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Abstract

In this paper, we obtain a sufficient condition for boundedness of composition operators between
weighted spaces of holomorphic functions on the upper half-plane whenever our weights are standard
analytic weights, but they don’t necessarily satisfy any growth condition.
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1. Introduction

Looking at Corollary 1.5 of [1], this question arises: is it possible to omit the growth condition (∗),
on the weight υ1 defined on the upper half-plane G? In this paper we find a partial answer to this
question in a special case. We show at least for analytic weights, condition (∗) is not a necessary
condition for boundedness of composition operators.
We begin with the preliminaries which are required in continue of this paper.

Definition 1.1. The sets D = {z ∈ C :| z |< 1} and G = {ω ∈ C : Im ω > 0} are the unit disk and
upper half-plane respectively.

Definition 1.2. A continuous function υ : G −→ (0,∞) is called a standard weight if ∀ ω ∈
G υ(ω) = υ(Im ω i) (i.e υ depends only on the imaginary part), υ(si) < υ(ti) when 0 < s ≤ t and
limt→0 υ(ti) = 0.

Example 1.3. Let α, β > 0. Then functions υ1(ω) = (Im ω)β, υ2(ω) = (Im ω)β exp(α Im ω) and
υ3(ω) = exp(− β

Im ω
) are standard and analytic weights.
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Definition 1.4. Let υ be a standard weight on G. We say υ satisfies condition (∗) if there are

constants C, β > 0 s.t υ(ti)
υ(si)
≤ C( t

s
)β whenever 0 < s ≤ t.

It has been proved that υ satisfies condition (∗) if and only if

supk∈Z
υ(2k+1i)
υ(2ki)

<∞ (see [2]). Indeed, condition (∗) states υ is increasing but the speed of its growth
is under the control and it can’t grow too fast. As we commented before, we intend to study the
boundedness of of composition operators between weighted spaces of holomorphic functions on the
upper half-plane in lack of growth condition (∗).

Definition 1.5. Let O be a open subset of C. For a function f : O −→ C we define the weighted
sup-norm

‖f‖υ = sup
k∈ O

| f(z) | υ(z)

and the space

Hυ(O) = {f : G −→ C : f is holomorphic and‖f‖υ <∞}

Form now on, we focus on the cases O = D or O = G.

Remark 1.6. For a weight υ defined from D into (0,∞), we always assume υ is radial (i.e υ(z) =
υ(| z |) ), continuous and non-increasing weight with respect to | z |.

Definition 1.7. Suppose υ : O → (0,+∞) is a weight. Corresponding to υ, the associated weight υ̃
is defined as follows.

υ̃(z) :=
1

sup{| f(z) |: f ∈ Hυ(O), ‖f‖υ < 1}
∀ z ∈ O

Definition 1.8. Let υ be standard weight on G. For any n ∈ N ,we define

υn(ω) = υ(
4Im ω

(| ω
n

+ i | + | ω
n
− i |)2

i) ω ∈ G

and

un(z) = υ(n
1− | z |
1+ | z |

i) z ∈ D

Definition 1.9. Define α : D → C by α(z) = 1+z
1−z i. An easy computation shows that α(z) =

−2 Im z
|z|2+1−2Re z + 1−|z|2

|z|2+1−2Re z . Hence α(D) ⊆ G. Put β(ω) = ω−i
ω+i

∀ ω ∈ G. Then we have

α ◦ β = id|G and β ◦ α = id|D. Thus β = α−1 and α(D) = G.

Remark 1.10. Put αn(z) = n1+z
1−z i. Hence αn : D→ G. Also αn as α is an onto and analytic map.

Using relation | 1− z |2= 1+ | z |2 −2Re z, it is easy to see that un = υn ◦ αn.

Lemma 1.11. Let n ∈ N be fixed and arbitrary. Then the map T : Hυn(G) → Hun(D) defined by
(Tf)(z) = f(αn(z)) is an onto isometry and Hυn(G) is isometrically isomorphic to Hun(D).

Proof . See Proposition 1.4 of [2]. �
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Definition 1.12. Put H(O) := {f | f : O −→ C is holomorphic}. For any f ∈ H(O) the weighted
composition operator Cϕ,ψ(f) = ψ(f ◦ φ) where ϕ, ψ ∈ H(O). If O = D then we also assume
ϕ(D) ⊆ D.
In special case if ψ ≡ 1 then Cϕ,ψ(f) = Cϕ(f) = f ◦ ϕ is a composition operator.

Lemma 1.13. Let υ and ω be weights on D. Then the operator Cϕ,ψ : Hυ(D) −→ Hω(D) is bounded

if and only if supz∈D
|ψ(z)| ω(z)
υ̃(ϕ(z))

<∞.

Proof . See Proposition 3.1 of [3]. �
It is easy to see that :

Lemma 1.14. For any n ∈ N, ũn = υ̃n ◦ αn.

Proof . By definition of associated weight we have

ũn(z) =
1

sup{| f(z) |: f : D −→ C is holomorphic
, ‖f‖un ≤ 1}

and

υ̃n(z) =
1

sup{| f(αn(z)) |: f : G −→ C is holomorphic
, ‖f‖υn ≤ 1}

Since T : Hυn(G) → Hun(D) is an onto isometry, ‖f(αn(z))‖un = ‖f‖υn . This implies that (υ̃n ◦
αn)(z) = ũn(z). �

2. Main result

Now, we present main result of this paper:

Theorem 2.1. Let υ and υ′ be standard and analytic weights on G. Also let ϕ : G −→ G be an
analytic function. If supω∈G

υ′(ω)
υ(ϕ(ω))

<∞, then the composition operator Cϕ : Hυ(G) −→ Hυ′(G) is a
bounded operator.

Proof . For any arbitrary and fixed n ∈ N consider the following diagram.

Cϕ : Hυ(G) −→ Hυ′(G)
↓ T ′ ↓ T ′′

Cϕ,ψ : Hυn(G) −→ Hυ′n(G)

where (T ′f)(ω) = f(ω) υ(ω)
υn(ω)

, (T ′′g)(ω) = g(ω) υ
′(ω)

υ′n(ω)
and Cϕ,ψ is defined by Cϕ,ψ := T ′′ ◦ Cϕ ◦ (T ′)−1.

Evidently, T ′, T ′′ are onto isometries. Hence Cϕ is a bounded operator if and only if the weighted
composition operator Cϕ,ψ is a bounded operator. Now, consider the following diagram.

Cϕ,ψ : Hυn(G) −→ Hυ′n(G)
↓ T ↓ T

Cϕ1,ψ1 : Hun(D) −→ Hu′n(D)
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where T is defined as in 1.11. Also Cϕ1,ψ1 is defined by Cϕ1,ψ1 := T ◦ Cϕ,ψ ◦ T−1 where ϕ1 :=
α−1n ◦ ϕ ◦ αn : D −→ D and ψ1 := ψ ◦ αn : D −→ C. T is an onto isometry ( see Lemma 1.11). Thus,
Cϕ,ψ is a bounded operator if and only if Cϕ1,ψ1 is a bounded operator. Hence, Cϕ is a bounded
operator if and only if the weighted composition operator Cϕ1,ψ1 is a bounded operator.
Now, using Lemma 1.13 Cϕ is a bounded operator if and only if

sup
z∈D

| ψ1(z) | u′n(z)

ũn(ϕ1(z))
<∞

But,

supz∈D
|ψ1(z)|u′n(z)
ũn(ϕ1(z))

<∞
⇔ supz∈D

|ψ(αn(z))|υ′n(αn(z))
ũn((α

−1
n ◦ϕ◦αn)(z))

<∞

⇔ supz∈D

υ′n(αn(z))υn(ϕ(αn(z)))υ′n(αn(z))

υ′n(αn(z))υ(ϕ(αn(z)))

υ̃n◦αn(α−1
n ◦ϕ◦αn(z))

<∞

⇔ supz∈D

υ′(αn(z))υn(ϕ(αn(z))
υ(ϕ(αn(z)))
υ̃n(ϕ(αn(z)))

1

<∞

⇔ supz∈D
υ′(αn(z))υn(ϕ(αn(z))

υ(ϕ(αn(z)))υ̃n(ϕ(αn(z)))
<∞.

It is well-known that υn ≤ υ̃n (see [3]). Therefore,

supz∈D
υ′(αn(z))υn(ϕ(αn(z))

υ(ϕ(αn(z)))υ̃n(ϕ(αn(z)))
< supz∈D

υ′(αn(z))
υ(ϕ(αn(z)))

.
Now, surjectivity of αn completes the proof. �
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