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Abstract

A new class of function spaces on domains (i.e., open and connected subsets) of R?, by means of the
asymptotic behavior of modulations of functions and distributions, is defined. This class contains
the classes of Lebesgue spaces and modulation spaces. Main properties of this class are studied, its
applications in the study of function spaces and its relations to classical function spaces are discussed.
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1. Introduction and preliminaries

The main aim of this paper is to introduce a new class of function spaces on domain 2 C R¢ which
contain the class of Lebesgue spaces and modulation spaces. Considering the fact that in general it
is not possible to define modulation spaces on manifolds (see [7]), this new class of function spaces
is interesting as being an appropriate substitution for modulation spaces in such cases.

Let D(£2) denote the space of compactly supported infinitely differentiable functions with its usual
topology by a family of seminorms and D’(2) denote its dual, the space of generalized functions.
Also, Let S(R?) and S&'(R?) denote the Schwartz space and its dual space, the space of tempered
distributions, respectively. Let ¢ € D(RY) be a smooth radial bump function such that

¢: R —[0,1]
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Supp¢ C B(0,V2d) (1.1)

¢(€) =1,for €€ B(0,1/d/2).

Let ¢p(€) = ¢(€ — k), k € Z% and ¢ € RY. Since ¢x(£) = 1 in the unit closed cube Q with center k
and {Qp }reza is a covering of RY, clearly >, ;4 dx(§) > 1 for all £ € RY. We write

or(§) = O k ez

Zlezd ¢l(£) ’

Consequently, there exist ¢, ¢,, > 0 such that

|o(€)] = ¢, Ve € Qr

Suppyy, C B(k,v/2d),

Yoieza d1(§) =1,
o™ ()] < e, V¢ € RY.

(1.2)

Let

O = {{vrtreza: {pr}rezs satisties (1.2))}.

By the construction above ® # (). Let {¢r}reze € ® be an arbitrary sequence. For r € R, we
consider the weight function w,(¢) = (1+ |£]?)"/2 on R? and define the modulation spaces M (RY),
0 <p,q < o0, by

1/q
My (R ={f e S'RY):|If: My, | = (Z (wr(k)Hf‘lsokfpr)q> < oo} (1.3)

kezd
The class of modulation spaces is defined by Hans G. Feichtinger in [3]. For a recent treatment of
modulation spaces we refer to [4] and [5]. For r € R and 0 < p,q < oo, M} (R?) is a quasi-Banach
space (a Banach space if p,¢ > 1). Now we give definition of Bessel potential spaces. Let s € R and

1 < p < oo. The Bessel potential space H;(]Rd) is defined by
HyRY) = {f € S'RY) : ||f : Hy|| := [|F w,Ff], < o0} (1.4)

For s € R and 1 < p < oo, H(R?) is a Banach space. If we use the notation J°(f) = F'w,F f
for s € R, then H3(R?) = J*L,(R?). When 1 < p < oo and n € N, H'(R?) is equal to the classical
Sobolev space W)'(R?), defined by

Wi (RY) = {f € LyR) : |[f : W[ :== > Dl < o0} (1.5)
lal<n

Note that H) = W) = L,. We refer to [1], [2], [§] and [9] for the theory of Sobolev and Bessel

potential spaces.
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2. Definition and Properties of N> (2)

Let Q C R? be a domain, that is, an open bounded set. The Sobolev space on domain €2, Wi (Q),
may be defined as

W) = {f € Ly(Q) : |If : W)l := Y 1D Fllzacey < oo} (2.1)

la|<n

Then we have the following restriction property
W) ={f € Ly(Q) : Ig € W} (R?) such that f = g, } (2.2)

and ||f : W(Q)" := inf{llg : WIRY)| : g€ WMR?), =g} defines an equivalent norm on
If - W(Q)|. For a general theory of function spaces on R? as well as on domains we refer to the
references [I], [§] and [9]. The described procedure is not applicable to define Bessel potential spaces
and modulation spaces on 2. Therefore we define Bessel potential spaces and modulation spaces on

Q) as follows:
Definition 2.1. Let Q C RY be a domain, 1 < p,q < oo and r,s € R. Then we define
H Q) ={feD(Q): g € Hi(R?) such that g, = f}
with norm || f  H3(Q)|] = inf{||g : H3(RY)||: g € H}(R?), f =gy}, and also
M Q) ={feD(Q): 3g e M (R?) such that g, = [}
with norm |+ M, ()] = inf{lg : M, (RI)|: g€ M, RY, f=gi,}.
The proof of the following theorem is similar to the proof of proposition 3.2.3 in [8], so omitted.

Theorem 2.2. For1<p,q<ocoandr,s € R, H;(Q) and M} () are Banach spaces of generalized

functions.

The operators of modulation and translation are defined as follows

M. f(z) =™ f(z)  and  T.f(z) = f(z —a).

Definition 2.3 (Definition of N5(Q2)). Let r,s € R, 1 < p,q < oo and Q C R? be a domain.
For f € H:(Q) we say that f € NJ2(S2) if

1/q
If: Nys (@ = (Z (1M f - Hi(@)er(’f))") < o0,

kezd



Theorem 2.4. Letr,s € R and 1 < p,q < oo.
L. NJa(S2) is a Banach space of distributions on €,
2. NJ2(Q) — H3(Q)
7,8 d d
3. NJi#(RY) — S'(R9)
4. S(RY) — NyE(R?) if r+ s < 0.

Proof .
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1. Clearly N;:3(€2) is a normed space. Let {f,} be a Cauchy sequence in N:(€2). Then {f,} is

also a Cauchy sequence in H3(€2) and therefore there exists f € H7(€2) such that f, — f in
H3(§2), which in turn implies that My f,, — M f in H;(€2), for all k € Z. On the other hand,
since {J *My fn} is Cauchy in (7 (L,) and {;(L,) is complete, there is {hy} ez € €7(L,) such
that

{T My fny — {l}  (in GG(Lyp)), (2.3)
which implies that J*Myf, — hy in L, or Myf, — J°h; in H;(Q), for each k € Z°.
Comparing this with the fact that M f, — My f in H;(€2) shows that h, = J*M,f. Now
([2.3) implies that f, — f in N}7(9).

. This follows from N}*(R?) — H$(R?) — S'(RY).
. f € S(RY). Since (7 (Z) — ¢;7"(Z?), for t > d, we have the embedding N7'3, < N, 1% < NIe.
Therefore we need only to show that S(R?) < N,’j. To this end we have

If e N2S = sup [|Mf  HYlw, (k)
kezd
= sup || F w,FMif|w, (k)
keZd
= sup [|F wy(- + k) F flpw. (k)
kezd
< sup ||wp F rws (- 4+ k) Ff||lsow, (k)
kezd
= sup [|[FH1 — A wy(- + k) Ff|sow, (k)
kezd
< Csup [|(1— A)rwy(- + k) F flaw, (k)
kezd
< c’ sup H(l - A)Lffulerrs(k)a
kezd

for sufficiently large L. Now the result follows from r+s < 0 and the fact that S(R?) — L, (R%).

0

The following theorem shows that this new class contains the classes of modulation spaces and

Lebesgue spaces. Part (2) of this theorem was proved and used in [6]. In the proof of this theorem,
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we denote the norm of the operator f — F '@ Ff from L, to L, by ||¢ : Mz(L,)||, whenever it is
bounded.

Theorem 2.5. We have

L Npa(Q) = Ly(Q) if s =0 and r < —d/q

2. Npa(RY) = My (RY) if r < —|s| —d

3. Nys(Q) ={0} if s > 0 and r > —¢
Proof . The proofs of (1) and (3) are simple. We prove (2). We have

1f =Myl = IHIF " onF fIl : Lotrene :
= {IF " TewTow_sorF [+ Lyl }reza : £

{IIF ! Tewson FF Tow_o Ff|| : Lp}peza : G

< H{lITwsor = Me(Ly) |IF " Thw-sFf : Lyl breza « Ll
< wse s Mp(Lp)IIKIF w_s FM_if = Lyl breza : G
< ClRIIM_xf - H*|I} - G- (2.4)

For j € Z% let

j* = {i € Z* : supp(y;) Nsupp(y;) # 0}.
Since

1Mo f - Hy'l = (1F ey F(Moif) « Ly
= [|F (Tew-r)Ff : Ly
and
F Tew_)Ff = > Y FHTaw_.)ejpiFf

JEZ iEF*

= Z ZF_IQOi(Tkw_r)FF_lngFf,

jezd i€j*

with convergence in S’, we have

IM_rf - B <Y Y llei(Tow—r) : Me(L)|IF 0, f + Ly |-

jezd ieg*

Since

loTiw_y : Ma(L,)| S w_,(k — i),
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we have

IMoif HT NS D Y wn(k = i) | F o Ff o Ly (2.5)

jezd iej*
Since i € j*, we have w_,(k — i) ~ w_.(k — j), and therefore we may replace i by j in (2.5)). After
this substitution, by using the fact |j*| ~ 1, we see that the right hand side of is actually
a convolution of two sequences {w_,(j)};eze and {||F_19;Ff : Lpl|}jeze. By invoking Young’s

inequality and using the w),-moderateness of the weight function ws, i.e.

ws(z +y) < wys(z)ws(y),

we have

M _if = Hy 3neze : G0 S IHw-r ()Y jeze s ENKIF 05 F F = Lyl < £

Since r > |s| 4 d, we have |[{w_,(J)} ez E'lslH < 00, and finally we arrive at
KM f = Hy " ke = GIVS = M|l (2.6)

Now ([2.4)) and ([2.6) completes the proof. [
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