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Abstract

In this paper we study properties of symbols such that these belong to class of symbols sitting inside
Smρ,ϕ that we shall introduce as the following. So for because hypoelliptic pseudodifferential operators
plays a key role in quantum mechanics we will investigate some properties of M−hypoelliptic pseudo
differential operators for which define base on this class of symbols. Also we consider maximal and
minimal operators of M−hypoelliptic pseudo differential operators and we express some results about
these operators.
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1. Introduction

The theory of pseudodifferential operators was born in the early 1960 and, thereafter, it evolved
with the theory of partial differential equations. Therefore, many topics in these two theories are
closely related, like the hypoellipticity of operators, the sharp form of Gardings inequality, the
parametrix of operators, and so on. In the theory of pseudodifferential operators, one of the most
interesting topics is to investigate the behavior of pseudodifferential operators of Hormanders class,
Smρ,δ in LP (Rn) and Sobolev spaces. The behavior of operators in LP (Rn) spaces plays an essential
role in the theory of linear and nonlinear partial differential equations. For example, one of the
most important equations in mathematical physics is the Schrödinger equation, as it plays a key
role in quantum mechanics. An important feature of this equation is the fact that it is instationary
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and therefore, one cannot use standard elliptic techniques for its resolution. One overcomes this
problem by performing a standard regularization procedure which allows some degree of control over
these singularities and, thus, enables (to some extend) the application of methods for hypoelliptic
boundary value problems. Hypoelliptic theory has its roots in the work of Hörmander in [6], where a
necessary and sufficient condition for a solution of a homogeneous boundary value problem to be C∞

up to boundary of the domain was given. His condition, of an algebraic nature, was formulated in
terms of behavior of the zeros of the so-called characteristic function of the boundary value problem
near the infinity. So for because hypoelliptic pseudodifferential operators plays a key role in quantum
mechanics we study in this paper some properties hypoelliptic theory for pseudodifferential operatots
with the symbols type of M−hypoelliptic that introduce the following.

Let m, ρ and δ be real numbers; 0 ≤ δ, ρ ≤ 1. The class Smδ,ρ(X × Rn) consist of functions

σ(x, ξ) ∈ C∞(X × Rn) such that for any multi-indices α, β and any compact set K ⊂ X constants
R,Cα,β,K exist for which

|(∂αξ ∂βxσ)(x, ξ)| ≤ Cα,β,K |ξ|m−ρ|α|+δ|β|, (1.1)

where |ξ| ≥ R and x ∈ K. We also take S− ∞ = ∩m∈RSm. In order to a general class as such
functions σ ∈ C∞(X × Rn) suppose that ϕ ∈ C∞0 (Rn) is a positive function such that there exist
positive constants µ0, µ1, c0 and c1 for which

c0(1 + |ξ|)µ0 ≤ ϕ(ξ) ≤ c1(1 + |ξ|)µ1 ξ ∈ Rn.

Such a function ϕ is said to be a weight with polynomial growth. Moreover,we assume that there
exists a real number µ such that µ ≥ µ1 and for all multi-indices α and γ with γj ∈ {0, 1}, j =
1, 2, ..., n, there is a positive constant Cα,γ for which

|ξγ(∂α+γ)ϕ(ξ)| ≤ Cα,γϕ(ξ)1−
1
µ
|α| ξ ∈ Rn.

Let m ∈ R and ρ ∈ (0, 1
µ
]. Then we define Smρ,ϕ to be the set of all functions σ ∈ C∞(X ×Rn), where

X is open set in Rn, such that for all multi-indices α and β, there exists a positive constant Cα,β
depending on α and β, only, for which

|∂αx∂
β
ξ σ(x, ξ)| ≤ Cα,β ϕ(ξ)m−ρ|β|

for x ∈ X and ξ ∈ Rn.

A function in Smρ,ϕ is said to be a symbol of order m and type ρ with weight ϕ. It should be noted

that if we let ϕ be the weight defined by ϕ(ξ) =
√

1 + |ξ|2, for ξ ∈ Rn, then Smρ,ϕ is the same as the
Hörmander class Smρ,0.

The Lp−boundedness for p 6= 2 is a completely different matter when ρ < 1. That Lp−boundedness
is a much harder issue even for the Hörmander class is well documented by Fefferman. Due to this
difficulty, the following class of symbols sitting inside Smρ,ϕ is introduced.
For m ∈ R and ρ ∈ (0, 1

µ
], we let Mm

ρ,ϕ be the set of all functions σ ∈ C∞(X × Rn), X ⊂ Rn is open

set, such that for all multi-indices γ with γj ∈ {0, 1}, j = 1, 2, ..., n,

ξγ∂γσ(x, ξ) ∈ Smρ,ϕ.

In the case ϕ(ξ) =
√

1 + |ξ|2, for ξ ∈ Rn, Mm
ρ,ϕ can be found in the [10].
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2. preliminaries

In this section we will express definitions and examples of these definitions and basic results for
which we will need in the next section.

2.1. Definitions

Definition 2.1. A function σ ∈ C∞(X×Rn), for an open set X ⊂ Rn is called a M−elliptic if the
following conditions are fulfilled:

(1) σ(x, ξ) ∈Mm
ρ,ϕ,

(2) there exists positive constants C and R for which

|σ(x, ξ)| ≥ Cϕ(ξ)m

for |ξ| ≥ R.

Definition 2.2. A function σ ∈ C∞(X × Rn), is called a M−hypoelliptic symbol if the following
conditions are fulfilled:

(1) there exists real number t such that σ(x, ξ) ∈M t
ρ,ϕ,

(2) there exist real numbers m0,m such that for an arbitrary compact set K ⊂ X one can find
positive constants c1, c2 and R for which

c1ϕ(ξ)m ≤ |σ(x, ξ)| ≤ c2ϕ(ξ)m0 ,

where |ξ| ≥ R, x ∈ K,
(3) there exist number 0 ≤ δ < ρ ≤ 1 and for each compact set K ⊂ X a constant R such that

for any multi-indices α and β

|(∂αx∂
β
ξ σ(x, ξ))σ−1(x, ξ)| ≤ Cα,β,K [ϕ(ξ)]−ρ|α|+δ|β|

for |ξ| ≥ R, x ∈ K, with some constant Cα,β,K .

We denote by HMS
m,m0

ρ,δ (X ×Rn) the class of symbols satisfying in definition (2.2) for fixed m,m0, ρ
and δ with weight ϕ. If domain X is obvious then we will denote this space simply by HMS

m,m0

ρ,δ .
From definition (2.2) it obviously follows that

HMS
m,m0

ρ,δ (X × Rn) ⊂ Smρ,ϕ(X × Rn).

We will denote by HML
m,m0

ρ,δ (X) the class of properly supported pseudo differential operator A for
which σA(x, ξ) ∈ HMS

m,m0

ρ,δ .

Definition 2.3. A pseudo differential operator A is called M−elliptic (M−hypoelliptic) if there
exists a properly supported pseudo differential operator A1 ∈ HML

m,m0

ρ,δ (X) for which σA1(x, ξ) is
M−elliptic (M−hypoelliptic) and A = A1 +R1, where R1 ∈ L−∞(X).
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Examples

Example 2.4. The Laplace operator ∆ =
n∑
i=1

∂2

∂x2i
in Rn and Cauchy-Riemann operator

∂

∂z̄
=

∂

∂x1
+ i[

∂

∂x2
]

in R2 are elliptic operators.

Example 2.5. We consider the partial differential operator σ(D) on R2 in the paper [3] by Garello
and Morando given by

σ(D) = (
∂

∂x1
− ∂2

∂x22
)(

∂

∂x2
− ∂2

∂x21
).

The symbol σ of the operator above is given by

σ(ξ1, ξ2) = ξ21ξ
2
2 − ξ1ξ2 + i(ξ31 + ξ32),

for ξ1, ξ2 ∈ R. It can be shown that symbol σ is M−elliptic of order 1 with respect to weight ϕ on R2

given by

ϕ(ξ1, ξ2) =
√

1 + ξ61 + ξ41ξ
4
2 + ξ62 ,

for ξ1, ξ2 ∈ R.

Example 2.6. The heat operator. The symbol of the heat operator

∂

∂x1
− ∂2

∂x22
,

on R2 is given by
σ(ξ1, ξ2) = iξ1 + ξ22 ,

for ξ1, ξ2 ∈ R. By consider m0 = −3,m = 2, ρ = 1
4

and positive constants c1, c2, R1, R2 with appro-
priate weight

ϕ(ξ1, ξ2) = 1 + ξ21 + ξ42 ,

then we have
c1ϕ(ξ1, ξ2)

1
2 ≤ |σ(ξ1, ξ2)| ≤ c2ϕ(ξ1, ξ2)

2,

for |ξ1| ≥ R1, |ξ2| ≥ R2. Therefore σ is an M−hypoelliptic in M2
1
4
,ϕ

.

2.1.1. Basic results

Lemma 2.7. [9] The following conditions are equivalent for a differential operator A: (1) A is
elliptic (2) A ∈ HLm0,m

1,0 (X).

Remark 2.8. First of all note, that it makes sense to say that σ(x, ξ) ∈ Smρ,δ(U), where U is an arbi-
trary region in Rn×RN , which is conic with respect to ξ. Indeed, we will write that σ(x, ξ) ∈ Smρ,δ(U),
if for any compact K ⊂ (Rn × SN−1) ∩ U, where SN−1 is the unit sphere in RN and for arbitrary
multi-indices α, β, there is a constant Cα,β,K > 0 such that

|∂αξ ∂
β
ξ σ(x, ξ)| ≤ Cα,β,K〈ξ〉m−ρ|α|+δ|β|,
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where (x, ξ|ξ|) ∈ K and |ξ| ≥ 1. Now assume, that we are given a diffeomorphism from a conical

region V ⊂ Rn1 × RN1 onto the conical region U ⊂ Rn × RN , commuting with the natural action of
the multiplicative group R+, of positive numbers, i.e. a diffeomorphism which maps a (y, η) ∈ V to
point (x(y, η), ξ(y, η)) ∈ U, where x(y, η) and ξ(y, η) are positively homogenous in η of degree 0 and
1 respectively. Change the variables in σ(x, ξ) :

σ1(y, η) = σ(x(y, η), ξ(y, η)).

Lemma 2.9. [9] Let σ(x, ξ) ∈ Smρ,δ(U) and assume that one of the following three assumption hold:
(1) ρ+ δ = 1 (2) ρ+ δ ≥ 1 and x = x(y) (3) x = x(y) and ξ = ξ(y, η). Then

σ1(y, η) = σ(x(y, η), ξ(y, η)) ∈ Smρ,δ(V ),

where V ⊂ Rn1 × RN1 and U ⊂ Rn × RN are conical regions.

Theorem 2.10. [11] Let T and S be two properly supported pseudo differential operators in a do-
main X ⊂ Rn and let their symbols be σT , σS respectively. The composition Z = S.T is then a
properly supported pseudo differential operator whose its symbol satisfies the relation,

σST (x, ξ) ∼
∑
α

1

α!
∂αξ σS(x, ξ)Dα

xσT (x, ξ)

Theorem 2.11. [11] Suppose that σ ∈Mm1
ρ,ϕ and τ ∈Mm2

ρ,ϕ then λ ∈Mm1+m2
ρ,ϕ , where

λ ∼
∑
α

1

α!
∂αξ σ∂

α
x τ .

3. Main results

properties of M−hypoelliptic symbols

If σ(x, ξ) belong to Smρ,δ or HMS
m,m0

ρ,δ for large ξ then multiplying by a smooth cut-off function
ψ(x, ξ) that for |ξ| ≥ R(K) + 2 equal 1 and for |ξ| ≤ R(K) + 1 equal zero, where K is arbitrary
compact set. Then we obtain a symbol σ1 belong to Smρ,δ(X×Rn) or HMS

m,m0

ρ,δ (X×Rn) respectively,
which coincides with σ(x, ξ) for large ξ.

Lemma 3.1. If σ(x, ξ) ∈ HMS
m,m0

ρ,δ for large ξ, then σ−1(x, ξ) ∈ HMS
−m0,−m
ρ,δ for large ξ.

Proof . We shall prove that σ−1(x, ξ) satisfies in conditions definition of M−hypoelliptic. First we
show that σ−1 ∈ M−m

ρϕ . Let γ withe γj ∈ {0.1}, j = 1, 2, ..., n , and α, β be arbitrary multi-inddices
then we estimate

|∂αξ ∂βx (ξγ∂γξ σ
−1(x, ξ))|.

To this end, by Libnitz formula,

∂αξ (ξγ∂βx∂
γ
ξ σ
−1(x, ξ)) =

∑
θ≤α

(
α

θ

)
(∂α− θξγ)(∂βx∂

θ+γ
ξ σ−1(x, ξ)).

we set
I = ∂α− θξγ and II = ∂βx∂

θ+γ
ξ σ−1(x, ξ).
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Then we obtain

I = ∂α− θξγ = (α− θ)!
(

γ

α− θ

)
|ξ||γ|−|α−θ|

ifα− θ ≤ γ, otherwise I = 0. Also

II = ∂βx∂
θ+γ
ξ σ−1(x, ξ) = ∂βx (

∑
θ+γ

Cθ1...θn,γ1...γn
(∂θ+γ(1)σ)...(∂θ+γ(n)σ)

σn+1
)

=
∑
θ+γ

Cθ1...θn,γ1...γn∂
β
x (

(∂θ+γ(1)σ)...(∂θ+γ(n)σ)

σn+1
).

Now we set III = ∂βx ( (∂
θ+γ(1)σ)...(∂θ+γ(n)σ)

σn+1 ) and we obtain it as the following

III =
∑
η≤β

(
β

η

)
[∂β−η(

1

σn+1
)] ∂βx [(∂θ+γ(1)σ)...(∂θ+γ(n)σ)].

We take Iv = ∂β−η( 1
σn+1 ) and V = ∂βx [(∂θ+γ(1)σ)...(∂θ+γ(n)σ)]. Then,

IV =
∑

Cβ1...βn,η1...ηn
(∂β−η(1)σn+1)...(∂β−η(n)σn+1)

σ(n+1)2
.

Now, by above conclusions we obtain that

|∂αξ ∂βx (ξγ∂γξ σ
−1(x, ξ))| ≤

∑
θ≤α

(
α

θ

)
|I| |II| ≤

∑
θ≤α

(
α

θ

)
(α− θ)!

(
γ

α− θ

)
ϕ|γ|−|α−θ| .

∑
θ+γ

|Cθ1...θn,γ1...γn| . |III| ≤

∑
θ≤α

(α− θ)!
(

γ

α− θ

)
ϕ|γ|−|α−θ| .

∑
θ+γ

|Cθ1...θn,γ1...γn| .
∑
η≤β

(
η

β

)
. |IV | . |V | ≤

∑
θ≤α

(α− θ)!
(

γ

α− θ

)
ϕ|γ|−|α−θ| .

∑
θ+γ

|Cθ1...θn,γ1...γn| .
∑
η≤β

(
β

η

)
.

∑
β,γ

|Cβ1...βn,η1...ηn|
|Cβ−η(1)...Cβ−η(n)|

|σ|(n+1)2
ϕ(ξ)n(n+1)m|Cβ,θ+γ(1)...Cβ,θ+γ(n)|ϕ(ξ)nm−ρ[|θ+γ|].

Since c1ϕ(ξ)m0 ≤ |σ(x, ξ)| ≤ c2ϕ(ξ)m there exists positive constant Dn such that

Dn

c
(n+1)2

2

ϕ(ξ)−m0(n+1)2 ≤ Dn

|σ|(n+1)2
≤ Dn

c
(n+1)2

1

ϕ(ξ)−m(n+1)2 .

Then
|∂αξ ∂βx [ξγ∂γξ σ

−1(x, ξ)]| ≤∑
θ≤α

(α− θ)!
(

γ

α− θ

)
ϕρ[ |γ|−|α−θ| ] .

∑
θ+γ

|Cθ1...θn,γ1...γn| .
∑
η≤β

(
β

η

)
×
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∑
β,γ

|Cβ1...βn,η1...ηn||Cβ−η(1)...Cβ−η(n)||Cβ,θ+γ(1)...Cβ,θ+γ(n)|
Dn

c
(n+1)2

2

×

ϕ(ξ)ρ [ |γ|−|α−θ|] . ϕ(ξ)n(n+1)m . ϕ(ξ)−(n+1)2m . ϕ(ξ)nm−ρ|α−θ|

≤ Cα,β,nϕ(ξ)−m−ρ|α|.

Therefore σ−1 ∈ M−m
ρ,ϕ . Second condition of M−hypoellipitcity is clearly. Finally, let α and β be

arbitrary multi-indices then

| [∂αξ ∂
β
xσ
−2(x, ξ)]σ(x, ξ)| ≤ | [∂αξ (

∑
β

Cβ1...βn
(∂β1σ)...(∂βnσ)

σn+1
)]σ(x, ξ) | ≤

∑
β

|Cβ1...βn|
∑
θ≤α

(
α

θ

)
[ |∂α−θ 1

σn+1
](∂αξ ((∂β1σ)...(∂βnσ)))| |σ(x, ξ)| ≤

∑
θ≤α

(
α

θ

)
[
∑
α−θ

Cα1...αn,θ1...θn

(∂α−θ(1)σn+1)...(∂α−θ(n)σn+1)

σ(n+1)2
](∂αξ [ (∂β1σ)...(∂βnσ) ]) |σ(x, ξ)| ≤

∑
θ≤α

∑
β

|Cβ1...βn|
∑
α,θ

|Cα1...αn,θ1...θn||Cα−θ(1)...Cα−θ(n)|Cθ,β1 ...Cθ,βn|
Dn

c
(n+1)2

2

×

ϕ(ξ)n(n+1)m−ρ|αθ|ϕ(ξ)−(n+1)2mϕ(ξ)m ≤

Cα,β,n ϕ(ξ)−ρ|α|+ρ|θ|.

Therefore σ−1 ∈ HMS
−m,−m0

ρ,δ . �

Lemma 3.2. If σ(x, ξ) ∈ HMS
m,m0

ρ,δ and r(x, ξ) ∈ Sm1
ρ,δ where m1 < m0 then σ + r ∈ HMS

m,m0

ρ,δ .

Proof . We must show that for any multi-indices γ with γj ∈ {0, 1}, j = 1, ..., n,

ξγ∂γξ (σ + r) ∈ Smρ,ϕ.

To this, suppose that α and β are arbitrary multi-indices then by Libnitz formula,

| ∂αξ ∂βx [ξγ∂γξ (σ + r)(x, ξ)] | ≤ |∂αξ ∂βx (ξγ∂γξ σ(x, ξ))|+ |∂αξ ∂βx (ξγr(x, ξ))|.

We set
I = ∂αξ ∂

β
x (ξγ∂γξ σ(x, ξ))

then

|I| = |
∑
θ≤α

(
α

θ

)
[∂α−θξγ] (∂βx∂

θ+γ
ξ σ(x, ξ))| ≤

∑
θ≤α

(
α

θ

)
(α− θ)!

(
γ

α− θ

)
C ′θ,β,γ × ϕ(ξ)ρ [|γ|−|α−θ|] . C ′′β,θ,γϕ(ξ)m−ρ|θ+γ|

∑
θ≤α

(
α

θ

)
(α− θ)!

(
γ

α− θ

)
Cθ,β,γϕ(ξ)m−ρ|α|.
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On the other hand we estimate

|II| = |∂αξ ∂βx (ξγr(x, ξ))| ≤
∑
η≤α

(
α

η

)
(α− η)!

(
γ

α− η

)
C ′β,η,γϕ(ξ)ρ[|γ|−|α−η|]ϕ(ξ)m1−ρ|η+γ|.

Since m1 < m0 therefore

|II| ≤
∑
η≤α

(
α

η

)
(α− η)!

(
γ

α− η

)
C ′β,η,γϕ(ξ)m0−ρ|α|.

Therefore
| ∂αξ ∂βx [ξγ∂γξ (σ + r)(x, ξ)] | ≤ |I|+ |II| ≤ C∗α,β,nϕ(ξ)m−ρ|α|

where

C∗α,β,n =
∑
θ≤α

(
α

θ

)
(α− θ)!

(
γ

α− θ

)
C ′θ,β,γC

′′
β,θ,γCθ,β,γ

+
∑
η≤α

(
α

η

)
(α− η)!

(
γ

α− η

)
C ′β,η,γ.

Finally, for any multi-indices α and β we estimate

| [∂αξ ∂
β
x (σ + r)(x, ξ)](σ + r)−1(x, ξ) | ≤′ Cα,βϕ(ξ)m−ρ|α| |(σ + r)−1(x, ξ)| ≤

C ′α,βϕ(ξ)m−ρ|α|C0,0ϕ(ξ)−m ≤ Cα,βϕ(ξ)−ρ|α.

The proof is complete. �

Theorem 3.3. Let σ(x, ξ) ∈ HMS
m,m0

ρ,δ for large ξ and let σ1(y, η) = σ(x(y, η), ξ(y, η)), where the
map (y, η) 7→ x(y, η), ξ(y, η) is a C∞ map from X1 × (Rn − {0}) in to X × (Rn − {0}) and where
ξ(y, η) is positive homogenous of degree 1 in η. Assume that 1− ρ ≤ δ ≤ ρ. Then

σ1(y, η) ∈ HMS
m,m0

ρ,δ ,

for large η.

Proof . First, we prove that σ1(y, η) ∈ Mm
ρ,ϕ. to this, suppose that α, β and γ with γj ∈ {0, 1},

j = 1, ..., n, are arbitrary multi-indices then by Libnitz formula we estimate

|∂αη ∂βy [ηγ∂γησ1(y, η)] | ≤
∑
θ≤α

(
α

θ

)
| (∂α−θηγ) (∂βy ∂

θ+γ
η σ1(y, η)) | ≤

∑
θ≤α

(
α

θ

)
(α− θ)!

(
γ

α− θ

)
(1 + |η|)ρ [|γ|−|α−θ|]C ′β,θ,γϕ(η)m−ρ|θ+γ| ≤

∑
θ≤α

(
α

θ

)
(α− θ)!

(
γ

α− θ

)
(1 + |η|)ρ [|γ|−|α−θ|]C ′β,θ,γϕ(η)m−ρ [|α|+|γ|].

Therefore σ1 ∈Mm
ρ,ϕ.

Now we prove that there exist real numbers m,m0 such that for any compact set K ⊂ X one can
find positive constants R, c1 and c2 for which

c1ϕ(η)m0 ≤ |σ1(y, η)| ≤ cϕ(η)m.
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By assumptions we have σ1(y, η) = σ(x(y, η), ξ(y, η)), so by differentiating of σ1(y, η) we obtain

∂σ1
∂ηl

=
∑
j

∂σ

∂ξj
(x(y, η), ξ(y, η))

∂ξj
∂ηl

+
∑
k

∂σ

∂xk
(x(y, η), ξ(y, η))

∂xk
∂ηl

(3.1.3)

and

∂σ1
∂yr

=
∑
j

∂σ

∂ξj
(x(y, η), ξ(y, η))

∂ξj
∂yr

+
∑
k

∂σ

∂xk
(x(y, η), ξ(y, η))

∂xk
∂yr

(3.1.4).

The functions
∂ξj
∂ηl
, ∂xk
∂ηl
,
∂ξj
∂yr

and ∂xk
∂yr

are positively homogenous in η of degree 0,−1, 1, and 0 respec-

tively. We obtain for |η| ≥ R, where R is positive constant and c1, c2 > 0

c1(ϕ(η)m0−ρ + ϕ(η)m0+δ−1) ≤ |∂σ1
∂ηl
| ≤ c2(ϕ(η)m−ρ + ϕ(η)m+δ−1)

and there exist positive constants d1, d2 such that

d1(ϕ(η)m0−ρ+1 + ϕ(η)m0+δ) ≤ |∂σ1
∂yr
| ≤ d2(ϕ(η)m−ρ+1 + ϕ(η)m+δ),

for |η| ≥ R, y ∈ K, where K is some compact set. If m + δ − 1 ≤ m − ρ and m0 + δ − 1 ≤ m0 − ρ
then ρ+ δ ≤ 1, therefore from (3.1.3) we have that

c1ϕ(η)m0−ρ ≤ |∂σ1
∂ηl
| ≤ c2ϕ(η)m−ρ (3.1.5).

IF x = x(y) then ∂xk
∂ηl

= 0, so we obtain the estimate (3.1.5) without ρ + δ ≤ 1. Similarly, if

m− ρ+ 1 ≤ m+ δ and m0 − ρ+ 1 ≤ m0 + δ then ρ+ δ ≥ 1 therefore it follows from (3.14) that]]

d1ϕ(η)m0+δ ≤ |∂σ1
∂yr
| ≤ d2ϕ(η)m+δ (3.1.6),

and the same estimate is obtained by assumption 1 − ρ ≤ δ < ρ. The necessary estimates of the
from in definition (2.2) are thus verified when m,m0 and positive constants c1, c2, d1, d2 and R are
chosen nicely. Also when |α + β| ≤ 1 for an arbitrary function σ(x, ξ) ∈ HMS

m,m0

ρ,δ , the assertion of
theorem is true. Now, inductively, suppose that the estimates hold for |α + β| ≤ k and arbitrary
σ(x, ξ) ∈ HMS

m,m0

ρ,δ . We obtain that for the derivatives of order equal or less than k of

∂σ

∂ξj
(x(y), ξ(y, η)) and

∂σ

∂ξk
(x(y), ξ(y, η))

the estimates of class HMS
m−ρ,m0−ρ and HMS

m+δ,m0+δ respectively hold. From (3.1.3) and (3.1.4)
by similarly reasoning we obtain that these estimates hold for arbitrary σ ∈ HMS

m,m0

ρ,δ . Finally, for
arbitrary multi-indices α β we obtain

| [∂αη ∂
β
y σ1(y, η)]σ−11 (y, η) | ≤ C ′α,βϕ(η)m−ρ [|α+|γ|]C0,0ϕ(η)−m

≤ Cα,βϕ(η)−ρ|α|+ρ|γ|.

�
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Proposition 3.4. If σ ∈ HMS
m,m0

ρ,δ and τ ∈ HMS
m′,m′0
ρ,δ then σ.τ ∈ HMS

m+m′,m0+m′0
ρ,δ .

proof. First, we show that for any multi-indices α, β and γ with γj, j = 1, 2, ..., n

|∂αξ ∂βx [ξγ∂γξ (σ.τ)(x, ξ)]| ≤
∑
θ≤α

(
α

θ

)
|[∂α−θξγ] [∂βx∂

θ+γ
ξ (σ.τ)(x, ξ)]|

∑
θ≤α

(α− θ)!
(

γ

α− θ

)
|ξ|ρ[ |γ|−|α−θ|] |∂βx∂

θ+γ
ξ (σ.τ)(x, ξ)|.

We set I = ∂βx∂
θ+γ
ξ (σ.τ)(x, ξ) then by Libnitz rule

|I| ≤
∑
η≤θ+γ

(
β

η

)
[ |∂β−ηx ∂θ+γ−ηξ σ(x, ξ)] | |[∂η+θ+γξ τ(x, ξ)] |

∑
λ≤β

(
β

λ

) ∑
η≤θ+γ

(
θ + γ

η

)
C ′β,θ,γ,η,λϕ(ξ)m−ρ[ |θ+γ−η| ]C ′′β,θ,γ,η,λϕ(ξ)m

′−ρ[ |η+θ+γ| ]

≤
∑
λ≤β

∑
η≤θ+γ

(
β

λ

)(
θ + γ

η

)
C ′β,θ,γ,η,λ C

′′
β,θ,γ,η,λϕ(ξ)m+m′−ρ [ |θ+γ| ].

Therefore

|∂αξ ∂βx [ξγ∂γξ (σ.τ)(x, ξ)]| ≤
∑
θ≤α

(
α

θ

)
(α− θ)!

(
γ

α− θ

)
ϕ(ξ)ρ [|γ|−|α−θ| ] |I|

≤ Cα,βϕ(ξ)m+m′ρ|α|.

Hence σ.τ ∈ Mm+m′
ρ,ϕ . By assumptions σ.τ satisfies in conditions of definition of M−hypoelliptic

symbol therefore σ.τ ∈ HMS
m+m′,m0+m′0
ρ,δ .

properties of M−hypoelliptic operators

Lemma 3.5. If T ∈ HML
m,m0

ρ,δ (X), and R ∈ Lm1
ρ,δ (X) with m1 < m0 where R is properly supported,

then T +R ∈ HML
m,m0

ρ,δ (X).

Proof . The statement follows immediately from lemma (3.1). �

Remark 3.6. Given a diffeomorphism χ : X → X1 from one open set X ⊂ Rn onto another open
set X1 ⊂ Rn, the induced transformation χ∗ : C∞(X1)→ C∞(X), taking a function u to the function
uoχ, is an isomorphism and transforms C∞0 (X1) into C∞0 (X). Let T be a pseudo differential operator
on X and define T1 : C∞0 (X1)→ C∞(X1) with the help of the commutative diagram:

C∞0 (X1)
T1−−−→ C∞(X1)

χ∗
y yχ∗

C∞0 (X)
T−−−→ C∞(X)

.
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We obtain

T1u(x) =

∫
exp(χ1(x)−χ1(z)).ξ a(χ1(x), χ1(z), ξ)|detχ́1(z)|u(z)dzdξ,

where χ1(z) = y and χ́1 is the Jacobi matrix of the transformationa χ1.

Proposition 3.7. If 1 − ρ ≤ δ < ρ, then HML
m,m0

ρ,δ (X) is invariant with respect to change of
variables i.e. if we are given a diffeomorphism χ : X → X1 and an operator T1 is defined as remark
(2.8) then T1 ∈ HML

m,m0

ρ,δ (X)

Proof . By theorem (3.3) we have

σT (x−1(y),t χ́1(y)−1η) ∈ HMS
m,m0

ρ,δ (X).

But by theorem (4.2) in Subin [9] and lemma (3.1) we have

σT1(y, η) = σT (x−1(y),t χ́1(y)−1η)(1 + r(y, η)),

where r(y, η) ∈ S−2(ρ−
1
2
)

ρ,δ for large η. Now, by theorem (2.11) and lemma (3.1) the assertion is proved.
�

The parametrix and the regularity theorem

Theorem 3.8. Let T ∈ HML
m,m0

ρ,δ (X) with either 1 − ρ ≤ δ < ρ or δ < ρ and X a domain in Rn.

Then there exists an operator S ∈ HML
−m,−m0

ρ,δ (X), such that

ST = I +R1 and TS = I +R2 (3.3.1)

where Rj ∈ L−∞(X) for j = 1, 2 and I is the identity operator. If, Ś is another pseudo differential
operator for which

T Ś = I + Ŕ2 and ŚT = I + Ŕ1

where Ŕj ∈ L−∞(X) for j = 1, 2, then Ś − S ∈ L−∞(X).

Proof . Consider a function b0(x, ξ) ∈ HMS
−m,−m0

ρ,δ (X×Rn) for which σ−1T (x, ξ) = b0(x, ξ) for large ξ.

Now, corresponding to this symbol we can chose a properly supported operator S0 ∈ HML
−m,−m0

ρ,δ (X)
such that

σS0 − b0 ∈M−∞
ρ,ϕ (X × Rn).

Let us show that

S0T = I +R0 (3.3.2) ,
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where R0 ∈ L−(ρ−δ)ρ,δ (X). By theorems (2.10) and (2.11) we have for large ξ

σS0T (x, ξ) ∼ 1 +
∑
|α|≥1

1

α!
∂αξ σ

−1
T Dα

xσT =

1 +
∑
|α|≥1

1

α!

∂αξ σ
−1
T

σ−1T

Dα
xσT
σT

.

Now, by lemma (3.1) we have

∂αξ σ
−1
T

σ−1T
∈ S−ρ|α|ρ,δ and

Dα
xσT
σT

∈ Sδ|α|ρ,δ .

Then
∂αξ σ

−1
T

σ−1
T

DαxσT
σT

∈ S
−|α|(ρ−δ)
ρ,δ . Therefore R0 ∈ L

−(ρ−δ)
ρ,δ (X). Now, let C0 be a properly supported

pseudo differential operator for which

C0 ∼
−∞∑
j=0

(−1)jRj
0 (3.3.3)

or

σC0 ∼
−∞∑
j=0

(−1)jσRj0
(3.3.4).

From (3.3.3) we have

C0(I +R0)− I ∈ L−∞,

so that putting S1 = C0S0 therefore S1T = I +R1 (3.3.5)where R1 ∈ L−∞(X). From construction
it implies that S1 ∈ HML

−m,−m0

ρ,δ (X). We can similarly construct an operator S2 ∈ HML
−m,−m0

ρ,δ (X)
for which S2T = I + R2 (3.3.6) where R2 ∈ L−∞(X). Let us now verify that if S1 and S2are two
arbitrary pseudo differential operator such that (3.3.5) and (3.3.6) hold then S1 − S2 ∈ L−∞(X).
This will demonstrate the existence of the required S and its uniqueness. Note that S1 and S2 can
be taken to be properly supported. From (3.35) we have

S1T = I +R1 ⇒ S1TS2 = S2R1S2 = S1(I +R2) = S2(I +R1)

therefore S1 − S2 = R1S2 − S1R2. Since S1R2 and R1S2 both belong to L−∞(X) therefore S1 − S2 ∈
L−∞(X). �

Corollary 3.9. If T is a M−hypoelliptic pseudo differential operator on X then there exists a prop-
erly supported pseudo differential operator ,S, for which (3.3.1) holds.

Corollary 3.10. Any M−hypoelliptic operator T ∈ Lmρ,δ(X) has a parametrix S in HML
−m,−m0
ρ,δ (X).
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M−hypoelliptic pseudo-differential operators

In this section we want to study some properties of M−hypoelliptic pseudo-differential operators
on Lp(Rn), 1 < p <∞. We prove that if T ∈ HML

m,m0

ρ,δ (X) and Dom(T ) = S(Rn), then T is closable,
where S(Rn) is the Schwartz space. This result is proposition (3.1) in Wong [11] if δ = 0, ρ = 1 and
m = m0.

Proposition 3.11. If T ∈ HML
m,m0

ρ,δ (X) and S ∈ HML
m′,m′0
ρ,δ (X) then

ToS ∈ HML
m+m′,m0+m′0
ρ,δ (X).

proof. By theorem 2.10

σTS ∼ σT (x, ξ)σS(x, ξ) [1 +
∑
|α|≥1

∂αξ σT

σT
.
∂αxσS
σS

]

and from Lemma 3.1 and 3.2 we see that the series is square bracket is an asympotic sum belong to
HS0,0

ρ,δ . It remaind to use proposition 3.4.

Theorem 3.12. If T ∈ HML
m,m0

ρ,δ (X) then T ∗ ∈ HML
m,m0

ρ,δ (X) where T ∗is the adjoint of T.

proof. It follows from proposition 3.11.

Proposition 3.13. If T ∈ HML
m,m0

ρ,δ (X) and the Dom(T ) of T is S(Rn), then T is closable.

proof. Let {ϕk} be a sequence of functions in S(Rn) such that ϕk → 0, T (ϕk) → f in Lp(Rn) as
k →∞. Then for any function ψ in S(Rn), we have

〈T (ϕk), ψ〉 = 〈ϕk, T ∗(ψ)〉.

Let k →∞. Then we have 〈f, ψ〉 = 0 for all function ψ in S(Rn). Since S(Rn) is dense in Lp(Rn) it
follows that f = 0 .

Remark 3.14. A consequence of the above proposition is that T : S(Rn) → Lp(Rn) has a closed
extension in Lp(Rn). We denote the smallest such by T0 and call it the minimal operator of T. It can
be shown easily that domain Dom(T0) of T0 consist of all functions u ∈ Lp(Rn) such that a sequence
{ϕk} in S(Rn) cab be found for which ϕk → u in Lp(Rn) and T (ϕk) → f for some f in Lp(Rn).
Moreover, T0u = f see [3] by Wong.

Theorem 3.15. Let T ∈ HML
m,m0

ρ,δ (X) for which 1− ρ ≤ δ < ρ or ρ < δ and X is open set in Rn.
If there exist two constants C,D such that

‖ϕ‖m,p ≤ C [ ‖Tϕ‖0,p + ‖ϕ‖0,p] ≤ D‖ϕ‖m,p,

for ϕ ∈ S(Rn). Then Dom(T0) = Hm,p.

proof. If u ∈ Hm,p, then we can take a sequence {ϕk} of functions in S(Rn) such that ϕk → u in
Hm,p. Therefore by assumptions, {Tϕk} and {ϕk} are Cauchy sequences in Lp(Rn). Thus ϕk → u
and Tϕk → f for some u and f in Lp(Rn). Hence u ∈ Dom(T0) and T0u = f. ON the other hand, if
u ∈ Dom(T0), then we can find a sequence {ϕk} in S(Rn) for which ϕk → u in Lp(Rn) and Tϕk → f
for some f in Lp(Rn). Therefore {ϕk} and {Tϕk} are Cauchy sequence in Lp(Rn), so by assumption
of theorem {ϕk} is a Cauchy in Hm,p. Since Hm,p is complete, ϕk → v for some v ∈ Hm,p. Suppose
m ≥ 0. Then the inclusion map Hm,p ↪→ Lp(Rn) is continuous. Therefore ϕk → v in Lp(Rn). So
u = v, and consequently lies in Hm,p. If m < 0, then the inclusion map Lp(Rn) ↪→ Hm,p is continuous.
Hence ϕk → u in Hm,p. Therefore u = v and consequently lies in Hm,p.
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Remark 3.16. We can define another closed extension T1 of T on S(Rn) as follows. We say that
u ∈ Dom(T1) and T1u = f if u and f are in Lp(Rn) and 〈u, T ∗ψ〉 = 〈f, ψ〉 for all ψ ∈ S(Rn). It is
called the maximal or weak extension of T. It is the maximal in the sense that it is the largest closed
extension having S(Rn) in the domain of its adjoint. Since T1 is the maximal closed extension of T,
Hm,p is contained in the domain of T1.
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