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Abstract

In this paper, we present some refinements of the famous Young type inequality. As application of
our result, we obtain some matrix inequalities for the Hilbert-Schmidt norm and the trace norm. The
results obtained in this paper can be viewed as refinement of the derived results by H. Kai [Young
type inequalities for matrices, J. East China Norm. Univ. 4 (2012) 12–17].
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1. Introduction and preliminaries

As is known to all, the well-known Young inequality for scalars says that if a, b ≥ 0 and 0 ≤ ν ≤ 1,
then

aνb1−ν ≤ νa+ (1− ν)b, (1.1)

with equality if and only if a = b. Recently, F. Kittaneh and Y. Manasrah [8] obtained a refinement
of inequality (1.1) which can be stated as follows:

aνb1−ν + r0(
√
a−
√
b)2 ≤ νa+ (1− ν)b (1.2)

where r0 = min{ν, 1− ν}.
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After a short time, H. Kai [7] gave the the following Young type inequalities

[(νa)νb1−ν ]2 + ν2(a− b)2 ≤ ν2a2 + (1− ν)2b2, 0 ≤ ν ≤ 1

2
(1.3)

[aν [(1− ν)b]1−ν ]2 + (1− ν)2(a− b)2 ≤ ν2a2 + (1− ν)2b2, 0 ≤ ν ≤ 1

2
. (1.4)

Let Mn(C) be the space of n× n complex matrices. The unitarily invariance of the ‖.‖ means that
‖UAV ‖ = ‖A‖ for all A ∈Mn(C) and for all unitary matrices U, V ∈Mn(C). For A = [aij] ∈Mn(C),
the Hilbert-Schmidt (or Frobenius) norm and the trace norm of A are defined by

‖A‖2 =

√√√√ n∑
j=1

s2j(A), ‖A‖1 =
n∑
j=1

sj(A),

respectively, where s1(A) ≥ s2(A) ≥ . . . ≥ sn(A) are the singular values of A, that is, the eigen-

values of the positive matrix |A| = (A∗A)
1
2 , arranged in decreasing order and repeated according to

multiplicity. It is well known that ‖.‖2 is unitarily invariant.
Based on the refined Young inequalities (1.3) and (1.4), H. Kai [7] have showed that if A,B,X ∈

Mn(C) with A and B positive semidefinite, then

ν2ν
∥∥∥∥AνXB1−ν

∥∥∥∥2
2

+ 2ν(1− ν)

∥∥∥∥A 1
2XB

1
2

∥∥∥∥2
2

+ ν2‖AX −XB‖22

≤ ‖νAX + (1− ν)XB‖22, 0 ≤ ν ≤ 1

2
, (1.5)

and

(1− ν)2−2ν

∥∥∥∥AνXB1−ν
∥∥∥∥2
2

+ 2ν(1− ν)

∥∥∥∥A 1
2XB

1
2

∥∥∥∥2
2

+ (1− ν)2‖AX −XB‖22

≤ ‖νAX + (1− ν)XB‖22,
1

2
≤ ν ≤ 1. (1.6)

For a detailed study of the classical Young inequality (1.1) and associated matrix inequality along
with their history of origin, refinements and applications, one may refer to [1, 2, 4, 6] and [9, 14].

2. Main results

We shall categorize our main results into two categories, where refinements of the classical Young
inequality (1.1) take first place. Then, the corresponding matrices inequalities for the Hilbert-Schmidt
norm and the trace norm are studied.

2.1. Inequalities for scalars

We start this section with the following theorem for scalars.
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Theorem 2.1. Let a, b ≥ 0 and ν ∈ [0, 1].
If 0 ≤ ν ≤ 1

2
, then

ν2a2 + (1− ν)2b2 ≥ (νa)2νb2−2ν + ν2(a− b)2 + r0b(
√
νa−

√
b)2, (2.1)

where, r0 = min{2ν, 1− 2ν}.
If 1

2
≤ ν ≤ 1, then

ν2a2 + (1− ν)2b2 ≥ a2ν [(1− ν)b]2−2ν + (1− ν)2(a− b)2 + r0a(
√
a−

√
(1− ν)b)2 (2.2)

where, r0 = min{2ν − 1, 2− 2ν}.

Proof . Firstly, we suppose 0 ≤ ν ≤ 1
2
. Observe that

ν2a2 + (1− ν)2b2 − (νa)2νb2−2ν − ν2(a− b)2 − r0b(
√
νa−

√
b)2

= b[(1− 2ν)b+ 2ν(νa)]− (νa)2νb2−2ν − r0b(
√
νa−

√
b)2

≥ b[(νa)2νb1−2ν + r0(
√
νa−

√
b)2]− (νa)2νb2−2ν − r0b(

√
νa−

√
b)2 (by(1.2))

= 0.

That is
ν2a2 + (1− ν)2b2 ≥ (νa)2νb2−2ν + ν2(a− b)2 + r0b(

√
νa−

√
b)2.

So (2.1) holds.
Conversely, if 1

2
≤ ν ≤ 1, then we have

ν2a2 + (1− ν)2b2 − a2ν [(1− ν)b]2−2ν − (1− ν)2(a− b)2 − r0a(
√
a−

√
(1− ν)b)2

= a[(2ν − 1)a+ 2(1− ν)((1− ν)b)]− a2ν [(1− ν)b]2−2ν − r0a(
√
a−

√
(1− ν)b)2

≥ a[a2ν−1((1− ν)b)2−2ν + r0(
√
a−

√
(1− ν)b)2]− a2ν [(1− ν)b]2−2ν

− r0a(
√
a−

√
(1− ν)b)2 (by(1.2))

= 0,

and so

ν2a2 + (1− ν)2b2 ≥ a2ν [(1− ν)b]2−2ν + (1− ν)2(a− b)2 + r0a(
√
a−

√
(1− ν)b)2.

This completes the proof. �

Remark 2.2. It is obvious, that inequalities (2.1) and (2.2) are refinement of inequalities (1.3) and
(1.4).
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2.2. Inequalities for matrices

In this section, we yield some matrix inequalities for the Hilbert-Schmidt norm and trace norm by
means of the derived inequalities (1.3) and (1.4). We begin our study with the following result.

Theorem 2.3. Let A,B,X ∈Mn(C) such that A and B are positive semidefinite and 0 ≤ ν ≤ 1.
If 0 ≤ ν ≤ 1

2
, then

‖νAX + (1− ν)XB‖22 ≥ ν2ν‖AνXB1−ν‖22 + ν2‖AX +XB‖22

+ r0

[
ν

∥∥∥∥A 1
2XB

1
2

∥∥∥∥2
2

+ ‖XB‖22 − 2
√
ν

∥∥∥∥A 1
4XB

3
4

∥∥∥∥2
2

]
+ 2ν(1− ν)

∥∥∥∥A 1
2XB

1
2

∥∥∥∥2
2

. (2.3)

where, r0 = min{2ν, 1− 2ν}.
If 1

2
≤ ν ≤ 1, then

‖νAX + (1− ν)XB‖22 ≥ (1− ν)2(1−ν)‖AνXB1−ν‖22 + (1− ν)2‖AX −XB‖22

+ r0

[
(1− ν)

∥∥∥∥A 1
2XB

1
2

∥∥∥∥2
2

+ ‖AX‖22 − 2
√

1− ν
∥∥∥∥A 3

4XB
1
4

∥∥∥∥2
2

]
+ 2ν(1− ν)

∥∥∥∥A 1
2XB

1
2

∥∥∥∥2
2

, (2.4)

where, r0 = min{2ν − 1, 2− 2ν}.

Proof . Since A,B ≥ 0, then by spectral theorem there are unitary matrices U, V and diagonal
matrices D1 = diag(λi) and D2 = diag(µi) for i = 1, . . . , n, such that

A = UD1U
∗

and
B = V D2V

∗.

For our computations, let Y = U∗XV = [yij]. Then we have

νAX + (1− ν)XB = U [(νλi + (1− ν)µj)yij]V
∗,

A
1
2XB

1
2 = U [

(
λ

1
2
i µ

1
2
j

)
yij]V

∗

and
AνXB1−ν = U [(λνi µ

1−ν
j )yij]V

∗.
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If 0 ≤ ν ≤ 1
2
, utilizing (2.1) and the unitarily invariant property of ‖.‖2, we have

‖νAX + (1− ν)XB‖22

=
n∑

i,j=1

(νλi + (1− ν)µj)
2|yij|2

≥ ν2ν
n∑

i,j=1

(
λνi µ

1−ν
j

)2

|yij|2 + ν2Σn
i,j=1(λi − µj)2|yij|2

+ r0

[
ν

n∑
i,j=1

(
λ

1
2
i µ

1
2
j

)2

|yij|2 +
n∑

i,j=1

µ2
j |yij|2 − 2

√
ν

n∑
i,j=1

(
λ

1
4
i µ

3
4
j

)2

|yij|2
]

+ 2ν(1− ν)
n∑

i,j=1

(
λ

1
2
i µ

1
2
j

)2

|yij|2

= ν2ν‖AνXB1−ν‖22 + ν2‖AX +XB‖22

+ r0

[
ν

∥∥∥∥A 1
2XB

1
2

∥∥∥∥2
2

+ ‖XB‖22 − 2
√
ν

∥∥∥∥A 1
4XB

3
4

∥∥∥∥2
2

]
+ 2ν(1− ν)

∥∥∥∥A 1
2XB

1
2

∥∥∥∥2
2

.

So,

‖νAX + (1− ν)XB‖22 ≥ ν2ν‖AνXB1−ν‖22 + ν2‖AX +XB‖22

+ r0

[
ν

∥∥∥∥A 1
2XB

1
2

∥∥∥∥2
2

+ ‖XB‖22 − 2
√
ν

∥∥∥∥A 1
4XB

3
4

∥∥∥∥2
2

]
+ 2ν(1− ν)

∥∥∥∥A 1
2XB

1
2

∥∥∥∥2
2

.

The proof of inequality (2.4) is similar to that of inequality (2.3). Thus, we leave it to the reader. �

Remark 2.4. Clearly, inequalities (2.3) and (2.4) are refinement of inequalities (1.5) and (1.6).

In the end, we obtain refinements of the trace versions of Young type inequalities. To do this we
need the following lemmas.

Lemma 2.5. (Cauchy-Schwarz inequality [3]) Let ai, bi ≥ 0(1 ≤ i ≤ n). Then

n∑
i=1

aibi ≤
( n∑

i=1

a2i

) 1
2
( n∑

i=1

b2i

) 1
2

.

Lemma 2.6. [3] Let A,B ∈Mn(C). Then

n∑
j=1

sj(AB) ≤
n∑
j=1

sj(A)sj(B).
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We will prove the last result.

Theorem 2.7. Let A,B ∈Mn(C) such that A and B are positive semidefinite and 0 ≤ ν ≤ 1.
If 0 ≤ ν ≤ 1

2
, then

tr(ν2A2 + (1− ν)2B2) ≥ ν2ν [‖AνB1−ν‖22] + ν2
[
‖A‖22 + ‖B‖22 − 2‖A‖2‖B‖2

]
+ r0

[
ν‖AB‖1 + ‖B‖22 − 2

√
ν

(√
‖A‖1

√∥∥∥∥B 3
2

∥∥∥∥
1

)]
. (2.5)

If 1
2
≤ ν ≤ 1, then

tr(ν2A2 + (1− ν)2B2) ≥ (1− ν)2−2ν

[
‖AνB1−ν‖22

]
+ (1− ν)2

[
‖A‖22 + ‖B‖22 − 2‖A‖2‖B‖2

]
+ r0

[
(1− ν)‖AB‖1 + ‖A‖22 − 2

√
1− ν

(√∥∥∥∥A 3
2

∥∥∥∥
1

√∥∥∥∥B 1
2

∥∥∥∥
1

)]
. (2.6)

Proof . We shall prove the first inequality, and leave the second to the reader because the proof is
very similar. If 0 ≤ ν ≤ 1

2
, then using Lemma2.5, Lemma2.6 and the inequality (2.1), we have

tr(ν2A2 + (1− ν)2B2)

= ν2trA2 + (1− ν)2trB2

=
n∑
j=1

(ν2s2j(A) + (1− ν)2s2j(B))

≥ ν2ν
n∑
j=1

[sj(A
ν)sj(B

1−ν)]2

+ ν2
[ n∑
j=1

s2j(A) +
n∑
j=1

s2j(B)− 2
n∑
j=1

sj(A)sj(B)

]

+ r0

[
ν

n∑
j=1

sj(A)sj(B) +
n∑
j=1

s2j(B)− 2
√
ν

( n∑
j=1

s
1
4
j (A)s

3
4
j (B)

)2]

≥ ν2ν
n∑
j=1

[sj(A
ν)sj(B

1−ν)]2 + υ2
[ n∑
j=1

s2j(A) +
n∑
j=1

s2j(B)− 2

√√√√ n∑
j=1

s2j(A)

√√√√ n∑
j=1

s2j(B)

]

+ r0

[
ν

n∑
j=1

sj(AB) +
n∑
j=1

s2j(B)− 2
√
ν

( n∑
j=1

s
1
2
j (A)

n∑
j=1

s
3
2
j (B)

)]
= ν2ν

[
‖AνB1−ν‖22

]
+ ν2

[
‖A‖22 + ‖B‖22 − 2‖A‖2‖B‖2

]
+ r0

[
ν‖AB‖1 + ‖B‖22 − 2

√
ν

(√
‖A‖1

√∥∥∥∥B 3
2

∥∥∥∥
1

)]
. (2.7)

On the other hand, we have

tr(ν2A2 + (1− ν)2B2) = ν2trA2 + (1− ν)2trB2 = ν2‖A‖22 + (1− ν)2‖B‖22. (2.8)
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With the aid of inequalities (2.7) and (2.8), it follows that

ν2‖A‖22 + (1− ν)2‖B‖22 ≥ ν2ν
[
‖AνB1−ν‖22

]
+ ν2

[
‖A‖22 + ‖B‖22 − 2‖A‖2‖B‖2

]
+ r0

[
ν‖AB‖1 + ‖B‖22 − 2

√
ν

(√
‖A‖1

√∥∥∥∥B 3
2

∥∥∥∥
1

)]
.

This completes the proof. �

Remark 2.8. Obviously, inequalities (2.5) and (2.6) are refinement of the well-known results in [7].

References

[1] T. Ando, Matrix Young inequalities, Oper. Theory Adv. Appl. 75 (1995) 33–38.
[2] R. Bhatia and K.R. Parthasarathy, Positive definite functions and operators inequalities, Bull. London Math.

Soc. 32 (2000) 214–228.
[3] R. Bhatia, Matrix Analysis, Springer-Verlag, New York, 1997.
[4] R. Bhatia and F. Kittaneh, Notes on matrix arithmetic-geometric mean inequalities, Linear Algebra Appl. 308

(2000) 203–211.
[5] O. Hirzallah and F. Kittaneh , Matrix Young inequalities for the Hilbert-Schmidt norm, Linear Algebra Appl. 308

(2000) 77–84.
[6] C. He, L. Zou and S. Qaisar, On improved arithmetic-geometric mean and Heinz inequalities for matrices, J.

Math. Ineq. V. 6 (2012) 453–459.
[7] H. Kai, Young type inequalities for matrices, J. East China Norm. Univ. 4 (2012) 12–17.
[8] F. Kittaneh and Y. Manasrah, Improved Young and Heinz inequalities for matrices, J. Math. Anal. Appl. 361

(2010) 262–269.
[9] F. Kittaneh, On some operator inequalities, Linear Algebra Appl. 208 (1994) 19–28.
[10] H. Kosaki, Arithmetic-geometric mean and related inequality for operators, J. Funct. Anal. 156 (1998) 429–451.
[11] M. Tominago, Spechts ratio in the Young inequality, Sci. Math. Japon. 55 (2002) 583–588.
[12] J.L. Wu and J.G. Zhao, Operator inequalities and reverse inequalities related to the Kittaneh and Manasrah

inequalities, Linear Multilinear Algebra. 62 (2014) 884–894.
[13] H.L. Zuo, G.H. Shi and M. Fujii, Refined Young type inequality with Kantorovich constant, J. Math. Inequal. 5

(2011) 551–556.
[14] X. Zhan, Inequalities for unitarily invariant norms, SIAM J. Matrix Anal. Appl. 20 (1998) 466–470.


	Introduction and preliminaries
	Main results
	 Inequalities for scalars
	Inequalities for matrices 


