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Abstract

In this paper we study properties of symbols such that these belong to class of symbols sitting inside
Sy, that we shall introduce as the following. So for because hypoelliptic pseudodifferential operators
plays a key role in quantum mechanics we will investigate some properties of M —hypoelliptic pseudo
differential operators for which define base on this class of symbols. Also we consider maximal and
minimal operators of M —hypoelliptic pseudo differential operators and we express some results about

these operators.
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1. Introduction

The theory of pseudodifferential operators was born in the early 1960 and, thereafter, it evolved
with the theory of partial differential equations. Therefore, many topics in these two theories are
closely related, like the hypoellipticity of operators, the sharp form of Gardings inequality, the
parametrix of operators, and so on. In the theory of pseudodifferential operators, one of the most
interesting topics is to investigate the behavior of pseudodifferential operators of Hormanders class,

o 10 LP(R™) and Sobolev spaces. The behavior of operators in L”(R") spaces plays an essential
role in the theory of linear and nonlinear partial differential equations. For example, one of the
most important equations in mathematical physics is the Schrodinger equation, as it plays a key
role in quantum mechanics. An important feature of this equation is the fact that it is instationary
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and therefore, one cannot use standard elliptic techniques for its resolution. One overcomes this
problem by performing a standard regularization procedure which allows some degree of control over
these singularities and, thus, enables (to some extend) the application of methods for hypoelliptic
boundary value problems. Hypoelliptic theory has its roots in the work of Hérmander in [6], where a
necessary and sufficient condition for a solution of a homogeneous boundary value problem to be C'*°
up to boundary of the domain was given. His condition, of an algebraic nature, was formulated in
terms of behavior of the zeros of the so-called characteristic function of the boundary value problem
near the infinity. So for because hypoelliptic pseudodifferential operators plays a key role in quantum
mechanics we study in this paper some properties hypoelliptic theory for pseudodifferential operatots
with the symbols type of M —hypoelliptic that introduce the following.

Let m,p and ¢ be real numbers; 0 < §,p < 1. The class Sy},(X x R") consist of functions

o(x,&) € C*°(X x R™) such that for any multi-indices «, 5 and any compact set K C X constants
R,C, s Kk exist for which

(08070 (2, €)] < Capel€|m I (1.1)

where |£] > R and x € K. We also take S™ ® = N,,crS™. In order to a general class as such
functions ¢ € C*°(X x R") suppose that ¢ € C5°(R") is a positive function such that there exist
positive constants p, 11, co and ¢; for which

co(L+[E)" <p(§) <a(l+[E)"  §eR™

Such a function ¢ is said to be a weight with polynomial growth. Moreover,we assume that there
exists a real number p such that g > p; and for all multi-indices a and v with v; € {0,1},
1,2, ...,n, there is a positive constant C|, - for which

€707 p(€)] < Camp(€) 73 ¢ e R™

Let m € R and p € (0, %] Then we define S}, to be the set of all functions o € C*°(X x R"), where
X is open set in R", such that for all multi-indices o and 3, there exists a positive constant C, g
depending on « and (3, only, for which

050, (2, €)| < Cap (€)™

for z € X and £ € R™.

A function in S, is said to be a symbol of order m and type p with weight gp It should be noted

that if we let o be the weight defined by p(§) = /1 + [§]?, for § € R, then S is the same as the
Hormander class S7.

The LP—boundedness for p # 2 is a completely different matter when p < 1. That L”—boundedness
is a much harder issue even for the Hormander class is well documented by Fefferman. Due to this
difficulty, the following class of symbols sitting inside 577, is introduced.

For m € R and p € (0, u] we let M, be the set of all functions o € C"’O(X x R™), X C R" is open
set, such that for all multi-indices v Wlth v €{0,1}, j=1,2,.

§100(x,8) € Sy,
In the case p(£) = /1 + [§]?, for £ € R", M, can be found in the [10].
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2. preliminaries

In this section we will express definitions and examples of these definitions and basic results for
which we will need in the next section.

2.1. Definitions

Definition 2.1. A function o € C*°(X xR"™), for an open set X C R™ is called a M — elliptic if the
following conditions are fulfilled:
(1) o(x,€) € M,

P
(2) there ezists positive constants C' and R for which

|o(2, )] = Cp(§)™

for |€] > R.

Definition 2.2. A function o € C*°(X x R"), is called a M—hypoelliptic symbol if the following
conditions are fulfilled:

(1) there exists real number t such that o(x,§) € M},
(2) there exist real numbers mgy, m such that for an arbitrary compact set K C X one can find

positive constants c1,co and R for which

c1p(§)™ < o(z,§)] < cap(§)™,

where [£| > R, v € K,
(3) there exist number 0 < § < p < 1 and for each compact set K C X a constant R such that
for any multi-indices o and [

|(3§8§0($, &)o Nz, &)| < Ca,ﬁ,K[SO(g)]_p‘O"M'B‘
for |£] > R,z € K, with some constant Cy 5 k.

We denote by Hy S5 (X x R") the class of symbols satisfying in definition (2.2) for fixed m, mq, p
and 0 with weight ¢. If domain X is obvious then we will denote this space simply by H MS;':”ng.
From definition (2.2) it obviously follows that

Hp S (X x R") € S, (X x R™).

We will denote by H MLZ?(’SmO (X) the class of properly supported pseudo differential operator A for
which oa(7,§) € Hy S5

Definition 2.3. A pseudo differential operator A is called M—elliptic (M —hypoelliptic) if there
exists a properly supported pseudo differential operator A; € HMLZ;;mO(X) for which o4, (x,§) is
M —elliptic (M —hypoelliptic) and A = Ay + Ry, where Ry € L~°(X).
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Examples

Example 2.4. The Laplace operator A = Z m R™ and Cauchy-Riemann operator

8 2
o0 0
@2 N 61’1 @IQ
in R? are elliptic operators.

Example 2.5. We consider the partial differential operator o(D) on R? in the paper [3] by Garello
and Morando given by

0 0? 0 0?
( - 2 ) - 2 )
Ox;  O0x3 "0xy  Oxf

The symbol o of the operator above is given by

0(&,8) =68 — L& 46+ &),

for &,& € R. It can be shown that symbol o is M —elliptic of order 1 with respect to weight @ on R?
given by

o(D) =

p(€1,&) = \J1+ €+ &ed + 65,
for &, & € R.

Example 2.6. The heat operator. The symbol of the heat operator

o 2
Ory  0z%’

on R? is given by
o(&1,8) = 161 + &3,

for &,& € R. By consider mog = —3,m = 2,p = %1 and positive constants cy, co, Ry, Ry with appro-

priate weight
p(61,6) =1+ +&,
then we have

1
c1p(€1,6)? < |o(&1,6)| < cap(61,6)?,
for |&1] > Ry, |&| > Ro. Therefore o is an M—hypoelliptic in M3 .
1

2.1.1. Basic results

Lemma 2.7. [9] The following conditions are equivalent for a differential operator A: (1) A is
elliptic (2) A€ HLT§™(X).

Remark 2.8. First of all note, that it makes sense to say that o(z,§) € S)s(U), where U is an arbi-
trary region in R™ x RN which is conic with respect to 5 Indeed, we will write that o(z,€) € S75(U),
if for any compact K C (R™ x SN=YY N U, where SN=! is the unit sphere in RY and for arbztmry
multi-indices o, 3, there is a constant Co g x > 0 such that

080, 0 (2,€)] < Caypic (§)™ 1,
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where (:c,%) € K and |§| > 1. Now assume, thal we are given a diffeomorphism from a conical

region V.C R™ x RM onto the conical region U C R™ x RN, commuting with the natural action of
the multiplicative group Ry, of positive numbers, i.e. a diffeomorphism which maps a (y,n) € V to
point (z(y,n),&(y,n)) € U, where x(y,n) and £(y,n) are positively homogenous in n of degree 0 and
1 respectively. Change the variables in o(z,£) :

o1(y,m) = o(x(y,n),&(y,n))-

Lemma 2.9. [J] Let o(x,§) € S)%(U) and assume that one of the following three assumption hold:
(1) p+6=1(2)p+06>1and x=2x(y) (3) x=2x(y) and & =&(y,n). Then

01(y7 T]) = O'(;L’(y7 T])?&(?Jvﬁ)) S Z,Lé(v>7

where V. C R™ x RN and U C R™ x RY are conical regions.

Theorem 2.10. [11] Let T and S be two properly supported pseudo differential operators in a do-
main X C R™ and let their symbols be or,os respectively. The composition Z = S.T s then a
properly supported pseudo differential operator whose its symbol satisfies the relation,

1 (0% (0%
O-ST(:Ca f) ~ Z aag O-S(xa f)DxUT(xv f)
Theorem 2.11. [71] Suppose that o € M]"% and T € M]"2 then A € M"1*™2 where

1 (63 (0%
A~ Zaagaﬁlﬂ' .

3. Main results
properties of M—hypoelliptic symbols

If o(x,€&) belong to Sy or H MS/T(;mO for large ¢ then multiplying by a smooth cut-off function
P(x, &) that for [£] > R(K) + 2 equal 1 and for |{] < R(K) + 1 equal zero, where K is arbitrary
compact set. Then we obtain a symbol o belong to 75 (X x R") or HyS)%™ (X x R") respectively,
which coincides with o(z,€) for large &.

Lemma 3.1. If o(z,§) € HyS) 5™ for large &, then o~ (x,€) € HyS, 5™ for large €.

Proof . We shall prove that o~!(x, &) satisfies in conditions definition of M —hypoelliptic. First we
show that o' € M,". Let v withe ~; € {0.1}, 7 =1,2,...,n , and «a, § be arbitrary multi-inddices
then we estimate

|0£07(£ 00 (,6))].
To this end, by Libnitz formula,
a
g (c0telo (0. 0) = 3 (5 )@ "6 0 0.6)
0<a

we set

I =0 % and IT = 858?70_1(20,5).
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Then we obtain
T=% %7 —(a—o 7 Il —la—0]
e =a-on(,7, )
ifa — 0 <, otherwise I = 0. Also

(09 Wg).. (3 g)

IT =000 (2,&) = 9})_ Co, .. e )
0+
6-++(1) §o+v(n)
B 5,(0 a)...( o)
- ; 091...9n771...’ynag; ( 0_n+1 )

Now we set [I] = a{f((aoﬂ(l)‘g;ﬁ) eﬂ(n)")) and we obtain it as the following

_ B\ 1g8-n(— L\ 981190+ ) (g1 5
e %(n)w ()] D210 0).. (o).

We take v = 0°7(Zky) and V = 07[(0°Wg)... (0777 5)]. Then,

(88— gntLy  (§F—nmgnt1)
IV = Z Ca1..npt..on o (nt1)? '

Now, by above conclusions we obtain that

orozicagow el < X (§ )l il <

<a

a ~ o
Z <0) (Oé — 9)'(@ - 0) QOM |o—0)] . Z ’091...911,71-”%1‘ . ‘[[[l <

0<a 0+~
g —|a— n
SSa=or(, 7)o S - X (5) 11V <
<o 0+ n<pg
o 8
Sa=0n(, 7 ) Sl (D)
<o O+~ n<p g

’05* (1)05* (n)’ n(n m nm-—
> 1Cs Bl TU|(n+1)2 T (€)™ V™| Ol p49(1)-+-C 0 (my (€)1,
Byy

Since ¢;p(&)™ < |o(x,&)| < cap(€)™ there exists positive constant D,, such that

Dy,

¥
an—i-l)Q

—mg(n+1)2 Dn -Dn —m(n+1)2
(&)~ < || (n+1)? < C(n+1)290(f) :
1

Then
0207167070 (2,)]] <

> (a- 6)!(a 1 9) LR TP I (B) y

<o 0+~ n<p "
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D,
> |Cs1. uimnna | C-n1)+-Cnm) | Cs.0-44(1) - Cov(m) | oz
By Co

—|la— nn m — (" 2m nm—plo—
p(£)P LPITle=bll —p(g)rintim | () =tmttlim p(g)rm—pla=dl
< Capnp(§) ™00

Therefore 07t € M oo - Second condition of M —hypoellipitcity is clearly. Finally, let o and 3 be
arbitrary multi-indices then

bi1g)..(0% 0
[ 10¢000 (0, o, €)1 < | 10203 G 2o 0.y <
B

Z‘Cﬂl MZ( ) 0" n+1](<9g((351 0)..(0™ )| lo(x,8)| <

<«
o aafG O.nJrl aafe(n)o.nJrl N
> (5) X Covnuorat 0 2g [ 0%0)..(0%0) ]) Io(2. )] <
<a a—~0
S Yo |Z|O c .. C, |ix
B1...Bn aj...0n,01...0, a—06(1 Oc 0(n)1~60,81+-“0,0n 1)2
0<a p 2

S0(5)n(nJrl)mfp\oa%80(€)f(n+l) m@(f)m <
Caﬁn (p(g)fp\alw\@\'
Therefore c=! € Hy S _gn —me O

Lemma 3.2. [fo(z,§) € HyS)3™ and r(z,£) € S5 where my < mg then o +r € Hy S, 5™
Proof . We must show that for any multi-indices v with v; € {0,1}, j =1,....n
0/ (o +1) €S,
To this, suppose that o and 3 are arbitrary multi-indices then by Libnitz formula,
| 0207[€0 (0 +1)(x,€)] | < 10207 (€700 (w,€))] + 0807 (€77 (2, ).

We set
I =000 0(x,8))

then

=15 () e @t ot 6l <

<a

Z <(g> (a - 9)' (Oé Z 6) Cé,ﬁ,'y X gp(f)p [l7|—lo—6] ) Cg’eﬁgo(£>mfp|9+7|

I<a
; (3) (o —9)! <Q ! 9> Co (€)™,
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On the other hand we estimate
[0 —|a— mi—
111 = ol en] < ()@=t 7 ) ol gty
n<la
Since my < mq therefore
aQ Y / mo—pla
=X (Y-, ) el
—\n a—n Y

Therefore
| 920 (o +7)(x, &) | < [T +|11] < C2 5 p(€)m Pl

* «@ /y ! /

avﬁvn - Z <8> (Oé B 9>' (O{ — 6) 0975»7 /8/:97709’5’7
Q _ | ry /

+ Z (77) (. —n)! o Chnre

n<a

where

Finally, for any multi-indices o and 3 we estimate
| [0807(0 +7)(, )](o + 1) (2, €) | < Capp(&)" 1 |(o +7) (2, )] <
Cos (&)1 Copp(€) ™™ < Capipl(§) ™.
The proof is complete. [

Theorem 3.3. Let o(x,&) € HyS)3™ for large € and let 01(y,n) = o(x(y,n),§(y,n)), where the
map (y,n) — z(y,n),&(y,n) is a C> map from X7 x (R" —{0}) in to X x (R™ — {0}) and where
&(y,m) is positive homogenous of degree 1 in 1. Assume that 1 —p < § < p. Then

o1(y,n) € HuS;3™,

for large n.

Proof . First, we prove that oy(y,n) € M) . to this, suppose that «, 8 and v with v; € {0,1},
j =1,...,n, are arbitrary multi-indices then by Libnitz formula we estimate

0507 ool 1= 30 ()1 @) @0 ontvn) | <

<a
. v —|a— m—
> (9) (v —0)! (a - 9> (1 + [n))r P=le=blcy ) p(n)m—rPl <
<a
“ v —loa— / m—p [|o
Z <9) (o — 6)!(a 3 0) (1+|n|)” (1=l 9”0/3797’7(‘0(77) p llel+
<«

Therefore o; € MZZ@'
Now we prove that there exist real numbers m, my such that for any compact set K C X one can
find positive constants R, c; and ¢y for which

crp(n)™ <loi(y,n)| < cp(n)™.
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By assumptions we have o1(y,n) = o(z(y,n),£(y,n)), so by differentiating of o;(y,n) we obtain

g—: = ;g—;(:r(y,n), (v, n))af?”l + aa;( (y,m), g(y,n))% (3.1.3)

and

&xk

—r(3.1.4).
oy, 1)

)&y, n))

80'1 f]
T Z (y, ),y m))

The functions g—fg, %—?;, g—jﬁ and g—Z’: are positively homogenous in 7 of degree 0, —1,1, and 0 respec-

tively. We obtain for || > R, where R is positive constant and ¢y, ¢y > 0

c1(p(n)™ " + p(n)™o ) < Ia—(;l| < ea(ip(n)™ 7 + ()™

and there exist positive constants dq, dy such that

80'1

3 | < da(ip(n)™ 1 + ()™ *0),

dy(p(n)™ P + p(n)™0 ) < |

for [n| > R,y € K, where K is some compact set. f m+d—1<m—pandmg+9d—1<myg—p
then p + ¢ < 1, therefore from (3.1.3) we have that

_ Jo .
crp(n)™ P < Ia—mll <™ (3.15).

IF x = 2(y) then %—2:7’; = 0, so we obtain the estimate (3.1.5) without p + § < 1. Similarly, if
m—p+1<m+dand mg—p+1<mg+0d then p+ 3 > 1 therefore it follows from (3.14) that]

dyip(n)™t < |ay | < dap(n)™ " (3.1.6),

and the same estimate is obtained by assumption 1 — p < § < p. The necessary estimates of the

from in definition (2.2) are thus verified when m,my and positive constants ¢y, ¢o, dy,ds and R are

chosen nicely. Also when |a + 3| <1 for an arbitrary function o(z,§) € Hy S5, the assertion of

theorem is true. Now, inductively, suppose that the estimates hold for |a + §| < k and arbitrary
o(x,§) € HyS,3". We obtain that for the derivatives of order equal or less than & of

Jo Oo

og, (PW) &) and e (x(y), €y, m)

the estimates of class Hjy S™ 7™~ and Hy;S™+omo+e respectively hold. From (3.1.3) and (3.1.4)
by similarly reasoning we obtain that these estimates hold for arbitrary ¢ € H MSZ‘(;mO. Finally, for
arbitrary multi-indices o 8 we obtain

| 020001 (y, Mot (y.n) | < CLgp(n)™ 1t Cy oo () ™™

<C, /3%0(77)_”&'”‘7"
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Proposition 3.4. If o € HMSm M0 and T € HMS ™0 then o7 € HMSm+m mo+my

proof. First, we show that for any multi-indices «, 8 and v with v;, 7 =1,2,...,n

pzotle o)l < 3 (5 )06 020 01) o )]

<a
Soa-0n(, 7, ) 169 020 ), L
<
We set [ = 858?”(0.7)@, ¢) then by Libnitz rule

<Y (f) |02 08 g ()] | [0 (a, €] |

n<0+ry
ﬁ ’ - ! m= m/ —
Z ()\ Z Céﬁ,%n,A@(&) P16 ]CW ,YnAgp(é) ol [n+0+~] ]
A<B <O+~ n
< 9—1-7 C/ C// m+m1_p [ |9+'Y‘ ]
Z Z B,0,7,mA /370,%777/\90(6) .
ALB <0+

Therefore

|(9?85[§782(0.7)(1:,§)]| < Z (3) (a0 —0)! <a i 9)90@)[) [vl=le=0l ] 1]

0<a
< Copip(€)™Hm o1,

Hence o.7 € M} m+m' By assumptions o.7 satisfies in conditions of definition of M —hypoelliptic
m4+m’ m0+m0

symbol therefore 0.7 € HpyS, 5
properties of M —hypoelliptic operators

Lemma 3.5. If T € Hy L) (X), and R € L}'3(X) with my < mg where R is properly supported,
then T+ R € HMmeO(X).

Proof . The statement follows immediately from lemma (3.1). O

Remark 3.6. Given a diffeomorphism x : X — X1 from one open set X C R"™ onto another open
set X1 C R", the induced transformation x* : C*°(X;) — C°(X), taking a function u to the function
uoy, is an isomorphism and transforms C§°(Xy) into C§°(X). Let T be a pseudo differential operator
on X and define T\ : C3°(X1) — C°(X1) with the help of the commutative diagram:
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We obtain
Tiufe) = [ exp* 0 alxa (o), x(2), et s (o) uz) e,

where x1(z) =y and X1 is the Jacobi matriz of the transformationa x;.

Proposition 3.7. If 1 —p < 6 < p, then HMLZL;{"O(X) s tnvariant with respect to change of

variables i.e. if we are given a diffeomorphism x : X — X1 and an operator 11 is defined as remark
(28) then 17 € HMLZémO (X)

Proof . By theorem (3.3) we have
or(a™ (), Xa(y)~'n) € HuS5™ (X).
But by theorem (4.2) in Subin [9] and lemma (3.1) we have

on(y.n) = or(z ' (v),! Xaly) ')A + r(y.n)),

_o(p_1
where r(y,n) € Spj(p 2) for large 1. Now, by theorem (2.11) and lemma (3.1) the assertion is proved.

O

The parametriz and the reqularity theorem

Theorem 3.8. Let T' € Hy L, 3" (X) with either 1 —p <0 < p ord < p and X a domain in R".

Then there exists an operator S € Hy L, 5"~ "(X), such that

ST=I1+R, and TS=I1+R, (3.3.1)

where R; € L~°(X) for j = 1,2 and I is the identity operator. If, S is another pseudo differential
operator for which

TS=I1+R, and ST=1I1+R,

where R; € L~°(X) for j =1,2, then S — S € L™>°(X).

Proof . Consider a function by(z,§) € HprS, 5™ (X xR") for which o7t (z,€) = bo(x, &) for large €.
Now, corresponding to this symbol we can chose a properly supported operator Sy € H ML;?’_mO (X)
such that

050 — bo € M, (X x R™).

Let us show that

SoT'=1+Ry (332)
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where Ry € L;gp_d)(X). By theorems (2.10) and (2.11) we have for large &

1
osyr(2,§) ~ 1+ Z aa?%_ﬂngUT =

la>1

s @ or ot
Now, by lemma (3.1) we have
020t _ D%
T e and =L e S
k) O‘T )

Or

51 pa —lad(p— —(p—
Then %M € SWL 0=9) " Therefore R, € Lpfsp Y(X). Now, let Cy be a properly supported

or
pseudo differential operator for which

—00

Co~ Y (1R} (3.3.3)

J=0
or

oc ~ Y _(—1)op (3.3.4).

From (3.3.3) we have

C[)(I‘f‘ Ro) — 1€ L_Oo,

so that putting S; = CySp therefore S;T' =1+ Ry (3.3.5)where R; € L~>°(X). From construction
it implies that ) € Hy L, 5"~ " (X). We can similarly construct an operator Sy € Hy L, 5"~ " (X)
for which SoT' =1+ Ry  (3.3.6) where Ry € L™°°(X). Let us now verify that if S; and Ssare two
arbitrary pseudo differential operator such that (3.3.5) and (3.3.6) hold then S; — Sy € L™°(X).
This will demonstrate the existence of the required S and its uniqueness. Note that S; and Sy can
be taken to be properly supported. From (3.35) we have

SlT =]+ R = SlTSQ = 52R152 = Sl([ + Rg) = SQ(I + Rl)

therefore S; — Sy = R1S; — S1R». Since S1 Ry and R1Ss both belong to L=°°(X) therefore S; — Sy €
L=>°(X). O

Corollary 3.9. IfT is a M—hypoelliptic pseudo differential operator on X then there exists a prop-
erly supported pseudo differential operator ,S, for which (3.3.1) holds.

Corollary 3.10. Any M —hypoelliptic operator T' € L}'5(X) has a parametriz S in HML;’gnﬁmo(X).
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M —hypoelliptic pseudo-differential operators

In this section we want to study some properties of M —hypoelliptic pseudo-differential operators
on LP(R"), 1 < p < oo. We prove that if T' € Hy L)' (X) and Dom(T) = S(R"), then T is closable,
where S(R™) is the Schwartz space. This result is proposition (3.1) in Wong [11] if 6 = 0, p = 1 and
m = my.

Proposition 3.11. IfT € Hy L} (X) and S € HMLZ?(;’mE’ (X) then
ToS € Hy L'y ™™™ (X),

proof. By theorem [2.10]

agO'T 8?0'5

—

O'T.O'S

ors ~ or(z,§)os(x, &) [1+ Z

la>1

and from Lemma [3.1] and we see that the series is square bracket is an asympotic sum belong to
H ngg. It remaind to use proposition .

Theorem 3.12. IfT € Hy L™ (X) then T* € Hy L)' (X) where T*is the adjoint of T.
proof. It follows from proposition [3.11]
Proposition 3.13. IfT' € Hy L} (X) and the Dom(T) of T is S(R"), then T is closable.

proof. Let {¢} be a sequence of functions in S(R") such that ¢ — 0, T'(pr) — f in LP(R") as
k — oo. Then for any function ¢ in S(R"), we have

(T(er), ¥) = (r, T" (1))

Let k& — oo. Then we have (f, 1) = 0 for all function ¢ in S(R™). Since S(R") is dense in LP(R™) it
follows that f =0 .

Remark 3.14. A consequence of the above proposition is that T : S(R™) — LP(R"™) has a closed
extension in LP(R™). We denote the smallest such by Ty and call it the minimal operator of T. It can
be shown easily that domain Dom(Ty) of Ty consist of all functions u € LP(R™) such that a sequence
{er} in S(R™) cab be found for which ¢ — u in LP(R™) and T(pr) — f for some f in LP(R™).
Moreover, Tou = f see [3] by Wong.

Theorem 3.15. Let T € Hy L, 3" (X) for which 1 —p <0 < p orp<d and X is open set in R".
If there exist two constants C, D such that

[@llmy < C [ T¢llop + #llop] < Dl@limp,
for ¢ € S(R™). Then Dom(Ty) = H™P.

proof. If u € H™P?, then we can take a sequence {¢} of functions in S(R™) such that ¢x — u in
H™P. Therefore by assumptions, {T¢;} and {¢x} are Cauchy sequences in LP(R™). Thus ¢ — u
and Ty, — f for some w and f in LP(R™). Hence u € Dom(Ty) and Tou = f. ON the other hand, if
u € Dom(T}), then we can find a sequence {¢;} in S(R") for which ¢ — win LP(R") and T'px — f
for some f in LP(R™). Therefore {¢x} and {Tp,} are Cauchy sequence in LP(R™), so by assumption
of theorem {p;} is a Cauchy in H™P. Since H™? is complete, ¢, — v for some v € H™P. Suppose
m > 0. Then the inclusion map H™P? — LP(R") is continuous. Therefore ¢, — v in LP(R™). So
u = v, and consequently lies in ™. If m < 0, then the inclusion map LP(R") < H"P is continuous.
Hence ¢, — u in H™P. Therefore u = v and consequently lies in H™P.
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Remark 3.16. We can define another closed extension Ty of T on S(R™) as follows. We say that
u € Dom(Ty) and Tyu = f if u and f are in LP(R™) and (u, T*) = (f,v) for all p € S(R™). It is
called the mazximal or weak extension of T. It is the maximal in the sense that it is the largest closed
extension having S(R™) in the domain of its adjoint. Since Ty is the maximal closed extension of T,
H™P s contained in the domain of T7.
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