y} = {y}. It
follows that = ¢ {y} and y ¢ {z}. Hence there are open sets U including = and V including y such
that y ¢ U and x ¢ V. These imply that y ¢ O(z) and ¢ O(y). Then = # f*(y) and y # f™(x),
forn=20,1,2,....

(¢c)— (a): Consider x,y € X with z # y. By the assumption for any n = 0,1,2,---, y # f™(x)
and x # f"(y). Hence ¢ O(y) and y ¢ O(x). Now set U = O(z) and V = O(y).

Corollary 3.4. Suppose that (X, 7¢) has the property of T1 and x € X is a fived point of function
f. Then {x} is open and closed.

Proposition 3.5. The topological space (X, 7¢) has the property of Ty (being Hausdorff) if and only
if for any x # vy in X we have f"(y) # f"(x), for all m,n € {0,1,2,...}.

Proof. Suppose that (X, 7y) has the property of T, and consider z,y € X with z # y. So there are
open sets U including x and V including y such that U NV = (). Hence O(z) N O(y) = 0. Then for
all myn € {0,1,2,...}, f"(y) # f™(x). For the converse set O(z) = U and O(y) = V.

Definition 3.6. The topological space (X, 1¢) is called reqular if for any v € X and closed set
F C X\ {z} with F # {O(x)}* we have O(F)NO(x) = 0.

Theorem 3.7. The topological space (X, 7¢) is reqular if and only if for any x € X and any open

set U # O(x) including x, we have x € O(x) C O(z) C U.
Proof. Suppose that (X, 1) is regular and € U € 7. Then

On(X\U)NO(z) = 0. (1)
On the other hand always X \ U C O, (X \ U) and so
[On(X\U)]" CU. (2)

Now from (1) and (2) we have x € O(x) C [On(X \ U)]¢ C U. Since [On(X \ U)]° is closed then
O(x) C [Op(X \U)]°. Hence x € O(x) C O(z) C X\ U.

For the converse Consider x € X and closed F' with O(z)® # F C X \ {z}. These imply that
X\F # O(z) and v € X \ F € 74. According to the assumption z € O(z) C O(z) C U. So
z € O(z) and F € X\ O(z) which imply that O, (F) € X\ O(z). Since (X \ O(x))NO(z) = () then,
On(F)NO(x) = 0.
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4. Application

As an application of the Sections 1 and 2, we give the following fixed point theorems using
separation axioms and the concept of orbits related to the function f. Also we show that if f is a
contraction on a metric space (X, d), then for any x € X there is an open set with respect to the
metric d including x such that belongs to 7.

Definition 4.1. a family A = {A; : j € J} of open sets in X is called an (open) cover of K if
K CU;4;.

Theorem 4.2. Suppose that (X, 7s) is a Hausdorff space. The function f : (X,77) = (X, 7s) has
the fized point if and only if for every cover {G,;a € A} for X, there are xg € X and oy € A such
that both of xy and f(xy) are included in G, .

Proof. If f has a fixed point then there is ag € 2 such that both of 2y and f(z¢) included in G,,.
For the converse suppose that f has no fixed point. So f(z) # « for any x € X. Since (X, 7y)
is a Hausdorff space then for any x € X there are U, including x an W, including f(z) such that
U, NW, = 0. Also according to the Proposition , we can choose U, such that f(U,) C W,. Since
{Uy;x € X} is a cover for X then there is z € X and zy € X such that both of z and f(z) are
included in U,,. Hence f(z) € f(U,,) C W,. So f(2) € Uy, NW,,, which implies that U,, "W, # 0.

Lemma 4.3. Consider f: (X, 7;) = (X, 77). For any x € X, O(x) is both of open and closed.

Proof. It is clear that O(x) is closed. Suppose that W), is an arbitrary open set including f(y). So
there is Uy such that f(U,) C W,. Now consider y as a cluster point of O(z). So U, N O(x) # 0.
Hence f(U,) N O(x) # 0. Which implies that W, N O(x) # (. This guarantees that f(y) is a cluster
point in O(x). Hence f(y) € O(z) which implies that f(O(z)) C O(x).

Theorem 4.4. Consider the following assertions for function f: (X, 1) — (X, 7).

(a) For some zy € X, the set O(x) is compact;
(b) if z is not a fixed point of f, then = ¢ O(f?(z)).
Then there is a cluster point y in O(zg) such that f(y) = y.

Proof. Consider M = {A C O(zy); A # 0 and A, A° € 74}. Lemma guarantees that M is
nonempty. Let M be partially ordered by the set inclusion and let N be a totally ordered subfamily
of M. Put My = N{A;A € N'}. M, is closed nonempty subset of O(xq) by the compactness of
O(xp) and it is a lower bound of /. Using Zorn’s Lemma we can find a subset L of M which is
minimal with respect to being nonempty, closed and mapped into itself by f. By the minimality of
L we have T(L) = L.

Let = be an element in L and suppose that x # f(z). Then x ¢ O(f?(x)) and so the continuity
of f implies that the set O(f?(x)) is mapped into itself by f and the minimality of L implies that

L = O(f%(z)). On the other hand we have x € L. It follows that x € O(f?(x)) which is desire
contradiction. Therefore x = f(x).

Definition 4.5. [1] Let (X, d) be a metric space. A function f : X — X is called a contraction if
there ezists k < 1 such that for any x,y € X, d(f(x), f(y)) < kd(z,y).

Theorem 4.6. For metric space (X,d), Consider contraction function f and the topological space
(X, 7). Then for any x € X we can find the value r such that B,(x) € 5.
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Proof. We find r such that for any y € B,.(z), f(y) € B.(x). So it is enough to find r such
that d(x, f(y)) < r. By the triangle inequality, d(z, f(y)) < d(z, f(z)) + d(f(z), f(y)) and since f
is a contraction, d(f(z), f(y)) < kd(x,y). If B.(x) is any ball and y € B,(x), so d(z,y) < r. Hence
d(f(z), fly)) < krandsod(z, f(y)) < d(z, f(x))+kr. Then if we choose r so that d(zx, f(z))+kr <r,
we would find that d(z, f(y)) < r for all y € B,.(z) and this completes the proof. Thus we consider:

d(z, f(x)) + kr <r
d(z, f(x)) <r—kr

d(z, f(z)) <r(l —k)
d(z, f(x)/(1—Fk) <r.

Hence we see that if d(z, f(z))/(1 — k) < r, then f(y) € B.(z) for all y € B,(x).
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