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aDepartment of Mathematics, Faculty of Science Äın Chock, University Hassan II, Casablanca, Morocco
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Abstract

In this paper, using the Steklov function, we introduce the generalized continuity modulus and define
the class of functions Wr,k

p,ϕ in the space Lp. For this class, we prove an analog of the estimates in [1]
in the space Lp.

Keywords: 2π-periodic function, approximation by Fourier sums, Steklov function.
2010 MSC: 42B12, 42B99.

1. Introduction and preliminaries

Suppose that Lp = Lp(2π), (1 < p ≤ 2), is the space of p-power integrable 2π-periodic functions
f : R −→ R on [0, 2π) with the norm

‖f‖p =

(
1

π

∫ 2π

0

|f(x)|pdx
)1/p

.

By

En(f) = inf
Tn
‖f − Tn‖p

we denote the best approximation of a function f ∈ Lp by trigonometric polynomials Tn(x) of
order at most n− 1, n ∈ N, in the space Lp.

In this paper, we prove an analog of some results in [1] in the space Lp.

In Lp, consider the operator (Steklov’s function)
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Fhf(x) =
1

2h

∫ x+h

x−h
f(t)dt, h > 0,

(see[3]).

The finite differences of the first and higher orders are defined as followos

∆hf(x) = Fhf(x)− f(x) = (Fh − E)f(x),

∆k
hf(x) = ∆h(∆

k−1
h f(x)) = (Fh − E)kf(x) =

k∑
i=0

(−1)k−i(ki )F
i
hf(x),

where

F0
hf(x) = f(x); Fihf(x) = Fh(F

i−1
h f(x)); i = 1, 2, ..., k; k = 1, 2, ....

and E is the unit operator in the space Lp.

The kth-order generalized continuity modulus of the function f ∈ Lp has the form

Ωk(f, δ) = sup
0<h≤δ

‖∆k
hf(x)‖p

Let Lrp is the class of functions f ∈ Lp having generalized derivatives f ′(x), f ′′(x), ....., f (r)(x) in
the sense of Levi ([2], p. 172) belonging to the space Lp.

Wr,k
p,ϕ is the class of functions f ∈ Lrp such that

Ωk(f
(r), δ) = O(ϕ(δk)), r ∈ Z+, k ∈ N

where ϕ(t) is a continuous increasing function defined on [0,+∞) and ϕ(0) = 0.

Suppose that f ∈ Lp

f(x) ∼ a0
2

+
∞∑
i=1

ai cos ix+ bi sin ix, (1.1)

where

ai =
1

π

∫ 2π

0

f(t) cos itdt; bi =
1

π

∫ 2π

0

f(t) sin itdt

is its Fourier series, and

Sn(f ;x) =
a0
2

+
n−1∑
i=1

ai cos ix+ bi sin ix

are the partial sums of the series (1.1).

It is well know that
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‖f‖p =

(
∞∑
i=0

|ci(f)|p
)1/p

, En(f) = ‖f − Sn(f)‖p =

(
∞∑
i=n

|ci(f)|p
)1/p

, (1.2)

Moreover, it is readily verified that if f ∈ Lrp, then

∞∑
i=1

(1− sin ih

ih
)qkiqr|ci(f)|q ≤ ‖∆k

hf
(r)(x)‖qp, (1.3)

where 1
p

+ 1
q

= 1.

2. Main result

Theorem 2.1. For any function f ∈ Lrp the following estimate holds

En(f) ≤
(

qnq

πq − q2

)k
n−r

(∫ π/n

0

hq−1Ω
1/k
k (f (r), h)dh

)k

, r ∈ Z+, n ∈ N.

Proof .Suppose that f ∈ Lrp. By Hölder’s inequality, using (1.2) and (1.3) for k = 1, 2, ...., we have

Eq
n(f) −

∞∑
i=n

sin ih

ih
|ci(f)|q =

∞∑
i=n

(
1− sin ih

ih

)
|ci(f)|q

=
∞∑
i=n

|ci(f)|q−
1
k |ci(f)|

1
k

(
1− sin ih

ih

)

≤

(
∞∑
i=n

|ci(f)|q
) qk−1

qk
(
∞∑
i=n

(1− sin ih

ih
)qk|ci(f)|q

) 1
qk

≤

(
∞∑
i=n

|ci(f)|q
) qk−1

qk

n−r/k

(
∞∑
i=n

(1− sin ih

ih
)qkiqr|ci(f)|q

) 1
qk

≤ (En(f))
qk−1
qk n−r/k‖∆k

hf
(r)(x)‖1/kp .

Hence

Eq
n(f) ≤ (En(f))

qk−1
qk n−r/k‖∆k

hf
(r)(x)‖1/kp +

∞∑
i=n

sin ih

ih
|ci(f)|q

It follows that

Eq
n(f) ≤ (En(f))

qk−1
qk n−r/kΩ

1/k
k (f (r), h) +

∞∑
i=n

sin ih

ih
|ci(f)|q

multiplying both sides of the last inequality by hq−1 > 0 and integrating the resulting inequality
between the limits h ∈ [0, π/n] we have

πq

qnq
Eq
n(f) ≤ (En(f))

qk−1
qk n−r/k

∫ π/n

0

hq−1Ω
1/k
k (f (r), h)dh+

q

nq

∞∑
i=n

|ci(f)|q.
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Hence it is easy to note that

πq − q2

qnq
Eq
n(f) ≤ (En(f))

qk−1
qk n−r/k

∫ π/n

0

hq−1Ω
1/k
k (f (r), h)dh

it follows that

Eq
n(f) ≤

(
qnq

πq − q2

)qk
n−rq

(∫ π/n

0

hq−1Ω
1/k
k (f (r), h)dh

)qk

.

Then

En(f) ≤
(

qnq

πq − q2

)k
n−r

(∫ π/n

0

hq−1Ω
1/k
k (f (r), h)dh

)k

and hence Theorem is proved. �

Corollary 2.2. The following estimate holds

sup
f∈Wr,k

p,ϕ

En(f) = O(n−rϕ((
π

n
)k)).

Corollary 2.3. Let f ∈Wr,k
p,tα (α > 0), then

En(f) = O(n−r−kα),

r ∈ Z+ and k, n ∈ N.

Proof . Suppose that f ∈ Wr,k
p,tα . Then by Corollary 2.2 and ϕ(t) = tα, we have the proof of

Corollary 2.3. �
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