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Abstract

In this paper, we prove that an implicit iterative process with errors converges strongly to a com-
mon fixed point for a finite family of generalized asymptotically quasi-nonexpansive mappings on
unbounded sets in a uniformly convex Banach space. Our results unify, improve and generalize the
corresponding results of Ud-din and Khan [4], Sun [2I], Wittman [23], Xu and Ori [26] and many
others
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1. Introduction

In 1967, Browder [I] studied the iterative construction for fixed points of nonexpansive mappings
on closed and convex subsets of a Hilbert space (see also [2]). The Ishikawa iteration process in the
context of nonexpansive mappings on bounded closed convex subsets of a Banach space has been
considered by a number of authors (see, e.g., Tan and Xu [22] and the references therein).

In 1973, Petryshyn and Williamson [I7] established a necessary and sufficient condition for a
Mann [I5] iterative sequence to converge strongly to a fixed point of a quasi-nonexpansive mapping.
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Subsequently, Ghosh and Debnath [5] extended the results of [I7] and obtained some necessary
and sufficient condition for an Ishikawa-type iterative sequence to converge to a fixed point of a
quasi-nonexpansive mapping. In 2001, Liu in [I3] 14] extended the results of Ghosh and Debnath
[5] to the more general asymptotically quasi-nonexpansive mappings. In 2003, Sahu and Jung [18]
studied Ishikawa and Mann iteration process in Banach spaces and they proved some weak and strong
convergence theorems for asymptotically quasi-nonexpansive type mapping. In 2006, Shahzad and
Udomene [19] gave the necessary and sufficient condition for convergence of common fixed point of
two-step modified Ishikawa iterative sequence for two asymptotically quasi-nonexpansive mappings
in real Banach space.

Fixed point results for asymptotically nonexpansive mappings have been obtained by Kirk and
Ray [II] on unbounded sets in a Banach space. Recently, Hussain and Khan [8] have constructed
approximating sequences to fixed points of a class of mappings, containing nonexpansive mappings
as a subclass, on closed convex unbounded subsets of a Hilbert space (see [16, 20] as well).

In 2003, Sun [21] has recently extended an implicit iteration process for a finite family of nonex-
pansive mapping due to Xu and Ori [26] to the case of asymptotically quasi-nonexpansive mappings.

Recently, Ud-din and Khan [4] studied an implicit iteration process with errors for a finite family
of asymptotically quasi-nonexpansive mappings on unbounded sets in a uniformly convex Banach
space and proved some weak and strong convergence theorems for said mappings.

The aim of this paper is to prove the strong convergence of an implicit iterative process with
errors, in the sense of Xu [25], for a finite family of generalized asymptotically quasi-nonexpansive
mappings on a closed convex unbounded set in the framework of real uniformly convex Banach space.
Our results unify, improve and generalize the corresponding results of [4l, 21} 23], 26] and many others.

2. Preliminaries and Lemmas

Let C' be a nonempty subset of a normed space E and T: C' — C be a given mapping. We assume
that the set of fixed points of T', F(T) = {x € C' : T'(z) = =} is nonempty. The mapping T is said
to be

(1) nonexpansive if

[Tz =Tyl < |z -y (2.1)

for all z,y € C.

(2) quasi-nonexpansive [2] if

[Tz —pll < |z —pl (2.2)

forall z € C, p e F(T).
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(3) asymptotically nonexpansive [6] if there exists a sequence {u,} in [0, c0) with lim,, . u, =0
such that
[Tz =Ty < (1 +u)llz -yl (2.3)
for all z,y € C' and n > 1.
(4) asymptotically quasi-nonexpansive if F(T) # () and there exists a sequence {u,} in [0, c0)
with lim,,_,. %, = 0 such that
[Tz —pl < (1 +un)llx—pll (2.4)
forall z € C, p e F(T) and n > 1.
(5) generalized asymptotically quasi-nonexpansive [9] if F(T) # () and there exist two sequences
of real numbers {u,} and {¢,} with lim,, . u, = 0 = lim,,_, ¢, such that
17"z = pll < (T +wn)llz = pl[ + ¢, (2.5)

forall z € C, p € F(T) and n > 1.

(6) uniformly L-Lipschitzian if there exists a positive constant L such that
7"z =Tyl < Ll -yl (2.6)
for all z,y € C'and n > 1.
If in definition (5), ¢, = 0 for all n > 1, then T becomes asymptotically quasi-nonexpansive, and

hence the class of generalized asymptotically quasi-nonexpansive maps includes the class of asymp-
totically quasi-nonexpansive maps.

The Mann and Ishikawa iteration processes have been used by a number of authors to approximate
the fixed points of nonexpansive, asymptotically nonexpansive mappings, and quasi-nonexpansive
mappings on Banach spaces (see, e.g., [5, 10, 12, 13| 14l 17, 20, 25]).

For a nonempty subset C' of a normed space E and T:C' — E, Liu [12] introduced in 1995 the
concept of Ishikawa iteration process with errors by the iterative sequence {x,} defined as follows:

r, = xel,
Tpp1 = (1 —an)Tn + 0 T"Yn + Uy,
Yn = (]‘ - ﬁn)xn + BnTnxn + Up, N Z 1a (27)

where {a,}, {8,} are real sequences in [0, 1] satisfying appropriate conditions and Y~ | ||u,|| < oo,
Yo ol < o0. If B, =0, v, = 0 for all n > 1, then this process becomes the Mann iteration
process with errors.

The above definition of Liu depend on the convergence of the error terms u, and v,. The oc-
currence of errors is random and so the conditions imposed on the error terms are unreasonable.
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Moreover, there is no assurance that the iterates defined by Liu will fall within the domain under
consideration.

In 1998, Xu [25] gave the following new definitions in place of these noncompatible ones.

For a nonempty convex subset C' of a normed space E and T:C — C, the Ishikawa iteration
process with errors is the iterative sequence {z,} defined by

r = x€ C,
Tptl = Qplp+ 5nTnyn + YnUn,
Yo = QT+ BT 0, + 00, n>1, (2.8)

where {u,}, {v,} are bounded sequences in C' and {a, }, {60}, {7}, {al}, {BL}, {7} are sequences
in [0, 1] such that a,, + 5, + v =1 =al, + ), + ), for all n > 1.

It reduces to the Mann iteration process with errors when 5/, = 0 =~/ for all n > 1.

Clearly, the normal Ishikawa and Mann iteration processes are special cases of the Ishikawa iter-
ation process with errors.

Huang [7] has computed fixed points of asymptotically nonexpansive mappings while ud-din and
Khan [3] have approximated common fixed points of two asymptotically nonexpansive mappings,
using iteration process with errors in the sense of Liu [12].

Denote the indexing set {1,2,...,N} by I. Let {T; : i € I} be a finite family of generalized
asymptotically quasi-nonexpansive self-mappings on a convex subset C' of a normed space E. The
implicit iterative process with an error term, in the sense of Xu [25], and with an initial value z € C,
is defined as follows:

r1 = a1z + iz + nu,

Ty = aox1 + BoToxo + Yaus,
ry = anry-1+ OnTNen + ynvuy,
2
TNyt = anpZn + BvpTToN + YN 1UN (2.9)
2
ToN = QoNTan—1 + 52NTN$2N + YanUanN,
3
ToNy+1 = Qon41T2oN T 52N+1T1 ToN41 T VoN+1UN 415

where {u,} is a bounded sequence in C and {a,}, {f.}, {7} are sequences in [0,1] such that
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The above sequence can be written in compact form as

Ty = QpTp_1+ /Bn,-rzkxn + Ynln (210)

withn>1,n=(k—1)N+i,i€ [ and T,, = T;(mod N) =T,.

Denote the indexing set {1,2,...,N} by I. Let {T; : i« € I} be N uniformly L-Lipschitzian
generalized asymptotically quasi-nonexpansive self-mappings of C'. We show that exists. Let
xg € C' and x7y = ayxg + S 1121 + y1uy. Define S:C' — C by: Sz = ayxg + S1 11w + yuy for all
x € C. The existence of x; is guaranteed if W has a fixed point. For any x,y € C', we have

ISz =Syl < AillThe — Thyll < SiLllz -y (2.11)

Now, S is a contraction if 51L < 1 or L < 1/8;. As By € (0,1), therefore W is a contraction even if
L > 1. By the Banach contraction principle, S has a unique fixed point. Thus, the existence of x; is

established. Similarly, we can establish the existence of x5, x3, 24, .... Thus, the implicit algorithm
(2.10) is well defined.

The distance between a point x and a set C' and closed ball with center zero and radius r in £
are, respectively, defined by

d(z,C) = ;IQ% |z —vyl|l, B,(0)={xe€E:|z||<r} (2.12)

Definition 2.1. ([21)]) Let C be a closed subset of a normed space E and let T: C' — C' be a mapping.
Then T is said to be semi-compact if for any bounded sequence {x,} in C with ||z, — Tx,|| — 0 as
n — oo, there is a subsequence {x,, } of {x,} such that x,, — z* € C as ny — oc.

Lemma 2.2. ([22]) Let {a,} and {b,} be sequences of nonnegative real numbers satisfying the in-
equality

pi1 < ap+0b,, n>1. (2.13)

If 570 by, < 00, then lim, o a,, exists. In particular, if {a,} has a subsequence converging to zero,
then lim,,_ a, = 0.

Lemma 2.3. ([2]]) Let p > 1 and r > 0 be two fized real numbers and E a Banach space. Then E
15 uniformly convex if and only if there exists a continuous, strictly increasing and convex function
g:10,00) — [0,00) with g(0) = 0 such that

Az + (1 =Nyl” < Al + (1= Nyll” = Wp(Ng(llz = yll) (2.14)

for all z,y € B,(0) where 0 < XA <1 and W,(A) = A1 = AP + XP(1 = \).
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3. Main Results

We begin with a necessary and sufficient condition for convergence of {x,} generated by the
implicit iteration process with errors (2.10)) to prove the following result.

Theorem 3.1. Let C' be a nonempty closed convex subset of a Banach space E. Let T;:C — C
(iel={1,2,...,N}) be N uniformly L-Lipschitzian generalized asymptotically quasi-nonexpansive
mappings with {u,}, {cin} C [0,00) such that > 07 uym < 00 and Y oo ¢ < 00. Suppose that
F =nN,F(T;) # 0. Let {x,} be the implicit iteration process with errors defined by with
the restrictions > o v, < 00 and {B,} C (s,1 —s) for some s € (0,3). Then the sequence {x,}
converges strongly to a common fized point p of the mappings {T; : i € I} if and only if

liminf d(z,, F') = 0.
n—oo

Proof . The necessity is obvious and so it is omitted. Now, we prove the sufficiency. For any

p € F=nY,F(T;), using and (2.10), we have

||Oénxn—l + /BnT‘zkxn + TnUn — p”
HOCn(itnfl - p) + ﬂn(Tzkl'n - p) + ’yn(un - p)”

||J7n -7

< anllzn—1 = pll + BT w0 — p+ Yullun — pl|

< apllzn-1 = pll + Bal( + wir)|[zn — pll
+cik] + nllun — Dl

= aplTn —pll + (1 = an — 7)) [(1 + i) |20 — pl|
+cik] + nllun — Dl

< apllzn- —pll + (1 — an)[(1+ wi)l|2n — pll
+cik] + nllun = pl|

< apllzn- —pll+ (1 = an)( + u) |zn — pl|
+(1 — an)cir + Yallun — pl|

< apllzn- —pll+ (1 — an +ui) ||z, — pl

Since limy, o 7, = 0, there exists a natural number n; such that for n > ny, v, < 5. Hence

s s
nzl_ﬁn_'ynzl_(l_s)_§:§7
for n > n;. Thus, we have from (3.1)) that

(*)

anllzn —pll < anl|Ta—1 — pl| + wirllzn, — pl|

+(1 - an)cik + 7n||un - p||7 (32)
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and
lzn —pll <z —pllvL — |, — pll
1
+(——1)czk+” Jtn = p
an TL
< e — — 7l
2 2
(5= 1) e+ lun — pl. (3.3)
S S
That is,
2 S
o = (i () (e
lon =pl - < S — 2, >Hx o pH+(s 5 — 2, ik

(o
+< s >2M%
(

s —2u;/ s
2uZ 2 2“2
- (1+ = )Hxn Ll (S -1) (1 e
s — 22U
2uZ 2M
+(1+ o et (3.4)
s —2u;,/ s

where M = sup,,~1{||u, — pl|}, since {u,} is a bounded sequence in C. Since Y7, u;, < oo for all
i € 1. This gives that there exists a natural number ng (as k > (ng/N) + 1) such that s — 2u;; > 0

2’U«zk and t;, = <% — 1> <1 + SEZJJC”“ Since Zzozl U < 00

and uy, < s/4 for all n > ng. Let vy, =

and Y o2 ¢, < oo for all i € I, it follows that Y ope Vi < 0o and Yoty < oo. Therefore from
BA), we get

2M

This further implies that

2M

Since by assumptions, > ;- vir < 00, Y ooty < oo and Y7 7, < oo. Therefore, applying Lemma
to the inequalities (3.5 and (3.6)), we conclude that both lim,,_,. ||z, — p|| and lim,,_, d(z,, F')
exists. Since by hypothesis lim inf,, ., d(z,, F) = 0, so by Lemma [2.2 we have

lim d(z,, F) = 0. (3.7)

n—oo

Next we prove that {z,} is a Cauchy sequence in C. Note that when z > 0, 1 + z < e*. It follows
from (3.5)) that for any m > 1, for all n > ny and for any p € F', we have
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< Qlln - py\+zztk+m—MZvn, (3.8)

=1 k=1 n=1

where,

N oo
= exp[ZZvik] + 1 < o0.

i=1 k=1

Let € > 0. As lim,, o0 ||2n — pH exists, therefore for ¢ > 0, there exists a natural number n; such
that ||z, — pl| < e/6(1+Q), SN S0ty < g/3 and 3200 4, < s£/6QM for all n > n,. So we can
find p* € F such that ||x,, —p*|| <e/3(1 + Q). Hence, for all n > ny; and m > 1, we have that

|Zrgm = 2all < N Zogm — 27| + |20 — 27|

N oo
< Qo -+ ta

=1 k=n
2Q0M & i
+T Z Yn + ||'Tn1 -D H
N
= 1+ Qlwa, — 2+ D>t
=1 k=n;
20M &
€ €
< (14+Q) g7t
( @) 31+Q) 3
2QM  se _ (3.9)
s 6QM '

This proves that {z,} is a Cauchy sequence in C. Thus, the completeness of E implies that {x,}
must be convergent. Assume that lim,,_,. x, = p. Now, we have to show that p is a common fixed
point of the mappings {T; : i € I'}. Indeed, we know that the set F' = NY, F(T;) is closed. From the
continuity of d(x, F) = 0 with lim,,_, d(z,, F') = 0 and lim,,_, =, = p, we get

d(p, F) =0, (3.10)

and so p € F, that is, p is a common fixed point of the mappings {7;}¥,. This completes the proof.
O
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Theorem 3.2. Let C' be a nonempty closed convex subset of a Banach space E. Let T;:C — C
(iel={1,2,...,N}) be N uniformly L-Lipschitzian generalized asymptotically quasi-nonexpansive
mappings with {wy}, {cin} C [0,00) such that > 7w, < 00 and Y 07 ¢y < 00. Suppose that
F =n{ F(T;) # 0. Let {x,} be the implicit iteration process with errors defined by with
the restrictions > o yn < 00 and {B,} C (s,1 —s) for some s € (0,3). Then the sequence {x,}
converges strongly to a common fized point p of the mappings {T; : i € I} if and only if there ezists
a subsequence {x,;} of {x,} which converges to p.

Proof . The proof of Theorem [3.2] follows from Lemma [2.2] and Theorem 3.1} O
We prove a lemma which plays an important role in establishing strong convergence of the im-
plicit iteration process with errors in a uniformly convex Banach space.

Lemma 3.3. Let C' be a nonempty closed convex subset of a real uniformly conver Banach space
E. Let T;:C — C (ie I ={1,2,...,N}) be N uniformly L-Lipschitzian generalized asymptotically
quasi-nonexpansive mappings with {w,}, {ci}

C [0,00) such that Y 07wy < 00 and Y oo iy < 00. Suppose that F = NN, F(T;) # 0. Let {x,}
be the implicit iteration process with errors defined by with the restrictions y .~ 7, < oo and
{8} C (5,1 —35) for some s € (0, %) Then lim,, oo v, — Tjx, =0 for alll € I.

Proof . Set 0, = TFx, — 2,1, n = (k—1)N +14, i € I. As in the proof of Theorem ,
lim,, o0 T, — ¢ exists for all ¢ € F, so {x, — q, T*x, — ¢} is a bounded set. Hence, we can obtain a

closed ball B,(0) O {x, — ¢, TFx, — ¢} for some r > 0. By Lemma[2.3, (2.5) and the scheme (2.10)),
we get

Hxn - C]H2 = ||O‘n(xn—1 - Q) + (1 - O‘n)(Tzkxn - Q) + 'Yn(un - Tzkxn)H2
< e (xp—1 —q) + (1 — an)(Tf:cn —Q)|I? + 7K forsome K >0
< aonn—l —Q||2+(1—Oén)||7}k$n—Q||2

—Wa(an)g(on) + 1K

anllzn—1 = qll* + (1 = an)[(1 4 wan) |20 — ql| + cinl? (3.11)
—Wa(an)g(on) + 1K

anllzn1 = qll* + (1 = an)[(1 + )20 — ql* + pir]

—Wa(an)g(on) + ks

= agllzas —q)* + (1 = an)[(1 4 wir) |20 — ql* + pir]

~Wa(an)g(on) + K,

a1 = gl + (1 = an +wi) |2 — qll* + (1 = ) pir]

~Wa(an)g(on) + K,

IN

IN

IN

where pi, = 2(1 4 wir,) |, — qllcir, + ¢, and wi, = 2w+ ud,. Since Y oo ug < 00 and Y po | Cip < 00,
it follows that 22021 pir < 0o and Zzozl w;, < oo for all © € I. Thus from the above inequality and
(*), we have that
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fon=alP < fons —all+ 22—+ (2 - 1)
27,
(1= an)g(on) + %K. (3.12)

Therefore, as in Theorem it can be shown that lim,, . ||z, — ¢||*> = d exists. From (3.12), it
follows that

2wik

(1=an)glon) < llzna—all® = llzn =’ + —=llen — gl
9 %,
+<— - 1>Pik + g (3.13)
s s
From (1 — ;) > (1 — s/2), we have
2—s 2uw;y,
(552)9(0n) < Nanr =l = lan = all* + =2z - gl
9 %,
+<g - 1>pik + %K. (3.14)

Let m be a positive integer such that m > n. Then

IA

- 2 2 2 4 2m
>oten) < (=)o = al” = b —alF] + Sl —alf 3w

4 4K

2 4 o
< 2 12 ]
< (g5l —alF + Sg—llen—al > i

4 4K

2 m
< - _ 2 / .
< (57 )lm—al +@Q >
4 C 4K &
+- E pik + s2—3) E Tn forsome Q' > 0. (3.15)
s s(2—s
k=1 n=1

When m — oo in ([3.15)), we have that lim,, . g(0,) = 0. Since g is strictly increasing and continuous
with g(0) = 0, it follows that lim,,_, 0, = 0. Hence

6nHT7]f$n - In—l” + YnUp — Tp—1
(1 — a)||TE2, — zp || + R, forsome R >0
(1— s/ TFx, — zp 1| +WR, (3.16)

|20 — Ty

ININ TN
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which implies that lim, o 2, — z,—1 = 0. That is, lim, o |2, — Ty = 0 for all I > 2N. For
n > N, we have

[2n1 = Towall < |2 — ijan + HTrlfxn — Tz
< op+ LT 2, — 2,
< op+ LT 2, — T o, w|

+||T7]:__]1V17n—N - x(n—N)—lH

—i—LH:L‘(n,N),l — JjnH (3.17)

By n=(n— N)(mod N), we get T,, = T,,_n. Now the above inequality becomes

Hxn—l _Tnxn” S 0—n+L2”xn _xn—N” +L0n—N

+L||x(n_N)_1 - an, (3.18)

which yields that lim,, , [|z,—1 — Thz,| = 0. Since

[0 = Townl| < l2n — zpaa|l + (|21 = Toznl], (3.19)

so we have that

n11_>r£10 |zn — Thxn| = 0. (3.20)

Hence, for all [ € I, we have

|Zn — Thiwnll < 20 — gl + |20 — TopiTngdl|

+|’Tn+l$n+l - TnJrlan

< A+ Dllzn — psall + |20t — Togaznll, (3.21)
which implies that
lim ||z, — Tz, =0 Viel (3.22)
n—oo
Thus
lim ||z, — Tix,|| =0 Vel (3.23)
n—oo
0

Now, we are in a position to prove our strong convergence theorems.
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Theorem 3.4. Let C' be a nonempty closed convex subset of a real uniformly convexr Banach space
E. Lt T;:C - C (1€l ={1,2,...,N}) be N uniformly L-Lipschitzian generalized asymptotically
quasi-nonexpansive mappings with {wy, }, {cin} C [0,00) such that > 7 U < 00 and Y " | Cin < 00.
Suppose that F = NN, F(T;) # 0. Let {x,} be the implicit iteration process with errors defined by
with the restrictions Y - v, < 0o and {B8,} C (s,1—s) for some s € (0,3). If at least
one member T in {T; : i € 1} is semi-compact, then the implicitly defined sequence {x,} converges
strongly to a common fixed point of the mappings {T; : i € I}.

Proof . By Lemma [3.3] it follows that

li_>m |zn — Tixn]| =0 V1€ L (3.24)

Without any loss of generality, assume that 77 is semi-compact. Therefore, by (3.24), it follows that
limy, o0 ||, — Th2,|| = 0. Since T is semi-compact, therefore there exists a subsequence {w,,} of
{x,} such that z,,, — 2* € C. Now consider

|z* — Tix*|| = lim |2, —Tiz,, || =0 VIel. (3.25)
n;j—00

This proves that z* € F. Aslim,_, ||z, —¢|| exists for all ¢ € F, therefore {x,} converges to z* € F,
and hence the result. [

Remark 3.5. Theorem extends and improves Theorem 3.3 due to Sun [21)] to the case of more
general class of asymptotically quasi-nonexpansive mapping and implicit iteration process with errors
and without the boundedness of C which in turn generalizes Theorem 2 by Wittmann [23] from Hilbert
spaces to uniformly convex Banach spaces.

Definition 3.6. (condition (x))(see []]) The family {T; : i € I} of N-self mappings on a subset C'
of a normed space E satisfies condition (x) if there exists a nondecreasing function f:[0,00) — [0, 00)
with f(0) =0, f(r) > 0 for all v € (0,00) such that & SN e = Tl > f(d(z, F)) for all z € C
where d(z, F) = inf{||z — p|| : p € F}.

Note that condition (x) defined above reduces to the condition (A) [22] if we choose T; = T (say)
for all ¢ € 1.

Finally, an application of the convergence criteria established in Theorem [3.1] is given below to
obtain yet another strong convergence result in our setting.

Theorem 3.7. Let C' be a nonempty closed convex subset of a real uniformly conver Banach space
E. Let T;:C — C (ie I ={1,2,...,N}) be N uniformly L-Lipschitzian generalized asymptotically
quasi-nonexpansiwe mappings with {wi,}, {cin} C [0,00) such that > 7 Uy, < 00, D 0| Cip < 00
and satisfy the condition (x). Suppose that F = N F(T;) # 0. Let {x,} be the implicit iteration
process with errors defined by with the restrictions Y - v, < oo and {B,} C (s,1 —s) for
some s € (0, %) Then the iterative sequence {x,} converges strongly to a common fized point of the

mappings {T; :i € I}.



Convergence Theorems of Implicit Iterates with ...4 (2013) No. 1,21-34 33

Proof . As in the proof of Theorem , holds. Taking liminf on both sides of condition
(*) and using (3.24), we have that liminf,_, f(d(z,, F)) = 0. Since f is a nondecreasing function
with f(0) = 0 and f(r) > 0 for all r € (0,00), it follows that liminf, . d(z,, F) = 0. Now by
Theorem , x, — p € F. Thus the sequence {z,} converges strongly to a common fixed point of
the mappings {7; : ¢ € I}. This completes the proof. [

Remark 3.8. (i) Our results extend the corresponding results of Ud-din and Khan [j|] to the case of
more general class of asymptotically quasi-nonexpansive mappings considered in this paper.

(1i) Our results also generalize and improve the corresponding results of Sun [21)], Wittmann
[25] and Xu and Ori [26] to the case of more general class of nonexpansive, asymptotically quasi-
nonexpansive mappings and implicit iteration process with errors considered in this paper.

Example 3.9. Let E be the real line with the usual norm |.| and K = [0,1]. Define T: K — K by

T(x)=sinz, z€]l0,1],

for x € K. Obuviously T(0) = 0, that is, 0 is a fized point of T, that is, F(T) = {0}. Now we check
that T is generalized asymptotically quasi-nonexpansive mapping. In fact, if x € [0,1], p =0 € [0, 1]
and ¢, = 1/n? then

T(x) = pl = |T(x) = 0] = |sin w = 0] = [sin x| < [z] = |z — 0] = [z — p|,

that is

T(z) —p| < |z —pl.

Thus, T is quasi-nonexpansive. It follows that T is asymptotically quasi-nonexpansive with the
constant sequence {k,} = {1} for each n > 1 and hence it is generalized asymptotically quasi-
nonexpansive mapping with the constant sequence {k,} = {1} and sequence {c,} = {1/n*} for each
n > 1. But the converse does not hold in general.
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