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Abstract

In this paper, we define the concept of probabilistic like Menger (probabilistic like quasi Menger)
space (briefly, PLM-space (PL,M-space)). We present some coupled fixed point and fixed point
results for certain contraction type maps in partially order PLM-spaces (PL,M-spaces).
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1. Introduction and Preliminaries

In 1931, Wilson [60] introduced the concept of a quasi metric space (where the condition of symmetry
in dropped) and then Kelly [30] developed the concept of a quasi metric space. Many problems
in theoretical computer science, topological algebra and approximation theory one can solved by
the theory of quasi metric spaces, see [23] 33, B8]. Many fixed point theorems have extensions in
generalized form of metric spaces, particularly in quasi metric spaces, partially quasi metric spaces
and partially ordered metric spaces.

The common fixed point theorems for multi-valued mappings in quasi metric spaces was proved
by Cho [I1].
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Indeed, the study of fixed point theorems in partially ordered metric spaces is one of the most
active research areas in fixed point theory. Many authors proved some new fixed point theorems
for some contraction mappings in partially ordered metric spaces, for example, one can refer to
[2, 5, 139, [40, 47].

Ran et al. in [47] and Nieto et al. in [39] 40] proved the existence and uniqueness of solutions
for some matrix equations and differential equations respectively by some fixed point theorems in
partially ordered metric spaces.

Opoitsev in [42] 43, [44] introduced and studied the notion of a coupled fixed point and then by
Guo et al. [24]. Afterwards, the concept of coupled fixed point of a mapping in partially ordered set
was introduced by Bhaskar et al. [5]. Later Lakshmikantham et al. [34] proved some coupled fixed
point theorems in partially ordered sets. Recently, the results of Bhaskar et al. [5] was extended by
Samet [51] for some mappings satisfying a generalized Meir-Keeler contractive condition.

For further existence results of a coupled and tripled fixed point in ordered metric and cone metric
spaces one can refer to [1, B, 4] 6] [7, 13| [15] 16, 17, 18, 27, B32] B34, 52, (9.

In 1942, probabilistic metric space (abbreviated, PM-space) was introduced by Karl Menger [35].
Schweizer and Sklar were two pioneers in the study of PM-space [54, [55].

PM-spaces are very useful in probabilistic functional analysis, quantum particle physics, €* the-
ory, nonlinear analysis and applications, see [8] 9] 19, 20, 21].

Indeed, the study of fixed point results in PM-spaces is one of the most active research areas
in fixed point theory. Sehgal and Bharucha-Reid [57], were two pioneers in this study. For further
existence results of a fixed point and common fixed point in PM-spaces, one can refer, for example,
to [29, 1], 48].

The class of probabilistic quasi metric spaces was introduced by Kent et al. [31] and they proved
some common fixed point theorems in this spaces.

For further existence results of a fixed point for single-valued mappings in probabilistic quasi
metric spaces, one can refer to [10} 6], 37, 38, [46], 53], 56, 58].

Many authors investigated many fixed point theorems for contraction mappings in partially or-
dered probabilistic metric spaces. For further recent results on fixed point theory in partially ordered
probabilistic metric spaces, for example, one can refer to [12] 50, [61]. Recently, the concept of mono-
tone generalized contraction in partially ordered probabilistic metric spaces was introduced by Ciric
et al. in [I4] and they proved some fixed point and common fixed point theorems for this contraction
mappings.

Next we shall recall some well-known definitions and results in the theory of probabilistic metric
spaces which are used later in this paper.

Definition 1.1. [54] A function F' : R — [0,1] is distribution function if F' is nondecreasing and
left continuous function on R, inf;cr F(t) = 0 and sup,cp F(t) = 1.

Let A be all the distribution functions and A* be all distribution functions F such that F'(0) = 0.
It is easy to see that the space AT is partially ordered by the usual pointwise ordering of functions
and the function €y = X(0,0) is maximal element of A*.

Definition 1.2. [54] Let X be a nonempty set and F': X x X — AT (F(p, q) is denoted by F, ).
The ordered pair (X, F') is a probabilistic metric space (abbreviated, PM-space) if the following three
conditions are satisfied:

(PM1) F,, =€, iff p=g,
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(PM2) F,, = F,

ap>
(PM3) If F,,(t) =1 and F,,(s) =1, then F,,(t+s) = 1,

for every p,q,r € X and t,s > 0.

Definition 1.3. [54] A mapping 7 : [0,1] x [0,1] — [0, 1] is called a triangular norm (abbreviated,
t-norm) if the following conditions are satisfied:

(i) 7(a,0) = 7(b,a),
(i) 7(a,7(b,¢)) = 7(7(a,b),0),

7(b,
(iii) 7(a,b) > ( d), whenever a > ¢ and b > d,
(iv) 7(a,1) =

for every a,b,c,d € [0,1].

The mappings 7,(a,b) = a - b and 7,,(a, b) = min{a, b} are two examples of continuous t-norms. It is
easy to see that, as regards the pointwise ordering, 7 < 7,,,, for each t-norm 7.
Let us recall that, for a t-norm 7, the sequence (77)%, is defined as follows:

°a)=a and 7"(a) =7(a,7" (a)), (n€N,a€]0,1]).

Definition 1.4. [25] Let 7 be a t-norm. If the sequence of functions (7"(a)) is equicontinuous at
a =1, that is

Vee(0,1), 36€(0,1): a>1—-0=7"(a)>1—¢, (neN).
Then 7 is called t-norm of Hadzi¢ type (abbreviated, H-type).

Clearly the t-norm 7, is an example of a t-norm of H-type, but there are t-norms 7 of H-type
with 7 # 7,,,, see [25]. It is easy to see that if 7 is of H-type, then 7 satisfies sup,¢ 1) 7(a,a) = 1.

Lemma 1.5. If 7 is a t-norm, then 7(a,a) > a, for all a € [0,1], if and only if T = T,,.

Proof . For an arbitrary t-norm 7 we get 7 < 7,,,. Let a,b € [0, 1] such that a < b < 1, so we have
a<7(a,a) <7(a,b) <7pla,b) =a,

then 7(a,b) = 7,,(a,b). O

Definition 1.6. [25] Let (X, F') be a PM-space and 7 be a t-norm. Then the triplet (X, F,7) is
called a Menger space if

Fyr(t+ §)>T (Fp,q(t% Fq,r(s)) )

for all p,q,r € X and for all £,s > 0.
Definition 1.7. Let X be a nonempty set, 7 be a t-norm and F': X x X — AT (F(p, q) is denoted

by F,,) be a mapping. The triplet (X, F,7) is a probabilistic like quasi Menger space (abbreviated,
PL,M-space) if the following two conditions are satisfied:

(i) Fp,qzeoqu,pjp:%
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(i) Fpr(t+ ) = 7 (Fpq(t), Fyr(s)),
for every p,q,r € X and t,s > 0.

Example 1.8. Let X =R, define

|z —y| + 2z| + |y|’
. ¢

for all x,y € X,t > 0. It is clear that if F} ,(t) = €(t) = F,.(t), for every z,y € R and ¢ > 0, then
xr =1y . We know that

t+ s t+ s

|x—z|+2|x|+|z|§( )<|x—y|+2|x|+|y|>+( )<|y—z|+2|y|+|z|>,

1.e.

|z — 2|+ 2z + 2] _ |z —yl+ 202 + |y] N ly — 2| + 2[y| + |2|
t+s - t s ’

therefore
o — 2|+ 2z + |2 |z —yl 42z + Y| |y — 2] +2[yl + |2|

e t+s <e t e S
Thus F, ,(t)F, .(s) < F,.(t +s). Hence (X, F,7,) is a PL,M-space.

A quasi metric space is a nonempty set X with a function d : X x X — [0, 00) which satisfies the
following two conditions:

(i) d(x,y) > 0 for all x,y € X and if d(z,y) = 0 = d(y, z), then x =y,
(ii) d(z,y) < d(x,z)+d(z,y) for all z,y,z € X.

Example 1.9. Let (X, d) be a quasi metric space. Then it is easy to see that, (X, F,7) is a PL,M-
space, where 7 is any continuous t-norm and F' is defined by

B =4 d(x,y) <tand 0<t,
P10, d(x,y) >tor 0>t

for all z,y € X.

Definition 1.10. A probabilistic like Menger space (abbreviated, PLM-space) is a PL,M-space
(X, F, 1), such that for all p,q € X, F,, = F,,.

Let (X, F,7) be a PL,M-space and F} () = min{F} 4(t), Fy,(t)} (p.q € X and t € [0,00)), then it
is easy to see that, (X, F* 7)is a PLM-space.

Definition 1.11. Let (X, F,7) be a PL,M-space. A left (right) open ball (abbreviated, L-open (R-
open) ball) with center x and radius r (0 < r < 1) in X is the set B (x,r,t) ={y € X : F,,(t) > 1—r}
(Br(z,r,t) ={y € X : F,,(t) > 1—r}), for all ¢ > 0. Moreover, an open ball with center z and
radius r (0 <7 < 1) in X is the set B(x,r,t) ={y € X : F} (t) > 1 —r}, for all t > 0.
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Definition 1.12. A sequence (z,) in a PL,M-space (X, F,7) is said to be left (right) convergent to
a point x € X if and only if lim,, o Fy, () = 1 (limy, 00 Frs, (t) = 1) for all £ > 0. Also, a sequence
(2,) is said to be bi-convergent to a point z € X if and only if lim, . F} ,(t) =1 for allt > 0, in

this case we say that limit of the sequence (x,) is x. A sequence (z,,) is said to be left (right) Cauchy
sequence if and only if lim, o0 Fy, 4,,,(t) = 1 (lim, o0 Fy, 0, (1) = 1) for all £ > 0, p € N. Also, a
sequence (z,,) is said to be bi-Cauchy if and only if lim,, ., FF (t)y=1forallt >0, peN.

Tn,Ln+p

The concept of left (right) Cauchy sequence is inspired from that of G-Cauchy sequence (it belongs
to Grabiec [22]).

Definition 1.13. A PL,M-space (X, F,7) is said to be left (right) complete if and only if every
left (right) Cauchy sequence in X, is left (right) convergent. Also, a PL,M-space (X, F, 7) is said to
be bi-complete if and only if every bi-Cauchy sequence in X, is bi-convergent.

Clearly a sequence (z,,) in a PL,M-space (X, F, 7) is bi-Cauchy sequence if and only if sequence
(z,) is a Cauchy sequence in the PLM-space (X, F*, 7). Also, a PL,M-space (X, F, 7) is bi-Complete
if and only if the PLM-space (X, F*, ) is complete.

Proposition 1.14. Let (X, F,7) be a PL,M-space. If the t-norm T is continuous at (1,1) (or 7 of
H-type). Then limit of a bi-convergent sequence is unique.

Proof . It is obvious. O

Definition 1.15. Let (X, F,7) be a PL,M-space and T : X — X be a mapping. The mapping T’
is said to be continuous at a point x € X if for every sequence (z,) in X, which bi-converges to z,
the sequence (T'z,) in X bi-converges to T'x.

Let ® denote all the functions ¢ : [0,00) — [0, 00) which satisfy p(0) = 0, ¢(t) < t and lim ¢"(t) = 0,
n—oo
for all ¢ > 0.

Definition 1.16. [5] Let X be a nonempty set and 7' : X x X — X be a mapping. An element
(r,y) € X x X is called a coupled fixed point of the mapping 7" if

T(e,y) =, and T(yz)=y.

Definition 1.17. A partially ordered probabilistic like quasi Menger space (abbreviated, partially
ordered PL,M-space) is 4-tuple (X, F, 7, <) such that (X, F, 1) is a PL,M-space and < is a partially
ordered on X.

Let (X, <) be a partially ordered set. A self-map 7' : X — X is said to be nondecreasing if the
condition z < y implies Tz < Ty for all z,y € X.

Definition 1.18. [5] Let (X, <) be a partially ordered set and 7" : X x X — X be a mapping.
The mapping T is said to have the mixed monotone property if T'(z,y) is nondecreasing in x and is
nonincreasing in y, that is, for any z,y € X

T1,29 € X, T1 < X9 :>T(x1,y) ST(@y?J)a
and

Y1, Y2 € X, <y = T(x,y1) > T(x,y2).
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Let (X, <) be a partially ordered set. We endow the product space X x X with the following
partial order:

(z,y) < (w,v) & x<uand y >,

for all (z,y), (u,v) € X x X.
The following lemma has been proved by Jachymski in [28] for mappings g, : (0,00) — (0, 00),
but it is also valid for mappings g, : [0, 00) — [0, 00).

Lemma 1.19. Letn € N, g, : [0,00) — [0,00) and F,,, F : R — [0, 1]. Assume that sup{F(t) : t >
0} =1 and for any t > 0, lim g,(t) = 0 and F,(g.(t)) > F(t). If each F, is nondecreasing, then
n—oo

lim F,(t) =1 for any t > 0.
n—oo

Proof . Fixt > 0 and ¢ > 0. By hypothesis, there is ¢, > 0 such that F'(ty) > 1 — . Since
gn(to) — 0, there is N € N such that g,(to) <t for all n > N. By monotonicity

F.(t) > F.(gn(ty)) > F(to) >1—¢ (Vn>N).
Hence we get lim F,(t) =1. O
n—oo

In this paper, we define the concept of PLM-space (PL,M-space). We show that if (X, F, 7, <)
is a partially ordered bi-complete PL,M-space with a t-norm 7 of H-type and 7" : X — X is a
nondecreasing mapping with respect to the order < on X such that for all elements x,y € X are
comparable and for all t > 0

Frery(p(t) 2 Fry(t),

where ¢ € ®. Then the mapping T has a fixed point in X, under certain conditions. We also
prove that if (X, F, 7, <) is a partially ordered complete PLM-space with a t-norm 7 of H-type and
T: X x X — X be a mapping having the mixed monotone property on X such that for all elements
(x,y), (u,v) € X x X are comparable and for all ¢ > 0

T (FT(z,y),T(u,v) (go(t)), FT(y,x%T(v,u)(gp(t))) > min{T (iju(t), Fyvv(t>> T (vaT(xvy)(t)’ Fy’T(y’x) (t)) ’
T (Fu7T(u,v) (t)7 Fv,T(v,u)<t>)}

or

T (FT(x,y),T(u,v) (Sp(t))v FT(y,x),T(v,u)(go(t») Z T (Fx,u(t)a Fy,v (t))

where ¢ € ®. Then under certain conditions the mapping 7" has a coupled fixed point in X. Finally,
we give some examples to illustrate the theorems.

2. Main results
We first bring the following lemma, then we will bring the main results of this paper.

Lemma 2.1. Let (X, F,7) be a PL,M-space with a t-norm 7 of H-type and (x,) be a sequence in
X. If there exists a function p € ® such that

Fopan(@(t) 2 Fo, 0 (t), (M >mn), (2.1)

then (z,,) is a left Cauchy sequence in X.
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Proof . Clearly, F,, ..., (¢(t)) > F,, _, 2.(t), for any t > 0, so the sequence (Fy, 4., (¢"(t))) is

nondecreasing. Indeed, given n € N, so by (2.1, we get

Foan (") = Fopo (0(0" (1)) 2 oy ("71(1), (2> 0).
Hence, we infer that F, o, ., (¢"(t)) > Fy 4, (t), so by Lemma [1.19)

lim F,

n—oo

nsni (1) = 1, for any ¢ > 0. (2.2)

Now let n € N and ¢ > 0. We show by induction that for any k € N,

Fonanon () > 75 (Fopn 1 (= (1)) . (2.3)

This is obvious for £ = 1, since F,, ,,., (¢ ) > Fxn s (= 0(1) = 7' (Foponas (= 9(t))). Assume
that ( . ) hold for some k£ > 1. Hence by ({2.1) and the monotonicity of 7, we have

(t))

F, +
F$n+1 Tn+k+1 (Sp(t»)

TnyTng ket (t) =F%, k1 ((t = (1))
>T (Frp i (t = 0(1))
2T (Frponin (= 0(8))s Fop i (1))
>7 (F (t = @(t), 7" (Frp iz (t = 9(1))))
=" (Fpp i (= (1))

which complete the induction. Let ¢ > 0 and A > 0. Since 7 is a t-norm of H-type and 7*(1) = 1, so
there is 0 > 0 such that

Y

Tny Tn+1

a>1—-90 = 7"(a) >1— A, (n € N). (2.4)

By (2.2)), lim, o0 Fiy,, 0 (E — (t)) = 1, so there is ng € N such that for any n > ng, Fy, 4, (t —
¢(t)) > 1 —45. Hence, by (2.3) and (2.4), we get F,, ... (t) > 1 — X for any & € N. Thus
lim,, o0 F. (t) = 1, this means that (z,) is a left Cauchy sequence in X. [

Tns Ttk

Lemma 2.2. Let (X, F,7) be a PL,M-space with a t-norm 7 of H-type and (x,) be a sequence in
X. If there exists a mapping ¢ € ® such that

Frpan(0(t) 2 Fopyona (8), - (m>m),

then (x,) is a right Cauchy sequence in X .

Proof . By using a similar argument as in the proof of the above lemma, the result follows. [J

Theorem 2.3. Let (X, F,7,<) be a partially ordered bi-complete PL,M-space with a t-norm 7 of
H-type. Suppose that T : X — X is a nondecreasing mapping with respect to the order < on X. If
the following conditions hold:

(i) there is a ¢ € ® such that
Fromy(@(t)) > Fuy(t), (2.5)

for all elements x,y € X are comparable and for all t > 0,

(i) there exists an xo € X such that xy < Txy,



140 Nematizadeh, Shayanpour

(iii) either
(a) T is a continuous mapping or

(b) if a nondecreasing sequence (x,) in X is bi-convergent to x, then x, and x are comparable
for all n.

Then the mapping T has a fized point in X. Furthermore, if for each x,y € X, there exists z € X
which is comparable to x and y, then the fixed point of T' is unique.

Proof . Define a sequence (z,) € X by z,41 = Tx,, n = 0,1,---. Since zqg < Txg and T is
nondecreasing mapping, we have

g <X ST < - ST

— n

If there exists ng such that z,,11 = x,,, then x,, = Tz,, and x,, is a fixed point of T". Therefore
the result trivially holds. Suppose now that x, .1 # x, for all n. Following the assumption (i), we
see that

Fxn,xm (()O(t)) - FTIn—hTIm—l ((p(t)) FCCn—l,CUm—l (t)7
t F

Frwn(p(t) = Fre,, 12, (0(1)) - 1an1 ()

for every m > n. Hence by Lemma and Lemma , (x,) is a bi-Cauchy sequence in X. Then
by the bi-completeness of X, there is * € X such that lim,,_,« F:fnx (t) = 1. Suppose (a) holds. It
follows from x,,.1 = T'x,, that

>
>

= lim z,,, = lim Tz, = Tz".
n—oo n—oo
Then the mapping 7 has a fixed point in X. Suppose (b) in the assumption (iii) holds, then z, and
x* are comparable so we have

FTz*,a:* (t) (FTx*,T:tn (@(t))a FTxn,m* (t - Sp(t)))

(Fm*,xn+1 (t), Fepii v (t — gD(t))) .

Letting n — oo, it follows that Fip,«,«(t) = 1. Similarly we can show that Fy«r,«(t) = 1, thus
EY ,..(t) = 1, therefore z* = Ta*. Let y* € X such that y* = Ty*, then following the assumption
there exists z € X which is comparable to z* and y*. By the monotony of T', we infer that 7™(z) is
comparable to T"(z*) = z* and T"(y*) = y*. Hence we have

>T
>T

Fx*7Tn(Z)(g0n(t)) = FT”(x*)7T"(z)(Q0n<t>> Z FTnfl(m*%Tnfl(z)(Qpn_l(t)) = Fm*7Tn71(Z)(§0n_1(t))7 (t > 0)
Hence, we infer that Fy- rn(.)(¢"(t)) > Fye.(t), so by Lemma [1.19]

n—o0

Similarly we can show that lim,,_,o Frn(s)y+(t) = 1, for any ¢ > 0, and we have

t t
Fm*,y* (t) Z T (Fx*,T”(z)(§)7 FT”(Z),y*(i)) .

Letting n go to infinity, it follows that F,. ,«(¢) = 1. Similarly we can show that Fj. ,«(t) = 1, thus
Fﬁ*,y* (t) = 1, therefore 2* = y*. [
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Lemma 2.4. If (X, F,7) is a bi-complete PL,M -space such that T is a continuous t-norm at (1,1),
then (X%, M, ) is also a bi-complete PL,M-space, where for every x,y,u,v € X,

M(%y%(uﬂ,) (t) =T (Fz,u(t), Fy,v(t)) . (26)
Proof . If M) e (t) =1, then F, ,(t) = F,.(t) = 1, for any ¢t > 0, otherwise if there is a t, > 0
such that F,,(to) <1 or F,,(ty) < 1, then we have

1= 7 (Fya(to), Fyulto)) < mm{T( Foalto), 1),7(1,Fy,v(t0>)}
= min{F, ,(to), Fy.(to)} <1,

a contradiction. Thus for all ¢ > 0, F,,(t) = F,,(t) = 1. Similarly if M, ) @) (t) = 1, then
F..(t)=F,,(t) =1, forany ¢ > 0,so (z,y) = (u,v). We now prove that for (z,y), (u,v), (z,w) € X?
and t,s > 0,
M), e0)(E+ 8) 2 7 (Mo ) 0,09 (£), M), 20 (5)) -
By definition of M we have
M(%y%(sz) (t + S) =T (Fm,z(t + S), Fyﬂu(t + S))
>7 (7(Foa(t), Fu() )7 (B (), P (s)
(Fanlt), 7 (Fun(s), 7 (Fyult), F

(Fau(t), 7 (Fuz(s), 7 (Fou(s), F,

)

(Fral®).7 (7 ( (s
— (Fw £, 7 (Fy,v(t)ﬁ< w(s) ))
= (r (Fx,u(t),Fy,v(t)),T( :(5), 7. (S)>>
=T (May),u) (), M), (20) (3)) -

If a sequence (z,,¥,) is a bi-Cauchy sequence in (X2, M, 7), then for all t > 0 and A € (0,1) there is
a positive integer N (A, t) such that

(t)7 Fy"’y’erP <t)) - M(mmyn)?(anrP?ynvLP)( ) M(iwn Yn)s ($n+P ynJrP)( ) > 1 o >\

)

\_/ -
/\
\_/

—~ ~— —
~— — R

T(F

Tn,,Tn+p

_ i
(T (F$n+p71'n (t)7 FynJeryn (t)) - M(xn+pvyn+p)7(xnayn) (t) Z M(J:n7yn),(xn+p,yn+p) (t) > 1 - )\> I

for all n > N(\,t) and p € N. Then it is easy to see that Fy . (£) > 1=\ (Fy,, 2.(t) > 1= )
and F, (t) >1-X (F, (t) >1—A). Thus both (z,) and (y,) are bi-Cauchy sequences in

Yn Yn+p Yn+p:Yn
(X, F,7). Then by the bi-completeness of X, there are x,y € X such that lim,_, F} ,(t) =1 and
lim,, oo FE () = 1. By
M({En,yn),(l',y) (t) =T (Fxn:x(t)7 Fynay (t)) )
and continuouty of 7 at (1,1) we get lim, 0o M(z, y,),(zp)(t) = 1. Similarly we can show that

1imy, 00 Miz,y),(@n,ye) () = 1, thus lim, . M(jiD )i, )(t) = 1, therefore (X?, M, 7) is a bi-complete
PL,M-space. The proof is complete. O
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Theorem 2.5. Let (X, F, 7,,,, <) be a partially ordered bi-complete PL M -space. LetT : X x X — X
be a mapping having the mized monotone property on X and p € ® such that

FT(m,y),T(u,v)(gp(t» 2 Tm (Fw,u(t)a Fy,v(t)) ) (27)
for all elements (x,y), (u,v) € X x X are comparable and for all t > 0. Assume that either
(i) T is continuous or

(ii) if a nondecreasing sequence ((xn,y,)) in X X X is bi-convergent to (z,y), then (z,,y,) and
(x,y) are comparable for all n.

If there exist xg,yg € X such that
zo < T'(zo,y0) and yo = T (yo, o),
then there exist x*,y* € X such that
z*=T(z", y") and vy =T(y", x%).

Furthermore, if for each (x,y),(z,t) € X x X, there exists (u,v) € X x X that is comparable to
(x,y) and (z,t), then the coupled fized point (xz*,y*) of T is unique and z* = y*.

Proof . Suppose that M) ww(t) = Tm (Fru(t), Fyo(t)), for each (z,y),(u,v) € X x X and
t > 0. By Lemma[2.4] (X% M,7,,) is a bi-complete PL,M-space. Let S : X* — X? be defined by
S(z,y) = (T(x,y), T(y,x)). The mapping S is nondecreasing because T has the mixed monotone
property. For each u = (uy,uz),v = (v1,v) € X? are comparable and (2.7)), we have

Msu,50(0(t)) =M (ur,12), T (un,u1)) (T 01,09),T(wa,00)) (P (1))
=Ton (Fr(ur ) T 01,00) (2(8))s Frug,un) (a0 (0(1)))
2T (T (Fuyo0 (8)s Fugo0(8)) s T (Fuig oz (1) Fuay 0 (1))
=Tin (Fuy o1 (1) Fuz 0 (1))
=M, (t),

hence Mg, s,(¢(t)) > M,,(t). By our assumptions either S is continuous or if a nondecreasing
sequence u, — u, U, € X2, then u, and u are comparable for all n. Since zy < T(wg,,) and
yo > T(yo, o), then (xg,70) < S(wo,y0). Also, for each u,v € X? there exists w € X? which
is comparable to u and v. Then from Theorem we deduce that S has a unique fixed point
u* = (z*,y*). Then, (z*,y*) is the unique coupled fixed point of T" . Since (z*,y*) is a coupled fixed
point of T' then by the definition we have that (y*,z*) is a coupled fixed point too. Then by the
uniqueness, we get (z*,y*) = (y*, z*), and so z* = y*. O

Lemma 2.6. Let F,G € AT and p € ®. If
Flp(t) > min{F(1),G(H)}, ¥ >0,

then F(p(t)) > G(t).
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Proof . By way of contradiction, we assume that the conclusion is false. Hence, there exists 5 > 0
such that G(ty) > F(¢(t9)). So by the hypothesis we have F'(¢(ty)) > F(to). As F' is nondecreasing
and ¢(ty) < to, one then has that F'(t) = F(to) for all p(ty) <t <ty. So in fact G(ty) > F(ty). Let
m = sup{t > 0 : F(t) = F(ty)}, by the hypothesis we have m < oco. Choose t; € (p(m), m] and
to > m such that ¢(t3) < t1, so we have, as F' is nondecreasing and t; < m,

F(p(tz)) < F(t1) = F(to) < F(t2).
This implies F(p(t2)) > G(t2), (as F(p(ta)) > min{F(t2), G(t2)}). Since G(to) > F(t), we have
G(to) > F(to) = F(p(t2)) =2 G(t2) = G(to),
a contradiction, the result follows. [

Theorem 2.7. Let (X, F,7,<) be a partially ordered complete PLM-space with a t-norm T of H-
type. Assume that T : X — X is a nondecreasing mapping and ¢ € ® such that ¢ : (0,00) — (0, 00)
18 a strictly increasing mapping and

Framy(p(t)) 2 min{ Fy y (1), Fora(t), Fyry(8)}, (2.8)
for all elements x,y € X are comparable and for all t > 0. Assume that either

(i) T is continuous or

(i) if a nondecreasing sequence x,, — x, then (x,) and x are comparable for all n.

If there exists xy € X with xy < T(xo), then T has a fized point.

Proof . Define a sequence (x,) C X by x,11 = Tz,, n = 0,1,---. Since g < Txy and T is
nondecreasing mapping, we have

To ST ST < STy -

If there exists ng such that z,,+1 = z,,, then z,, = T'z,, and z,, is a fixed point of 7. Then the
result trivially holds. Suppose now that x,,1 # x, for all n. Following the assumption (2.8)), we see
that

Fxn+1,mn(90(t)) = an,zn+1(90(t)> =Fre, 1o, (0(1))

Z min{Fx7L717xn (t)7 an,l,zn <t>7 F-Tn,-’”n«!»l (t)}
= min{Fxn_hxn (t)a FSC»,“InJ,-l (t)}

By Lemma [2.6] we have

v an (p(t) = Fwn,$n+1(90(t)> > Frp g an(t) = Fopan s (1), (2.9)

thus by Lemma [2.1] or Lemma[2.2] (z,) is a Cauchy sequence in X. Since X is a complete, (z,,) has
alimit v in X. By (2.9), for all t > 0, we get Fy, 4., ,(t) > Fyo e, (97 "(t)), since limy o0 Fiy 0, (t) = 1,
we have lim, o Fy, 2,.,(t) =1, for all t > 0.

If (i) holds then clearly Tu = u. Now suppose (ii) holds. We show that F), 7,(t) is a constant function
on [tg, o~ (tg)) for every to > 0. Let ¢ € (t9, o ' (to)), then

Fu,Tu<t0) >T (Fu,Tmn((tO — (), FTxn,Tu(SD(t)))
> 7 (Fura, (to — 9(t)), min{ Fy (), Fup 1 (8), Furu(t)}) -
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Now letting n — oo, we obtain
Fu,Tu(tO) Z T (1; min{la ]-7 Fu,Tu(t)}) =T (]-7 Fu,Tu(t)) - Fu,Tu(t) Z Fu,Tu(tO)a

since ¢(t) < to (¢ is strictly increasing mapping), so F,ru(to) = Furu(t) for all t € [to, o' (to)),
hence F, r,(t) is a constant function on [tg, p~!(¢y)) and so on R. Since F' € A, we get F,, r,(t) = 1,
for all t > 0, then u = Twu. O

Corollary 2.8. Let (X, F,7,<) be a partially ordered complete PLM-space with a t-norm 7 of
H-type. Assume that 7' : X — X is a nondecreasing mapping and there is a k € (0,1) with

Fryry(kt) > min{F, ,(t), Fyr.(t), F, 1y (1)}, (2.10)
for all elements x,y € X are comparable and for all ¢ > 0. Assume that either
(i) T is continuous or

(i) if a nondecreasing sequence x,, — x, then (z,) and x are comparable for all n.

If there exists o € X with 2o < T'(xg), then T has a fixed point.

By the similar argument as we did in the proof of Theorem we deduce the following corollary
from Theorem 2.7]

Corollary 2.9. Let (X, F,7,<) be a partially ordered complete PLM-space with a t-norm 7 of
H-type. Assume that T': X x X — X be a mapping having the mixed monotone property on X and
¢ € ® such that ¢ : (0,00) — (0,00) is a strictly increasing mapping and

T (FT(w,y),T(uw)(%O(t))a FT(y,a:),T(v,u)(90<t>>) >min{7 (Fou(t), Fyo(t)), 7 (F:v,T(ac,y) (t), Fy 1y (t)) )
T (Fu,T(u,'U) (t), Fv,T(v,u) (t)) }7

for all elements (x,y), (u,v) € X x X are comparable and for all ¢ > 0. Assume that either
(i) T is continuous or
(ii) if a nondecreasing sequence (x,,y,) — (x,y), then (x,,y,) and (z,y) are comparable for all n.
If there exist g, yo € X such that
g < T(x0,%0) and yo > T(yo,xo),
then there exist x*,y* € X such that
zt=T(z",y") and y =Ty, x").

Corollary 2.10. Let (X, F, 7, <) be a partially ordered complete PLM-space with a t-norm 7 of
H-type. Assume that T : X x X — X be a mapping having the mixed monotone property on X and
there is a k € (0, 1) with

T (FT(x,y),T(u,v) (k?t), FT(y,x),T(v,u)(kt)) Z min{T (Fx,u(t)7 Fy,v(t)) y T (Fx,T(x,y) (t)y Fy,T(y,x) (t>) P
T (Fu,T(u,v) (t), Fv,T(v,u) (t)) }7 (2]—1)

for all elements (x,y), (u,v) € X x X are comparable and for all ¢ > 0. Assume that either
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(i) T is continuous or
(ii) if a nondecreasing sequence (x,,y,) — (x,y), then (x,,y,) and (z,y) are comparable for all n.
If there exist xg,yo € X such that
zo < T(wo,y0) and  yo > T(yo, 7o),
then there exist z*, y* € X such that
=T (z",y") and y =Ty, x").
From Corollary [2.10] we immediately get the following result.

Corollary 2.11. Let (X, F,7,<) be a partially ordered complete PLM-space with a t-norm T of
H-type. Assume that T : X x X — X be a mapping having the mized monotone property on X and
@ € O such that ¢ : (0,00) — (0,00) is a strictly increasing mapping and

T (FT(z,y),T(u,v)(SO(t»a FT(y,x),T(v,u)((p(t») 2 7 (Fau(t), Fyo(t))
for all elements (x,y), (u,v) € X x X are comparable and for all t > 0. Assume that either
(i) T is continuous or
(i) if a nondecreasing sequence (Tn,yn) — (,y), then (z,,y,) and (x,y) are comparable for all n.
If there exist xo,yo € X such that
zo < T(x0,90) and yo > T(yo, 7o),

then there exist x*,y* € X such that

Proof . Since

T (Fr(ep) o) (P (0)s Friye),mwu (0(1) 27 (Feu(t), Fyo(t))
>min{7 (F,.(t), Fy.(t)), 1 (Fx,T(x,y) (1), Fyr.) <t)) ’
T (Fu,T(u,v) (t)a v,T(v,u) (t)) }7

the result follows from Corollary [2.10] [J

Corollary 2.12. Let (X, F,7,<) be a partially ordered complete PLM-space with a t-norm 7 of
H-type. Assume that T': X x X — X be a mapping having the mixed monotone property on X and
there is a k € (0, 1) with

T (FT(x,y),T(u,v) (k‘t), FT(y,x),T(v,u)(kt)) Z T (Fm,u(t)a Fy,v (t)) 3 (212)
for all elements (x,y), (u,v) € X x X are comparable and for all ¢ > 0. Assume that either
(i) T is continuous or

(ii) if a nondecreasing sequence (x,,y,) — (x,y), then (x,,y,) and (z,y) are comparable for all n.
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If there exist xg, 3o € X such that
xo < T(wo,90) and  yo > T (yo, 7o),
then there exist z*,y* € X such that
=T (z",y") and Yy =T(y", z").

Example 2.13. Let X = [0, 1] with the usual order and F, ,(t) = €y(t — d(z,y)), for all z,y € X
and t > 0 where d(z,y) = |z — y| + min{|3 — z|, |2 — z|} + min{|5 — y|, |2 — y|}. It is easy to see that
F,,(t) = F,.(t) and if F, ,(t) = €o(t), then © = y. Now we show that for all z,y,z € X and ¢t,s >0

Fpoy(t+8) > 1 (Fy 2(2), . y(s)). (2.13)

If F,,(t+s) =1, then holds. If F, ,(t+ s) = 0, then at least one of the F, ,(t), F, ,(s) should
be equal 0. Since if F, ,(t) =1 = F,,(s), then by defnition of F' we get t > d(z,2) and s > d(z,y).
Also we have

t+s <d(z,y) <d(z,z)+d(z,y) <t+s,

which is a contradiction. Therefore holds. Thus (X, F,7,,) is a complete PLM-space. Let
T:X x X — X be defined as

;o y=1

, otherwise.

T(x,y) = {

Then T satisfies condition (2.11)) but does not satisfy condition (2.12)). Indeed, assume that there
exists 0 < k < 1 such that the condition (2.12) holds. If z =v =1 and y = u = 3, then

N | = | =

1 ) 1 1 .
eo(kt — 5) = min{eq(kt — 5), eo(kt — 5)} = min{ Fr(z),7u0) (kt), Froe)moua (k) }
> min{F, ,(t), F,,(t)}

. 1 1
= min{eg(t — 5), ot — 5)}
1
= 60(t - 5),

ie. ekt —3) > €(t — %), thus k > 1, a contradiction. To verify that (2.11)) holds with k = 2, we
need to consider several possible cases.
Case 1. Let z =u=v =y = 1. Then we have

AT (), Tw,)) = 5 < 15 = 3 % 3 = 3d@ Tlw,y),

hence ([2.11]) is true.
Case 2. Let + =y = u = land v # 1. Then we have

1 10 2 5 2

In the same way we can show that when one of the numbers z,y, u,v againsts 1, and the rest are

equal to 1, then for k = %, (2.11)) is true.
Case 3. Let t =v =1 and y,u # 1. Then we have

ATz, y), T(u,v)) = % _ ; y % _ ;d(:)s,T(x,y)).
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In the same way we can show that when two of the numbers x,y,u,v against 1, and the rest are

equal to 1, then for k = %, (2.11)) is true.
Case 4. Let x =1 and v, u,y # 1. Then we have

A(T(y,2), T(v, 1)) = % < g « Z _ gd(:zr,T(x,y)).

In the same way we can show that when one of the numbers z,y, u, v is equal to 1 and the rest are
against 1, then for k = %, 2.11)) is true. Therefore

max{d(T'(z,y), T(u,v)), d(T'(y,z), T(v,u))} < ;max{d(%u%d(y,v%d(%T(%y)),d(ny(y,x)),
d(u, T'(u,v)),d(v,T(v,u))},

or in other words

2 2 .
Tm (FT(x,y),T(u,v) (gt)a FT(y,w),T(v,u)(gt)) 2 mln{Faz,u (t)a Fy,v (t)a Fx,T(:p,y) (t), Fy,T(y,x) (t),

Fu,T(u,v) (t)a FU,T(’U,U) (t)}
= min{Tm (Fx’u (t), Fy’v (t)) s Tm (Fm,T(:E,y) (t>7 Fy,T(y,:ﬂ) (t)) )
Tm (Fu,T(u,v) (t)a Fv,T(U,U) (t)) }

Now we show that 7" is a continuous mapping, to do this, suppose that ((x,,y,)) be a sequence in
X x X such that (z,,y,) = (,y), then lim d(z,,2) = 0= lim d(y,,y). It is casy to see that y = 3
n—oo n—oo

ory =2 and nh_}n;o lyn — y| = 0, so there exists Ny € N such that 0 <y, < 3 for all n > N,. For all

n > Ny, we have T'(z,,yn) = T(x,y) = 3 and hence we get nh_)rgo AT (zp, yn), T(z,y)) = d(5,3) =0,
therefore T is continuous. Also we show that T has mixed monotone property. To see this, let
T, Y, 1,22, Y1, Y2 € X such that x; < a9 and y; < yo. If y = 1, then T'(z1,y) = i = T(xq,y). If
y # 1, then T(z1,y) = & = T(x2,y). Now if y; =1, then T(z,y1) = 3 = T(x,y2). If y1 # 1, then
T(x,y1) = % > T(z,y2). Therefore T has mixed monotone property. Also, note that 0 < 7'(0, 1),
1 > T(1,0). Hence, all the conditions of Corollary hold and (3, 1) is the required coupled fixed

272
point of T.

Example 2.14. [260] Let 7(1,2) = 1 = 7(z,1) for all x € [0,1], 7(x,y) = 7p(z,y) = x - y for all
z,y € [0,1] with max{z,y} € [0,1] and 7(x,y) = 7(z,y) = min{z,y} for all z,y € [0,1] with
max{z,y} € (3,1], then 7 is a t-norm of H-type.

Example 2.15. Let X = [-7, 7] with the usual order and F, ,(t) = #Ix\ for all z,y € X and t > 0.

It is clear to see that if F, ,(t) = €o(t) = Fy,.(t), then x = y = 0. Now we show that for all z,y,z € X
and t,s > 0

Foo(t+5) 2 7(Fry(t), By 2(s)), (2.14)
where 7 is defined in Example [2.14] If max{F, ,(t), F,.(s)} € [0, 3], then 7 = 7, and we have

t S . t+s - t+s
t+lx] s+lyl “t+s+|z] T t+s+|z|
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therefore (2.14) holds. If max{F,,(t), F,.(s)} € (3,1], then 7 = 7,. If min{F,,(t), F,.(s)} =
F, ,(t), then (2.14)) holds and if min{F, ,(t), F, .(s)} = F, .(s), then
S < t < t+s 7
s+lyl Tt |x] T t4 s+ |zl

therefore (2.14) holds. Thus (X, F,7) is a bi-complete PL,M-space. Let ¢ : [0,00) — [0,00) and
T : X — X be two mappings defined by

1 1
o(t) = 525, T(x) = -sinz.
Hence
: t
Fr, t)) = = = _
721y (2 (1) L+|isinz| ¢+ |sinz|
t
> — =F,,(1).
Tt |z o(t)
Now we show that T is a continuous mapping, to do this, suppose that (z,) is a sequence in X
such that bi-converges to z, then lim F, ,(t) = lim —— =1 and lim F,, (t) = =% = 1, hence
n—00 ™ n—oo tlznl n—00 o t+|z|
|z,| — 0 and x = 0. Also we have
t t

Fry, 1o(t) = ] = Tn
e b B

Now taking limit as n — oo, then we get lim Fr,, 70(t) = 1. Also clearly Frors,(t) = 1, therefore
n—oo

T is continuous. If 5 <wx <y < F, then Tx = % < Sigy = Ty. Therefore T is nondecreasing
mapping and 0 < 7'(0). Hence, all the conditions of Theorem hold and 0 is the unique fixed point

of T.

Example 2.16. Let X = [0,00) with the usual order and F, ,(t) = #‘x' for all z,y € X and

t > 0. Similar to Example we can see that (X, F,7,) is a bi-complete PL,M-space. Let
@ :]0,00) = [0,00) and T': X — X be two mappings defined by

T(x):{ﬁ_x’ x € [0,1],

iz, x € (1,00).

If € [0,1] and = < y, then we have

1 t
FTx,T (@(t)) - 2 2 : T
’ Ll T s+
t
t+x ’“)
Also if z € (1,00) and x < y, then
L t
Fryr (p(t) = 2 =
Y L+ |%l“ t+ |§x!
t
> = Fz,y(t)
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Now we show that T is a continuous mapping, to do this, suppose that (z,) is a sequence in X

such that bi-converges to z, then lim F;, 2(t) = Tlim H‘tx = land lim F,, () = 55 = 1, hence

|z,| — 0 and x = 0. So there exists No € N such that 0<uxz, <1foralln> N, Forall n> Ny, we

have
t t

t+ |- t+ %]

Fry, mo(t) =

Now taking limit as n — oo, then we get lim Fr,, 7o(t) = 1. Also clearly Fror,,(t) = 1, therefore T
n—0o0

is continuous. Also we show that T is nondecreasing mapping. To see this, let z,y € X, if x,y € [0, 1]
and x <y, then Tr = 5 jx < 2= = = Ty since if =~ > 2?1 , then with a simple calculation we conclude

that (z — y)(2x + 2y + zy) > 0 which is 1mp0851ble since v < y. So Tz < Ty. If z € [0,1] and
y € (1,00), thenTx_i <2< E8=Ty Ifwyec(loo)and z <y, then Tox = £ < & =Ty.
Therefore T is nondecreasing mapping and 0 < 7'(0). Hence, all the conditions of Theorem hold
and 0 is the unique fixed point of T

Definition 2.17. [49] A Menger PQM-space is a PL,M-space (X, F, 7), such that 7 is a continuous
t-norm and for all p,q,€ X and ¢t > 0 if p = ¢, then F), ,(t) = €o(?).

Every Menger PQ)M-space is a PL,M-space, but the following example shows that the converse
is not true, in general.

Example 2.18. Let X =R and F, ,(t) = t+\ forall z,y € X and ¢ > 0. Similar to Example
we can see that (X, F, 7,,) is a PL,M-space, but is not a Menger P(Q)M-space.

Remark 2.19. Since every Menger PQM-space is a PL,M-space, if in Theorem 2.1 of [46], we take
B and L as identity mappings, then Theorem 2.1 in [46] is a special case of Theorem , but clearly
converse is not true.

Example 2.20. Let X = [0, 00) with the usual order and for all z,y € X and ¢ > 0 define

—— t <z
Fo,(t) =4 tHlel =
o) { 1 t > |zl

Similar to Example [2.15| we can see that (X, F, 7,,,) is a bi-complete PL,M-space. Let ¢ : [0, 00) —
[0,00) and T : X — X be two mappings defined by
t T

o0 = @) =57

If p(t) > |Tx|, then Fryr,(¢(t)) = 1 so (2.5) holds. If p(¢t) < |Tz|, then t < z and by defnition of
F we get

pt) t
o)+ |Tx| t+ (1+1)|Tx|
t
t+ (1+t)xi+l

t
Tt (1+a2)2
t

= = F,,(1).

Frery(p(t)) =

r+1
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Thus, T satisfies (2.5)). Now we show that T is a continuous mapping, to do this, suppose that

(x,) is a sequence in X such that bi-converges to z. Then lim F, .(t) = hm - +\x = 1 and
lim F,, (t) = t+| ;= 1, hence |z,| = 0 and = = 0. So there ex1sts NO € N such that 0<uz,<1for
n—00

all n > Ny. For all n > N, we have

t t

Fry 7ot .
T ro(t) = t 2] T+ |

T
Now taking limit as n — oo, then we get lim Fr,, 7o(t) = 1. Also clearly Fror.,(t) = 1, therefore T
n—0o0

is continuous. Also We show that T is nondecreasing mapping. To see this, let z,y € X, and x < y,

then Tz = {7 < ;& +y = Ty, since if £ > %, then with a simple calculation we conclude that

x > y which is impossible, so Tz < T'y. Clearly 0 < T'(0), hence, all the conditions of Theorem
hold and 0 is the fixed point of 7.

Remark 2.21. If in Theorem 3.1 of [45], we take f and g as identity mapping and single-valued
mapping respectively, then Theorem 3.1 of [45] is a special case of Theorem 2.3, but converse is not
true. The example discussed above cannot be covered by Theorem 3.1 of [45], because >~ | ¢"(t) =

Dot 1J+n = .
Example 2.22. Let X = [0,4] with the usual order and F, ,(t) = m, where d(z,y) = |z —y| +

|z| + |y|, for all z,y € X and t > 0. It is clear that F, ,(t) = F,,,(t) and if F, ,(t) = €(t), for every
z,y € X and t > 0, then x = y. Now we show that for all z,y,2z € X and ¢,s5 > 0

Fo.(t+s) > 7(Fyy(t), F,.(5)), (2.15)
where 7 is defined in Example [2.14] If max{F, ,(t), F,.(s)} € [0, 3], then 7 = 7, and since
ts(t + s+ d(x, 2)) =t*s + ts* + tsd(z, 2)
<t’s +ts® + ts(d(x,y) + d(y, 2))
<(t+ )t +d(x,y))(s +d(y, 2)),

then (2.15) holds. Now if max{F,,(t), F,.(s)} € (3,1], then 7 = 7,,. If min{F, ,(t), F,.(s)} =

F, .(s), then
S t

<
s+d(z,y) ~ t+d(x,y)’
so sd(x,y) < td(z,y). By using the triangle inequality and the recent relation we have

sd(z,z) < sd(z,y) + sd(z,y) < (t + s)d(z,y). (2.16)

By adding s* + st to ([2.16)), we have
s% + st + sd(x,z) < 82+ st + (t + 5)d(z,y),

therefore ‘y
s s
E,.(s)=
() s+d(zy) ~ t+s+d(x,z)
therefore (2.15) holds. Thus (X, F,7) is a complete PLM-space. Let ¢ : [0,00) — [0,00) and
T : X — X be two mappings defined by

=F,.(t+9),

= o,

AS)
=
|
W Do
=
=
I
—N
= wls
&
m
—~
\‘Q-'J
A~
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If z,y € [0, 3], then we have

2
2t
Fr, t)) = 3
ra,y (P()) %t +|Tx —Ty| + |Tz| + |Ty|
2¢
_ 3
st15 -5+ 151+ 5]
2¢
_ 3
2+ 3o —To+Te—Ty+Ty—yl + 5| + 3]yl
2¢
2 51 T S T T T
i+ zle — Ta| + 3|Tx — Ty|+ 31Ty — y| + 3|z + 3ly]
2¢
2 51 T 13 ) 1 1
st+ slo — Tax| + 3|Tx| + 5Tyl + 51Ty — y| + 52| + 5]y
_ 5t
St 5z = Tx| + |Ta| + [Tyl + [Ty — y| + x| + [y])
B 2t
2t + (|lo — Tx| +|Tz| + |z| + |Ty — y| + |y| + |Tyl|)
. t t
> min{

t+ |z — Tx| + |Tz|+ |z t+ [Ty — y| + |y + ITy|}
- min{Fz,Tx(t)a Fy,Ty(t)}‘

If 2,y € (3,4], then we have

1 it
Frg 1) > Fryp,(=t) = 2
reity($0) 2 Fren (50 = oy S el 4 T
1t
_ 2
1
42
. ¢ B ¢
~ ot 2max{z,y}  t | —y|+ 2]+ |y|
= F,,(1).
Now, let z € [0, 3], y € (3,4], then we have
1 14
Fryry(9(t) 2 Fromy(5t) = 2
TeTy =Y T L | Tw — Ty + |Tx| + | Ty
1 1
_ 3t _ 3t
S22+ [E[+ 1] 3t+2
1 1
> 3t 3!

Sty st+ily— Y+ Syl +51Y
t
oty =Y+ Y+ Y

Similarly, if y € [0, 3], x € (3, 4], then we have
FT:E,Ty(QO(t)) 2 Fx,Tm<t>
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Thus, T satisfies (2.8). Now we show that T is a continuous mapping, to do this, suppose that (x,,)

is a sequence in X such that z,, — z, then lim d(z,,x) = 0 and hence lim |z,| =0 and z = 0. So
n—oo n—oo

there exists Ny € N such that 0 < z,, < 3 for all n > Ny. For all n > Ny, we have

2 (t) _ t - t
Lot Ty — T 4 [Tan| + [Tx] 4+ [Z — 2]+ 2] + 2]
B t
t+ §(|xn — x| + |z, + |2])
t
= — 1

Ty. Ifz,y € (3,4] and = < v,

so T'is continuous. Now let 2,y € [0,3] and x < y, then Tz = § <
0 (0). Hence, all the conditions

then Tx = 1 = Ty. Therefore T is nondecreasing mapping an
of Theorem 2.7 hold and 0 is the fixed point of 7.

o
[N\ wore
~

Example 2.23. Let X = R and consider a relation < on X as follows:
r=y & xz=yor(z,yecl0,1] withx <y).

It is easy to see that < is a partial order on X. Let F,,(t) = m for every x,y € X,t > 0,

where d(z,y) = |x — y| + |z| + |y|. Similar to Example we can see that (X, F, 7,,) is a complete
PLM-space. Now, define a self-map 7" on X as follows:

0, x <0,
T(x) =41, 0<z<1,

1 1

5T — 7, 1<z

Now, we claim that the condition (2.10]) of Corollaryis satisfied with k& = 3. Indeed, if 2,y ¢ [0, 1],
then x <y & = = y. Therefore, if v = y < 0, since Fr,p,(kt) = 1, then the condition (2.10) is
satisfied. If x =y > 1, then for k = % we have

5t 5t
Fryry(kt) = >
Y Tt+21ir -3 T e+ 232
t
= =F,,(t).
t+ 2|z o (t)

then the condition (2.10]) is satisfied. Again, if x € [0,1] and y ¢ [0, 1], then = and y are not
comparative. Now, if x,y € [0, 1], then z <y < = < y and

Fror,(kt) = 5!
T2, T
! st + gl —yl+ glz[ + gyl
st
Z 1 1 1 1
st sz =yl + gl + 5yl

= F,,(1).

Now we show that 7" is a continuous mapping, to do this, suppose that (z,) is a sequence in X such

that x,, — z, then lim d(z,,z) = 0. By definition d we conclude = 0 and |z,| — 0, so there exists
n—o00
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Ny € N such that |z,| < 1 for all n > Ny. For each n > Ny, if z,, < 0, then Fr,, ro(t) = 1. If
0 <x, <1, then

T 0 T 0 1
dT n,T — = _ - - —| = <|Ty
(T20, T0) = |7 = 71+ |- [+ 7] = Sleal = 0
so T is continuous. Let x <y, if v =y, then To =Ty, if v,y € [0,1] and 2 < y, then Tz = § < & =

—_—

Ty. Therefore T is nondecreasing mapping and 0 < 7'(0). Hence, all the conditions of Coro
are satisfied and so T has a fixed point 0 in X.

lary

Example 2.24. Let X = {0,3,3, -+, +,---} with the usual order and F, ,(t) = m for every
z,y € X,t >0, where d(x,y) = |r —y|+|z|+ |y|. Similar to Example we can see that (X, F, 7,,)

is a complete PLM-space. Let k = %, T :X? — X be defined by T'(z,y) = z_TQy Then we have

kt kt

min{ Fr, w,0) (k) Fry ), 7(v,u) (kt)} =min — — , — —5
{ T(z,y),T(u, )( ) T(y,x),T( >( )} {kt+|$52y7“752v|+‘”529|+|u752v‘ k‘t+|y52$7U752“|+‘y52/‘+|v752u|}
kt
>min )
= {kt+§|x—u|+é\x|+§|u\+§|y—v|+§|y|+%\v|
kt )
kt+ Ly —v|+ iyl + o] + 2|z — u| + 2|z| + 2|u|
kt
> min )
- {kt+%|x—u|+§\m|+§|u\+§|y—v|+§|y|+§\v|
kt )
kt+ 2|y —o|+ 2|yl + Z|v| + 2|z — u| + Z|z| + Z|u|
_ kt (k_é)
kt + 2|z —ul + Fla| + Elul + 2y — v+ Zly| + F[o] 5

t
e gle —ul 4 glal 4 slul + 5ly ol + 31yl + 5ol
t t )
t+ |z —ul + [x] + [ul "t + [y — v + [y| + |v]

=min{F,,.(t), Fy,(t)}.

> min{

Now we show that T is a continuous mapping, to do this, suppose that ((z.,v.)) is a sequence in X x X
such that (z,,y.) — (z,9). Then lim d(z,,z) =0= lim d(y.,y), and we have

y
|

Tn — 2Yn T — 2y Tn — 2Yn

|+|x72
5 5

< glon — o]+ Zlun — 9l + Shonl + Zlynl + 2ol + 21y

= plom 51Yn YT glEnl T glYnl T E 519
1 2

=g(lwn—wIJrIwn\+|x\)+g(|yn—y|+|ynl+|y|)
1 2

= gd(l’n,l’) + 5d(yn,y) — 03

so T is continuous. Also we show that 7 has mixed monotone property. To see this, let z1,zq, 41,192 € X
such that z, <z, and y; <., then for any z,y € X we have

T(l‘lvy) =

m1—2y<m2—2y

5 5 = T(x2,y),

and

T — 2y1 N 292
5 — 5

therefore T has mixed monotone property. Clearly, 0 < 7(0,0) and 0> 7(0,0). Hence we conclude that

all the conditions of Corollary hold and (0,0) is a coupled fixed point of the mapping 7.

T(x7 yl) =

=T(x,y2),
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3. Application to integral equation

In this section our aim is to give an existence theorem for a solution of the following integral equation

T(t) = /Oa k(t,s,u(s))ds + g(t), t € [0, al, (3.1)

where a > 0. Let X = C([0,a]) be the set of all continuous functions defined on [0,a]. Define
d: X x X > Rt by

d(z,y) = sup (Jz(t) —y(@)| + [z(@)] + |y(D)])-

t€[0,a]

Then, (X,d) is a complete quasi metric space. Define an ordered relation < on X by
r<y & z(t) <y(), Vtel0,al.

Then (X, <) is a partially ordered set. Next, we define the mapping F': X x X — A" by F, ,(t) =
m for all z,y € X and t > 0. Then the space (X, F, 7,,) is the complete PLM-space.
Now, we discuss the existence of solution for integral equation (3.1)).

Theorem 3.1. Let (X, F, 7, <) be the partially ordered complete PLM -space as defined above and
suppose that the following hypotheses hold:

(1) k:[0,a] x [0,a] x RT — R" and g : R — R are continuous functions such that

9(1)] g/o k(ts,2(s))ds, Vo€ X,teR

(2) There exists a continuous function G : [0, a] x [0,a] — [0, 00] such that
1
|k(t7 S,U)’ + ’k(tvsav” < gG(t,S)(lU - U‘ + |U| + |U|>7
for each comparable u,v € R and each t,s € [0, a].
(3) supsep.q Jo G(t,s)ds <, for somer < 1.

Then, the integral equation (3.1)) has a solution u € C([0,al).
Proof . Define T': C([0,a]) — C([0,a]) by

Tx(t) = /Oa k(t,s,x(s))ds + g(t), t € [0,al.

For z,y € C([0,a]) are comparable, we have

d(Tz,Ty) = sup (|Tx(t) — Ty(t)| + [Tx(t)| + [Ty(t)]) = sup (

te[0,a] t€[0,a]

/ak(t,s,x( ))ds + g(t )‘ + /Oak(t, s,y(s))ds+g(t)')
< sup / |(k(t,s,x(s)) — k(t, 5,y(s)))|ds+/0a|k(t, s,x(s))| ds + |g(t)]

/a(k(t, s,x(s)) — k(t, s,y(s)))ds

+
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and so

AT, Ty) < sup ( / (5, 2()] + [k(t, 5, y(s)) s + 2 / k(e 5,2 ()] + k(5. 9(5)))ds)

te[0,a]

= sup (3 /Oa(l(k(tvsax(S))l + |k(t, 5, y(s))[)ds)

t€[0,a]

< sup (3/0a %G(LS)(W(S) = y(s)[ + [z (s)| +[y(s)[ds)

te(0,a]

< sup (|z(t) —y(@)| + |=()] + [y(@)]) sup /OQG(t, s)ds

te[0,a] te(0,a]

=d(z,y) sup/ G(t,s)ds
1J0

tel0,a
<rd(z,y).

Hence

Frpry(rt) 2 Foy(t) 2 ming By y (8), Fora(t), Fyry (8},

for every t > 0 and z,y € C([0,a]). Moreover, if (f,) is a nondecreasing sequence in C(|[0, a]) such
that f, — f as n — oo, then f,, f are comparable for all n € N. Thus, all the required hypotheses
of Corollary [2.8| are satisfied. Thus, there exist a solution u € C(]0, a]) of the integral equation (3.1]).

O
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